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The parton model: 50 years of success

V. Gribov

In fifty years that have ensued after the birth of
the parton model, it has become an indispensable building block
of high energy physics — so we have to understand it :



The puzzle of the parton model

In parton model, the proton is pictured as a collection of
point-like quasi-free partons that are frozen in
the infinite momentum frame due to Lorentz dilation.

The DIS cross section is given by the incoherent sum of
cross sections of scattering off individual partons.

How to reconcile this with quantum mechahics?



The puzzle of the parton model

In quantum mechanics, the proton is a pure state with
zero entropy. Yet, a collection of free partons does
possess entropy... Boosting to the infinite momentum
frame does not help, as a Lorentz boost cannot
transform a pure state into a mixed one.

Superfluid (T < T,) Normal state (T > T)

Proliferation of free vortices ‘ [
4

Bound vortex-antivortex pairs

The crucial importance of entropy in (2+1)D systems:
BKT phase transition (Nobel prize 2016)

5



PHYSICAL REVIEW D 95, 114008 (2017)
Deep inelastic scattering as a probe of entanglement

Dmitri E. Kharzeev'™>" and Eugene M. Levin™*'

Our proposal: the key to solving this apparent paradox
is entanglement.

DIS probes only a part of the proton’s wave function
(region A). We sum over unobserved region B;

in quantum mechanics, this corresponds to accessing
the density matrix of a mixed state

pa = trgp @

with a non-zero entanglement entropy B

S4 = —tr|palnpa] ,




The gquantum mechanics of partons
and entanglement

What is “region B” in DIS? It may be the phase!
DK, Phil. Trans. Royal Soc (2022); arXiv:2108.08792

DIS takes an instant snapshot of the proton’s wave
function. This snapshot cannot measure the phase
of the wave function.

Classical analogy:

z = p exp(iwt)

Instant snapshot can
measure the amplitude p,
but not the angular
velocity w !




The quantum mechanics of partons
and entanglement

A simple qguantum mechanical model (proton rest frame):

DK, Phil. Trans. Royal Soc (2022); arXiv:2108.08792

Expand the proton wave 1 ;
function in oscillator In) = ﬁ H a; 0),
Fock states: ey
|gl> — Z avn,|'n,>,
The density matrix: p=UNW) =" o oy n)(n’],
depends on time: p(t) = Z ol (' —n)wt p(t=0).

n,n’

But this time dependence cannot be measured by a light front —
it crosses the hadron too fast, at time tiight = R, 8



Decoherence in high energy interactions

DK, Phil. Trans. Royal Soc (2022)

Therefore, the observed density matrix is a trace over an unobserved phase:

2
. . do i(n'—
Pparton = 1Tpp = Z J ol Qs [n)(n'] = E , |04'n|2 n)(n|.

-y 0 2T n
U(1) Haar measure After “Haar scrambling”,
the density matrix
“Haar scrambling” = decoherence becomes diagonal
Y.Sekino, L.Susskind ‘08 in parton basis
(Schmidt basis) —
This is a density matrix of a mixed state, Probabilistic parton

. del!
with non-zero entanglement entropy! modet



The quantum mechanics of partons
and entanglement

The parton model density matrix:

ﬁparton — Z Pn |7l> <7l|
n

IS mixed, with purity
Tparton = Tr( /)parton Z pn < 1.

——an In pn,
T

entanglement entropy

Parton model expressions R . .
for expectation values (O) = Tr(Opparton) = » _ pn(n|O|n);
of operators: n



The quantum mechanics of partons and
entanglement on the light cone

The density matrix on the light cone:
o0

p=w)w|=")" Jan ALy Ui (zir, K g ir )W (4, k1 5) ) (n].

n,n’

Haar scrambling: on the light cone, ti - 1 ~ xz_ =0,
butt,zand x* =z +t cannot be independently

determined: T i p—_p-
J dx ez(Pn _Pn’)$+ :5(Pn_ — P,,;)-.

