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Nucleon-nucleon scattering
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Abstract
The π+π+ s-wave scattering phase-shift is determined below the inelastic threshold using Lattice
QCD. Calculations were performed at a pion mass of mπ ∼ 390 MeV with an anisotropic nf = 2+1
clover fermion discretization in four lattice volumes, with spatial extent L ∼ 2.0, 2.5, 3.0 and
3.9 fm, and with a lattice spacing of bs ∼ 0.123 fm in the spatial direction and bt ∼ bs/3.5 in
the time direction. The phase-shift is determined from the energy-eigenvalues of π+π+ systems
with both zero and non-zero total momentum in the lattice volume using Lüscher’s method. Our
calculations are precise enough to allow for a determination of the threshold scattering parameters,
the scattering length a, the effective range r, and the shape-parameter P , in this channel and to
examine the prediction of two-flavor chiral perturbation theory: m2

πar = 3 + O(m2
π/Λ

2
χ). Chiral

perturbation theory is used, with the Lattice QCD results as input, to predict the scattering
phase-shift (and threshold parameters) at the physical pion mass. Our results are consistent with
determinations from the Roy equations and with the existing experimental phase shift data.
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FIG. 10: The phase shift in the 3S1 channel. The left panel is a two-parameter fit to the ERE, while
the right panel is a three-parameter fit to the ERE, as described in the text. The inner (outer)
shaded region corresponds to the statistical uncertainty (statistical and systematic uncertainties
combined in quadrature) in two- and three-parameter ERE fit to the results of the Lattice QCD
calculation. The vertical (red) dashed line corresponds to the start of the t-channel cut and the
upper limit of the range of validity of the ERE. The light (green) dashed line corresponds to the
phase shift at the physical pion mass from the Nijmegen phase-shift analysis [38].

V. NUCLEON-NUCLEON EFFECTIVE RANGES

Unlike the scattering length, the size of the effective range and the higher-order contributions
to the ERE are set by the range of the interaction. The leading estimate of the effective range
for light quarks is r ∼ 1/mπ, and higher order contributions are expected to be suppressed
by further powers of the light-quark masses. It is natural to consider an expansion of the
product mπr in the light-quark masses. While the most general form of the expansion
contains terms that are non-analytic in the pion mass [40–43], for instance of the form
mq logmq, with determinations at only two pion masses (including the experimental value)
a polynomial fit function is chosen,

mπr = A + B mπ + ... . (7)

In fig. 11, the results of our LQCD calculations of mπr are shown, along with the experi-
mental value in each channel and a fit to the form given in eq. (7). While the uncertainties
in the lattice determinations are somewhat large compared to those of the experimental de-
termination, it appears that there is modest dependence upon the light-quark masses. The
fit values are

A(1S0) = 1.348+0.080
−0.080

+0.079
−0.083 , B(1S0) = 4.23+0.55

−0.56
+0.59
−0.57 GeV−1

A(3S1) = 0.726+0.065
−0.059

+0.072
−0.059 , B(3S1) = 3.70+0.42

−0.47
+0.42
−0.52 GeV−1 . (8)

The two-parameter fit is clearly over simplistic and more precise LQCD calculations are
required at smaller light-quark masses to better constrain the light-quark mass dependence
of the effective ranges.

11

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
�100

�50

0

50

100

150

200

k�mΠ

∆�1 S 0
� �deg

re
es
� Experimental

Levinson's Theorem
L�24 , �P��1L�32 , �P��0L�24 , �P��0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
�100

�50

0

50

100

150

200

k�mΠ

∆�1 S 0
� �deg

re
es
� Experimental

Levinson's Theorem
L�24 , �P��1L�32 , �P��0L�24 , �P��0

FIG. 5: The phase shift in the 1S0 channel. The left panel is a two-parameter fit to the ERE, while
the right panel is a three-parameter fit to the ERE, as described in the text. The inner (outer)
shaded region corresponds to the statistical uncertainty (statistical and systematic uncertainties
combined in quadrature) in two- and three-parameter ERE fits to the results of the Lattice QCD
calculation. The vertical (red) dashed line corresponds to the start of the t-channel cut and the
upper limit of the range of validity of the ERE. The light (green) dashed line corresponds to the
phase shift at the physical pion mass from the Nijmegen phase-shift analysis [38].

