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Outline

* From QCD to Cold Atoms: Universality in Physics
BEC-BCS crossover, Unitary Fermi Gas,

Benchmarks: Convergence of Theory and Experiment

Novel Polarized Phases: p-wave superfluids, LOFF supersolid crystals

* The Many Body Problem

Classical and Quantum: Bosons and Fermions

Quantum Monte Carlo (QMC), Mean Field Theory,
Density Functional Theory (DFT)

*From Cold Atoms to Nuclei and Neutron Stars
DFT, Vortex pinning, Glitches

* From Cold Atoms to Cold Dark Matter
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Universality

* One theory describes different systems
*Cold Atoms

Tune interactions to model other systems

* Neutron Stars, Nuclei

Interactions accidentally like cold atoms

* Superconductors
* Quark Matter
* Dark Matter
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Universality

Fermionic Superfluids

Neutron Matter Unitary Cold Atoms

kr ~ fm™! Fermi Gas Kr ~ um-!
Nuclei am=-19fm a= o0 Tuneable a
neutrons Tnn = 2 fm Te =0 Tnn ~ 0.1 nm
and protons Many systems
o different species
Other Superﬂuids e dipole interactions

e« optical lattices

e Superconductors (charged + phonons) :
e quantum simulators

e Quarks (gluon interactions, Dark Matter?)
e 3He (p-wave)
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Universality

*Short distance irrelevant:
* At long distance (r>R) potentials equivalent Vi=V>
* Characterized by scattering length a
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Universality

*Short distance irrelevant:
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“Renormalization”

* Describe physics by low energy “effective” theory

*Replace complicated high-energy (short distance) with

a few low energy parameters (a and R with cutoff)
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Unitary Fermi Gas

*S-wave scattering length
*BEC - Unitary — BCS crossover

(use whatever interaction is convenient)

Unitarity
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Unitary Fermi Gas

T — (a*aEa+6*6Eb)— va'b ba
J

y

p° . W, = HaE
om a,by T 9

Ea,b —

* Dilute limit: interaction given by scattering length a
* Unitary limit a=o00: No interaction length scale!

* Universal physics: Only scale is particle separation
*&(p) = &Cra(p) ox p2/3, £=0.376(5)

* Lithium 6 and dilute neutron matter in neutron stars
*nn = —]9 fm
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Unitary Fermi Gas

*S-wave scattering length
*BEC - Unitary — BCS crossover

(use whatever interaction is convenient)

@

Unitarity
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BEC Limit: Bosons

* Strong attraction: bosonic “dimers”
* Tightly bound pairs of fermions act like bosons
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Schrodinger Eqg.

hZ 2
2mg

* Wavefunction for a single particle

* Bose-Einstein Condensate (BEC)

* Condensate wavefunction BEC

* All particles in same state
* Density p=|W¥|? ®
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Gross Pitaevskii Eq. (GPE)

h?V?
ZmB

ho W = ( LVt vMF(|\y|2)> Y

* Interactions via “mean field” Vmr

average (mean) of all particles

* Non-linear Schrédinger Equation BEC

. . . =
- Still evolve a single wavefunction PODOIOEOE~
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BCS Limit: Fermions

* Weak attraction: fermions almost free
* Pauli exclusion principle dominates
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Fermions are harder

—aV? +
u—+ U JAY Un
. v ( A 1V =u—U> (vn>

2m

Fermi Surface

+ Pauli Exclusion (blocki
auli Exclusion (blocking) Ko Kb

* Particles in different states

* Must track N wavefunctions
* Non-linear Schrodinger equation

for each wavefunction "
Hartree-Fock-Bogoliubov (HFB), Bogoliubov de-Gennes (BdG) &

* Must use symmetries or supercomputers
N 3Nx Nt
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Fermions are harder

—aV? +
10 W, = HWY, = ( om - —HTH A ) (”“>
JAY - WL — u Vn

2m

Fermi Surface
* Pauli Exclusion (blocking)