27
o0

N "4 2
prarton = Trgt [0)(#] =3 [ AL [0 (ai, E1o) Pl

n




Phase-occupation number
uncertainty relation and parton model

ApAn > LI{W|[$,7]|W)]

High energies — phase cannot be measured, number is fixed:
parton model applies
Low energies - phase shifts can be measured, number is uncertain:

parton model does not apply

PHYSICAL REVIEW A VOLUME 48, NUMBER 4 OCTOBER 1993

Measurement of number-phase uncertainty relations of optical fields

D. T. Smithey, M. Beck, J. Cooper,* and M. G. Raymer



The entanglement entropy
from QCD evolution

_____ ] Lo
Space-time picture \\— 7
- ) . N
In the proton’s rest frame: .\H-.:-J 7
N— o
N @/
lcompt

The evolution equation:

AP, (Y)
dY

= —NGAY) 0 — L)AP, a(Y)

13



The entanglement entropy
from QCD evolution

AP, (Y)

dy

Solve by using the generating function method
(A.H. Mueller ‘94; E. Levin, M. Lublinsky ‘04):

Z(Y,u) ZP,,

Pn(Y) _ e—AY(l o B_AY)n—l.
The resulting von Neumann entropy is

S(Y) = In(e”Y —1) + €2Y ln( 1 )

= —AnPFP,(Y) + (n—1)AP,_41(Y)

Solution:

1l —e—AY
DK, E. Levin, arXiv:1702.03489; PRD



The entanglement entropy
from QCD evolution

At large AY , the entropy becomes

S(Y) - AY
; """" entropys This “asymptotic”
s S atlarge ¥ regime starts rather
=4 early, at
< .
>~ 3}
1}
0} | ;
0 1 2 3 4 5 6
AY DK, E. Levin, arXiv:1702.03489; PRD

Also: K. Kutak, arXiv:1103.3654



Linear dependence on rapidity is a consequence of
(approximate) conformal invariance:
PHYSICAL REVIEW D 110, 074008 (2024)

Universal rapidity scaling of entanglement entropy inside hadrons
from conformal invariance

Umut Giirsoy ,1 Dmitri E. Kharzeev ,2’3 and Juan F. Pedraza®*

Unstitute for Theoretical Physics and Center for Extreme Matter and Emergent Phenomena,
Utrecht University, Leuvenlaan 4, 3584 CE Utrecht, The Netherlands
*Center for Nuclear Theory, Department of Physics and Astronomy,
Stony Brook University, Stony Brook, New York 11794-3800, USA
3Department of Physics, Brookhaven National Laboratory, Upton, New York 11973-5000, USA
*Instituto de Fisica Tedrica UAM/CSIC, Calle Nicolds Cabrera 13-15, Madrid 28049, Spain

description. In this paper, we use an effective conformal field theoretic description of hadrons on the light
cone to show that the linear dependence of the entanglement entropy on rapidity found in parton description
is a general consequence of approximate conformal invariance and does not depend on the assumption of
weak coupling. Our result also provides further evidence for a duality between the parton and string
descriptions of hadrons.

c
=—-An+ ...,

Sa 6 16



The entanglement entropy
from QCD evolution

Atlarge AY (x ~1073) the relation between
the entanglement entropy and the structure function

2G(z) = (n) = Zn:npn(y) = (1>A

X

becomes very simple:

( )

S = In[xzG(x)]
\. J

DK, E. Levin, arXiv:1702.03489; PRD 95 (2011;)




The entanglement entropy
from QCD evolution

What is the physics behind this relation?
S = In[zG(x)]

It signals that all exp(AY') partonic states have about
equal probabilities exp(—AY’) —in this case

the entanglement entropy is maximal, and

the proton is a maximally entangled state

(a new look at the parton saturation and CGC?)

18

DK, E. Levin, arXiv:1702.03489; PRD 95 (2017)



Experimental tests

What is the relation between the parton and
hadron multiplicity distributions?

Let us assume they are the same

(“EbyE parton-hadron duality”); then the hadron
multiplicity distribution should be given by

Pn(Y) _ e—AY(l o e—AY)n—1.
Consider moments

C,=<n?>/<n>1

19



Fluctuations in hadron multiplicity

The moments can be easily computed by
using the generating function

= (1) 2

u=1
We get
6(n—1)n+1

.ﬁ,2
(I12n(n —1)+1)(2n —1)

.7’1' 3



Fluctuations in hadron multiplicity

Numerically, for = 5.8 + (0.1 atInl<0.5, E_,=7 TeV
we get:

theory exp (CMS) theory, high energy limit

C,=1.83  C,=2.0+0.05 C,=2.0
C;=50 C,;= 59+0.6 Cs; = 6.0
C,=18.2  C,=21+2 C,=24.0
Cs = 83 Cs = 90+-19 Cs = 120