IV. NUCLEON-NUCLEON SCATTERING IN THE 3S1 −3D1 COUPLED CHAN-
NELS

At the SU(3)-symmetric point, the deuteron is bound [13] by B = 19.5(3.6)(3.1)(0.2) MeV
which, as with the bound di-neutron in the 1S0 channel, provides a constraint on k cot δ. The
deuteron has a d-wave component induced by the tensor interaction, however mixing between
the s-wave and the d-wave is higher order in the ERE and first appears at the same order
as the shape parameter [39]. Therefore, while the scattering length and effective range are
purely s-wave, the shape parameter is contaminated by the d-wave admixture. The EMPs
associated with the first excited states with |P| = 0 are shown in fig. 6, and with |P| = 1
are shown in fig. 7. The correlation functions calculated on the L = 6.7 fm ensemble have
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FIG. 6: The EMPs of the first excited states with |P| = 0 in the 3S1 channel in the L = 3.4 fm, L =
4.5 fm and L = 6.7 fm ensembles, respectively. Twice the nucleon mass has been subtracted from
the energy. The dark (light) shaded regions correspond to the statistical uncertainty (statistical
and systematic uncertainties combined in quadrature) of the fit to the plateau over the indicated
time interval.

energies that are too close to, or straddle, the singularities of Lüscher’s eigenvalue equation
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Fine tuning and naturalness from LQCD?
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Abstract
The π+π+ s-wave scattering phase-shift is determined below the inelastic threshold using Lattice
QCD. Calculations were performed at a pion mass of mπ ∼ 390 MeV with an anisotropic nf = 2+1
clover fermion discretization in four lattice volumes, with spatial extent L ∼ 2.0, 2.5, 3.0 and
3.9 fm, and with a lattice spacing of bs ∼ 0.123 fm in the spatial direction and bt ∼ bs/3.5 in
the time direction. The phase-shift is determined from the energy-eigenvalues of π+π+ systems
with both zero and non-zero total momentum in the lattice volume using Lüscher’s method. Our
calculations are precise enough to allow for a determination of the threshold scattering parameters,
the scattering length a, the effective range r, and the shape-parameter P , in this channel and to
examine the prediction of two-flavor chiral perturbation theory: m2

πar = 3 + O(m2
π/Λ

2
χ). Chiral

perturbation theory is used, with the Lattice QCD results as input, to predict the scattering
phase-shift (and threshold parameters) at the physical pion mass. Our results are consistent with
determinations from the Roy equations and with the existing experimental phase shift data.
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FIG. 11: The NN effective range in the 1S0 channel (left panel) and the 3S1 channel (right panel).
The inner (outer) shaded region corresponds to the statistical uncertainty (statistical and systematic
uncertainties combined in quadrature) in a two-parameter fit to the results of the Lattice QCD
calculation and the experimental value.

VI. FINE TUNINGS AND SU(4) SPIN-FLAVOR SYMMETRY

At the physical values of the quark masses, the deuteron is an interesting system as it is
much larger than the range of the nuclear force. Its binding energy is determined by the pole
in the scattering amplitude in the 3S1 −3D1 coupled channels. It is known very precisely at
the physical light-quark masses, Bd = 2.224644(34) MeV, and recently LQCD calculations of
the deuteron binding have been performed at unphysical light-quark masses [8, 11, 13, 14].
Given that both the scattering lengths and effective ranges calculated in this work are
large compared with the pion Compton wavelength (which naively dictates the range of the
interaction for light pions), we explore the naturalness of the two-nucleon systems. In this
context, naturalness is defined by the length scales of the system as compared to the range
of the interaction. By contrast, a fine-tuned quantity is one in which the length scales of
the system are unnatural over a small range of parameters of the underlying theory.
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FIG. 12: The left panel shows the ratio of the scattering length to effective range in the 3S1

channel. The right panel shows the normalized deuteron binding momentum versus the pion
mass [8, 11, 13, 14]. The black point denotes the experimental value.
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The left panel of fig. 12 gives the ratio of the scattering length to effective range in the
3S1 channel as a function of the pion mass. As the effective range is a measure of the

range of the interaction, this figure reveals that the deuteron is becoming more natural at

heavier light-quark masses. In the right panel of fig. 12, the deuteron binding momentum

