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Image:
“Maximal entanglement
inside the proton” 



Outline:

1. Classical statistical physics from entanglement

2. Maximal entanglement from geometry of Hilbert space

3. Quantum simulations of jet production, and 
    approach to maximal entanglement

4. Parton model from high-energy decoherence

5. Measures of entanglement in jet  fragmentation

6. (Some of) the things I did not cover: a guide

Review: DK, quant-ph/2601.00405 (Acta Phys. Polon. B57, 4)
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Lecture 1

Lecture 2



Questions:
1. Why do we age?

2. Why is parton model probabilistic?

3. How is “fast thermalization” achieved in 
    high-energy collisions?

4. What is the role of entanglement inside hadrons
    at small x, and in the fragmentation of jets?

5. How to observe entanglement in hadron collisions?
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Two ideas:
1. Small subsystems of pure “typical” quantum states 

evolve towards maximally entangled states, if the 
underlying theory is chaotic (not integrable).

2.  Maximal entanglement + Energy conservation =

                 Thermalization (not T-invariant!) 
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Statistics of classical states
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“It is clear that in thermal equilibrium all possible states 
of the system … are equally probable”



In classical statistical mechanics,
the system is driven to the most probable state
with the largest entropy – equilibrium.

What if the system is quantum? Do quantum
subsystems evolve to the state with the largest
entanglement entropy (maximally entangled states)?

Is this the fundamental origin of thermalization?



Quantum entanglement

Measurement
of momentum
of one particle

Consider two separated quantum particles that had previously interacted:

prevents the 
knowledge of
another particle’s
coordinate! 



``I cannot seriously believe in 
it because the theory cannot 
be reconciled with the idea 

that physics should represent 
a reality in time and space, 
free from spooky action at a 

distance”

          A. Einstein, letter to 

M. Born, 1947



Quantum entanglement



Describing entanglement:
the density matrix

EPR state (2 qubits):

The corresponding density matrix:

If the state of B is unknown, A is described by the reduced density matrix:

Mixed state!





Quantifying entanglement:
von Neumann entropy

Entanglement entropy:

Pure states:

e.g. 

Mixed states:

e.g. for EPR 



Maximally entangled states

Consider the entanglement entropy

for the case of N states with equal probabilities

Then

This looks like the Boltzmann formula! 



Von Neumann on entropy and 
ergodicity in quantum mechanics
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Maximal entanglement and the Page theorem

For a random pure state in the Hilbert
space of dimension mxn, the average 
entanglement entropy of a subsystem
of dimension m<n is
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Maximal entanglement and geometry of Hilbert space 
Consider bipartite Hilbert space
with

and a random pure state drawn from it.

The reduced density matrix of A is then given by a normalized
Wishart matrix (X is a rectangular matrix whose entries are 
independent complex random numbers):

The eigenvalue distribution is given by
 



Maximal entanglement and thermalization
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Maximal entanglement and thermalization



In nuclear and high energy physics,
there is a long-standing puzzle of “early thermalization” 

There is an ample evidence from experiments at RHIC, LHC and 
elsewhere that high energy heavy ion  (and even pp and e+e- 
collisions) lead to some kind of fast thermalization:

• Hadron abundances look thermal

• Hydrodynamics describes remarkably well the momentum 
spectra and azimuthal correlations of produced hadrons, 
assuming that the initial conditions are provided at a very 
early time τ ~ 0.5 fm



A.Andronic, P.Braun-Munzinger, K.Redlich, J. Stachel, Nature 561 (2018) 321



What is the mechanism of this thermalization?

How can it happen so fast in a rapidly expanding system?  

Is the mechanism of rapid thermalization linked to entanglement?



What is the real-time dynamics of thermalization?
Is it accompanied by entanglement entropy (EE) production?
Can it be slowed down or accelerated?

To answer these questions, we need a real-time quantum
simulation in a field theory that is simple enough to solve numerically 
and still describes physical systems of interest.

Schwinger model is similar to QCD in a number of ways:
confinement, chiral condensate, anomaly, …

 

Perform a real-time quantum simulation of e+e- annihilation in massive 
Schwinger model, with the goal of understanding 
the possible link between entanglement and thermalization 
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The setup



Schwinger model: QED in (1+1) dimensions

J. Schwinger
1965 Nobel prize
with R. Feynman
and S. Tomonaga
for QED



Massless Schwinger model coupled to external sources: 



In the massless case, can be solved exactly:

DK, F. Loshaj
Phys Rev D87 (2013) 7,
077501

String breaking due to production of quark-antiquark pairs;
the produced mesons form a rapidity plateau 



To address thermalization, one needs to consider 
interacting mesons – this leads to the massive 
Schwinger model. 

Non-integrable, no analytical solutions can be found 
– use digital quantum simulations!

Recent review: C. Robin, M. Savage, arXiv: 2604.26376



Schwinger model: QED in (1+1) dimensions

The Hamiltonian:

Gauge fixing, temporal gauge:

Generalized momentum:
(θ angle as background 
electric field)

The staggered lattice Hamiltonian:



Schwinger model: QED in (1+1) dimensions
Jordan-Wigner transformation:

From:
DK and Y. Kikuchi,
Phys.Rev.Res. 2 (2020) 
2, 023342



The form of Hamiltonian used in simulations:

all-to-all qubit connectivity!



Screening of electric field, modification of the vacuum, growth of entanglement entropy!



What can we do to understand a possible 
approach to thermalization in our system?

Let us start by examining the entanglement spectrum:

Entanglement
among the quark and
antiquark jet

Entanglement
among the central
region and the rest
of the system



At late times, a huge number 
of entanglement eigenstates 
start to contribute, with 
comparable eigenvalues –
approach to the maximal 
entanglement and  
thermalization?

The entanglement spectrum



Tests of maximal entanglement
Renyi entropy “Entangleness”

Approach to 
maximal entanglement!
(in a subspace of 
the full Hilbert space)



Transition from area to volume 
law scaling of entanglement

39

Area law
(L independent)

Volume law  ( ~ L)
   (“thermal”)

von Neumann entropy:

arXiv:2506.14983, PRD ‘25



Expectation values of local operators
approach the thermal ones
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arXiv:2506.14983, PRD



Overlap with thermal density matrix
approaches unity:
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Overlap:

Hilbert-Schmidt distance:

arXiv:2506.14983,
PRD ’25



The physical meaning of Schmidt states

Transition from 
“quark-antiquark” states
at early times to 
“mesons” at late times –

Hadronization seen in 
real time!  
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arXiv: 2510.23919,
    PRD113(2026)3

At the critical break-up distance, the string is thermal!
    The hadrons are produced thermally equilibrated

What happens when the sources are static?

overlap

Hilbert-Schmidt
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arXiv: 2510.23919,
    PRD113(2026)3

Maximal entanglement erases long-distance confinement

As the string stretches, the energy stored in the string grows:

As a result, the dimensionality of the corresponding Hilbert space grows:

Therefore, the conditions for Page theorem are satisfied, and
the density matrix of a subsystem becomes maximally entangled

                                        string breaking results! 
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String breaking and complexity
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arXiv:2410.22331, Phys. Rev. Lett.(2025)

Evidence for maximal entanglement from jet fragmentation



Detecting quantum correlations 
in inclusive jet fragmentation
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Our quantum simulations suggest the presence of quantum
entanglement in rapidity bins that are not too far from each 
other – say, below Δy ~ 2.

These correlations can be detected through joint multiplicity
distribution in two distinct rapidity bins, related to 
the mutual information:

DK, quant-ph/2601.00405 (Acta Phys. Polon. B57, 4)