It appears that the multiplicity distributions of final state hadrons
are very similar to the parton multiplicity distributions —
this suggests that the entropy is close to the entanglement entropy



Test of the entanglement at the LHC

PHYSICAL REVIEW LETTERS 124, 062001 (2020)

Einstein-Podolsky-Rosen Paradox and Quantum Entanglement at Subnucleonic Scales

Zhoudunming Tu ,"" Dmitri E. Kharzeev,>> and Thomas Ullrich®"*

ep 27.5x460 GeV | | | | PYTHIA 6
L Q% =2 GeV? Parton: 1 Q*=10GeV
oIn(N ) ©
4 gluon —+ o -
Hadron: 1 o
® ) —P(N}In[P(N)] o
m 0 T
0p) © o
o
2+ o . O |
(@]
— ¢ ——o o ° o— o o}
(@]
T | Ll | | L 1 Lol Lol Lol L1
107 1073 1072 107 107 1072
X X
MC generator PYTHIA: § — ln[a:G(a:)]
22

IS not satisfied at small x (no entanglement)



Test of the entanglement at the LHC
L HC data: arXivi1904.11974

S = In[xG(x)]

is satisfied at small x (entanglement?!)

Q% (GeV?)
K. Tu, DK, T. Ullrich, — 133 107 098
arXiv:1904.11974;  Sparen S o
PRL (2020) 4 OmsTW B CMSmM <05 _
| ONNPDF
| YHERAPDF
L
L
o
2 3\5 -
0 ol ] .8. L ljc{
107 107
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06156v2 [hep-ph] 13 Dec 2021

Evidence for the maximally entangled low x proton in Deep
Inelastic Scattering from H1 data

Martin Hentschinski' and Krzysztof Kutak?®

IDepartamento de Actuaria, Fisica y Matemadticas, Universidad de las Americas Puebla,
San Andrés Cholula, 72820 Puebla, Mexico
2 Institute of Nuclear Physics, Polish Academy of Sciences, ul. Radzikowskiego 152, 31-342,
Krakéw, Poland

December 14, 2021

Abstract

We investigate the proposal by Kharzeev and Levin of a maximally entangled proton
wave function in Deep Inelastic Scattering at low = and the proposed relation between
parton number and final state hadron multiplicity. Contrary to the original formulation
we determine partonic entropy from the sum of gluon and quark distribution functions at
low z, which we obtain from an unintegrated gluon distribution subject to next-to-leading
order Balitsky-Fadin-Kuraev-Lipatov evolution. We find for this framework very good
agreement with H1 data. We furthermore provide a comparison based on NNPDF parton
distribution functions at both next-to-next-to-leading order and next-to-next-to-leading
with small z resummation, where the latter provides an acceptable description of data.
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Figure 1: Partonic entropy versus Bjorken z, as given by Eq. (1) and Eq. (2). We furter show results
based on the gluon distribution only as well as a comparison to NNPDFs. Results are compared to the
final state hadron entropy derived from the multiplicity distributions measured at H1 [19]



Maximal entanglement:
experimental tests at HERA and EIC

Probing the Onset of Maximal Entanglement inside the Proton in
Diffractive Deep Inelastic Scattering

Martin Hentschinski, Dmitri E. Kharzeev, Krzysztof Kutak, and Zhoudunming Tu QCD evolution of entanglement entropy
Phys. Rev. Lett. 131, 241901 — Published 13 December 2023

Martin Hentschinski,!** Dmitri E. Kharzeev,?3: T Krzysztof Kutak,*:* and Zhoudunming Tu?®: 3

405 I | arXiv:2408.01259, Rep.Prog.Phys.(2025)
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QCD evolution of entanglement entropy

Martin Hentschinski' @, Dmitri E Kharzeev>’©, Krzysztof Kutak*
and Zhoudunming Tu**

arXiv: 2408.01259; Reports on Progress in Physics, 2024
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Maximal entanglement agrees with H1 measurements in
different rapidity windows o



Entanglement of quarks inside the
proton, baryon number transport,
and the Feynman-Wilson gas

