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Stress-energy tensor

The stress-energy tensor is the conserved current under spacetime translations

- Noether:1918zz, F :2021j
oMo I — b —|—f’U’(ZIJ), 8MT“” -0 [Noether zz, Freese jqs]

Hadron matrix elements and gravitational form factors:
[Kobzarev:1962wt, Pagels:1966zza]

(0, s'| T (0)Ip. 5) =
1 1

ot () [2PM P A(q°) + iPaq,J;(q%) + 5(d"a” = ¢"'q*)Di(¢”) + 29" ¢i(¢7) | us (p)

where P = (p+p')/2, ¢ =p' — p.
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Gravitational form factor D: the last global unknown

The structure of hadrons can be probed by the other fundamental forces
[Polyakov:2018zvc]

em: 0,J% =0 (N'|JELIN) — Q = 1.602176487(40) x 10~'7C

po= 2.792847356(23)un
weak: PCAC (N'|JE _IN) — ga = 1.2694(28)
gp = 8.06(55)
gravity: 0, T, =0 (N'|TE|IN) — m = 938.272013(23) MeV /c?
J=1

Conservation laws constrain gravitational form factors except D

[Cotogno:2019xcl, Lorce:2019sbq]

AO)=1, J(O)=3, lim QD(@*) =0
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Mechanical properties of hadrons

D(q*) is related to the pressure and shear forces inside hadrons

B i 1 .. N [Polyakov:2018zvc]
T (r) = ( R gdw)s(r) + 0" p(r)
1 1d ,d ¢ 1 d1l1d
5 d - -
N =iea @ W= nr e e P
Hadron stability conditions:
[Perevalova:2016dIn]

B Force equilibrium (von Laue condition): f d3rp(r) =0
B Local stability conjecture: 3D(0) = —2M [ d®rr*dF;,/dS, < 07
where dF;./dS, = 2s(r)/3 + p(r)

0.6¢
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How to access gravitational form factors

graviton ¥
y* w0 p p'
m Deeply virtual Compton scattering [Kumano:2017lhr, Duran:2022xag, Burkert:2023wzr]
m Deeply virtual meson production
®m Two-photon pair production
m J /i threshold photoproduction
Ji’s sum rule:
1 1
/ dexH9 (z,€,t) = AT9(t) + £2DP9(¢), / dexET9(x,&,t) = BYI(t) — £2D%9(t)
-1 —1 [J1:1996nm]

Here, H?9 and E?9 are generalized parton distributions

0.09 0 } 535t I-i'-_t‘;i-"—:-—'—"——-.f"-‘i' LesS
05 %
s . ~ =2 ‘
3107 e
S ' ‘\ Q near-threshold Duran et al. method 1
Q Experiment(DVCS) " i —[
Burkert J /1 production Duran et al. method 2
—1.51 PO this work | —41] Guo et al.
| proton BEG proton this work
2.0 ' " " : ) ‘ . . . 100 meters
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 ‘ s . .
—~1[GeVP? 1/ [GeV] [Lattice’23: Hackett:2023nkr]
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The first measurement of the pressure and shear
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The proton contains the highest pressure in nature
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[Burkert:2018bqq]
[Burkert:2021ith]

2
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Adapted from Kumano: LC2024
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Light-front quantization

equal time quantization light-front quantization [Dirac:1949¢cp]

s Time: t=x t=aot =20 + 23
light-front coordinates

s Hamiltonian: H=P H=P =P’ -P° rE = 20 4+ o3

7 = (ml,a:2)

m Dispersion relation: p? = \/ P2 + m? p = (]53 + mz) / p*

Light-front quantization is a Hamiltonian method of the quantum field theory
[Brodsky:1997de]

(PTP~ = P?)[¢w) = Mj, i)
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Light-front wave functions

(P, A) =) /[dxikoiL]nwh/n({EiLaxi?/\i}n> {PiL, i s Aitn)
n=1

Light-front wave functions (LFWFs) are boost invariant and only depend on relative
variables

z; = pi /P, kil =P —xiP) :ZMZO,Z%}L =0
p i

Light-front wave functions provide intrinsic information of the structure of hadrons

B Overlap of LEWFs: Structure functions (e.g. PDFs), form factors [Lorce:2011kd]

B Integrating out LFWFs: light-cone distributions (e.g. DAs)
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Light-front wave function representation

Diagonal representation for charge form factor and GFF A(g?)
[Drell:1969km, West:1970av, Brodsky:1980zm]|

— Z /[dedQTZJ-]nw;({ZE’L? riJ_})wn({.Ti, TiJ_})ejeier-'CIJ_
J

-3 / Asd®ri 1 It (L6, 700 V) ({5, 71} 40
J

[Brodsky:2000ii]

Number densities:

pan(r) = [ S LB mq2) = (3 esd D7)

Alry) = / (d;Tq)L LT A(gY <Z~”Ej5(2)("1 - m)>

where the quantum average is defined as

(0) = / i ]t ({6, 720 ) O ({721 )
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Light-front wave function representation for D(q*)

International Journal of Modern Physics A | Vol. 33, No. 26, 1830025 (2018) T, of the EMT. Being related to the stress tensor Tij the form factor D(t)
| Reviews naturally “mixes” good and bad light-front components and is described in terms
. . . of transitions between different Fock state components in overlap representation.

