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Non-empirical energy density functionals
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Outline

1) Renormalization group methods

2) Microscopically-constrained Skyrme functionals

3) Other efforts towards non-empirical functionals



A / Resolution dependence of nuclear forces

[ with high-energy probes:
quarks+gluons

Effective theory for NN, 3N, many-N interactions and
electroweak operators: resolution scale/A-dependent

H(A) =T + Van(A) + Van(A) + Van(A) + ...

O 1 2 3 4 5

A >>mg, kr 1n typical interactions 1

# of sp states for A-body ~ A3A —~0

£
Strong correlations, non-perturbative < 3

4
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Why large A’s are complicated: ab initio DFT

Ab 1itio DFT (OEP/effective action) corresponds to MBPT with

H = (T+U)+(V-U)
= Hgs+ H;

Want freedom to chose U such that
corrections to density beyond Hks vanish

O
; — Large A Vnn strongly couples low/high k
3
4

coupling persists even with G matrix

<€ resummation ==> non-perturbative in G and
convergence of hole-line expansion strongly
depends on U

k (fm")
I'\J

W
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2 Types of Renormalization Group Transformations

k ’ k ’
e
k r k
n N
Al
? N
AO

“Viowk “Similarity RG”
integrate-out high k states eliminate far off-diagonal coupling
preserves observables for k <A preserves “all” observables

Very similar consequences despite differences in appearance
(low and high momentum decoupled)



Ground-State Energy [MeV]

E, [MeV]

RG-Improved Convergence in ab-initio calculations

hwenk, Vary (2008)

SKB, Furnstahl, Maris, Sc
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Towards including 3N interactions in medium mass nuclei

| |
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10 e 2-body only
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Hagen et al., 2007

coupled-cluster
calculations of
closed-shell nuclei
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normal-ordered 0-, 1- and 2-body parts of 3N interaction dominate
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occupied orbits

residual 3N interaction can be
neglected: very promising



Energy/nucleon [MeV]

Perturbative Nuclear Matter with chiral EFT + RG?

SKB, Furnstahl, Schwenk and Nogga, 0903.3366

N I L L LY A o L | L
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HF bound and saturates, converged at = 2nd order MBPT
3N drives saturation, theoretical error bands
4 )

-

Empirical saturation lies in theoretical error bands w/out fine-tuning
Is a solution to a 50 year old problem in reach?
Promising for a microscopic nuclear Density Functional Theory (DFT)?

J

8



The Similarity Renormalization Group
Wegner, Glazek and Wilson

Unitary transformation on an initial H=T + V

H, = U()\)I—IUJr AN =T+ V) A = continuous flow parameter

Differentiating with respect to A:

dH
d\
Engineer 1 to do different things as A => 0

n(A) = [Gx, Ha|

=) ) with ) = T

Gy =T = H) driven towards diagonal in k — space
Gy = PH\P+ QH,\Q = H, driven to block—diagonal



Normal Ordered Hamiltonians

1 1
H = Ztiagai + 1 Z V;ﬁ)la;[a;alak + 6 Z Viﬁ)lmnaga;a,tanamal

Normal-order w.r.t. some reference state ¢ (e.g., HF) :

1 1
H=EFE,, + Z fiN(a;-rai) + 1 Z FijklN(aIa;alak) + 36 Z WijklmnN(a;[a;aZanamal)

Foae = (®|H|®)
o . |
fi = ty+ Z(zhﬂ@]zh} nh+ Z(zhh’\%\zhh’) nRN
h hh'
Dijiw = (ij|Valkl) + ) (ijh|Vs|klh) ny
h
Wikimn = (ik|Va|imn) (SIN(---)|®) =0

O-, 1-, 2-body terms contain some 3NF effects thru
density dependence => Efficient ftruncation scheme
for evolution of 3N? 10



In-medium SRG for Infinite NM and closed-shell nuclei

e Normal order H w.r.t. fermi sea

® Choose SRG generator to eliminate “energy off-diagonal” pieces

)~ (o), H ) Jm Toa(s) =0 = g1
n=|[fT] (12|T0q|34) = 0 if f1o = fay

¢ Truncate flow equations to 2-body normal-ordered operators
- dominant parts of induced many-body forces included implicitly

H( ) vac —i_ Zfz CL az + — Z Fd zgklN CL a, alak)

E’UCLC(OO) — Egs
fr(o0) — e (fully dressed s.p.e.)
'y(o) — f(K', k) (Landau q.p. interaction)

Microscopic realization of SM ideas: dominant MF + weak A-dependent NNest
11



Some observations

1) ; (H), <0 for monotonic f, correlations weakened, HF picks
S

up more binding with increasing s.

