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Abstract

The recent short baseline neutrino experiments LSND and MiniBooNE exhibit an anomalous be-

havior unexplained by the standard theory of neutrino oscillations. The experiments indicate that

neutrino oscillation probability depends on the both the energy scale and the chirality of the neutri-

nos concerned, and are consistent with the U(1)B−L gauge interaction model with 6 neutrinos and

3+2 mixing proposed by [1]. This paper will present a minimalistic 3+1 mixing described by the

same model. A numerical analysis shows that the 3+1 mixing model provides an improved expla-

nation for the LSND and MiniBooNE anomalies over the standard theory of neutrino oscillation.

This model is moreover in good agreement with the long baseline data from MINOS.

1This work was done as part of the National Science Foundation’s Research Experiences for Undergrad-
uates Program at the University of Washington, Seattle under the guidance of Ann Nelson.
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I. INTRODUCTION

While the Standard Model (SM) does not include right-handed neutrinos, and by extension

predicts massless neutrinos, recent observation of neutrino oscillation provides evidence that

neutrinos have a nonzero mass. A standard seesaw mechanism of combined Dirac and

Majorana mass terms has since been proposed to extend the SM to account for the evidence

in favor of light but massive active neutrinos [2] [4] [10]. The three known neutrino flavors,

e, µ, and τ , are each postulated to be a superposition of at least 3 known mass eigenstates,

so for a neutrino of flavor l:

|νl〉 =
∑
l,m

Ul,m |νm〉 (1)

here the Ul,m are the components of the leptonic mixing matrix U [3]:

U =


c12 s12 0

−s12 c12 0

0 0 1




c13 0 s13

0 1 0

−s13 0 c13




1 0 0

0 c23 s23

0 −s23 c23

 (2)

where cij = cos (θij), sij = sin (θij), θ12, θ13, θ23 are the standard mixing angles, and the CP-

violating phase has been dropped. Experimental evidence indicates that neutrino masses

are on the order of less than 1 eV with mass squared differences ∆m2
12 = (8.0 ± 0.3) · 10−5

eV2, |∆m2
23| = (2.5± 0.2) · 10−3 eV2 [1] [2]. An ultrarelativistic limit on the Hamiltonian of

a neutrino propagating in space is thus justified. If M is the mass matrix of the neutrino,

the Hamiltonian in the mass basis is given by [9]:

Hm =
M2

2E
+ VW (3)

where VW is due to the MSW effect and is nonzero only for a neutrino propagating in matter.

Note that this is a relativistic expansion, and that we may drop terms proportional to the

identity. The Hamiltonian can then be rewritten in the flavor basis using the leptonic mixing

matrix U :

Hfl = U †HmU (4)

Which can then be used to calculate the oscillation probability of a neutrino of flavor l into

a flavor l′:

Pl→l′(L, E) = |〈νl′(0)| νl(L)〉|2 (5)
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where L is the baseline. For the case of only 2 neutrinos at an energy E, this formula reduces

to [3]:

Pl→l′ = sin2 2θ sin2

(
L∆M2

4E

)
(6)

The standard theory thus fails to distinguish between neutrinos and antineutrinos, and is

moreover sensitive to changes in L
E

, but not to individual changes in E or L in the absence of

matter effects and CP violating phases for 3 neutrinos. We note that the CP violating phase

has a near zero coefficient and can therefore be assumed to have a negligible affect on the

oscillation probability. The recent experiments LSND and MiniBooNE are, neglecting the

possibility of experimental misinterpretation, indicative of differences in neutrino oscillation

probability depending on chirality and energy scale. If these experiments can be taken prima

facie, a new interaction accounting for both factors should be consistent with the anomalous

results of LSND and MiniBooNE. In this paper, I argue that the addition of a U(1)B−L

gauge interaction to the SM reconciles these anomalies. This interaction gives rise to a new

B−L potential, which differentiates between left- and right-handed neutrinos and suppresses

oscillations at high energies regardless of the baseline. This model will be shown to be in

reasonable agreement with the initial short-baseline data of LSND and MiniBooNE, as well

as with preliminary long baseline νµ and ν̄µ survival data from the MINOS experiment.

Qualitative predictions for νe and ν̄e appearance at MINOS are made.

