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History & motivation fixed Q2

Regge limit : SQ2 , V
=@Y ,

***

Regge theory
based
σ CS ,t=0) α S

XC0) - 1

Pre QCD
on S-matrix

early
based on unitarity1960's *

Froissert O Martin σ≤散
㎡(。)

cross-section
CERN 1973 : observe growth of pP
ISR

1975-78 BERL predicts
(10-1 = Meds In

0 .5 forL
QCD :

hard pomeron
intercept. 2

GLR-MQ recombination effects (saturation)
1983- 1986

☆= S" gAbocA
s@

) 一臨[g( +..?
_ 〜

need - recombination
restore unitarity



1992 De extracted <10-1 = 0 .08 from ppdata

soft pomeron (DL)
= 0.08 vs hard pomeron (BFKH)

=0 .5

laa3-94 HERA measured DIS
cross-section , dominance ofglo XX

X-0.25

laqr- qu Nikolzev-Zakherov : dipole cross-section DIS (
Mueller dipole cascede ; reformulation of BFRL

unitarization , path to wards calculate multiple scattering effects

1994 McLerran-Venugopalan : large-nucleus as dense
classied field,

sources 9 and fiedsA ,coherent scattering , gluon density

in heavy-cons (precursor of CGC) , identify emergentsade&s

transverse density of partons

1996 Balitisky : Wilson line operator and OPEE Balitsky herarchy

1999 Korchegov : Evolution of dipule Dlarge NC



BEKL
BK -equation _

品= fdz [Noc+Ni-No - Noz Niz]
〜

non-linear
term

1997 -2000 : JIMWLK

RG equation for WIS] weight function of sources

in Hamiltonian formalism OWHILW
2002 : BK & JIMWLK reconcled !

two faces of same
coin : projectileis target

2001 - beyond : NLO corrections to BERL/BRIJIMWLR

Glasma as a transition between
CGC & QGP

correspondence with
hadron structure TMDs & GPDs

Spin physics ,entenglement, 00 ·



CGC : theory of sources , fields & Wilson lines

and their RG structure rooted in QCD

Physics : multiple scattering (Wilson lines)

non-linear evolution
(BR-JIMWLK)

emergence of
saturation sale Q(XA)

improvable : NLO
corrections , beyond ankord ,.. -

dipole picture + BRIJIMWLK

path towards unitarization can dynamically produce
transition between soft O hard intercepts

multiparticle beyond dipole : quadrupole , higher pt
production correlators

connection to heavy ions re initial conditiona pre-thermalization



Phenomenology
HERA : totd cross-section, diffrection,..-
_

RHICO LHC :

TPIPAIAA: forward (multi ) partide production

radron, jets,photons, rector meson,
enegy correlators.·

UPCs : photo-nuclear reactions (DIS like (

EIC : DIS off nudel
: enhancement of seturation

_ throuh nude

Cosmicrays ? super high-energy DIS !

Some recent connection to entanglementa
colliders.



Outline
-

이 sources vs fields ,
MV model

② Classical Soln of Yang Mills' eqs for a
ekonal current

3 (Effective CGC propagators and Wilson
lines

รl Quark scattering and the dipole correlator

니 >

3) Two models for
the dipole correlator

cross-section
6) PIS

ร

รู

키 RG evolutio ofsmall-X : Balitky-Kovchegov equation

의 Multipartide production
La) Phenomenology



Sources& fields x
0

t

Light-come
coordinates

± =
0

境

, →
1 卡 ,

* Consider a nucleus moving in the + Le direction
with large PT

let's introduce sade NT =XoP
+ (Xoc1) and separate modes

R+ > At Llarge- X partons)
fast modes

is time
dilated ,

and localized length
contraction

dynamics
treat as a recoil-less

color density currentTh

slow modes K*** (smell-x portons

dynamic modes treat as gauge field Al



Compute observable 1+ $[ A ]4 +δA . 5)

(07)= S18T]WIJ]
SDAGYe QCD

ーOLArsItit)
JAGN e
~

<σ>[5]
ㄝ

path integralforObservable for given
source configuration J

(OL = fIBT]WEJ] < GG[J]
for large

current
one can exped around classed solution

observable/Kinematic dependent
Ʃats -

<Ox=SIBJ] Wit[5](Oce[5]+ <sin) /nt)Ogantuat - -- )