. . . kFa ka
* Particles in different states
* Must track N wavefunctions
: o : 00000
* Non-linear Schrodinger equation
for each wavefunction ® g
a

Hartree-Fock-Bogoliubov (HFB), Bogoliubov de-Gennes (BdG)

* Must use symmetries or supercomputers
N 3Nx Nt
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Fermions are harder

—xV? T
_ — 2m H T u A tn
0¥ = HYY,, = ( v 4 u) (m)

2m

Fermi Surface
* Pauli Exclusion (blocking)

. . . kFa ka
* Particles in different states 000000
* Must track N wavefunctions o006606066
: o : 00000
* Non-linear Schrodinger equation
for each wavefunction ® g
a

Hartree-Fock-Bogoliubov (HFB), Bogoliubov de-Gennes (BdG)

* Must use symmetries or supercomputers
N 3Nx Nt
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Unitary Fermi Gas

* Between: Properties of both BEC and BCS
* Strongly interacting: Non-perturbative

Unitarity
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Unitary Fermi Gas

T — (a*aEa+6*6Eb)— va'b ba
J

y

p° . W, = HaE
om a,by T 9

Ea,b —

* Unitary limit a=o0: No interaction length scale!

* Universal physics:
*&(p) = &Cra(p) ox p2/3, £=0.376(5)

* Simplest non-trivial model (dimensional analysis)
* Non perturbative (no small parameters)

* Rich phase structure
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Unitary Fermi Gas

T — (a*aEa+6*6Eb)— va'b ba
J

y

p° . W, = HaE
om a,by T 9

Ea,b —

* Unitary limit a=o0: No interaction length scale!

* Universal physics:
*&(p) = &Cra(p) ox p2/5, £=0.376(5)

*Simple, but hard to calculate!
Bertsch Many Body X-challenge
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Unitary
Equation of
State

*Only scales: T and N
* One convex dimensionless

function hr(w/T)
()

* Measured to percent level:

* o= 0.376(5)

Ku, Sommer, Cheuk, and Zwierlein 2012
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Unitary Fermi Gas

T — (a*aEa+6*6Eb)— va'b ba
J

y

p° . W, = HaE
om a,by T 9

Ea,b —

* Unitary limit a=o0: No interaction length scale!

* Universal physics:
*&(p) = &Cra(p) ox p2/3, £=0.376(5)

* Simplest non-trivial model (dimensional analysis)
* Non perturbative (no small parameters)

*Rich phase structure
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BEC-BCS Crossover
Phase Diagram (T=0)

Fully Polarized
(One Species)

du/ Ao

‘---'
4

Grand canonical
BCS-BEC Crossover

No solid evidence for
what happens in the
middle here

BEC

0 : Need precision

0 ~1/(kra) A
D.T. Son and M. Stephanov (2005) measurements
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)
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Symmetric
Fermi Surface
Matter . .

s XXX
E Fully Polarized 0060060060
(One Species) 0000600
T O | p—

a b

Equal Fermi surfaces

BEC
0 0 -1/ (kra)

D.T. Son and M. Stephanov (2005)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)
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Symmetric
BCS State Kra

Cooper Pairs

Coeses

O @ —
a b

p—
o3
_|-1
oy

du/ Ao

Fully Polarized
(One Species)

Zero momentum pairs

@

P=Pat+ppr=0

O .

0 1/ (kra)
D.T. Son and M. Stephanov (2005)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)
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Symmetric
Unitary Gas ..

Fully Polarized
(One Species)

du/ Ao

BCS p=pat+pv=0
0 0 ~1/(kra)

D.T. Son and M. Stephanov (2005)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)




Symmetric
BEC State

du/ Ao

Fully Polarized
(One Species)

BCS
0

~1/(kra)
D.T. Son and M. Stephanov (2005)

P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL
2006)
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Tightly bound pairs

@

P=Pat+Ppr=0



Asymmetric?