γd (related to the binding energy by Bd = γ2
d/MN) normalized to the pion mass is shown

as a function of the pion mass. In the chiral regime one would expect that that γd scales

as m2
π as suggested by effective field theory [44–51]. However, at the heavy up and down

quark masses used here, naive expectations based on the uncertainty principle suggest that

the deuteron binding momentum, if natural, would scale roughly as the inverse of the range

of the interaction. As the ratio of γd to mπ as a function of mπ is not constant, but rather

is falling, we conclude that pion exchange is no longer the only significant contribution to

the long-range component of the nuclear force, consistent with the meson spectrum found

at these quark masses.

While more precise calculations at these quark masses are desirable, and LQCD cal-

culations at other light-quark masses and at other lattice spacings are required to make

definitive statements, the present calculations suggest that the deuteron remains unnatural

over a large range of light-quark masses. This would imply that the unnaturalness of the

deuteron binding energy at the physical point is a generic feature of QCD with three light

quarks and does not result from a fine-tuning of their masses. If subsequently confirmed,

this would be a very interesting result.
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FIG. 13: The left panel shows the ratio of the scattering length to effective range in the 1S0

channel. The right panel shows the normalized di-neutron binding momentum versus the pion
mass [8, 11, 13, 14].

The
1S0 channel is unnatural at the physical point with a very large scattering length,

but the system appears to be more natural at heavier pion masses. Nonetheless, as shown in

fig. 13 (left panel), the scattering length is approximately twice the effective range at a pion

mass ofmπ ∼ 800 MeV, similar to the
3S1 channel. In the right panel of fig. 13, the di-neutron

binding momentum γnn (related to the binding energy by Bnn = γ2
nn/MN) normalized to the

pion mass is shown as a function of the pion mass. As in the
3S1 channel, it appears that

the pion is not providing the only significant contribution to the long-range component of

the nuclear force. However, in contrast to the
3S1 channel, the

1S0-channel is clearly finely-

tuned at the physical light-quark masses. The range of light-quark masses over which it is

fine-tuned requires further LQCD calculations to determine, and eventual consideration of
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Multi-nucleon systems
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Matèria. Institut de Ciències del Cosmos (ICC),

Universitat de Barcelona, Mart́ı i Franquès 1, E08028-Spain
4
Department of Physics, College of William and Mary,

Williamsburg, VA 23187-8795, USA
5
Jefferson Laboratory, 12000 Jefferson Avenue, Newport News, VA 23606, USA

6
Department of Physics, University of Washington,

Box 351560, Seattle, WA 98195, USA
7
N Division, Lawrence Livermore National Laboratory, Livermore, CA 94551, USA

8
Department of Physics, Indiana University, Bloomington, IN 47405, USA

9
Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA

Abstract
The π+π+ s-wave scattering phase-shift is determined below the inelastic threshold using Lattice
QCD. Calculations were performed at a pion mass of mπ ∼ 390 MeV with an anisotropic nf = 2+1
clover fermion discretization in four lattice volumes, with spatial extent L ∼ 2.0, 2.5, 3.0 and
3.9 fm, and with a lattice spacing of bs ∼ 0.123 fm in the spatial direction and bt ∼ bs/3.5 in
the time direction. The phase-shift is determined from the energy-eigenvalues of π+π+ systems
with both zero and non-zero total momentum in the lattice volume using Lüscher’s method. Our
calculations are precise enough to allow for a determination of the threshold scattering parameters,
the scattering length a, the effective range r, and the shape-parameter P , in this channel and to
examine the prediction of two-flavor chiral perturbation theory: m2

πar = 3 + O(m2
π/Λ

2
χ). Chiral

perturbation theory is used, with the Lattice QCD results as input, to predict the scattering
phase-shift (and threshold parameters) at the physical pion mass. Our results are consistent with
determinations from the Roy equations and with the existing experimental phase shift data.
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TABLE XVIII: Summary of the extracted ground-state binding energies of the nuclei and hyper-

nuclei studied in this work.