2) pp channel + 2 ph channels treated on equal footing

3) Intrinsically non-perturbative

4) no unlinked diagrams (size extensive, etc.)

5) “3rd-order exact” a-la CCSD

6) Extension to effective operators/Shell model possible

12



In'medlum SRG fOI’ IlllClCl Tsukiyama, SKB, Schwenk, in prep

25 T T T T T I I —_—
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15 20 25 30 35 <
hw [MeV] =
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v
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5 620
Promising method to calculate 5 640

shell model valence Hef/Oeft
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E/A [MeV]
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Correlations “adiabatically” summed into H(A)

-1
|k, =135 fm

N°LO(500)

— E,
- -+ Egyp (in-medium SRG)

- Egyp (free-space SRG)
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Useful for ab initio DFT? Shell model?
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Accomplishments of Phenomenological Energy Functionals

Proton Number

. 2.2
20 40 60 80 100 120 140 B(E2, 0" - 27) (eD")

Neutron Number

0.1
Neutron Number Experiment

2N separation energies, Quadrupole and
BEZ2 values, Fission energy surfaces,
mass tables in a day, plus many other
impressive feats

BUT...
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Limitations of Existing Energy Functionals (Predictability)

two-neutron separation energies '*ﬁil 'Ma"ss F'Orm'ula{; L ::pw | Binding energy in Sn isotopes
25— . % .
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—&—Experiment| | "***u-* — 'Id-' 7 Sn isotopes DFTM pairing
x ::E;t; - 0~ \b ] —SLY4 ---mstarl “~-Thol60
+ HFEDIS | 1 m.T: %—5 :‘ ——T6 ———SKA --"-T26
i *- ;li-?ﬁ NL3 | T i “W_ 1 900.0 - --—SKP
20 LEDE HE R ’
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c e %
= : 8y & - -1000.0-
= 51 ¥go,, - &
& Pl T4 a%00,, =
¥p) ; | *i_ > 8 o
+ o
15 + ii?f - o
4 +, “x"'g.ﬂ-,, e . 1100.0 -
: R ALY < T T
18 T RSN I TR
| o *“?éﬁ-;
| i N * &
| data exist - data do not exist PO
ol 1. [T N N IS T N T R 100 10 120 130 140 150 160 170
50 60 70 20 80 90 100 110 120 130 A
i W S Neutron Numbet [J. Sadoudi, T. D., unpublished]

e Uncontrolled extrapolations away from known data
e Theoretical error-bars?
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What’s missing in phenomenological EDFs ?

e Density dependencies too simplistic
® [sovector components not well constrained
e No way to estimate theoretical uncertainties

e What’s the connection to many-body forces?

Turn to microscopic many body theory for guidance,
aided by the simplifications enabled by RG-evolved
interactions

@ UNEDF SciDAC Collaboration www.unedf.org

8. &5  Universal Nuclear Energy Density Functional
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Local Skyrme-like Functionals from RG-evolved Interactions

Dominant MBPT contributions to bulk properties take the form

(V) ~ TI‘1TI‘2 / deI‘lz dI‘34 p(rl, I‘3) K(rlz, r34) p(rz, r4) + NNN - ..

ry ry

K is either free-space interaction (HF)

p(r.r,) . :
or resummed in-medium vertex (BHF)

K(r.-r., r,-r,)
1223 4 F‘(r:-rﬂ

Written in terms on non-local quantities

density matrices and s.p. propagators
finite range interaction vertex K

Connection to E = E[p] 1s not obvious!

