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Many-body methods: Selected results

Dilute, natural, Fermi system

Bethe-Brueckner-Goldstone Power Counting

Teaser for MBPT applied in finite nuclei

Dick Furnstahl TALENT: Nuclear forces



Methods Dilute BBG Teasers NCSM CC IM-SRG Lattice EFT

Overlapping theory methods cover all nuclei

Interfaces provide 
crucial clues 

dimension of the problem 
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Coupled cluster method [from D. Dean, G. Hagen, T. Papenbrock]
Asymmetry dependence and spectroscopic factors
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Coupled cluster method [from D. Dean, G. Hagen, T. Papenbrock]
Quenching of spectroscopic factors for proton 

removal in neutron rich oxygen isotopes
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Oxygen chain with multi-reference IM-SRG [H. Hergert]

Scott Bogner - Michigan State University - NUCLEI Collaboration Meeting, Indiana University Bloomington, 06/25/13

• ref. state: number-projected Hartree-Fock-Bogoliubov vacuum
• results (mostly) insensitive to choice of generator for same Hod

• consistency between different many-body methods                   
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Ground states of 8Be and 12C [E. Epelbaum]�Ground states of 8Be and 12C
E.E., Krebs, Lee, Meißner, PRL 106 (11) 192501 

Simulations for 8Be and 12C, L=11.8 fm

Ground state energies (L=11.8 fm) of 4He, 8Be, 12C & 16O

4He 8Be 12C 16O

LO [Q0], in MeV �28.0(3) �57(2) �96(2) �144(4)
NLO [Q2], in MeV �24.9(5) �47(2) �77(3) �116(6)

NNLO [Q3], in MeV �28.3(6) �55(2) �92(3) �135(6)
Experiment, in MeV �28.30 �56.5 �92.2 �127.6
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Ground state of Beryllium-8 

Epelbaum, Krebs, D.L, Meißner, PRL 106 (2011) 192501 

31 

Ground state of Carbon-12 

Epelbaum, Krebs, D.L, Meißner, PRL 104 (2010) 142501;  
EPJA 45 (2010) 335; PRL 106 (2011) 192501 

33 
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Hoyle State [E. Epelbaum] �The Hoyle state

4

TABLE III: Lattice results at leading order and experimen-
tal values for the root-mean-square charge radius and the
quadrupole moments for 12C.

LO Experiment

r(0+
1 ) [fm] 2.2(2) 2.47(2) [26]

r(2+
1 ) [fm] 2.2(2) �

Q(2+
1 ) [e fm2] 6(2) 6(3) [27]

r(0+
2 ) [fm] 2.4(2) �

r(2+
2 ) [fm] 2.4(2) �

Q(2+
2 ) [e fm2] �7(2) �

TABLE IV: Lattice results at leading order and experimen-
tal values for electromagnetic transitions involving the even-
parity states of 12C.

LO Experiment

B(E2, 2+
1 ! 0+

1 ) [e2 fm4] 5(2) 7.6(4) [29]

B(E2, 2+
1 ! 0+

2 ) [e2 fm4] 1.5(7) 2.6(4) [29]

B(E2, 2+
2 ! 0+

1 ) [e2 fm4] 2(1) �
B(E2, 2+

2 ! 0+
2 ) [e2 fm4] 6(2) �

m(E0, 0+
2 ! 0+

1 ) [e fm2] 3(1) 5.5(1) [17]

moments of the two spin-2 states reflects the oblate shape
of the 2+

1 state and prolate shape of the 2+
2 state.

The leading order results for the electromagnetic tran-
sitions among the even-parity states of 12C are shown in
Table IV. The definitions for these quantities can be
found in Ref. [28]. The agreement with available ex-
perimental values is reasonable. The lattice results at
leading order have a tendency to be somewhat smaller
than experimental values. This presumably reflects the
greater binding energies and smaller radii of the nuclei at
leading order. We also predict electromagnetic decays
involving the 2+

2 state that may be measured experimen-
tally in the near future.

In summary we have presented ab initio lattice cal-
culations which show the structure of the Hoyle state
and find evidence for a low-lying spin-2 rotational ex-
citation. For the ground state and first spin-2 state,
we find mostly a compact triangular configuration of al-
pha clusters. For the Hoyle state and second spin-2
state, we find a bent-arm or obtuse triangular config-
uration of alpha clusters. We have calculated charge
radii, quadrupole moments, and electromagnetic transi-
tions among the low-lying even-parity states of 12C at
leading order. All of the results are in reasonable agree-
ment with experimental values. More work is still needed
such as calculations using smaller lattice spacings. How-
ever these results provide a deeper understanding of the
structure and rotations of the Hoyle state starting from
first principles.
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0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO �96(2) �94(2) �89(2) �88(2)

NLO �77(3) �74(3) �72(3) �70(3)

NNLO �92(3) �89(3) �85(3) �83(3)

Exp �92.16 �87.72 �84.51 �82(1)