Fermi Surface

kFa
< ® o o
3 Fully Polarized ® o ©
Bl (One Species) 000000 ks
o— 0o —
a b

Unequal Fermi surfaces
* Frustrates pairing

BEC
0 0 ~1/(kra)

D.T. Son and M. Stephanov (2005)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)
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Asymmetrlc Intra-species
. P-wave Pairs
P-wave pairs ..

3 (: i D o
3 Fully Polarized ® ‘é‘%
M (One Species) 00 0©® 0 9 kn
'¢'--.: S~ * ‘ ‘—
p ! . a b
: Kohn-Luttinger implies

attractive at some 1

Two coexisting
superfluids

BEC
0 0 ~1/(kra)

D.T. Son and M. Stephanov (2005)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)

Monday, July 29, 13



AsymmEtHC Intra-species
P-wave Pairs
P-wave BEC

Fully Polarized

(One Species) ® .z%cs‘

a b

BEC and P-wave
superfluids coexist
homogeneously

BCS
0 0 ~1/(kra)

D.T. Son and M. Stephanov (2005)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)
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AsymmEtHC Pairing promotes
particles?
Gapless SF ..

<
3 Fully Polarized ¢ o ¢
= (One Species) ® 0@ 00 kn
S » @
a b

“Breach” in pairing

Still induced P-wave
May need large mass ratio

BEC BCS or structured interactions

0 0 — 1 /(kFCl) (not likely at weak coupling

D.T. Son and M. Stephanov (2005) in cold atoms)
P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL

2006)
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Asymmetrlc Pairs have
Momenta?
FELO .

du/ Ao

(One Species)

‘---.
4

Fully Polarized % %
é 090909 k:
O o—

a b

State (LO) is crystal
(supersolid)

Pairs have momentum

BCS [
=Pa+t 0
0 0 1/ (kra) T
D.T. Son and M. Stephanov (2005)

P-wave states by A.Bulgac, M.M.Forbes, A.Schwenk (PRL
2006)
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DFT predicts (FF)LO
at Unitarity: Supersolid!

Large density contrast
(factor of 2)

Similar to contrast of
vortex core

Bulgac and Forbes PRL 101 (2008) 215301




Superfluid vortices
have holes

Monday, July 29, 13
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Bulgac et al. (Science 2011)

Large density contrast
(factor of 2)

Similar to contrast of
vortex core




DFT predicts (FF)LO
at Unitarity: Supersolid!

Large density contrast
(factor of 2)

Similar to contrast of
vortex core

Bulgac and Forbes PRL 101 (2008) 215301




Observations: Nothing?

Paired core
Polarized wings

Maybe there are no
interesting polarized
superfluid phases?

MIT Experimental data from Shin et. al (2008)

Monday, July 29, 13



DFT predicts (FF)LO
at Unitarity: Supersolid!

Large density contrast
(factor of 2)

Similar to contrast of
vortex core

Bulgac and Forbes PRL 101 (2008) 215301




Observations: Inconclusive

*Need detailed structure or novel signature

Al AL
| \
.A.!m!‘!s! )

i 1

MIT Experimental data from Shin et. al (2008)

l.l s
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Why FFLO not seen?

* It is not there:
* Other homogenous phases might be better.
* T might be too high (fluctuations kill 1D FFLO).
* Trap frustrates formation (traps are not flat enough).

*It Is not seen:
* Noise washes out signature.
* Small physical volume for FFLO.

*Need a nice flat trap: Large physical volume of FFLO
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Cold Atoms

* Experimental Controls

*Species, population, interactions, optical lattices

* Universal physics: quantum simulators?

Can we simulate gauge theories? (Try to simulate lattice models)

*Benchmark Theory: Few to Many

* Unitary Fermi Gas models Neutron Matter
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Universality

Fermionic Superfluids

Neutron Matter Unitary Cold Atoms

kr ~ fm™] Fermi Gas K ~ um™!