18



Density Matrix Expansion Revisited (Negele and Vautherin)

Expand of DM 1n local operators w/factorized non-locality
1
(@lpT (R - 5I-)zp r\cb ZH (kpr){(On(R))

(On(R)) = [p(R), V*p(R),7(R),J(R), .. .]
Dependence on local densities/currents now manifest
Vo)~ 3 / R O, (R)Om(R) / dr T, (ko) Ty (ko) V()
~3 / ;ZR {(prp% + O pyr + CP puApy + CF7 32+ OV P3N py - - }
¢

Skyrme-like EDF with density-dependent couplings
dominated by long-range pion-physics
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Prescriptions for II,-functions

Phase space averaging (PSA-DME) (Gebremariam et al. arXiv:0910.4979)

1,72)

r,r

i) = e eF (T Va) iy
Pl =Fo=R

p(rly T2

Average the non-locality operator over local momentum
distribution g(R,k) and expand exponentiated gradients

2
o)~ [ERgRD Y

Easy to build in physics associated with surface effects in

finite fermi systems

Crucial to accurately describe spin-vector part of OBDM
20



e

Prescriptions for II,-functions
Negele and Vautherin (NV-DME)

Truncated Bessel expansion of non-locality operator
Sufficient for spin-unsaturated nuclei only

JdQsn(ri,12) - Sp(ra, 1)

Exact angle average NVDME approximation
10 - !:l(] 10 !:l()
8 s 8 L 8
& -6F 6 - 6F
i ¥ :
4 - 4% 4 4
2 2 2 2
0 0 0+ O

0 2 4 6 o 10
B (tw)

Why it fails: no phase space averaging done for spin-vector part

21



Improved Vector PSA-DME

kxact angle average PI=-DME — ANI avg

l— 10 10

e
0"

~
>

FRLb Y
W0 A
LR Y

L
p—

anisotropy of
1 0.5 g(R,k) 1n the
spatial surface
0.0 (Bulgac et al.)

-0.5
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Look at [drdR Vi.(r)sn(ri,r2) - sn(ra,r1)

2564 bt v 1644

!-r"‘t';__\ —&— Exact | 3
ISVDME
—%— Pl- !
205 2wl 13.1- A r:’
§ = ) \"\]‘
';l-) 4- — = o 8 *
[ L \
p] - \ A
k2 10.2- = 66 Y
51- - 34- %
A4
\
003 J ] ' ' ' ] v ] ' r OO J | ' ' v | ' ] U ] ' ' ¥ | ' | ~
114 118 122 126 130 134 18 22 26 30 34 38 42 46 50 54 58
Fb neutron no Cr neutron no

® Inclusion of finite fermi phase space effects crucial for quantitative agreement
® completely parameter-free

Can now apply modified DME with confidence

to spin-unsaturated systems
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Including Long Range Chiral EFT in Skyrme-like EDF's

VE'FT — Vct(A) + V17T + V27T + -

Each EDF coupling function splits into 2 terms

1) A-dependent Skyrme-like coupling constants (short-distance)
2) A-independent coupling functions from “universal” pion physics

C{™ = CUT (M Vi) + ClT [kr(R): V] Etc...

From contact terms in From pion exchanges
EFT/RG Vs

Suggests a microscopically-improved Skyrme phenomenology

Add pion-exchange couplings to existing Skyrmes and refit
constants using guidance from EFT (naturalness, etc.)

24



Gameplan - Include pion physics in Skyrme EDFs and refit

: . NN 3N AN
¢ Include DME coupling functions

from finite-range NN and NNN o\
chiral EFT thru N2LO Lo 0(%) A\ T

e Refit the Skyrme coupling V|-
constants (EFT constraints => e\ 17\
naturalness) ] S

PY LOOk for 1mprOVed Observables ............... .............................. , ............................. , .............................
and for sensitivities

e Can we “see’ the pion as NLO € (%) * 11"

in NN phase shift analyses |

Expect interesting spin-orbit CONS LR L
NLO O (%) A FAE
consequences (NN vs NNN) AN

in progress w/ORNL group (Stoitsov et al.)
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New development: DME for chiral NNN force (N2LO)