State A s I J
π

SU(3) irrep Binding Energy (MeV) ∼ B/A (MeV)

d (deuteron) 2 0 0 1
+ 10 19.5(3.6)(3.1)(0.2) 10

nn (di-neutron) 2 0 1 0
+ 27 15.9(2.7)(2.7)(0.2) 8

nΣ 2 -1
3
2 1

+ 10 5.5(3.4)(3.7)(0.0) 3

H (H-dibaryon) 2 -2 0 0
+ 1 74.6(3.3)(3.3)(0.8) 37

nΞ 2 -2 0 1
+ 8A 37.7(3.0)(2.7)(0.4) 19

3
He,

3
H 3 0

1
2

1
2
+

35 53.9(7.1)(8.0)(0.6) 18

3
ΛH(hypertriton) 3 -1 0

1
2
+

35 53.9(7.1)(8.0)(0.6) 18

3
ΛH(hypertriton) 3 -1 0

3
2
+

10 82(8)(12)(1) 27

3
ΛHe,

3
ΛH̃, nnΛ 3 -1 1

1
2
+

27 69(5)(12)(0) 23

3
ΣHe 3 -1 1

3
2
+

27 55(6)(10)(1) 18

4
He 4 0 0 0

+ 28 107(12)(21)(1) 27

4
ΛHe,

4
ΛH 4 0 0 0

+ 28 107(12)(21)(1) 27

4
ΛΛHe,

4
ΛΛH, nnΛΛ 4 0 0 0

+ 27 156(16)(21)(2) 39
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FIG. 19: A compilation of the nuclear energy levels, with spin and parity J
π
, determined in this

work.

In the three-body sector, we are able to cleanly identify the Jπ = 1
2

+
ground state

29

mπ ∼ 800 MeV

Wednesday, July 10, 2013



hep-lat/1107.5023v2, PRD 2012.

UNH-11-3
NT@UW-11-12
ICCUB-11-159
UCB-NPAT-11-008
NT-LBNL-11-012

The I = 2 ππ S-wave Scattering Phase Shift from Lattice QCD

S.R. Beane,1, 2 E. Chang,3 W. Detmold,4, 5 H.W. Lin,6 T.C. Luu,7

K. Orginos,4, 5 A. Parreño,3 M.J. Savage,6 A. Torok,8 and A. Walker-Loud9

(NPLQCD Collaboration)
1
Albert Einstein Zentrum für Fundamentale Physik,

Institut für Theoretische Physik, Sidlerstrasse 5, CH-3012 Bern, Switzerland
2
Department of Physics, University of New Hampshire, Durham, NH 03824-3568, USA

3
Departament d’Estructura i Constituents de la
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Abstract
The π+π+ s-wave scattering phase-shift is determined below the inelastic threshold using Lattice
QCD. Calculations were performed at a pion mass of mπ ∼ 390 MeV with an anisotropic nf = 2+1
clover fermion discretization in four lattice volumes, with spatial extent L ∼ 2.0, 2.5, 3.0 and
3.9 fm, and with a lattice spacing of bs ∼ 0.123 fm in the spatial direction and bt ∼ bs/3.5 in
the time direction. The phase-shift is determined from the energy-eigenvalues of π+π+ systems
with both zero and non-zero total momentum in the lattice volume using Lüscher’s method. Our
calculations are precise enough to allow for a determination of the threshold scattering parameters,
the scattering length a, the effective range r, and the shape-parameter P , in this channel and to
examine the prediction of two-flavor chiral perturbation theory: m2