For a nudeus moving relativistally P+> Mp

JM= Sh
+

g(xix1) ,
strictly only true in

non-abelian

garge theory when A
=0

due toaurrent conservation

& 3
, J1 components suppressed relative to It

&It Independent of
X

MV model : gaussion functional for initial
condition of W

WIST = Ne-Savad-gige
1o

& Sig=JB9TWlg] gigis= M2gab g
*

(x-3) S(x=y)

u color charge density 1 Al3



Classical Yang Mills for eikonal current

Simpler example: Maxwell's equations

Guerreju ,

Mu = ama-Am

E, Rond current JV(X) = SU
+

g(ro*)

Let's work in LC gorge A
= 0

is independent of Xt
,
look for Soln's

Since crrent
t一

independent of X
+ & F - 0 ,

Fi = 0

5

V = = =E OE + OF = 0 -1
∅

·

U = = => อะ ftI + & _ #- + อะสมัน = 0 => วะfj =
0 =∅

-*Ʃ AZ =0 U

+ bic.=> Ai =O



v= + = 0
.

f
- +

+ a(f
t
= j

+

fH =G)At

8(fd
+
- Jt

-3A
+
= I - Poisson's equation

〜 十

In momentum space Acc

Exercise I : Show that Yang-Mills equations [Du ,
Fur] = Jo

some soln Al = gety with -EEL = Jt

Exercise # : find soln in gorge
At = 0

rotation
hint : perform

a gauge



CGC effectiv vertex

For simplicity consider RED -Leymuda
probe moving with

-11

el
... (ie) ym ... Ance'-e)*

ii-e=q

recll
a-b

==iey- +(l'- e) Ʃ atbtab-ajobs
②Acl L

AI ( q) = fduze
igz As (zzr)
its

Jdze
igtZ(Ez1)

7↳ = 2t 8 (q
'

) fd
'

zs e

C-i(l]-ex)
δ (late+) 。E

vDil)=2itS(e=e" (y
"

(ie) (dzze
·

zagdEAceCErza) e
↑drop

z support ~ 11p
+

so ltz1 similar phase

fou external portons
on-shell etZ-<CI



#
R- loop momentse

* Q

ZL
Ace Ace

z2
Soler )=た c

Ve (e'e) =dyVacese) So(l) VllS
Dirac structure y

-l . y- = 2eiy

use delte functio S(lT-1) es li
=e

l- integration、
:li
+ (zi-zi)

e
lot integration InfdisI a-realPriest -e!

Leit
lizo

#rey



Two cases

· zilze e ülté-zi) o if
Imclit) > o

close contour upwards by contribution from
semi-arce

will be exp suppressed

but there are no enclosed poles > I =0

이 Zzt zi close contourdownwends

then we have
a pole

Iv e

· lisker (FirEnt
= 2 bos

In O(Zi-zi) E ordering of scatterings



Carry out transverse integration
-ly.

( Zy-Z22)

ganz e = δ∞
)

(Ey-E2라)
_

2tC 22

⇒

VKCese)

= 25 J (e=erJ 4-S8 ze(A8号(- 1 GS 8E-Ae1E21) 2Ad日涵1
器

… {{i^az0
fdzAazー

-∞

Un(eie) 元 : cier {dzi AecEiazz)

-illAced
Un -> 24 Sleery -SELE e



Same exercise can be carried out in QCD

Quark effectve vertex
-δ (lj

-
les) . z로

Eyese) = 2 Sce-e Yo Jazz e ,(z)

VijCEc) =peiy AcècE;z1)tjdz] to fond
∂

reprefsuezjentahon
CaC effective vertex for quark

-> root +
#> eit! = t

resums multiple enkonal

scatterings



Gluon effective vertex
-i(l-e) · 21

Eglee) = 2 Slee (201 gro Jazzle Uzz)

] To adjant
Ue) =peacczztd representon
be

of SU(3)
CGC effective vertex forgluon

ก , ข. c e'sMob
·eceee

=> wer over au3 +

resums multiple enkonal

scatterings



Quark scettering and the dipole
pA- > h +X

* single indusire hadron production

do
: A-i

+X

℃

ndo。=× 5 ip+
2 ℃〜

θ。感
depdy
λ

_

- X Let's compute
this

obje

a드 S = UCPD EE (P,E)UCE2 O)