Nuclei awn=-19fm a= oo Tuneable a
neutrons  Tnn = 2 fm Te = 0 Tnn ~ 0.1 nm
and protons Many systems

o different species

e dipole interactions
e« optical lattices

e quantum simulators

Monday, July 29, 13



A NEUTRON S!AR SURF A(‘i and INTERIOR

coni ’ ' . | crust.
Hm u neo . . . "'.':"
\ |

F The
* j Nuclear
AW - Landscape

Coupled Cluster, Shell Model .
A<100 * Lattice QCD,

10 L Exact methods A<12 S | nucleons, interactions
GFMC, NCSM " Low-mom.

interactions
* QMC, etc.

small to medium nuclei

ATMOSPHERE
ENVELOPE

Density Functional Theory A>100 [ / f'

—— -

Lattice

Proton Number

Chiral EFT interactions e DFT
(low-energy theory of QCD) )
medium to large nuclei

QCD
SIS A * Neutron stars?
5 10 Molecular Dynamics

Neutron Number —— Hydrodynamics

QCD Vacuum Animation: Derek B. Leinweber (http://www.physics.adelaide.edu.au/~dleinweb/VisualQCD/Nobel/index.html)
Neutron Star Structure: (Dany Page) Landscape: (modified from a slide of A. Richter)
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Many Body Problem

* From microscopic...

quarks and gluons, electrons and photons, protons and neutrons, atoms

*... to macroscopic

nuclei, superconductors/superfluids, neutron stars, (dark matter)

* One, two, (three, four)... many.

* Exact method fail quickly
* Approximate, or make models
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Classical

* Positions and velocities as functions of time:
(X> y) Z, Px, Py, Pz)

* One-body and two-body
* Exact solutions

* Many two-body interactions

GmM

= ——
It — 72|

F=—-VV(|F —72|)

N Nyx Nt



Three Body

* Few exact solutons

* Enter chaos

Hut and J.N. Bahcall ApJ 268, 319-41 (1983)

18 Nth



Many Body

* Still tractable numerically
* Naively N2
* Usually N log(N)

John Dubinski (2008)
http://www.galaxydynamics.org/spiral _metamorphosis.html

Tom Quinn
http://www-hpcc.astro.washington.edu/picture/movies.html N 6N Nt
X
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Quantum Systems

* Wavefunction W(x,t): 3Nx N
* Exponentially hard: (3Nx)N Ny

*Eg. Sn (Tin) A~120: (3Nx)'%% N¢
* One state — more bytes than atoms in visible universe!

*Need to approximate

(3Nx)N Nt



Harmonic Oscillator

= ﬁz mwz?cz t d 1 t
H o > hw (a a+2> [a,a'] (a'a) =n

* “Second Quantization”

(Each point in space (or momentum) is like an HO)

* Two-particle Hamiltonian

i{:J a'aE. 1B bE, —Jvafaf)*f)
—~ ~~ —

Mg Ny Ny
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Harmonic Oscillator

= ﬁz mwz?cz t d 1 t
H o > hw (a a+2> [a,a'] (a'a) =n

* “Second Quantization”

(Each point in space (or momentum) is like an HO)

* Two-particle Hamiltonian

T :J (aTaEa FIENEN Eb) _ JvaTaBTE
=~ N N~
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Harmonic Oscillator

~ P mwx? d
H=?_ :hw<aTa+—>, @,a'l=1, (@a)=n

2m 2 2

* Quadratic part easy to solve.

* Interactions make problem hard

Mg Ny Nyp

T :J (aTaEa FIENEN Eb) B JvaTaBTB
=~ N N~

(3Nx)N Nt



Methods

* Perturbation theory

Weak interactions, parameter expansion
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Methods

* Perturbation theory

Weak interactions, parameter expansion
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Methods

* Perturbation theory

Weak interactions, parameter expansion

* Numerical methods
DMRG, Quantum Monte Carlo, No-core Shell Model, Coupled Cluster

* Experiment
Cold Atoms

* Models, Effective Theory
Mean Field, Density Functional Theory, Hydrodynamics
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Mean Field Theory

AN | A

~T~

Va'ab' b ~ a'ddu, + b boup + a'b A + hic.
Sa =V (b'b), dup=V(aa), A~V(ba)