D. Frenklakh, DK, G. Rossi, G. Veneziano, arXiv:2405.04569
JHEP07(2024)262

__________________

2”1:"27"{

__________________




Feynman-Wilson gas

(1+1)d gas High nergy interactions
Volume Total rapidity
Particle’s coordinate Rapidity of the produced hadron
Short-range particle correlations Short-range rapidity correlations
Partition function Generating function for cross sections
Fugacity Parameter of the generating function



Feynman-Wilson gas

*
Some Experiments on Multiple Production

Kenneth G. Wilson

r
A
Laboratory of Nuclear Studies, Cornell University, L“"f‘ ——————————— E
Z —o= 300 MeV
Ithaca, New York 14850
e In(s/p, p5) -
, 4

10

scaling laws. The best way to introduce these scaling laws

is, I think, to use an analogy invented by Feynman.11 This

analogy links multiparticle production cross sections to the
multiparticle distribution functions of a classical gas, with
the total cross section becoming the partition function of a
gas. This analogy is very much on Feynman's ﬁind when he dis-

cusses his parton model of high energy collisions, although it

is not discussed in his papers.

11. R. P. Feynman, private communication.



Short-range rapidity correlations —
“multiperipheral” mechanism of high energy interactions

Theory of High-Energy Scattering and Multiple Production. p P

D. AMATI and A. STANGHELLINI
CERN - Geneva

!
S. FuBINI O
Istituto di Fisica dell’ Universita - Torino q I K Iq -0

; 2 2 2
CERN - Geneva O
|
I

(ricevuto il 4 Luglio 1962) I

,_‘_,V’/-_-—‘—‘_\
( k _
Summary. — In this paper we propose a theoretical model for high- % 2 :q" A
energy interaction, the basic idea of which is that the high-energy pro-
cesses are reducible to the low-energy ones, through a peripheral mech-
anism. The asymptotic properties of this model are studied by means P p’
Irg. 3.



Feynman-Wilson gas

Generating functional of exclusive cross sections is given by:

Sla(z)] =) / H(dsz(xj))glt do(a :zrx?;f’zxn )

X; are “coordinates of the final-state particles (rapidity, p, ...)

Exclusive differential cross sections can be obtained by taking
partial functional derivatives at z=0.

32



Feynman-Wilson gas

m-particle inclusive cross sections

. 9 xm):izda(aqtb—)xl,ﬁ...xm%—)()
o dzldz? ...dz™
are obtained by m-order partial derivatives at z(x})=1.

Now we can use the cluster decomposition to express these inclusive
cross sections in terms of connected correlators defined through (at z(x)=1):

log 3|z Z /H [da? (2(27) — D]em(zt, 2% ... 2™) = plz(z)]V

TI ]
PV

“grand canonical partition function” log 3 = k_T “pres%gre”
B



Feynman-Wilson gas:
planar bootstrap and Regge theory

At high energies, hadron cross sections are described by Regge theory:

OO0 NOO/ Tir
z&>©@gwm>©@<w HP
00 ¢| OO\, __Jil

2

b b

The energy dependence of cross sections is determined by the Reggeon intercept

Total Exclusive 2->2
pl arp—1 pl 20R —2
O ~$§ Uexcl s

34



Feynman-Wilson gas:
planar bootstrap and Regge theory

Therefore, the pressure of the planar Feynman-Wilson gas yields
the leading Reggeon intercepit:

pl ar—1 pl 20p —2
Oy ~ S Oeazcl B
PV
lOgE = ij—T




Feynman-Wilson gas:
planar bootstrap and Regge theory

Use the Feynman-Wilson gas analogy to compute the Reggeon intercept
using the cluster decomposition!

Zpi(2) = exp (YD(2)) = exp (¥ Dy om St )
p(1) =0, P1)Y =a1Y = (n), p"(1)Y =Y = (n(n — 1)) — (n)?,
p" ()Y =c3Y = (n(n—1)(n—2)) — (n)3 — 3c1c2Y?