πar = 3 + O(m2
π/Λ

2
χ). Chiral

perturbation theory is used, with the Lattice QCD results as input, to predict the scattering
phase-shift (and threshold parameters) at the physical pion mass. Our results are consistent with
determinations from the Roy equations and with the existing experimental phase shift data.
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FIG. 9: The shaded band is the Lattice QCD prediction of the phase shift at the physical value of

the pion mass, mπ ∼ 140 MeV using NLO χPT with the statistical and systematic uncertainties

combined in quadrature. The data is experimental (black and grey) taken from Refs. [45–48]. The

red vertical line denotes the inelastic (4π) threshold.

is not expected to be true for other scattering processes (those not involving the pseudo-
Goldstone bosons). Therefore, while strictly speaking the results presented in Ref. [18]
above inelastic threshold arise from an invalid application of eq.(2), the expected deviation
from the true result is expected to be small (at momenta for which the chiral expansion is
converging), suppressed by two orders in the chiral expansion. Clearly, precision calculations
of the phase-shift above the inelastic threshold cannot rely upon a methodology that does
not include the effects of inelastic processes. As all of the calculations in our work are
below the inelastic threshold, the present analyses and predictions do not suffer from this
inconsistency.

VI. SUMMARY AND CONCLUSION

The increases in high-performance computing capabilities and the advent of powerful new
algorithms have thrust Lattice QCD into a new era where the interactions among hadrons
can be computed with controlled systematic uncertainties. While calculation of the basic
properties of nuclei and hypernuclei is now a goal within reach, it is important to consider
the simplest hadronic scattering processes as a basic test of the lattice methodology for
extracting scattering information (including bound states) from the eigenstates of the QCD
Hamiltonian in a finite volume. In this work, we have calculated the π+π+ scattering
amplitude using Lattice QCD over a range of momenta below the inelastic threshold. Our
predictions for the threshold scattering parameters, and hence the leading three terms in
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Abstract
The π+π+ s-wave scattering phase-shift is determined below the inelastic threshold using Lattice
QCD. Calculations were performed at a pion mass of mπ ∼ 390 MeV with an anisotropic nf = 2+1
clover fermion discretization in four lattice volumes, with spatial extent L ∼ 2.0, 2.5, 3.0 and
3.9 fm, and with a lattice spacing of bs ∼ 0.123 fm in the spatial direction and bt ∼ bs/3.5 in
the time direction. The phase-shift is determined from the energy-eigenvalues of π+π+ systems
with both zero and non-zero total momentum in the lattice volume using Lüscher’s method. Our
calculations are precise enough to allow for a determination of the threshold scattering parameters,
the scattering length a, the effective range r, and the shape-parameter P , in this channel and to
examine the prediction of two-flavor chiral perturbation theory: m2

πar = 3 + O(m2
π/Λ

2
χ). Chiral

perturbation theory is used, with the Lattice QCD results as input, to predict the scattering
phase-shift (and threshold parameters) at the physical pion mass. Our results are consistent with
determinations from the Roy equations and with the existing experimental phase shift data.
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FIG. 1: LQCD-predicted 1S0 nΣ− phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.
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FIG. 2: LQCD-predicted 3S1 nΣ− phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.

tor, thereby determining the LO interaction, including

energy-independent and local potentials, wavefunctions

and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 nΣ−

channel are consistent with the SU(3) symmetry expecta-

tions. At mπ ∼ 389 MeV, using a volume extrapolation

as discussed above, we find that this channel has a bound

state, with binding energy B = 25± 9.3± 11 MeV. The

quality of the LQCD data in the 1S0 nΣ− channel is com-

parable to that of its 27-plet partner Ξ−Ξ−, analyzed in

detail in Ref. [30] (see also [45]). In the EFT, the coeffi-

cient of the LO contact operator in this channel is deter-

mined by tuning it to reproduce the LQCD-determined

binding energy. We find that this channel becomes un-

bound at mπ
<∼ 300 MeV, in agreement with Ref. [46],

which constrained the LO contact operator using exper-

imental data. In Fig. 1, we show the predicted 1S0 nΣ−

phase shift at the physical pion mass — (dark, light) blue

bands correspond to (statistical, systematic) uncertain-

ties — and compare with the EFT constrained by ex-

perimental data [23], the Nijmegen NSC97f model [14],

and the Jülich ’04 model [18]. The systematic uncer-

tainties on our predictions include those arising from the

LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order effects in the EFT.