Figure 7: Left panel: Lattice results of Ref. [83] for the ener-
gies of low-lying even-parity states of 12C compared to exper-
imental values (in units of MeV). Right panel: “Survivability
bands” of carbon-oxigen based life obtained from lattice sim-
ulations of Ref. [84] as explained in the text.
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The crucial quantity that controls the production rate is the energy � of the Hoyle state relative to
the triple-alpha threshold which is experimentally known to be � = 397.47(18) keV. Changing �
by an amount of ±100 keV results in a strong reduction of the formation of 12C and 16O in the
universe making the emergence of carbon-based life impossible. It is, therefore, very interesting
to investigate how this seemingly fine-tuned quantity depends on the fundamental constants of
nature such as mq. We have studied the sensitivity of � to variations of mq within nuclear lattice
simulations in Ref. [84]. Fig. 7 shows the survivability bands of carbon-based life under 1% and
5% changes of mq. Here, Ās,t ⇥ (⇤a�1

1S0,3S1/⇤M⇥)Mphys
⇥

denote the slope of the inverse NN S-wave
scattering lengths as functions of the pion mass. These quantities can, in principle, be computed
in lattice-QCD. The data point in the right panel of Fig. 7 corresponds to the recent N2LO results
of Ref. [28] for chiral extrapolations of a�1

1S0,3S1 shown in Fig. 3. These findings suggest that the
formation of carbon and oxygen in our universe would survive a ⇤ 2% change in the light quark
mass.
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Lattice results for low-lying even-parity states of 12C

2

tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state

3

FIG. 2: This shows initial state �, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a compact triangle. There are a total of 12
equivalent orientations of this configuration.

energy, �96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state �, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three di⇤erent initial states, C, D, and ⇥, each ap-
proaching an intermediate plateau at �89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a di⇤erent state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and ⇥, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2�/L, 2�/L, 2�/L), and four with mo-
menta (�2�/L,�2�/L,�2�/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2�/L, 2�/L, 0), and four with momenta
(�2�/L,�2�/L, 0). For initial state ⇥, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state ⇥, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular configura-
tion. There are a total of 24 equivalent orientations of this
configuration.

TABLE II: Lattice results for the low-lying even-parity states
of 12C compared with the experimental results in units of
MeV.

0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO [O(Q0)] �96(2) �94(2) �89(2) �88(2)

NLO [O(Q2)] �77(3) �74(3) �72(3) �70(3)

NNLO [O(Q3)] �92(3) �89(3) �85(3) �83(3)

Experiment �92.16 �87.72 �84.51

�82.6(1) [8, 10]

�82.32(6) [11]

�81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The di⇤erence in signs for the electric quadrupole

3

FIG. 2: This shows initial state �, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a compact triangle. There are a total of 12
equivalent orientations of this configuration.

energy, �96(2) MeV. For initial state A, we start with
four nucleons each at zero momentum, apply creation
operators after the first time step to inject four more
nucleons at rest, and then inject four more nucleons at
rest after the second time step. The reverse process
is used to extract nucleons for final state A. The same
scheme is used for initial state B, though the interactions
in HSU(4) used are not as strongly attractive as those for
A.

For initial state �, we use a wavefunction consisting
of three alpha clusters as shown in Fig. 2. The alpha
clusters are formed by Gaussian packets centered on the
vertices of a compact triangle. In order to construct
eigenstates of total momentum and lattice cubic rota-
tions, we consider all possible translations and rotations
of the initial state. There are a total of 12 equivalent
orientations of this configuration. We do not find fast
convergence to the ground state when starting from any
other configuration of alpha clusters. From this we con-
clude that the alpha cluster configurations in Fig. 2 have
the strongest overlap with the 0+

1 ground state of 12C.
The fact that it is an isosceles right triangle rather than
an equilateral triangle is just an artifact of the lattice
spacing.

In Panel II of Fig. 1 we show leading-order energies
for three di⇤erent initial states, C, D, and ⇥, each ap-
proaching an intermediate plateau at �89(2) MeV. If
Euclidean time is taken to infinity, these curves eventu-
ally approach the ground state energy like the curves in
Panel I. However it is clear that a di⇤erent state is first
being formed which is not the ground state. We identify
the 0+ state in this plateau region as the 0+

2 Hoyle state.
The common thread connecting each of the initial states
C, D, and ⇥, is that each produces a state which has an
extended or prolate geometry. This is in contrast to the
oblate triangular configuration in Fig. 2.

For initial state C, we take four nucleons at rest, four
with momenta (2�/L, 2�/L, 2�/L), and four with mo-
menta (�2�/L,�2�/L,�2�/L). For initial state D,
we use a similar configuration with four at rest, four
with momenta (2�/L, 2�/L, 0), and four with momenta
(�2�/L,�2�/L, 0). For initial state ⇥, we use a set
three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular con-

FIG. 3: This shows initial state ⇥, a wavefunction consisting
of three alpha clusters formed by Gaussian packets centered
on the vertices of a bent-arm or obtuse triangular configura-
tion. There are a total of 24 equivalent orientations of this
configuration.