S = CHECPTEL #CPIOYYTULArO)
q2=O Saxe-iPLoxt V(t)



S = 2tS(p=qt) M

M=(polyU(g) Jdxe-iPx Vet)

-EP- C82
-→Ifr [ VCAA)VTC88]
NC

IMN = TrIy SaEzei
ー v

8 P -f λ S(X2 *)

Accountingor flux factor : Forrer transform

ag =

S$S
2CP2)75where 5(P)=(d(x-X])

λ

×=
average over

sources -→ P2 =
C+Z-→ r[Vcx)

u
+c8 z]

e
NC

I assumed translational invariance only depends E
=X-X1

St transverse area



What can we say about [S(V1,* ()?

bo Wilson

What happens when
10 =(SIraDE1 E lines are

unitary
matrices

Unsec (SCrLDEO < decorrelation

(Scrat)x
I 0

---- . . . .
_±

r、

ro-F/Qs- saturation scale



Two models for dipole
- Y4QBA )QS=AY

3Q
.( 분)×

GBW : (SCrIDF e
_ Ps

⇒⑤ CP2) e

(54
multiple scattering
⇒ broadening

controlled by
saturation

P2 sade As

with A⑱ grous
and with snallerX !



MV model g
°

(x1) = fd5-ga(xiX1)
a o

= X2 gab gkt-y)
2= δdz

-

ur
< SCxS& (y)?

MV

d
2
z로 Ko (m/z-y1) Ko(m/z-X11)

< 2i(e) M= X
* gab S 2 introduced IR regubtor

ㅗ

- gr cft (X2c]2) 급 →

eg
2
+m
리

(+Tr[vcevtE]]uv= %
Ʃ

NC

* (V2e2)
= Y(x) +Y12i32)

- 2Y(42132) ,
YKiYa)SEds Lzh>

-Y4 Qr 로(n(Ym) mrc1

(S(r)Ymu= e < MV -model

where Qs =g λ recell x24 Al3

nuclear enhancement of seturation
sade



(5(P1) = LéRY P2 : Qs

Ps. Qs

In
5(PS)

_ power

L

arw - -
MV

ypz law

x

T的 Pz expected from pQCD

Covlomb scattering



Exercises Lecture I

O Solve YM egsforerkonal aurrent JMM = SM (viX1)

in A =0 gauge

& then in A"-o gauge (perform gase rot)

⑳ Compute in detail quark & gluon CGC propagators

in A = 0 garge , what happens
to 4-ghon vertex?

③ Compute (LC) In the Mr model

hunt : find Greens function for -F2tr?

⑦ ComputeGrEVC) VI(e1)]) In terms of (a
*DCE22)7

⑤ Numerically evaluate Fortier transform of depule in GBW & Mr
models



Recep lecture 1

small-x AM(X[X1)
1) large-X (+

'

;(J
+
ra) partons

partons

2 solve cassindyM -VIAt= J
+

3 derived effective vertices in termsof
Wilson lines

VCEL) = =1 argSdETAtc

H) computed g+A
-+ g +X scattering

do - Fr[<TrIvert]]]
apdy

-'l4Qr2 in (Ymr>

3) MV model ↓<Trivcrt1])v= e



Today (Lecture 2)

1) DIS cross-section

e) small-x evolution : Balitsky Korchegovequation

3) Mutiparade production Every briefly]

4) Phenomenology :

OGPES HERA

single inclusive hadron prod
in pp/pA RHIC & LHC

two-particle prod in pp/pARNIC

314 photo-production UPCs @ RHIC OLHC



DIS cross-section
ee

→ = ·feCrGY On CBOY
⑮

l는
Etie ->

f+ (3 ,Q4 oT (VB>Q2)

= Let' compute ytp--> X

Q
=
- q 20 and use the optical theorem

y*P

<B = = = Gfot =
Re[

U

7
where

g = M2ut 8 (8t -i)= S [8]- S []() < ) —
+=ImMarar [IBrandadrosuroptsami
_



-DFS cross-secoae

S
“

を8 } =GI )d

Omarx* : ir[So(e((ie *(qX)Sole-E)[q(e-gceg)
So(e:q) (-ie**(q*) So(eTg(e;el]

dipole ITrIVCEUTeL]
the result as

:

We can organize

u" = 2q- NcJdxadyc[2-C]A" (x2 -32)

·Center) ·VAle)
ー

ATCat,ya)=eeS3s
22sce=

e) e ー

Te+isT[(e-f+ie][eticI[Se:qUtie]

*(et= -Tr[YeRAX (A-Y Ce-1)
*

(*) e]

22q)2



DIS cross-section
Integration over It is

truid SCI-11)

Direc Algebra .