II. LSND AND MINIBOONE

The LSND experiment produced a ν̄µ beam of energies less than 100 MeV in a 30 m long

collider, and recorded the number of ν̄e events at the detector. LSND saw an excess of ν̄e

events at 3.8σ although it was sensitive to mass squared differences larger than 0.1 eV2, with

the best fit point at ∆M2 = 1 eV2 [5]. As it is far larger than ∆m2
12 or ∆m2

23, it has been

suggested that a heavier sterile neutrino might be contributing to the oscillations [2]. The

MiniBooNE experiment, designed to test LSND, accelerated νµ and detected νe events in a

541 m baseline, while keeping the L
E

ratio the same as that of LSND [6]. Since the standard

probability formula exhibits a periodic L
E

dependence and fails to distinguish between neu-

trinos and anti-neutrinos, MiniBooNE was expected to exhibit the same excess of LSND in

higher energies. The data from MiniBooNE, however, exhibits no evidence of oscillations

above 475 MeV but saw an anomalous excess of νe events at 3σ in energies between 200-475
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MeV [6].

These data suggest that the oscillation probability depends on baseline and energy indi-

vidually rather than on their ratio, and that neutrinos and anti-neutrinos exhibit different

oscillation patterns, which justifies adding an interaction that would depend separately on

each of the required parameters and thus may be able to account for these anomalies. For

this purpose, the model discussed in this paper utilizes a U(1)B−L gauge interaction medi-

ated by a light gauge boson called the paraphoton. This gauge interaction will be shown to

generate a potential which is sensitive to energy, baseline, and chirality.

III. ADDING A B − L INTERACTION

Extended SM theories that include neutrino mass generally introduce a seesaw mechanism

similar to the quark model and include heavy sterile neutrinos [2] [4]. This model, introduced

by [1], utilizes a miniseesaw mechanism with three light sterile neutrinos (m ∼ eV). The

mass of the neutrinos is composed of both Dirac and Majorana mass terms. Note that

this implies that neutrinos are Majorana particles and that L, and consequently B −L, are

violated. In order to satisfy the phenomena seen at the range of short-baseline experiments,

the paraphoton is required to have a mass on the order of tens of keV. For further discussion

on the mass of the paraphoton, see [1]. Experimental constraints requiring high energy

neutrinos to exhibit few oscillations imply that the Dirac mass matrix can be taken to be

degenerate. In [1], the 6x6 mass matrix was taken to be

M =

 0 mU

mU † M

 (7)

where m is the common Dirac mass, U is the 3x3 leptonic mixing matrix, and M is the

diagonal 3x3 Majorana mass matrix. The potential matrix in the flavor basis is a block

diagonal 6x6 matrix [1]:

V =

−V 0

0 V


which remains unchanged under rotations of the active flavors. V carries opposite signs

for active and sterile neutrinos, and for active neutrinos and antineutrinos. This allows

the B − L potential to account for differences in oscillation probability of neutrinos and
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antineutrinos. More explicitly, consider the Hamiltonian in the flavor basis

Hfl =
M2

2E
+ V (8)

Note that we set θ13 = 0.244, θ12 = 0.591, θ23 = 0.785 [1] [4] 2. If VB−L < 0, as it is

for antineutrinos, the Hamiltonian may become nearly degenerate at certain values of E,

thus allowing for increased oscillations due to resonance, which allows the model to predict

greater oscillations for antineutrinos than for neutrinos at specific energy ranges.

If UD is the matrix that diagonalizes Hfl and HD is the diagonalized Hamiltonian in the

flavor basis, i.e. Hfl = U †
DHDUD, then the standard oscillation formula may be used to

calculate oscillation probabilities [1]:

Pl→l′ =
∑
α,β

|Kll′,αβ| cos
(
∆̃αβL− arg (Kll′,αβ)

)
(9)

Kll′,αβ = U lα
D U l′α∗

D U lβ∗
D U l′β

D

∆̃αβ =
∣∣∣(HD)αα − (HD)ββ

∣∣∣
While in principle the model allows for mixing between all 6 neutrinos, a numerical analysis

reveals that a reasonable fit for the data of LSND, MiniBooNE, and MINOS may be obtained

by allowing only for 3+1 mixing, assuming 2 sterile neutrinos with negligible mixing. The

minimalistic 3+1 scenario is given preference for detailed study, although it should be noted

that allowing the remaining two sterile neutrinos to mix can be reasonably expected to

improve the fit of the data to the model. To specialize the general model to four neutrino

mixing, we rewrite Hfl, omitting two of the sterile neutrinos.

M′2 =


0 0 0 0

0 0 0 0

0 0 δ2 0

0 0 0 M ′2

 , Ua =


U 0

0

0

0 0 0 1

 , Us =


1 0 0 0

0 1 0 0

0 0 cos(θ) sin(θ)

0 0 − sin(θ) cos(θ)


U ′ = Ua · Us (10)

We neglect the smaller mass squared difference responsible for solar neutrino oscillations in

this analysis, because it does not produce significant effects at the energies and baselines we

[] 2While θ13 has not been precisely determined, we use the experimentally preferred value 0.244 radians to
simplify the numerical analysis.
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consider.