TABLE II: Lattice results for the low-lying even-parity states
of 12C compared with the experimental results in units of
MeV.

0+
1 2+

1 (E+) 0+
2 2+

2 (E+)

LO [O(Q0)] �96(2) �94(2) �89(2) �88(2)

NLO [O(Q2)] �77(3) �74(3) �72(3) �70(3)

NNLO [O(Q3)] �92(3) �89(3) �85(3) �83(3)

Experiment �92.16 �87.72 �84.51

�82.6(1) [8, 10]

�82.32(6) [11]

�81.1(3) [9]

figuration as shown in Fig. 3. There are a total of 24
equivalent orientations of this configuration. We do not
find the same plateau starting from other configurations
of alpha clusters. We conclude that the configurations
in Fig. 3 have the strongest overlap with the 0+

2 Hoyle
state of 12C.

We use the same multi-channel method developed in
Ref. [13] to find a spin-2 excitation above the ground state
as well as a spin-2 excitation above the Hoyle state. In
both cases we are taking the E+ representation of the cu-
bic rotation group on the lattice. We show the results for
the binding energies of the low-lying even-parity states of
12C in Table II. We find that the binding energies at
NNLO are in agreement with experimental values.

In Table III we present results at leading order for the
root-mean-square charge radius and quadrupole moment
of the even-parity states of 12C. We also show experi-
mental values where available. In this study we compute
electromagnetic moments only at leading order. We note
that moments such as the charge radius for resonances
above threshold are dependent on boundary conditions
used to regulate the continuum-state asymptotics of the
wavefunction. We avoid this problem because all of the
low-lying states are bound at leading order. One expects
that as the higher-order corrections push the binding en-
ergies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of
these resonances as a function of finite volume size will
be investigated in future work. We find good agreement
with the experimental value for the 2+

1 quadrupole mo-
ment. The di⇤erence in signs for the electric quadrupole
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state

Probing (α-cluster) structure of the 01+, 02+ states 
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tice spacing a = 1.97 fm and total length L = 12 fm. In
the time direction, we use lattice time step at = 1.32 fm
and vary the propagation time Lt to extrapolate to the
limit Lt � ⇥. The nucleons are treated as point-like
particles on lattice sites, and interactions due to the ex-
change of pions and multi-nucleon operators are gener-
ated using auxiliary fields. Lattice e⌅ective field theory
was originally used to calculate the many-body proper-
ties of homogeneous nuclear and neutron matter [19, 20].
Since then the properties of several atomic nuclei have
been investigated [21, 22]. A recent review of the liter-
ature can be found in Ref. [23].

Euclidean time propagation is used to project on to
low-energy states of our interacting system. Let H be
the Hamiltonian. For any initial quantum state ⇤, the
projection amplitude is defined as the expectation value⌦
e�Ht

↵
�
. For large Euclidean time t, the exponential

operator e�Ht enhances the signal of low-energy states.
Energies can be determined from the exponential decay
of these projection amplitudes. The first few time steps
and last few time steps are evaluated using a simpler
Hamiltonian HSU(4) based upon Wigner’s SU(4) symme-
try for protons and neutrons [24]. This Hamiltonian is
computationally inexpensive and is used as a low-energy
filter before starting the main calculation. This tech-
nique is described in Ref. [23].

In Table I we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly the same as that described in
Ref. [13, 22, 25]. The higher-order corrections are com-
puted using perturbation theory. The coe⇧cients of
the nucleon-nucleon interactions are set by fitting to low-
energy scattering data. In our calculations the NNLO
corrections correspond with three-nucleon forces. A de-
tailed description of the interactions at each order can
be found in Ref. [25]. We have used the triton binding
energy and the weak axial vector current to fix the low-
energy constants cD and cE entering the three-nucleon
interaction.

In comparison with the calculations in Ref. [13], some
improvements have been made using higher-derivative
lattice operators which eliminate the overbinding of the
leading order action when calculating larger nuclei such
as 16O. The details of this improved action will be dis-
cussed in a forthcoming publication. The error bars in
Table I are one standard deviation estimates which in-
clude both Monte Carlo statistical errors and uncertain-
ties due to extrapolation at large Euclidean time. We
see that the binding energy results for 4He and 8Be at
NNLO are in agreement with experimental values.

In our projection Monte Carlo calculations we use a
larger class of initial and final states than considered in
previous work. For the calculation of 4He we use an
initial state with four nucleons, each at zero momentum.
For the calculation of 8Be we use the same initial state
as 4He, but then apply creation operators after the first

TABLE I: Lattice results and experimental values for the
ground state energies of 4He and 8Be. All energies are in
units of MeV.