$

m—l—l
n 5,
-p(0)=1-ag(0 Zcm .. . P

‘ Reggeon intercept 4=y Multi-hadron correlations \




Feynman-Wilson gas:
planar bootstrap and Regge theory

For vanishing correlations (Poisson distributions), we get

m—l—l
_p(o _1 O‘R Zcm | :<;>— 622—|—

OzR(O) — 1 — <—;>

This result agrees with

Multiperipheral Bootstrap Model*

G. F. CeEw AND A. PioNOTTI
Lawrence Radiation Laboratory, University of California, Berkeley, California 94704
(Received 3 July 1968)



What about the Pomeron?

Here, we have to reconcile the Feynman-Wilson gas with
the topological expansion (TE) of QCD.

In TE, the Pomeron has topology of a cylinder:

) O 1 |
Z"R-”Ly =210 i i ~
) 38 &

/

Two copies of Feynman-Wilson gas!

| 8
/
O101010101010101010]0]0]0]0]0;
=

38



Cylinder topology of the
perturbative BFKL Pomeron

%
i
\

:
+
v

/LN

C

(a) (b) (c)

Figure 8: Multi-gluon emission within the MRK. (a) The cut Feynman diagram (b) Combination of relevant
color diagrams of the production vertex. (c) The combination of (b) on the cylinder.

From: J.Bartels and M.Hentschinski,

JHEP 08 (2009) 103
39



The Pomeron

The partition function of two-species Feynman-Wilson gas:

1

nr  np _cyl o
ool Y el ) = g, A =
9t nptnp>2

Zcyl (ZRa ZL) —

The cluster expansion

chl(zRa ZL) = eXp (Yp(ZRa ZL)) — eXp (Y ZmR+mL21 C(mR7 mL) (zR_lz':j!%i!_l)mL )

LW =l . @011 = @rr; @1 LY =anig)] —4na) 0L 5 ius
yields the Pomeron intercept:

c(mp, mr) (—1)mrtmL — 1 4 (ngnr) — (ng)(nL)
mR!mL! Y

If correlations are neglected, the intercept is 1 40

e



The Pomeron

The absence of correlations (leading to intercept=1)
IS the analog of Dalton’s law in Feynman-Wilson gas.

101.3 kPa
3.03psi 11.32psi 0.14psi 0.18 psi 0.007 psi 14.69 psi

Also: Daltonism — color blindness

John Dalton 1766-1844 41



How to construct a gauge-invariant
wave function of a baryon?

G. Rossi, G. Veneziano 1977

Table 11a

Simplest mesons and baryons : colour structure and string picture

GAUGE INVARIANT OPERATOR
2 -j2 x2 b 2 Jl X9 Xy
M. =qq meson q (=) [l’ exp(ig A dx ) Qrix<) e ®
b4 2 i : i | -
X, 1, 7| q 4
M, = quarkless Tr [I’ exp(ig lf A dx“)]
meson u
3:dal x
£ R [P oxp(ig [ A dx“) qx )] X X2
1 | [5# F
B b =) i % :
3 = 499 baryon e Y x
x : X i
[P exp(iu I A dx‘) q(x )] [l‘ cxp(ig J A dx ) q(x )]
| 2° J. =, 3" 1, G & X,
2 12 3 14




Baryon-number — flavor separation
in high energy collisions

Physics Letters B 378 (1996) 238-246

J

Can gluons trace baryon number?

D. Kharzeev
Theory Division, CERN, CH-1211 Geneva, Switzerland
and Fakultdt fiir Physik, Universitit Bielefeld, D-33501 Bielefeld, Germany

Received 15 March 1996
Editor: R. Gatto

ad (0)+ap(0)—2
_ 8xGM(0)GP (0) FAF (m2) (f m)

S0

x (exply*(ap(0) — af (0))] + exp[—y” (ap(0) — a7 (0))]) -



Feynman-Wilson gas with baryons

Consider baryon-antibaryon annihilation through the junction:

DO

1 E 1 >
| B = B
20 ) =3
S j s 3 =
il Ik S
) P S
Mo & |
na B < < B
=

The cluster expansion

SRS € o0
Zann(zlaz%zS) =€ p(z1,22,23) —

Z c(mi, ma, ms) i — )" — 1 )" — 1)m3>

= exp | ¥
mi !mg !m3!
mi+mo+m3z>1



Feynman-Wilson gas with baryons

The corresponding intercepts:

ag, = 2ag—1)+2(1 —ap) + (1 —ar) — C3 ~ —=0.5 — 2Cgr;, — Cs
ag, = (20p—1)+3(1 —ap) +2(1 —ar) — C3 ~ 0—3CRrr — Cs
AJy = (204]5; — 1) —|—3(1 — Oz[p) —|—3(1 — O:,’]R) — (3~ 0.5 —3CRrr, — Cs

three-species correlations should be weaker and
may be neglected;

Cg_is given by the Pomeron intercepit.