Let's consider longitudinally polarized
case

ไ

muum

In light core gage A
=0f =( ,

0 ,02)(tX=L)=Y-

y-fiy-
다 ㉗ Tr[ 4th-lly y-ce -ts43 y

= とtな職
*( ,e =R _ 2a

9
l- (l=q) (e-qe- GyMyVengerλ=t = 8 _

A Eπ ε ē

Let's define ze t/q- = A" = 8 Z1-z)
* Q?

For transversely pot photon E
µ
Cqrx) = ( 0 , 0 . EI ) . ε☆=lri)

Ax
=T
= H[E+cEP]HE] (1ts·

*
) e Exercise



e2= zete-- 122
lt integration
mw

ー=武{装感び躍+飛えE =千装—eiε][( e-εPtiε]
⇌ l

자

Litニユ武印底越一武θ℃
い(-z )

pole 1 pole2

二 =
—
—

Ecc-z2Q=+e]

θ ( )O( )E 0-z

, weused-get-
ont

0LZ41
bothpoles

Analogous result for I't integration elseit some halfplacel

A↑=pS µ℃ z^“
A'
[
Q

' te'}[Qutez}



Transverse integration
mumummm

longitudinally pol photon
Alth independent of ly &Is

Jalibora-Ko(r1) ,

idented structure 1integral

2ū [ Qtez ]

Assembling the result :
sim

x과

µ =divtjadec[1-(S(iec]_]]dznEYrer@ Kolora)t
2

For transversely pol photon (exerase
ㅣ

T4三dad'y[I-$2 .α》」]Sdz[E 'tQRC-zR} K? (@ rα)
t
2

eversed
S(XxcY2) =+Tr[V(x)V+(y1)]

over 2 trans r
= X1-31

pol



DIS cross-section :factorization
y

g

〜=〜:- 熱巡
q

ψ
Ypagg

. [1- 5 } r
④
y**g )

!
4
/

段 器
《-Z

)Qk. cira) a"a
" E

tira,Y"Tzzecrz

- * Qsr2 in(ymr te)
< N(K))nE1-/SCE))mE1-e



Dipole amplitude
NCr1L

_ 1 block disk limit
_

匳ㅣ
_

color ⇌ saturated region
transperency NCr)~ Q& r2 - rs rauyo

hight-come warefunction Itxl"ore

Q Q => one probes the color transparent regime

o ~ QS%2 lupto logs)

Q~Os one probes saturation region

extreme limit QQ- Of constant



Small-X evolution : Balitsky-Kouchegov
Consider a one-loop correction

t the dipole

i i->
Let' focus on the phase space where

raduated gluon has

small longitudinal momentum
I

,
we will show

this leads to

a large logarithm !



兼", s=5aeavece'st 'ce, e
)

... [q(p'c p-l) So (P-1) igyMtz ...

· .. [q) -k , -x'+e) So7Ktt) ig y"to
. -

off-shell
Trick naM(e) = - [exco(e, + - pe

Mußen gemem(e) = ze"(ei ,x) s
*M(l,x)

X

Men : the fermion
limes contract with polarization vectors

E
"
se, λ) = (響 。

O0 E*)
Recall Dirac structure of Eg is y



... [q(p p-l) So (P-1) igm(e ,x)7
"

...