4He 8Be

LO [O(Q0)] �28.0(3) �57(2)

NLO [O(Q2)] �24.9(5) �47(2)

NNLO [O(Q3)] �28.3(6) �55(2)

Experiment �28.30 �56.50
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FIG. 1: Lattice results for the 12C spectrum at leading order.
In Panel I we show results from three di⇤erent initial states, A,
B, and �, each approaching the ground state energy. In Panel
II we show results starting from three other initial states, C,
D, and ⇥. These trace out an intermediate plateau at energy
about 7 MeV above the ground state.

time step to inject four more nucleons at zero momentum.
The analogous process is done to extract four nucleons
before the last step. This injection and extraction pro-
cess of nucleons at zero momentum helps to eliminate
directional biases caused by initial and final state mo-
menta.

We make use of many di⌅erent initial and final states
to probe the structure of the 12C states. In all of the 12C
states investigated here we measure four-nucleon correla-
tions by calculating the expectation value of �4, where �
is the total nucleon density. We find strong four-nucleon
correlations consistent with the formation of alpha clus-
ters. In Fig. 1 we present lattice results for the energy
of 12C at leading order versus Euclidean projection time
t. For each of the initial states A, B, C, and D, we
start with delocalized nucleon standing waves and use a
strong attractive interaction in HSU(4) to allow the nu-
cleons to self-organize into a nucleus. For initial states
� and ⇥, we use alpha cluster wavefunctions to recover
the same states found using initial states A, B, C, and D.
For these calculations, the interaction in HSU(4) is not as
strong and the projected states retain their original alpha
cluster character.

In Panel I, we show results from three di⌅erent initial
states, A, B, and �, each approaching the ground state
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Many-body methods: Selected results

Dilute, natural, Fermi system

Bethe-Brueckner-Goldstone Power Counting

Teaser for MBPT applied in finite nuclei
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Methods Dilute BBG Teasers Fermi 3-Body

EFT for “Natural” Short-Range Interaction

A simple, general interaction is a sum of delta functions and
derivatives of delta functions. In momentum space,

〈k|Veft|k′〉 = C0 +
1
2

C2(k2 + k′2) + C′2k · k′ + · · ·

Or, Left has most general local (contact) interactions:

Left = ψ†
[
i
∂

∂t
+

−→∇ 2

2M

]
ψ − C0

2
(ψ†ψ)2 +

C2

16
[
(ψψ)†(ψ

↔
∇2ψ) + h.c.

]

+
C′2
8

(ψ
↔
∇ψ)† · (ψ

↔
∇ψ)− D0

6
(ψ†ψ)3 + . . .

Dimensional analysis =⇒ C2i ∼ 4π
M R2i+1 , D2i ∼ 4π

M R2i+4
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Effective Field Theory Ingredients
Ref: Hammer, rjf [nucl-th/0702040]

1 Use the most general L with low-energy dof’s consistent with
global and local symmetries of underlying theory
Left = ψ†

[
i ∂∂t + ∇ 2

2M

]
ψ − C0

2 (ψ†ψ)2 − D0
6 (ψ†ψ)3 + . . .

2 Declaration of regularization and renormalization scheme
natural a0 =⇒ dimensional regularization and min. subtraction

3 Well-defined power counting =⇒ small expansion parameters

use the separation of scales =⇒ kF
Λ with Λ ∼ 1/R =⇒ kFa0, etc.

O
(
k6

F

)
: O

(
k7

F

)
: +

E = ρ
k2

F

2M

[
3
5

+
2

3π
(kFa0) +

4
35π2 (11− 2 ln 2)(kFa0)2 + · · ·

]

cleanly recovers perturbative free-space ERE and in-medium
energy density (including logs), plus error estimates
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Feynman Rules for EFT Vertices

Left = ψ†
[
i
∂

∂t
+

−→∇ 2

2M

]
ψ − C0

2
(ψ†ψ)2 +

C2

16
[
(ψψ)†(ψ

↔
∇2ψ) + h.c.

]

+
C′2
8

(ψ
↔
∇ψ)† · (ψ

↔
∇ψ)− D0

6
(ψ†ψ)3 + . . .

P/2− k

P/2 + k

P/2− k′

P/2 + k′

= + + + · · ·

−i〈k′|VEFT|k〉 − iC0 −iC2
k2 + k′2

2
−iC ′2 k · k′

= + · · ·

−iD0
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Renormalization

Reproduce f0(k) in perturbation theory (Born series):

f0(k) ∝ a0 − ia2
0k − (a3

0 − a2
0r0/2)k2 +O(k3a4

0)

Consider the leading potential V (0)
EFT(x) = C0δ(x) or

〈k|V (0)
eft |k′〉 =⇒ =⇒ C0

Choosing C0 ∝ a0 gets the first term. Now 〈k|VG0V |k′〉:

=⇒ C0M
∫

d3q
(2π)3

1
k2 − q2 + iε

C0 −→∞!

