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Beyond the Traditional Shell Model

Structure theory , Reactions "

— relevant valence — relevant reaction
space channels

— symmetries — reaction calculation

— fundamental and (kinematics)
empirical parameters — symmetries: unitarity

— Large scale many- — decay chain couplings
body numerical — New reaction many-
methods body numerical

methods




Basic Theory

|1) - set of "internal” A-nucleon many-body states (P-space)
lc; E) set of "external’ many-body continuum states (Q-space)

Solve problem:
H|W) = E|WV)

where

W) =Y a1l1) + Y [ dB x(B)e; B)
1 c

For structure physics solve for internal coefficients z1

/(1|H|c; E'){c; E'|H|2)

> f1|H|2)+;/dE Eopiio | ~2E|e

|
o

H1o(E)

[1] C. Mahaux and H. Weidenmiller, Shell-model approach to nuclear reactions,
North-Holland Publishing, Amsterdam 1969



(1|H|2) Usual shell-model Hamiltonian involving intrinsic states
(1| H|2) = Hip 4+ V12
¢(E") = (1|H|c; E") decay amplitude

C AC* C AC*
Z ae 2142 p[ap 2142 i, Yy AJAS*
E — E’ E — E’ 1412
(aII) _ c(open)
A(E) W(E)/2

H(E) = H° +V + A(E) — %W(E)

H° s.p energies V residual inteaction
A interaction via continuum W non-Hermitian - decay

v OV AW



Continuum Shell Model

Hamiltonian

 PHP — Internal, one-body + two-body
— “Original” shell model, adjusted, tested... (USD and others)
— Exact shell model for bound states E<threshold

 QHQ - External, one-body (presently)

— kinetic energy + long range interaction, (plane waves or Bessel
functions, Coulomb functions)

 QHP — Cross space, one-body + two-body
— Responsible for coupling of spaces

One-body continuum state |c; E)N s c}(ej)la; N — 1>

Two-body continuum state |C; E)N — c}(ej)c;r.,(e}ﬂa; N — 2)



One-body decay

« Continuum channel lc; E)y = ct(ej)|a; N —1)
— State o in N-1 nucleon daughter J
— Particle in continuum state j
— Energy E=E, +¢

.. . S.p. decay
* Transition Amplitude / amplitude
A5 (Ba + €5) = @ (¢5) (s N = 1]b;[1; )
Important: T
W-not a single particle operator Shell model s.p.
transition

Single particle decay-Woods-Saxon potential calculation

al(€) = (0le;(e)VbE|0) = \@ /O * drF () V() uy(r)



One-body decay

realistic one-body potential

NNy————r——————
Scattering calculation
using Woods-Saxon —~ 13
with size parameters % ;
adjusted for 160 = -
©
0.01 -
1E-3 -




Two-body decay: sequential
Mediated by s.p. part of QHP

A“(E) = (c, €1, eo|Hs.p.|1; N) L\"Lﬂ :Tigl{gl

_ _ SR AU, Ac—
Virtual N-1 state from previous solution IEK N
— )
N-2 . .
B:N-1) =Y 8L N = 1)+ 3 [dBx(B)le B) 4 5~ @ (e1)a’2(ep)
1 & o v E— Eg
bound nucleus nucleon cloud p

<1|W(E)|2>Ek_>0 — 515 Z Ekr)/.’)'l (Ek)n/jz (Ek) KH (p(.jljz))T |Cl> ‘2

452
sum over decay amplitude Shell model
daughter states sequential one-body pair removal
—_ amplitude
E = €1+ e

Width at low energy F(E) ~ W(E,) ~ Ellcl+l2+2



Two-body decay: Direct

Mediated by 2-body part of QHP K ¢
—
Ex
A°(E) = (c, €1, €2|Hopodyl1; N) /
______ -I\T-"