All of the intercepts are thus fixed.

45



The junction-anti-junction
Intercept

ap =1+ CRL

aj, = (2ap — 1) +3(1 —ap) + 3(1 —ar) — C3 ~ 0.5 —3Cgrr, — C3

!

oy, = 0.26
!

beam rapidity dependence elesgtap—2)Y/2 _ ,—0.66 Y/2

D. Frenklakh, DK, G. Rossi, G. Veneziano, arXiv:2405.04569
46



Feynman-Wilson gas
+ topological expansion of QCD

beam rapidity dependence e(®oTe2=2)Y/2 — -0.66 Y/2

D. Frenklakh, DK, G. Rossi, G. Veneziano, arXiv:2405.04569

1 = T T T

RHIC STAR
. " A 10-20 % :
E ~4 4 30-40 %(x 1/2) |
2 T *a - 50-60 %(x 1/4) |
>§t 0.1 ¢ *A LHC ALICE
3 "o — 50-60 %(x 1/4) ]
Z - 1

© +T el e
= 001 E e e e E
8 " Fit O T Tl
\E/ - --- 1.1exp(0.63 dy) 7
N L - -- 1.1|exp(0.67 dy)|(x 1/2)
0.001 - 0-9exp(0-65dy)f(x1/4) J7 -
1 2 3 4 5 6 7 8 9 47
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Can the proton be “therma

DK, K. Rajagopal, arXiv:2605.19058

At first glance, the proton is “obviously” a pure state with zero entropy,
an eigenstate of the QCD Hamiltonian.

But: in QFT, one needs a UV cutoff — scale anomaly.
The modes above UV cutoff are unobservable at low resolution,
and have to be traced over:

H =Hir ® Huv pir = Truv |p)(p|
The von Neumann entropy of the observable sector is non-zero

Sir = —Tr (p1r In p1R)

and happens to be close to the thermal entropy of QGP droplet
of proton size at hadronization transition.



Can the proton be “thermal”?

DK, K. Rajagopal, arXiv:2605.19058

The density matrix can be represented in terms of
the modular Hamiltonian K

—K
PIR = €

For chaotic theories, and high-dimension of Hilbert space,

1 Heff
~ —exp | —
PIR A p Toa

The proton mass can then be used to introduce an effective temperature:

0
By =TrppH = =57 In Z(8). T =1/B ~ 160 MeV

Argument based on discussion with Mark Srednicki



Quantum thermalization and AI/ML

RCS is the hardest D'ﬁ'cu'ty
benchmark that can be A Beyond-classical applications
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An obstacle to quantum deep neural networks:

PRX QUANTUM 2, 040316 (2021)

Entanglement-Induced Barren Plateaus
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An obstacle to quantum deep neural networks:

o. O __O O _ O

o O O O QO

Qo O

O

Visible layer

e

Proposition 2. Let U e CPvP<DeDi pe drawn from a
unitary 2-design and let H = U'SU for some diago-
nal matrix S € CP*P, where D = D,D,,. If either p =
U|0) (0| U' (unitary network) or p = e~ | Tr(e ") (Boltz-
mann machine), then for any bounded operator O, €
CPv*Dv qceting on the visible subspace, we have that

| D,y
| Tr [(Oopy ® 1) (0 —1/D)]| € O ('O"ijOO lTh) ’

Entanglement-Induced Barren Plateaus

Carlos Ortiz Marrero,":* Maria Kieferova,>" and Nathan Wiebe*-*

Entangled pure state;
entanglement entropy
scales with the volume

A small sub-system

(the visible layer) is
maximally entangled -
completely random output!
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Summary:

 Deep connection emerges between entanglement
and thermalization in statistical physics —
fundamentally interesting, crucially important
for technology (qubit decoherence, quantum Al/ML,...)

e Studies of real-time behavior of quantum field theories
relevant for nuclear/high energy/condensed matter
physics are key to understanding thermalization,
and ways to control it