=⇒ Linear divergence!
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Renormalization

Reproduce f0(k) in perturbation theory (Born series):

f0(k) ∝ a0 − ia2
0k − (a3

0 − a2
0r0/2)k2 +O(k3a4

0)

Consider the leading potential V (0)
EFT(x) = C0δ(x) or

〈k|V (0)
eft |k′〉 =⇒ =⇒ C0

Choosing C0 ∝ a0 gets the first term. Now 〈k|VG0V |k′〉:

=⇒
∫ Λc d3q

(2π)3
1

k2 − q2 + iε
−→ Λc

2π2 −
ik
4π

+O(
k2

Λc
)

=⇒ If cutoff at Λc , then can absorb into C0, but all powers of k2
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Renormalization

Reproduce f0(k) in perturbation theory (Born series):

f0(k) ∝ a0 − ia2
0k − (a3

0 − a2
0r0/2)k2 +O(k3a4

0)

Consider the leading potential V (0)
EFT(x) = C0δ(x) or

〈k|V (0)
eft |k′〉 =⇒ =⇒ C0

Choosing C0 ∝ a0 gets the first term. Now 〈k|VG0V |k′〉:

=⇒
∫

dDq
(2π)3

1
k2 − q2 + iε

D→3−→ − ik
4π

Dimensional regularization with minimal subtraction
=⇒ only one power of k !
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Dim. reg. + minimal subtraction =⇒ simple power counting:

P/2− k

P/2 + k

P/2− k′

P/2 + k′

= +

iT (k, cos θ) − iC0 − M

4π
(C0)

2k

+ + + + O(k3)

+i

(
M

4π

)2

(C0)
3k2 − iC2k

2 − iC ′2k2 cos θ

Matching in free space:

C0 = 4π
M a0 = 4π

M R , C2 = 4π
M

a2
0r0
2 = 4π

M
R3

3 , · · ·
Recovers effective range expansion order-by-order with
perturbative diagrammatic expansion

one power of k per diagram
estimate truncation error from dimensional analysis
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Noninteracting Fermi Sea at T = 0
Put system in a large box (V = L3) with periodic bc’s

spin-isospin degeneracy ν (e.g., for nuclei, ν = 4)
fill momentum states up to Fermi momentum kF

N = ν

kF∑

k

1 , E = ν

kF∑

k

~2k2

2M

Use:
∫

F (k) dk ≈∑i F (ki )∆ki =
∑

i F (ki )
2π
L ∆ni = 2π

L

∑
i F (ki )

In 1-D:

N = ν
L

2π

∫ +kF

−kF

dk =
νkF

π
L =⇒ ρ =

N
L

=
νkF

π
;

E
L

=
1
3
~2k2

F

2M
ρ

In 3-D:

N = ν
V

(2π)3

∫ kF

d3k =
νk3

F

6π2 V =⇒ ρ =
N
V

=
νk3

F

6π2 ;
E
V

=
3
5
~2k2

F

2M
ρ

Volume/particle V/N = 1/ρ ∼ 1/k3
F , so spacing ∼ 1/kF
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Energy Density From Summing Over Fermi Sea

Leading order V (0)
EFT(x) = C0δ(x) =⇒ V (0)

EFT(k,k′) = C0

=⇒ ELO =
C0

2
ν(ν − 1)

(
kF∑

k

1

)2

∝ a0k6
F

At the next order, we get a linear divergence again:

=⇒ ENLO ∝
∫ ∞

kF

d3q
(2π)3

C2
0

k2 − q2

Same renormalization fixes it! Particles −→ holes
∫ ∞

kF

1
k2 − q2 =

∫ ∞

0

1
k2 − q2−

∫ kF

0

1
k2 − q2

D→3−→ −
∫ kF

0

1
k2 − q2 ∝ a2

0k7
F
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Feynman Rules for Energy Density at T = 0

T = 0 Energy density E is sum of Hugenholtz diagrams
same vertices as free space (same renormalization!)

Feynman rules:
1 Each line is assigned conserved k̃ ≡ (k0,k) and [ωk ≡ k2/2M]

iG0(k̃)αβ = iδαβ

(
θ(k − kF)

k0 − ωk + iε
+

θ(kF − k)

k0 − ωk − iε

)

2
α

β

γ

δ

−→ (δαγδβδ + δαδδβγ) (if spin-independent)

3 After spin summations, δαα → −ν in every closed fermion loop.
4 Integrate

∫
d4k/(2π)4 with eik00+

for tadpoles

5 Symmetry factor i/(S
∏lmax

l=2(l!)k ) counts vertex permutations
and equivalent l–tuples of lines
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Power Counting

Power counting rules
1 for every propagator (line): M/k2

F

2 for every loop integration: k5
F/M

3 for every n–body vertex with 2i derivatives: k2i
F /MΛ2i+3n−5

Diagram with V n
2i n–body vertices scales as (kF)β only:

β = 5 +
∞∑

n=2

∞∑

i=0

(3n + 2i − 5)V n
2i .

e.g., O
(
k6

F

)
: =⇒ V 2

0 = 1

=⇒ β = 5 + (3 · 2 + 2 · 0− 5) · 1 = 6 =⇒ O(k6
F)
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Power Counting

Power counting rules
1 for every propagator (line): M/k2

F

2 for every loop integration: k5
F/M

3 for every n–body vertex with 2i derivatives: k2i
F /MΛ2i+3n−5

Diagram with V n
2i n–body vertices scales as (kF)β only:

β = 5 +
∞∑

n=2

∞∑

i=0

(3n + 2i − 5)V n
2i .

e.g., =⇒ V 2
0 = 2

=⇒ β = 5 + (3 · 2 + 2 · 0− 5) · 2 = 7 =⇒ O(k7
F)
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T = 0 Energy Density from Hugenholtz Diagrams

O
(
k6

F

)
:

O
(
k7

F

)
: +

O
(
k8

F

)
: +

+ +

+

E
V

= ρ
k2

F

2M

[
3
5

+ (ν − 1)
2

3π
(kFa0)

+ (ν − 1)
4

35π2 (11− 2 ln 2)(kFa0)2

+ (ν − 1)
(
0.076 + 0.057(ν − 3)

)
(kFa0)3

+ (ν − 1)
1

10π
(kFr0)(kFa0)2

+ (ν + 1)
1

5π
(kFap)3 + · · ·

]
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Looks Like a Power Series in kF! Is it?
New logarithmic divergences in 3–3 scattering

+ ∝ (C0)4 ln(k/Λc)

Changes in Λc must be absorbed by 3-body coupling D0(Λc)
=⇒ D0(Λc) ∝ (C0)4 ln(a0Λc) + const. [Braaten & Nieto]

d
dΛc

[
� �

]
= 0 =⇒ fixes coefficient!

What does this imply for the energy density?

O
(
k9

F ln(kF)
)

: + + · · · ∝ (ν−2)(ν−1) (kFa0)4 ln(kFa0)
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Summary: Dilute Fermi System with Natural a0

The many-body energy density is perturbative in kFa0
efficiently reproduced by the EFT approach

Power counting =⇒ error estimate from omitted diagrams

Three-body forces are inevitable in a low-energy
effective theory

and not unique =⇒ they depend on the two-body potential

The case of a natural scattering length is under control
for a uniform system

What about a finite # of fermions in a trap? (DFT!)
What if the scattering length is not natural?
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Outline

Many-body methods: Selected results

Dilute, natural, Fermi system

Bethe-Brueckner-Goldstone Power Counting

Teaser for MBPT applied in finite nuclei

Dick Furnstahl TALENT: Nuclear forces
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Bethe-Brueckner-Goldstone Power Counting
Strong short-range repulsion
=⇒ Sum V ladders =⇒ G

vs.

Vlow k momentum
dependence + phase space
=⇒ perturbative

Λ: |P/2 ± k| > kF and |k| < Λ

F: |P/2 ± k| < kF

P/2

k

Λ

kF
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Bethe-Brueckner-Goldstone Power Counting
Strong short-range repulsion
=⇒ Sum V ladders =⇒ G

vs.

Vlow k momentum
dependence + phase space
=⇒ perturbative

Λ: |P/2 ± k| > kF and |k| < Λ

F: |P/2 ± k| < kF
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Compare Potential and G Matrix: AV18
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Compare Potential and G Matrix: AV18
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Compare Potential and G Matrix: N3LO (500 MeV)
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Compare Potential and G Matrix: N3LO (500 MeV)
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Hole-Line Expansion Revisited (Bethe, Day, . . . )

Consider ratio of fourth-order diagrams to third-order:

k

m

a

b

l

c k

m

a bl

c

n

b
k

m

a l
c

p
q

b

“Conventional” G matrix still couples low-k and high-k
no new hole line =⇒ ratio ≈ −χ(r = 0) ≈ −1 =⇒ sum all orders
add a hole line =⇒ ratio ≈∑n≤kF

〈bn|(1/e)G|bn〉 ≈ κ ≈ 0.15

Low-momentum potentials decouple low-k and high-k

add a hole line =⇒ still suppressed
no new hole line =⇒ also suppressed (limited phase space)
freedom to choose single-particle U =⇒ use for Kohn-Sham

=⇒ Density functional theory (DFT) should work!
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Two-Body Correlations at Nuclear Matter Density

Defect wf χ(r) for particular
kinematics (k = 0, Pcm = 0)

AV18: “Wound integral”
provides expansion parameter

Extreme case here, but same
pattern in general

Tensor (3S1) =⇒ larger defect

Still a sizable wound for N3LO

0 1 2 3 4 5
r [fm]

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

 χ
(r)

  

Argonne v18

1S0 defect  χ(r) = Ψ(r) - Φ(r)