Forces inside hadrons: Pressure, surface SO . . ; L over R P
As a quantity intrinsically nondiagonal in a Fock space, it is difficult to study the
tension , mec hanical radius , and all that D-term in approaches based on light-front wave functions. This is due to the rela-

Maxim V. Polyakov and Peter Schweitzer [POIY&kOVZZOlSZVC]

https://doi.org/10.1142/S0217751X18300259 | Cited by: 241 (Source: Crossref)

diagonal non-diagonal

® D(gq?) contains the overlap between different Fock state components
m A complete description requires the inclusion of all Fock components

B Renormalization plays a vital role in the cancelation of non-diagonal terms

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R2S2) 10 /27



Scalar Yukawa model

1 1
L=0,NO'N—-m*N'N + 5 OuTd"T = 2 1272 + goNTN7T + 6m*NTN
\
T = 9WNTOIN — g" [9,NTO° N — (m? — 6m?)NTN| — g" goNT N7

1
+ 0Hmo"' T — ag“” (0°70,m — pgm?)

where m = 0.94GeV, u = 0.14GeV. g, and §m? are bare parameters.

® N: mock nucleon, m: mock pion a = ¢?/(167m?), Q2 = —¢?
[Gross:2001ha]
T T T T 1 7T T 1T 1T [ T T T T [ T T T 1]

B Quenched approximation: to avoid vacuum instability @=2.0 ~ - two-body truncation

------ three-body truncation

0.8

—— four-body truncation |

m Fock sector expansion: |p) = |N) + [N7) + [N7m) 4 [N7wm) - - -

e
Qe
See

S 06— N =
m Solved up to |Nmmrr) sector at non-perturbative couplings = | “~._ -
0.4 Tt =
m  Fock sector dependent renormalization [Karmanov:2008br] L py mass 15Gev T
o)z N N I YT S Y B
. 0 25 50 75 100
m  Fock sector expansion converged up to |Nrm) sector 12015 & (Gev?]
1. law
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Stress-energy tensor renormalization

[%%D]fj@gmx

(@) 6m? = om? (b) g0 = 903 (c) 6m? (5m2
: LFWEs
(f) g0 = Qo2 (g) om* =0

m Light-front wave functions (LFWFs) & sector dependent counterterms from [Li, Karmanov &
Vary:2015iaw,2016yzu]

m Light-front graphical rules extended to non-perturbative regime using LFWFs  [Carbonell:19981]]

m  All divergences cancel out with sector dependent counterterms, e.g. (a) + (b):

1 1 aB __ /.1 af
t35:Z[2PaP5+(§q2—5m§) 9P — 2qaq5] t%7 = (p’| T*7(0) p)
dx d?k
7 af _ aBZé‘ 2
Y /2x(1—x)/(2 )3go3¢2($ ki)=y9 ms
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Covariant decomposition on the light-front

[Carbonell:1998rj, Karmanov:2002qu]
The hadronic matrix element for spin-0 particles:

ale" a 1 o a al =
W' T (0) |p) = 2P PP Ay (¢®) + = (¢°¢® — ¢®9°P)Dy(¢?) + 2M2g°P;(¢?)

2
M2Aw*wb

+ (w . P>2 Sli(QQ) + (VaVB -+ qaqﬁ)SQi(q2)

where P = (p+p")/2,q=p —p, V* = e“ﬁp“Pﬁqpa)G/(a) -P). w* = (wt,w ,w,;) = (0,2,0) is a null
vector indicating the light-front direction.

m S, ,(q?) are two spurious gravitational form factors (GFFs) which usually contain

uncanceled divergences

®m The spurious GFFs appear due to the violation of the full Lorentz symmetry

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R2S2) 13 /27



Components to extract gravitational form factors

In Drell-Yan-Breit frame (g7 = 0, P, = 0):
tz—'H — 2(P+)2Ai(ﬁ)a

_ 1 _
tF= =2(M*+ =¢1)Ai(¢%) + q1 Di(q7) + 4M?E,(q71),

A
1
t;? = §QiQiDi(qi),
1 i
ti 7 = —§QiDz(Qi) — 4M?¢;(q7) + 2q7 S2:(q7),
—— M? + %qi 2 2 AM* 2
ti — ( P+ ) A’L(qJ_) + (P+)2SM(QL)

m T/, T1? and T;'~ are three “good currents” which are free of spurious form factors

m Gravitational form factors derived from these currents are consistent with the covariant
field theory in the perturbative limit (Cao:2024rul]