* Introduce “mean fields” to make Hamiltonian quadratic

*Single particles in an e

* Self-consistent problem

ective potential

* Equivalent to variational formulation:

AN

(Q) < Qo+ (H—Hyo),

N 3Nx Nt
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Density Functional
Theory (DFT)

* The (exact) ground state density in any external

potential V(x) minimizes a functional (Hohenberg
Kohn): !
o Ex (€M) + Vin(x))

J

* Functional may be complicated (non-local)
*Need to find physically motivated approximations

* (think adjustable Mean Field Theory)
(N) 3Nx Ny
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Density Functional
Theory (DFT)

* Define functional with physically motivated model
* Fit parameters to experiment/QMC

* Functional extrapolates from small to large

* Seems very effective for the Unitary Fermi Gas
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SLDA: Fit to QMC

ENn,T,v) = ax— A

* Three parameters

* Fit all boxes from 2 to 120
particles per box

Forbes, Gandolfi, Gezerlis (2011, 2012)
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Bosons are “easy”

p) —\(2 4
E[W] :Jdgi (h V¥X) | Vr-(f)pFJrg&)
ZTTLB

. V2 5
0. Y = IV +glVe] | Y
ZmB

* Gross-Pitaevskii Equation (GPE)

* (all) bosons in single ground state REC

* Include interactions through mean field =
PODOIOEOE-

* Non-linear Schrodinger equation

* Only one wave function

3 Nth



Fermions are harder

—xV? T
_ — 2m H T u A tn
0¥ = HYY,, = ( v 4 u) (m)

2m

Fermi Surface
* Pauli Exclusion (blocking)

. . . kFa ka
* Particles in different states 000000
* Must track N wavefunctions o006606066
: o : 00000
* Non-linear Schrodinger equation
for each wavefunction ® g
a

Hartree-Fock-Bogoliubov (HFB), Bogoliubov de-Gennes (BdG)

* Must use symmetries or supercomputers
N 3Nx Nt
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DFT: Fermion still hard

—xV?
10:¥Y,, = HVY|VY,, = ( 2m

Bulgac, Luo, Magierski, Roche, Yu (2011)

N 3Nx Nt
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DFT: Fermion still hard

—xV?
10:¥Y,, = HVY|VY,, = ( 2m

Bulgac, Luo, Magierski, Roche, Yu (2011)

N 3Nx Nt




GPE model for UFG?

2\ |2
e = [ ax (an(l’? : vF(f)pF+aa(pF,{VpF}))

2
10¢Y = ( 4V - 2[VE + 5€(PF>{VDF})]> W
Mr

* Think:
* Boson = Fermion pair (dimer) or = 2|V¥|?
* Galilean Covariant (fixes mass) CFG X p?/z

/ 3/2
* Match Unitary Equation of State ~ €F = €fg (PF) o< pp

* “Extended Thomas-Fermi” (ETF) model
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Comparison

Fermions Gross Pitaevskii
SLDA TDDFT model

Time ('_311. =1 t=80.9726/eF, frame=150
step

Potential (eF) Density (n )

Fermi Potential (eF) Density (n_0)

Delta (eF) Arg(Delta)
0.24 ™
Ang(A) 0.21
10.18
10.15
10.12
0.09
0.06
0.03
0.00

Energy/eF

Bulgac et al. (Science 2011)
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*Fermions: -GPE:

* Simulation hard! * Simulation much easier!

*Evolve 104-10¢ wavefunctions * Evolve 1 wavefunction

* Requires supercomputers * Use supercomputers to study
large volumes

Time tF-1Tmp-1 t=80.9726/eF, frame=150
Potential (eF) Density (n )

Fermi Potential (eF) Density (n_0)

7.2 ,
6.4

5.6 '
4.8 6
4.0 .
3.2 e
2.4 B
1.6

0.8 '
0.0 :

Delta (eF) Arg(DeIta)
0.24
0.21
0.18
0.15
0.12
0.09
0.06
0.03

0.00 ' -
—15 10 -5 0 5 10

Energy/eF

Bulgac et al. (Science 2011)
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Matching Theories:
The Good

* Galilean Covariance (fixes mass/density relationship)
* Equation of State

* Hydrodynamics
*speed of sound (exact)
* phonon dispersion (to order g3)
* static response (to order g?)