(kF = 1.35 fm-1, k = 0)
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Two-Body Correlations at Nuclear Matter Density
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Two-Body Correlations at Nuclear Matter Density
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Two-Body Correlations at Nuclear Matter Density

Defect wf χ(r) for particular
kinematics (k = 0, Pcm = 0)

AV18: “Wound integral”
provides expansion parameter

Extreme case here, but same
pattern in general

Tensor (3S1) =⇒ larger defect

Still a sizable wound for N3LO
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Two-Body Correlations at Nuclear Matter Density

Defect wf χ(r) for particular
kinematics (k = 0, Pcm = 0)

AV18: “Wound integral”
provides expansion parameter

Extreme case here, but same
pattern in general

Tensor (3S1) =⇒ larger defect

Still a sizable wound for N3LO
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Overlapping theory methods cover all nuclei

Interfaces provide 
crucial clues 

dimension of the problem 
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“The limits of the nuclear landscape”
J. Erler et al., Nature 486, 509 (2012)

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 andUNEDF1 functionals are compared to experiment2 and
FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Mapof bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z5 12, 68 and 120 (blue
error bars). The S2n5 2MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z5 100.

RESEARCH LETTER
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Macmillan Publishers Limited. All rights reserved©2012

Proton and neutron driplines predicted by Skyrme EDFs

Total: 6900± 500 nuclei with Z ≤ 120 (≈ 3000 known)
Estimate systematic errors by comparing models
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“The limits of the nuclear landscape”

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Two-neutron separation energies of even-even erbium isotopes

Compare different functionals, with uncertainties of fits
Dependence on neutron excess poorly determined (cf. driplines)
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Impact of forces: Use ab initio pseudo-data
Neutron Matter: Neutrons in a Trap 

What are the properties of neutron-rich matter? 

Protons and neutrons 
 form self-bound system 

Can bind neutrons by 
applying an external trap 

! 

Uext

Neutron Drops (mini neutron stars) calculated with Coupled-Cluster theory 
Use external harmonic oscillator potential, varying   

! 

!" ext

Put neutrons in a harmonic oscillator trap with ~ω (cf. cold atoms!)

Calculate exact result with AFDMC [S. Gandolfi, J. Carlson, and S.C.
Pieper, Phys. Rev. Lett. 106, 012501 (2011)] (or with other methods)

UNEDF0 and UNEDF1 functionals improve over Skyrme SLy4!
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Self-consistent Skyrme EDF and beyond
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Orbitals and Occupation #’s

Kohn−Sham Potentials

t , t0 1 , ..., t2

Skyrme
energy

functional
HFB

solver

Kohn-Sham DFT
=⇒ iterate to
self-consistency

Looks like dilute,
natural functional!

Low-energy QCD:
NDA power counting?

Use DME to put in pion
exchange from χEFT

Schematic equations to solve self-consistently:

VKS(r) =
δEint[ρ]

δρ(r)
⇐⇒ [−∇2

2m
+VKS(x)]ψα = εαψα =⇒ ρ(x) =

∑

α

nα|ψα(x)|2

Dick Furnstahl TALENT: Nuclear forces



Methods Dilute BBG Teasers DFT

Self-consistent Skyrme EDF and beyond

ESkyrme =
τ

2M
+

3
8

t0ρ2 +
1

16
t3ρ2+α +

1
16

(3t1 + 5t2)ρτ+
1

64
(9t1 − 5t2)|∇ρ|2 + · · ·

Orbitals and Occupation #’s

Kohn−Sham Potentials

energy
functional

HFB
solver

DME

ρρA[  ], B[  ], ...

Kohn-Sham DFT
=⇒ iterate to
self-consistency

Looks like dilute,
natural functional!

Low-energy QCD:
NDA power counting?

Use DME to put in pion
exchange from χEFT

Schematic equations to solve self-consistently:

VKS(r) =
δEint[ρ]

δρ(r)
⇐⇒ [−∇2

2m
+VKS(x)]ψα = εαψα =⇒ ρ(x) =

∑

α

nα|ψα(x)|2

Dick Furnstahl TALENT: Nuclear forces



Methods Dilute BBG Teasers

Outline

Many-body methods: Selected results

Dilute, natural, Fermi system

Bethe-Brueckner-Goldstone Power Counting

Teaser for MBPT applied in finite nuclei
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High-order Rayleigh-Schrödinger MBPT in finite nuclei

R. Roth et al.

Excitation energies in 7Li

Degenerate R-S MBPT

SRG with two resolutions
from N3LO 2NF

Fixed HO model space
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é

p
=

2

p
=

3

p
=

4

p
=

8

α = 0.16 fm4

Λ ≈ 1.58 fm−1

Order p = 2, 3, 4, and 8 compared to experiment, exact NCSM
calculations, and the Padé resummed result

=⇒ note the good agreement of the last two!
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The shell model revisited
 Configuration interaction techniques 

•  light and heavy nuclei 
•  detailed spectroscopy 
•  quantum correlations (lab-system description) 

!"#$%&#'"(#)%&*
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5673,8#6'37*

• Direct comparison with 
experiment 

• Pseudo-data to inform 
reaction theory and DFT 

9&:-2;*.%&<$-,#)%&*7:#.3*/*=%,.37* 132>%0*
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Confronting theory and experiment to both driplines

Precision mass measurements test
impact of chiral 3NF

Proton rich [Holt et al., arXiv:1207.1509]

Neutron rich [Gallant et al., arXiv:1204.1987]

Many new tests possible!