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R2S2) 14 /27



Light-front wave function representation

[Ca0:20230hj, Cao:2024fto]

7512 — %< Z e_’iQJ_-’r’jJ_ 2?31%2 o Q1QQ>
j J

1 2 2 1 2
— = . me. — = )
—I_ J 4qJ- _|_ VeZT'NJ_'qJ_ >

/deT+“(az) = P+

J potential part ) )
. ~ _ P _'_ M
kinetic part p~ =4
P+
2 _V?J_ +m]2 . o o
where V = M* — ), i in the scalar Yukawa model. The quantum average is defined as
J

A

(0) = / i ]t (6, 720 ) O ({721 1)

® Modity V in phenomenological models

. F.T.
m ei"vidr —5 §@(r, — 1y ) indicates the location of interaction Y

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R2S2) 15 /27



Energy and momentum densities

2D transverse densities on the light-front: [Xu:2024htx, Freese:2021czn]
1 d?q 1
aB (= . _ —iqL Ty B _ =
T P) = g [ G T (P 5al T 0) 1P = S0
Momentum (4 = +, 1, 2) and energy (4 = —) densities:
Ph(ry) =T " (ro; P) = P*A(rL), /d?’xTﬂL(ﬂ?) = P"
P2 2
P (ru)=T" (ru;P) = lA(H)PtM ra)
Where (for spin-0 particles): 2 o P2 4 M2
— L —iqL 7L P~
Alrs) = [ e T A,
Pqr o 1 1
M) = [ G (2 4 Jad)Aled) + 5 Dlat )

®m A(r,) can be interpreted as the momentum density

m M?(r,) can be interpreted as the invariant mass squared density

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R2S2) 16 /27



Hadron as a relativistic medium

B The quantum expectation value of the stress-energy tensor:
(U7 (2)| W) = (EUUP — PA*P +TI?V — g*PA),,
where U% is hadronic 4-velocity (U*U, = 1), A%F = g% — U*UF

m Physical densities:

2
E densit el _ 4 2 2
nergy density: £(x M/ { q°) 2 [A(q”) + D(q )]}
P zqzv 2
ressure: P(x GM/ D(¢?)
5z d3 5
e Zq .Z‘ T (83
Shear tensor: 11 4M/ (¢“ q 3 A )D(CI )

3
d 1q-x

Cosmological constant: A = —M / (or 36 c(q?)

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R252)

[Li:2024vgv]
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Strongly-coupled scalar nucleon

10 N | | | |
0.8F e __ .
~0.6F .
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m For small coupling, D(Q?) is close to —1, the free scalar particle’s result

® In the forward limit (Q% = 0),

m For large Q?,

lim A(Q?) =1,

Q=0

lim A(Q?) = Z,

Q22— o0

. 2 2\
Jim Q) D(Q") =0

lim D(Q*) = -2

Q2 — 00

revealing a pointlike core, consistent with the physical picture of the model

X.H. Cao (USTC)

STRESS-ENERGY TENSOR (R252)

[Ca0:20230h;j]
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Dissecting the strongly-coupled scalar nucleon

10 | | ] | O "__l__z_ _____ | =pr—rr—p — = | el =
\\~\~ A(Qz) ./'/ Dn-(Q ) I)V(QZ)
08 e -_ B
AN(Q?) D(Q?%)
& 0.6 . -2 -
S S
< 04} - d -3} _
0.2 - 4} B
L A4(0?) a=1.0
0 0 —-—I ....... g —— | f——— g — — _5 | | | |
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® Mass decomposition: [Lorce:2017xzd]

e; = /dQTLS(rL) = A;(0)

A
U;

/dZTJ_Ai(TJ_) = 51(0)
e; + A\;

X.H. Cao (USTC)

ci(0?)

0.4 — , | :
S~ c ,,_(_Q_{)
o2 T = _
= 2
C
0.0 o _|
02 -
=== T TEN(0)
-0.4 - ] ] ]
' 10 15 20 25
0*(GeV?)