AS(E) = a9 (e, €3) (a; N — 2[p7*2|1; N)

two-body decay Shell model pair
amplitude removal amplitude

V(r,r) — effective pair potential

aU192) (e165) = / drdr' F;, (r) F; (') V (e, ') g, (r)us, (r')

w\/klk

Width at low energy F(EL) ~ W(E}) ~ Ellcl+l2+2



Non-Hermitian eigenvalue problem Reaction calculation

Traditional Shell Model

Hermitian part of interaction Unperturbed Green’s function

H = Hpp + A G(E) = - .
. E — Hpp — A(E)
Inclusion of decay channels

Full effective Hamiltonian Full Internal propagator
H(E) = Hpp + A(E) — inAAT G(1) = ———
Results
Rmatix R = ATGA

*Matrix diagonalization

*Hermitian eigenvalues below «Dyson Equation
thresholds
Non-Hermitian eigenvalues above G=G-(i/2)GWG
threshold *Transition matrix and cross section
sresonances and widths (need
definition) R 1 —tR

14 inR’ T 1+inR



Complex Energy eigenvalue problem

Eigenvalue problem H(E)|a) = El|a)
has only complex (E>threshold) roots but E is real?

Definitions of resonance

Gamow: poles of scattering matrix H(E)|a) = E|a)

Eigenvalue problem with regular w.f. inside outgoing outside boundary
condition — discrete resonant states + complex energies &

Eres = Re(E) Tres = —2Im(E)
e Breit-Wigner: Find roots on real axis

Re [H(Eres)] = Eres [res = —2Im [H(Eres)]

Cross section peaks and lifetimes
d26;(E) 0 2 d&(E)
dE? | p=Bres Fres  dE |p_p




Interpretation of complex energies

Observed
Cross section

For isolated narrow resonances all
definitions agree

Real Situation = >
— Many-body complexity o
— High density of states
— Large decay widths

Result:

— Overlapping, interference, width redistribution I
— Resonance and width are definition dependent
— Non-exponential decay

Solution: Cross section iIs a true observable
(S-matrix )

Poles in
complex plane

1 1/2
SW(E) = 1/2 590 _ E AT* (—) A2 .



Non-Hermitian eigenvalue problem Reaction calculation

Traditional Shell Model

Hermitian part of interaction Unperturbed Green’s function
— 1
H = Hpp + A G(E) = .
_ E—Hpp— A
Inclusion of decay channeis
Full effective Hamiltonian Full Internal propagator
1
H(E) = H A(E) —itAAT G(E) =
(E) pp + A(E) (E) E—H(E)
Results

R-matrix R(F) = ATGA

*Matrix diagonalization

*Hermitian eigenvalues below «Dyson Equation
thresholds
Non-Hermitian eigenvalues above G=G-(i/2)GWG
threshold *Transition matrix and cross section
sresonances and widths (need
definition) R 1 —tR

14 inR’ T 1+inR



Calculation Detalils, Propagator-
Strength Function

GBI = - - =~ /O ™ dt exp(iEt) exp(—iHL)|\)

«Scale Hamiltonian so that eigenvalues are in [-1 1]
*Expand Using evolution operator in Chebyshev polynomials

exp(—iH) = 3 (=i)"(2 = bu0) Ju(t) Tu(H)

n=0

*Use iterative relation and matrix-vector multiplication to generate

|)\n> — Tn(H>|>‘>
Xo) = [N), A1) = H|X), and |[\,41) =2H|\n)—|Ap—1)

AMAmtn) = 20Am|An) — AAn—m), n>m

*Use FFT to find return to energy representation

T. Ikegami and S. Iwata, J. of Comp. Chem. 23 (2002) 310-318



Green’s function calculation

Advantages of the Al | ana|yticla| '
method numerical x
-No need for full TR

diagonalization or
inversion at different E

-Only matrix-vector
multiplications

-Numerical stability*

Green's function
(@]

0 2 4 6 8 10
Energy [arbitrary units]

*W.Press, S. Teukolsky, W. Vetterling, B. Flannery, Numerical Recipes in C++
the art of scientific computing, Cambrige University Press, 2002



Realistic Shell Model Example

e [nteraction
— PHP — Shell model Hamiltonian, USD interaction
— Assume that USD includes Hermitian A
— QHQ and QHP one-body Woods-Saxon potential
— QHP two-body phenomenological parameterization

e Solution
— From 4He up to °He
— From 160 up to %80

— Given guess energy E for state o, W(E) Is constructed
by considering all open channels.