The 3S1-
3D1 nΣ− coupled channel is found to be highly

repulsive in the s-wave at mπ ∼ 389 MeV, requiring in-

teractions with a hard repulsive core of extended size.

Such a core, if large enough, would violate a condition re-

quired to use Lüscher’s relation, namely R � L/2 where

R is the range of the interaction. We have determined

the EFT potential directly by solving the 3-dimensional

Schrödinger equation in finite volume to reproduce the

energy levels obtained in the LQCD calculations. The re-

pulsive core is found to be large, and formally precludes

the use of Lüscher’s relation, but both methods lead to

phase shifts that agree within uncertainties, indicating

that the exponential corrections to Lüscher’s relation are

small. In Fig. 2, we show the predicted 3S1 nΣ− phase

shift at the physical pion mass.

The nΣ− interactions presented here are the crucial

ingredient in calculations that address whether Σ−’s ap-
pear in dense neutron matter. As a first step, and in order

to understand the competition between attractive and re-

pulsive components of the nΣ− interaction, we adopt a

result due to Fumi for the energy shift due to a static

impurity in a non-interacting Fermi system [47]:

∆E = − 1

πµ

� kf

0
dk k

�
3

2
δ3S1

(k) +
1

2
δ1S0

(k)
�
, (2)

where µ is the reduced mass in the nΣ− system. Us-

ing our LQCD determinations of the phase shifts, and

allowing for a 30% theoretical uncertainty, the resulting

energy shift and uncertainty band is shown in Fig. 3. At

neutron number density ρn ∼ 0.4 fm
−3

, which may be

found in the interior of neutron stars, the neutron chem-

ical potential is µn ∼ MN + 150 MeV due to neutron-

neutron interactions, and the electron chemical potential,

µe− ∼ 200 MeV [48]. Therefore µn + µe− ∼ 1290 MeV,

and consequently, if µΣ− = MΣ+∆E <∼ 1290 MeV, that

is, ∆E <∼ 100 MeV, then the Σ−, and hence the strange

quark, will play a role in the dense medium. We find

using Fumi’s theorem that ∆E = 46 ± 13 ± 24 MeV at

ρn = 0.4 fm
−3

. Corrections due to correlations among

neutrons are difficult to estimate and will require many-

body calculations which are beyond the scope of this

study. Despite this caveat, the results shown in Fig. 3

indicate that the repulsion in the nΣ− system is inad-

equate to exclude the presence of Σ−’s in neutron star

matter, a conclusion that is consistent with previous phe-

nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-

tions for hypernuclear physics, the 1S0 and 3S1 nΣ− scat-

tering phase shifts shown in Fig. 1 and Fig. 2. While the

LQCD calculations have been performed at a single lat-

tice spacing, lattice-spacing artifacts are expected to be

smaller than the other systematic uncertainties. We an-

ticipate systematically refining the analysis presented in

this letter as greater computing resources become avail-

able. The nΣ− interaction is critical in determining the

3

0 100 200 300 400 500
pLAB (MeV)

0

10

20

30

40

50

60

! 
 (d

eg
re

es
)

NSC97f
Juelich '04
EFT

FIG. 1: LQCD-predicted 1S0 nΣ− phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.
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FIG. 2: LQCD-predicted 3S1 nΣ− phase shift versus labo-
ratory momentum at the physical pion mass (blue bands),
compared with other determinations, as discussed in the text.

tor, thereby determining the LO interaction, including

energy-independent and local potentials, wavefunctions

and phase shifts, at the physical pion mass.