V =


VW 0 0 0

0 0 0 0

0 0 0 0

0 0 0 VB−L


where θ is the sterile-active mixing angle. Note that the CP-violating phase and all terms

proportional to the identity have been dropped. The 4x4 Hamiltonian in the flavor basis

can then be calculated from equation (8), and we use equation (9) to find the probability

of oscillation for a fixed point (δ, θ, VB−L, M) in parameter space.

A Simplified Analytic Approach

While the MSW term in the potential matrix V renders an analytic approach impractical,

in the limit where VW → 0 - for a neutrino propagating in a vacuum, for instance - the

oscillation or survival probabilities may be calculated analytically, as the nonzero entries of

the Hamiltonian are then simply a 2x2 matrix. Note that numerically, VW is too small to

produce significant effect for the experiments we analyze. We find the survival probability

of a muon neutrino, and then proceed to the numerical analysis, which includes the MSW

term.

The Hamiltonian in the flavor basis is, as before:

H = UaUs
M2

2E
UT

s UT
a + 2λVs

λ = ±1 (11)

Vs =


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 VB−L


Since Ua and Vs commute:

H = Ua

(
Us
M2

2E
UT

s + 2λVs

)
UT

a = UaUesHDUTes UTes (12)
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where

Ues =


1 0 0 0

0 1 0 0

0 0 cos(θ̃) sin(θ̃)

0 0 − sin(θ̃) cos(θ̃)


and

HD =


0 0 0 0

0 0 0 0

0 0 m̃2 0

0 0 0 M̃2

 (13)

where θ̃ is the diagonalizing angle and m̃2, M̃2 are the eigenvalues of H. As noted above, H

is effectively a 2x2 matrix

H =


0 0 0 0

0 0 0 0

0 0 m2 cos (θ)2 + M2 sin (θ)2 (M2 −m2) cos (θ) sin (θ)

0 0 (M2 −m2) cos (θ) sin (θ) M2 cos2 (θ) + m2 sin2 (θ) + 4λV E

 (14)

while the inclusion of the MSW term would have allowed for nonzero entries in the first and

second rows of H. The equivalence (12) allows us to solve for θ̃

tan
(
2θ̃

)
=

sin (2θ)

cos (2θ) + 4λV E
M2−m2

(15)

and for m̃2 and M̃2:

m̃2 =
M2 + m2

2
+

M2 −m2

2

[
Λ−

√
1 + 2Λ cos (2θ) + Λ2

]
M̃2 =

M2 + m2

2
+

M2 −m2

2

[
Λ +

√
1 + 2Λ cos (2θ) + Λ2

]
(16)

Λ =
4λV E

M2 −m2

and the diagonalizing matrix UD = UaUes is finally:

UD =


c13 0 ceθs13 seθs13

−s13s23 c23 c13ceθs23 c13s23seθ
−c23s13 −s23 c13c23ceθ c13c23seθ

0 0 −seθ ceθ

 (17)
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where the rows are flavor eigenstates and the columns are mass eigenstates. The survival

probability for muon neutrinos is then

Pµ→µ = 1−4β(1−β)

[
cos2 θ̃ sin2

(
m̃2L

4E

)
+ sin2 θ̃ sin2

(
m̃2L

4E

)]
−β2 sin2 2θ̃ sin2


(
M̃2 − m̃2

)
L

4E


(18)

β2 = c2
13s

2
23

and is demonstrably dependent on E, L, and the sign of VB−L. This probability also exhibits

a periodic dependence on the mixing angle with a period of π.

IV. NUMERICAL ANALYSIS: LSND, MINIBOONE, AND MINOS

The numerical analysis incorporated VW in the Hamiltonian as given by equation (8). A

constrained parameter space consisting of (δ, θ, VB−L, M ′) was then sampled for 2·106 points.

The Hamiltonian was numerically diagonalized for each point and the probability and χ2 for

the data of each experiment (LSND neutrino and antineutrino data, MiniBooNE neutrino

and anti-neutrino data, and MINOS neutrino and anti-neutrino data) was calculated, with

49 degrees of freedom. I note that due to the significant error margins on MiniBooNE and

MINOS anti-neutrino data, the model was not significantly constrained by the data in these

experiments. The range of VB−L and M has been limited by the analysis of [1] to:

0 < VB−L < 5 neV

0.9 eV < M ′ < 7 eV

Note that the lower limit of V did not prove to be constraining and was therefore dropped,

while the range of M ′ was expanded to account for the minimalistic use of only one sterile

neutrino mixing, as opposed to the two used in [1]. I put a reasonable upper limit of 0.01 eV

on δ2, while allowing θ to vary between 0 and π. The remaining parameter space is of volume

(0.213 eV)·(5 neV). Approximately 0.1% of the sampled points fit the LSND, MiniBooNE,

and MINOS data, where the fitting points were required to satisfy χ2/DOF ≤ 2.