Exciting advances for neutron-rich nuclei  

3N forces key to explain 24O as heaviest oxygen isotope 
Otsuka, Suzuki, Holt, Schwenk, Akaishi, Phys. Rev. Lett. 105, 032501 (2010). 

 

predicted increased binding for neutron-rich calcium 

 
confirmed in precision Penning trap exp. 

5! and 3! deviation in 51,52Ca from AME 
TITAN collaboration + Holt, Menendez, Schwenk, submitted. 

 

Impact on global predictions? 
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Confronting theory and experiment to both driplines

Precision mass measurements test
impact of chiral 3NF

Proton rich [Holt et al., arXiv:1207.1509]

Neutron rich [Gallant et al., arXiv:1204.1987]

Many new tests possible!

Exciting advances for neutron-rich nuclei  

3N forces key to explain 24O as heaviest oxygen isotope 
Otsuka, Suzuki, Holt, Schwenk, Akaishi, Phys. Rev. Lett. 105, 032501 (2010). 

 

predicted increased binding for neutron-rich calcium 

 
confirmed in precision Penning trap exp. 

5! and 3! deviation in 51,52Ca from AME 
TITAN collaboration + Holt, Menendez, Schwenk, submitted. 

 

Impact on global predictions? 
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space included in 3rd order
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Non-empirical shell model [from J. Holt]

Solving the Nuclear Many-Body Problem 

Assume filled core 

Active nucleons occupy  
valence space 

- “sd”-valence space 

Interaction and energies of valence space orbitals from original Vlow k 
This alone does not reproduce experimental data 

0s 

0p 

0f,1p 

0g,1d,2s 

0h,1f,2p 

Nuclei understood as many-body system starting from closed shell, add nucleons 
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Solving the Nuclear Many-Body Problem 

Assume filled core 

Active nucleons occupy  
valence space 

- “sd”-valence space 

Interaction and energies of valence space orbitals from original Vlow k 
This alone does not reproduce experimental data – allow explicit breaking of core 

Strong interactions with core 
generate effective interaction 
between valence nucleons 

Hjorth-Jensen, Kuo, Osnes (1995) 
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0h,1f,2p 

Nuclei understood as many-body system starting from closed shell, add nucleons 
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Non-empirical shell model [from J. Holt]

Solving the Nuclear Many-Body Problem 

Assume filled core 

Active nucleons occupy  
valence space 

- “sd”-valence space 

Interaction and energies of valence space orbitals from original Vlow k 
This alone does not reproduce experimental data – allow explicit breaking of core 

Strong interactions with core 
generate effective interaction 
between valence nucleons 

Hjorth-Jensen, Kuo, Osnes (1995) 

Effective two-body matrix elements 
Single-particle energies (SPEs) 

0s 

0p 

0f,1p 

0g,1d,2s 

0h,1f,2p 

Nuclei understood as many-body system starting from closed shell, add nucleons 
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Chiral 3NFs meet the shell model [from J. Holt]
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Drip Lines and Magic Numbers: 
The Evolving Nuclear Landscape 

3N forces essential for medium mass nuclei 

28!

Important in light nuclei, nuclear matter… 

What are the limits of  nuclear existence? 

How do magic numbers form and evolve? 

Heaviest oxygen isotope 

Otsuka, Suzuki, Holt, Schwenk, Akaishi, PRL (2010) 

Dick Furnstahl TALENT: Nuclear forces



Methods Dilute BBG Teasers

Chiral 3NFs meet the shell model [from J. Holt]

Normal-ordered 3N: contribution to valence neutron interactions 
3N Forces for Valence-Shell Theories 
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Effective two-body Effective one-body 

Combine with microscopic NN: eliminate empirical adjustments 

! 

ab  V3N ,eff a'b' = "ab
"=core
#  V3N "a'b'

! 

a  V3N ,eff a' =
1
2

"#a
"# =core
$  V3N "#a'
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Chiral 3NFs meet the shell model [from J. Holt]
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Drip Lines and Magic Numbers: 
3N Forces in Medium-Mass Nuclei 
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1Important in light nuclei, nuclear matter… 

What are the limits of  nuclear existence? 

How do magic numbers form and evolve? N=28 magic number in calcium 

Holt, Otsuka, Schwek, 
Suzuki, arXiv:1009.5984 

3N forces essential for medium mass nuclei 
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