Forbes and Sharma (in prep)
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Matching Theories:
The Bad

* GPE has p=2|W¥|?
* Density vanishes in core of vortex

* Implies | WI2 conserved
* (Approximate conservation J[W|2 in Fermi

simulations provides measure of applicability)

*No “normal state”
* Two fluid model needed?
* Coarse graining (transfer to “normal” component)
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Vortex Structure

0.0 0.0
0.00.51.01.52.0253.03.54.0 0.00.51.01.52.02.53.03.54.0
KgT KT
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GPE vs. Experiment




oliton
- \Yle]ule)s!

Soliton?

Time

Moves much slower
than expected

Yefsah et al. (MIT Experiment) arXiv:1302.4736 Interaction Parameter 1/k,:oa
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Vortex Rings?

* Result of expected snake instability

* Naturally move slowly

Pesudocolor
vor | delta_abs
yts =)

PRSI L SR R B L I I
- o TR e i SR

© 3 AN

Galaa C e e e
L D R SO
L

Bulgac et al.
Time*eF=515.7 arXiv:1306.4266
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Time

v

Vsoliton

The same?

expansion?
vortex tangle?

p/PF

Yefsah et al. (MIT Experiment) arXiv:1302.4736
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A NEUTRON S!AR SURF A(‘i and INTERIOR

coni ’ ' . | crust.
Hm u neo . . . "'.':"
\ |
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* j Nuclear
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Coupled Cluster, Shell Model .
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10 L Exact methods A<12 S | nucleons, interactions
GFMC, NCSM " Low-mom.
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* QMC, etc.

small to medium nuclei

ATMOSPHERE
ENVELOPE

Density Functional Theory A>100 [ / f'

—— -

Lattice

Proton Number

Chiral EFT interactions e DFT
(low-energy theory of QCD) )
medium to large nuclei

QCD
SIS A * Neutron stars?
5 10 Molecular Dynamics

Neutron Number —— Hydrodynamics

QCD Vacuum Animation: Derek B. Leinweber (http://www.physics.adelaide.edu.au/~dleinweb/VisualQCD/Nobel/index.html)
Neutron Star Structure: (Dany Page) Landscape: (modified from a slide of A. Richter)
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Neutron Stars

A NEUTRON STAR: SURFACE and INTERIOR

& "8 S LA
CORE: 00 0 0 0 o o Rl - .
Hom;ga;::ous l | 00 0 00 0 O oywopst NeUtrOn SuperﬂL”d IN CFUSt )
’ 0 g W

Superfluid almost a Unitary Fermi Gas
(as ~ —7T'e, kFaS ~ _]O)

‘

s —— ATMOSPHERE

ENVELOPE
bl Many relevant phenomena
Onenoore *Vortex pinning (glitches)
* Heat transport

* Equation of State

Maénet'
field

Polar cap
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Glitches
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Dany Page: http://www.astroscu.unam.mx/neutrones/NS-Picture/NS-Picture.html

Monday, July 29, 13


http://www.astroscu.unam.mx/neutrones/NS-Picture/NS-Picture.html
http://www.astroscu.unam.mx/neutrones/NS-Picture/NS-Picture.html

From Cold Atoms to
Neutron Stars

* Use (expensive) Fermi calculations to determine
parameters (vortex nucleus interaction)

Validate with cold atoms

Time-dependent method scales well: Bulgac, Forbes and Sharma (2013)

* Fit a GPE-like theory
* Use this to model macroscopic dynamics
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Conclusion
Femion Supertluids

*QCD * Universal aspects of
body physi
* Cold Atoms miafly body PrysIes
Nucle 'Si.milar tecqnigues,
different physical
* Neutron Stars problems
* Dark Matter * Use one field to test and

understand others
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