The best-fit-point of the parameter space, δ = 0.034 eV, θ = 3.06 rad, VB−L = 4.6 peV,

M = 1.99 eV was found to have a combined χ2
tot value of (91.1)/(49 DOF). In figures 1-10,

we plot the χ2 distribution against different values of θ for the χ2
tot, as well as for each
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experiment individually to demonstrate that the data favors sterile-active mixing over the

standard theory active-active mixing only. For every experiment, with the exception of the

MiniBooNE antineutrinos where the data has high uncertainties, a nonzero value of θ was

favored. The overall χ2
tot is over 20 points lower for θ > 0.05 than for θ = 0, which is a

sufficiently large difference to suggest non-negligible sterile-active mixing.

We use the best fit point to make a qualitative prediction for MINOS νe and ν̄e appearance

in figure (number). We expect that a limited amount of νµ → νe oscillations should be

observable for energies below 0.5 GeV, while ν̄µ → ν̄e oscillations are enhanced at higher

energies and are more likely to be easily observed in the MINOS analysis range.

FIG. 1: χ2
tot graphed against θ. There is clear minimum at θ ∼ 0.1 and θ ∼ π − 0.1.

FIG. 2: The minimum values of χ2
tot at small values of θ. The minimum at small but nonzero values

of θ shows that the 3+1 B − L model’s small active-sterile mixing is favored over the standard

theory.
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FIG. 3: The distribution of χ2 for the MINOS experiment muon neutrino survival data as a function

of θ. Minimum values are obtained at about θ = 0.1, θ = π − 0.1, θ = 0.3 and θ = π − 0.3

FIG. 4: Minima of χ2 for MINOS at small values of θ. θ = 0 is not a minimum.
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FIG. 5: The distribution of χ2 for the MINOS experiment muon antineutrinos survival data appears

to favor the same θ values as MINOS neutrinos do.

FIG. 6: Minima of χ2 for MINOS antineutrinos at small values of θ. As for the MINOS neutrinos,

θ = 0 is not a minimum.

Since the graphs of χ2 are clearly symmetric about π/2, we limit the graphs below to

that region for brevity.
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FIG. 7: The MiniBooNE experiment for muon neutrino survival χ2 distribution at small values of

θ. While the minimum is less pronounced in this distribution, it is still not centered at θ = 0.

FIG. 8: The MiniBooNE experiment for muon antineutrino survival χ2 distribution at small values

of θ. The only experiment to favor a θ value of 0, it does not greatly undermine the hypothesis of

small sterile-active mixing due to the preliminary nature of the data and its large error bars.
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FIG. 9: The LSND experiment for electron neutrino appearance χ2 distribution at small values of

θ. LSND also favors a small nonzero mixing angle.

FIG. 10: The LSND experiment for electron antineutrino appearance χ2 distribution. LSND

antineutrino data also appears to favor a small nonzero mixing angle 3.

Note that, as stated above, the oscillation probability is proportional to sin2 (2θ), so θ = a

and θ = π − a are both referred to as a small mixing.

We use the best fit point above to make a qualitative prediction for MINOS νe and ν̄e

appearance in Figures 11 and 12.

[] 3 Note that LSND neutrino and antineutrino χ2 values were both based on one data point each.
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FIG. 11: Predictions for MINOS νe appearance probability, with energy in GeV

FIG. 12: Predictions for MINOS ν̄e appearance probability, with energy in GeV

We expect that a limited amount of νµ → νe oscillations should be observable for energies

below 0.5 GeV, while ν̄µ → ν̄e oscillations are enhanced at higher energies and are more likely

to be easily observed in the MINOS analysis range.

V. SUMMARY

I have shown that a 3+1 minimalistic interpretation of a 3+3 U(1)B−L gauge interaction

model provides a better explanation of the recent data of MiniBooNE, LSND, and MINOS

than the standard theory does. The parameter space used has been constrained by the

analysis of [1], which accounted for a number of other neutrino experiments. The predictions

for future MINOS data expect low energy nue appearance probability, which may not be
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observable at the MINOS analysis range, and higher energy ν̄e appearance probability,

which should be observable at the MINOS analysis range.
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