Lorentz/Dirac
= YP-M(e,x)Ey =2 y

000 Eq (-Ko -w
'
te

') SoC-
k
't4 yog$le 'st

。

Lorentz/Dirac

ZKEi然ye
Zg
-o e

Let' now examine
It integration

2p
-

'

I = S装→c3[ cp-ervtic
}=p=e

+PERLY
Similar for l't → =Toce>Ospiet

2e &5/p2 h
后
《



Carrying out transverse Integral /fourier transform)

orsi
_

=Sa넓 v utra
라

modulo perturbative part of diple without
radiation

/

c vetortcedt Ub
*

(E2)

S = 最 5装JIC
2
CY 2-ZIR

b惑響=" i
erkondl glvon emission scattering elkona gluon absorption

trj-zz)
一·GLEY( pi조-퇴 Vin(X)V(s) Ub

*

(z2) g-= (tb) kg"C.
)Rz
み

π



Take color trace (dipole)
->

= S 装 SEZI②C E -Pc

-
atZa

-

ys前 ZaptVC
ほ)t家za)~}tr [vt(ya) tUBC

_

ร

_
(x-y1)

2

2-222 (E2-y222

龜國燕勲國亜
ニョ 発Zx㎡CEz-yaRCFTr[ VCはIVTCYαI]



Combining terms & using W) = VTCE)EVCE) and Fierz identify

irTvcetortic Ub*(E)] - CFirIVCEVtisal]

- e[TrIVCLtEL] TrIVcEdvtEal] - Nc TrIVCIUTIaIT]

The Je produces a logarithmic divergence

but it is actually bounded by physical sades

2 aie
Recell e /pr ~ 15/02 & eoss 5-

8

冃 ↑ equivalent to
(er/Q2)p-

*

virtualityof parent etcxopt

装 = \n(Q2 = ( n(% )
modes aboveJ Xo integratedout

(e5kos)p- X
=θYs



Dipole emplutude

Nry(y) = 1-Grivctia]
,

Y = In(x)

Evolution

·(4) = =4 dz # [Nvz(y)+Nzy(y) -Nxy(Y)
(x-zr) (Es-yr(2

- NXzCY(Nzy(Y)]
~

non-linear
evolution absorbs

corrections term

~ LsY = (sIn(*)

to scale of initial
condition

X physical sale set by sattering ,
in
the case of DIS :

↓ E QYs



Numerica solution to the BK equation
y= (n(*y) + x = Xoe-Y

*

running coupling following Balitsky prescription & M2= Ey ,HeA

⇌



Numerica solution to the BK equation

↳

⇌



Mutipartide production : dyjetsin DIS

~PM ~ p[UVe-

e

d ~ Jardedidy
ciP(x-VI)-Okz-zls

s

yfrgq #Page 1xj-%3)
P(x-32) [4

([gM(*t*)
- SEX2c32)- S

*
(ecx) +1])

x

S((x2) = + Tr[VEVTELV(2V]
quadruple Na

dipole S((x]) =+ Tr[VCUy1]



Mutipartide production

ー事筮 * M -p7-TU*(V(xt - Ev(b)]

·M-p[Viy) - 4 (b)

b

·her.M
-48528 [U(KEy2) fadedbab2)]

cross-section will
involve multipoint correlators of fundamental

and adjoint Wilson lines , their evolution is distated

by JIMWLK equation (generalization of BK)



yop -> X(QXi) Yetoaσ

HERA 城 Xeff=0.27

⇌

0.09

t=p(←,











A roadmap toSmall- Physics & Parton Saturation

sources > path integral X solve
classical quantum classical YM

& fields solution correc

小
Small-x

∠
Observables convolution

c CGC

evolution ofWilson line
correlators

effectiv vertices
BRIJIMWLK and perturbative factors

>
Phenomenology



Exercises Lecture I

1. Derive the forward scattering yep- yep for both long tirely &

transversely polarized photon in
detal filling the gaps in

the notes

of Lecture 2.

2 . Complete the intermediate steps to derive
the BK equation

- One can obtain the
BFKL equation by dropping the quadratic term

NxzNyz . Investigate the solution to the BFKL equation

4 . Show that the BK equator admits travelling wave solutions
.

5. Compute the differential cross-section for quark-antiquark

par production in yep (dyet production & leading order



6. Correlation limit of dyet production in DIS

Let pOK be the moments of the quark & antiquark
.

Define momentuo imbalanceEg = P1tK1
& relative momentum

#
2
= EPL-zik2 where Z ,= ze

f

Consider the limit EL Ef in which the jets are

produced back-to-back in
the transverse plane.

Argue that in
this limit one can perform a gredient expension

Va=-%

of the corrector
around small ra=Y= &

Show that in this limit
the diff cross-section factorizes

Co ~ HCE ,
E2,Z .QJ GNNCEIJ