[Ca0:2024fto]
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Dissecting the strongly-coupled scalar nucleon
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® A nonvanishing but small ¢(q#) because of Fock space truncation Z Ci(q

m Mass decomposition: [Lorce:2017xzd]

e; = /d2715(71) = A;(0)

Y
Ui

X.H. Cao (USTC)

/dQTJ_Ai(TJ_) = (_37,(0)
—e; + N\

STRESS-ENERGY TENSOR (R252)
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Charmonium: hydrogen atom of QCD

Effective Hamiltonian in the qq Fock sector [Li:2015zda, Li:2017mlw, Li:2021ejv]

kinetic energy

=y ) . ) conﬁneinent
H.g = a I 4 ktz(1 — ) — Oy (x(1 — x)0,
eff . T 1 — o TR ZL’( $>TJ_ (mq n mq)g (Q?( ZIZ’) )

CF47rozs(Q2)uS (K )y, (k)0 (F)v v (K)

QQ
one gluon exchange
Two parameters (mg, k) are fixed by fitting the charmonium mass spectrum

| I I I T T T T | T T T T T T T T |
ol UE230) 7. 4200) xa@274) B —o Xl , ]
: 3= (4140 .
L o7 160 uldl40 | XGRO) .. o Xxa
5]

— - _ B X(3872) ]
4.0 VORI T k919 e xaE930) 38 ,

i Z(3900) —= - 0823 _m° T C Y
3.8 wfz)) Y3860y X187 %o Ys(3842) - 5 3.6 WA"—% ]

S %S) e ®obimesnoi| & | Yo

I (28 1P — 8 4 _
36 nes he(1P) xei(IP) : = 4

i ) 09° 18 I
34f e Xéo;—) — E 2F g .

- (] i ccl|—2>Yyy

— PDG L [cc] - emet Xy
3.2~ 3 oy ]
) = o BLFQ( 1h|s ork) L T]c

i 11S)  Jjy(18) & CST i % PDG 2020 :

30— o Dsemse| 28 ¢ BLFQ 5
1@ ] | | 1 1 ] l 1 1 | I | L |
o 1~ 1+ o** 1++ 2+ 2~ 2 3 0.01 0.1 1. 10.
[ or I,y (keV)
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Impulse ansatz

B From the effective Hamiltonian, we can’t give the exact stress-energy operator
directly

m We adopt impulse ansatz for the interaction term in T+~

_ 1 dx * - iq, -7 id, -7 - : -
ti—lr—lt - 52/ 47-‘-$(1 —33) /dzrlws@(aj?rl)[e e +BQL 2L}v(x7TJ_7_ZV_L>¢S§(x7TJ_)

—Vi+m2  —Vi+m?
T o l—=x

el T

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R2S2) 22 /27
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Charmonium gravitational form factors

| |
0 5 10 15 20 25
O* [GeV?]

[Xu:2024hfx, Hu:2024edc]

® GFF ¢(g*) can measure the violation of Lorentz symmetries

B The S-wave charmonium 7, retains more Lorentz symmetries than the P-wave

X.H. Cao (USTC) STRESS-ENERGY TENSOR (R252) 23 /27



Energy density and invariant mass squared density

dqu o Qi 2 (ﬁ_ 2
g(m:M/We - L{(1+4M2>A(ql)+4M2D(qi)}’

2
M2y = a2 [ e man [ DN 42y 4 Lp(g)
(27)2 4M?2 L/ o2t Vi

®m Energy density is positive

B Invariant mass squared density becomes negative at small r, : tachyonic core?

—_ T
i £
g &
= =
2 =
& S

(@\]

_ I I I l l _ I I I I l
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Pressure inside charmonium

Pressure P (7))

—

1 d? -
q1 e—qu_-m_qQ D(q2 )

P(TJ—> — _6—M (27_‘_>2 1L 1

B 7). has a repulsive core while y.o has an attractive core

m Particles with higher radial excitation have more complicated mechanical structures

(\o]
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2nr . P(r.) [fm“z]
27, P(r,)[fm™2]
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Physical densities

B Momentum density A(r, ), energy density £(r, ), invariant mass squared density
M?(r,) and the trace scalar density 6(r,) = T.3(r,) = E(ry) — 3P(r))

B The negative D suggests a chain of inequalities about different radii

ra <Tp <Trpyz <Ty

3 3 3
r4 = —6A4'(0), ri =15 — 5)%(1 + D), ri.=r4— 5)\20(1 +2D), ri=1r% — 5)\%(1 + 3D)

12 T T T T )\C
i — Alr1)
gk 77 c S(roM
o e MM
qi 0(r1)/M J
B
T
_|
N
&
Q _
_ I I I I I toud
8 0 0.1 0.2 0.3 0.4 0.5 0.6
r1 [fm]
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summary

m We obtain a non-perturbative light-front wave function representation to evaluate
the gravitational form factors

m We apply the light-front wave function representation to two systems: the strongly-
coupled scalar theory and the charmonium

B The extracted densities provide novel insights into the hadron structures
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