We find that our LQCD calculations in the 1S0 nΣ−

channel are consistent with the SU(3) symmetry expecta-

tions. At mπ ∼ 389 MeV, using a volume extrapolation

as discussed above, we find that this channel has a bound

state, with binding energy B = 25± 9.3± 11 MeV. The

quality of the LQCD data in the 1S0 nΣ− channel is com-

parable to that of its 27-plet partner Ξ−Ξ−, analyzed in

detail in Ref. [30] (see also [45]). In the EFT, the coeffi-

cient of the LO contact operator in this channel is deter-

mined by tuning it to reproduce the LQCD-determined

binding energy. We find that this channel becomes un-

bound at mπ
<∼ 300 MeV, in agreement with Ref. [46],

which constrained the LO contact operator using exper-

imental data. In Fig. 1, we show the predicted 1S0 nΣ−

phase shift at the physical pion mass — (dark, light) blue

bands correspond to (statistical, systematic) uncertain-

ties — and compare with the EFT constrained by ex-

perimental data [23], the Nijmegen NSC97f model [14],

and the Jülich ’04 model [18]. The systematic uncer-

tainties on our predictions include those arising from the

LQCD calculation (see [45]) as well as estimates of omit-

ted higher-order effects in the EFT.

The 3S1-
3D1 nΣ− coupled channel is found to be highly

repulsive in the s-wave at mπ ∼ 389 MeV, requiring in-

teractions with a hard repulsive core of extended size.

Such a core, if large enough, would violate a condition re-

quired to use Lüscher’s relation, namely R � L/2 where

R is the range of the interaction. We have determined

the EFT potential directly by solving the 3-dimensional

Schrödinger equation in finite volume to reproduce the

energy levels obtained in the LQCD calculations. The re-

pulsive core is found to be large, and formally precludes

the use of Lüscher’s relation, but both methods lead to

phase shifts that agree within uncertainties, indicating

that the exponential corrections to Lüscher’s relation are

small. In Fig. 2, we show the predicted 3S1 nΣ− phase

shift at the physical pion mass.

The nΣ− interactions presented here are the crucial

ingredient in calculations that address whether Σ−’s ap-
pear in dense neutron matter. As a first step, and in order

to understand the competition between attractive and re-

pulsive components of the nΣ− interaction, we adopt a

result due to Fumi for the energy shift due to a static

impurity in a non-interacting Fermi system [47]:

∆E = − 1

πµ

� kf

0
dk k
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δ3S1

(k) +
1

2
δ1S0

(k)
�
, (2)

where µ is the reduced mass in the nΣ− system. Us-

ing our LQCD determinations of the phase shifts, and

allowing for a 30% theoretical uncertainty, the resulting

energy shift and uncertainty band is shown in Fig. 3. At

neutron number density ρn ∼ 0.4 fm
−3

, which may be

found in the interior of neutron stars, the neutron chem-

ical potential is µn ∼ MN + 150 MeV due to neutron-

neutron interactions, and the electron chemical potential,

µe− ∼ 200 MeV [48]. Therefore µn + µe− ∼ 1290 MeV,

and consequently, if µΣ− = MΣ+∆E <∼ 1290 MeV, that

is, ∆E <∼ 100 MeV, then the Σ−, and hence the strange

quark, will play a role in the dense medium. We find

using Fumi’s theorem that ∆E = 46 ± 13 ± 24 MeV at

ρn = 0.4 fm
−3

. Corrections due to correlations among

neutrons are difficult to estimate and will require many-

body calculations which are beyond the scope of this

study. Despite this caveat, the results shown in Fig. 3

indicate that the repulsion in the nΣ− system is inad-

equate to exclude the presence of Σ−’s in neutron star

matter, a conclusion that is consistent with previous phe-

nomenological modeling (for a review, see Ref. [49]).

In this letter, we have presented the first LQCD predic-

tions for hypernuclear physics, the 1S0 and 3S1 nΣ− scat-

tering phase shifts shown in Fig. 1 and Fig. 2. While the

LQCD calculations have been performed at a single lat-

tice spacing, lattice-spacing artifacts are expected to be

smaller than the other systematic uncertainties. We an-

ticipate systematically refining the analysis presented in

this letter as greater computing resources become avail-

able. The nΣ− interaction is critical in determining the

1S0 nΣ− 3S1 nΣ−

mπ ∼ 390MeV
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