— Non-Hermitian Hamiltonian is solved for iteratively for
new E (Breit-Wigner resonance condition)



Continuum Shell
Model He isotopes

*Cross section and structure
within the same formalism
*Reaction |=1 polarized elastic
channel
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Continuum Shell Model Calculation
» sd space, HBUSD interaction
* single-nucleon reactions

| | |
-30 -25 -20 -15
Energy (MeV)
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CSM oxygen results

A ] mode | EXP Q theory E Q [
17 3/27 | ~n | 5.085|0.941 96 WS 4.5 1.0 | 122
18| 27 | van | 8.213]|0.169| 1+0.8 || USD | 9.465 | 1.242 | 200
18| 1t an |8.817|0.773|70+12| USD |10.823| 2.600 | 85
18| 41T | yan | 8.955|0.911 | 43+3 USD | 8.750 | 0.526 | 28
19(5/2T | n 5.148 (1.191 | 3.4+1 USD | 5.011 | 1.121 | 5.1

19 | 9/27F 5.384 | 1.427 | ~0O USD | 5.175 | 1.282 | 0
19(3/2T | n 5.54 | 1.58 320 USD | 5.529 | 1.636 | 290
19 |(7/2%| n | 6.466|2.509 | small USD | 6.880 |0.808* | 63
24 | 2Tt n ? ? ? HBUSD | 4.850 | 0.489 | 18
26| 0+ | 2n 0 ? ? HBUSD 0 0.021 | 0.02
28| 0+ | 2n 0 ? ? HBUSD 0 0.345 | 14

Lowest resonant states in the chain of oxygen isotopes. The experimental data on
the left, (EXP) - energy of the state (MeV), Q - energy above threshold (MeV), vy -
width (keV), are compared to the theoretical results on the right. The decay mode in
the second column indicates the decay branches assumed by experimentalists
(NNDC)



Continuum Shell Model

Oxygen Isotopes

24O

250
260

Cross secftion (arbifrary units)

-45 -40 -35 -30
Energy (MeV)



Narrow resonance-spectroscopic factor approximation
for sequential decay

SM spectroscopic
factors

N

1 , , , T T
= %/ dede 6(Ey—e—¢') Z ;i (€)7y;r (€7) ((5‘3 P + (s + )5, 1 6))

Y S N
phase-space 2”9@ Dqgifh'e energy denominator
volume integral e SR




Kinematics of sequential 2-body
s-wave decay. Example:260->2n+240

= 10000 |
= :
2 1000 |
5 100
s 10 |
> L
© i
(&) 1 L
8 I
0.1 ¢
| HBUSD
0.01 + E=21keV, Sn=4.4 MeV
virtual I

“—L‘ state 3 0.001 |

0.001 0.01 0.1 1 10 100 1000

E/S, (available energy/barrier height)

--------- ¢—”-’ =



Interplay of collectivities

Definitions E”Aefgy
n - labels particle-hole state
€, — excitation energy of state n
d, - dipole operator
A, — decay amplitude of n

Model Hamiltonian GDR

-
=

M, 1 = end,, s + Adnd,/ — %AnAn/,

Driving GDR externally C

(doing scattering)

NN
Ny

common decay
channel

NWWWMWALETT
NN

Everything depends on

angle between multi dimensional vectors
A and d




States and cross section in 220

Parameters of the model
Internal shell s-p-sd-pf shell model a
with WBP interaction

*Decay channels g.s. of 1°0O(or 210)
+ neutron decay from fp

*EM channel: E1 strength from
200(or 220)

Cross section
+

0 10 12 14
Excitation energy [MeV]



Isovector Dipole strength in Oxygen
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Summary:

New theoretical techniques

First applications and success stories

Interplay of internal and external, generic features
Technical problems and solutions

Toward realistic applications
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