® Expect interesting spin-orbit/tensor couplings from TPE long (2m)
01-q102 (2 b o B . . em=Ar=-
Ve(dy,92,93) ~ FOrorl 4+ perms
(a2 s) ™ ) (g mz) T
, C,,C3,C, terms
«@ cim C3 a
F12[:3), = 5&6 [_4 f2 +2Fq ] + PG /877'3 03 - ((h X QQ)

Empirical EDFs (Skyrme, Gogny,...) spin-orbit coupling is density
independent => appropriate for NN spin-orbit forces (short range)

This 1s a mismatch since microscopic NNN interactions are long-range
(DME ==> strong density dependent J-Vp couplings)

Complexity explodes ==> Automated symbolic tools developed (Gebremariam et al)
will be available at www.unedf.org

26



gCRA 2z

2 1
= [ar{ e ) + e @) + 2 () () )

+CAP pB(7) Apo(7) + CEA7 o) p(7) Ap(7) + CH° pB(7) <3 ()

P ARG + 7 o) pr () ) + €8 () ()
+C2% po(7) Jo(7) - Jo(7) + €2 pu(7) Jo) - Fi(F) + €2 pol(R) Ty (7) - Ty (7)
+CV T () - TV - To() + IV R - (7)Y - To(@) + Y o (7) B Y - Ty (7)
+C% Apo(7) Jo(P) - Jo(P) + €5 Q) To(7) - To(F) + €87 4(7) To(7) - Tol#)
+CY P TV I G po () Jo(7) V- To(7) + €2V TN po () [V - Jo(7)] + AT po(7) o () - ATo(7)
+CS () Jo(7) - Fi(F) + CETT Apy(7) Jo(7) - Fi(7) + €5 R >Jo<f*7 5(7)

+Cy PTGy (7) - (P V- To(F) + €8T py (7) T (F) - AJo(F) + € G (F) Ty (7) - i (7)

+C PV py (7) - To(F) V- J(F) + VTV py ()Y - Jo(P)V - T3 (7) +C”°W‘W‘ oA [V Ji (7))

0P () () ATL(F) + O po() () - AT ). o

+ 4 other classes of similar terms

Looks ugly (or beautiful, depending on your view), but a regular structure

emerges:

C*[u)é€6, , u=—-> (note: uis NOT small)

Ck[u) = CH[u] + C7*[u] In(1 + 4u?) + CF*[u] arctan(2u),

kr(R)

T

lu| = rational polynomial .
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[MeV-fm’]

Cy

[

Some examples (Gebremariam, SKB, Duguet 2010)

500 ! 'S'd)'\'&l\_ bR ! 50 T T T TTTTT] T T T TTTTT]
L A, .= Me 4 » 4
) — SLy4_Tself d 114 b d 29 f
400 —— SLys_T | 0 R Irc CITor pands 1Irom
| R, c-- SEMS ] e
300 - — R R -y EFT naturalness
[ — = = 100
00 - - & e e e e
. £ -150 o .
3+ [EEEE — SLyé_Tuelf
00 . ~ 200k -—- SLy5.T |4
SO S e P e . SkM*
0-:—_—_—:=—_—_—==—_—_—==—'_—._-.='T_:-._:—f—'-i -250_—A5!_R=500:\1€V _:._ %A — 400 T [T T LI B Y B B
1 llllll 1 § — llllll ".i 1 1 1 llIllI 1 1 Ll ||||l 1 - LO ]
0.01 0.1 -0 0.01 0.1 30ff T=0 -—  NLO |
p [fm”] p [fm”] -+- NNLO]| |

C” [MeV-fm’]
(]
S

[
)
=}

Comparison of EDF w/pions to
Skyrme couplings w/tensor force

0 0.05 0.1 0.15 0.2

W
=)

density dependence
controlled by longest
range component

c” [MeV-fm’]
-

—_
N
]

AT BT
-200
0 0.05

| | o |
p/3 ptE PPl 7 log(1+cp*®),
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Moral: Simple many-body theory + current understanding of
underlying NN + NNN interactions tells us Skyrme
1s way too simple.

SNM

First exploratory calculations in progress w/M.Stoitsov et al.
using the extended EDF (implemented in HFBRAD and HFBTHO)

Mathematica nb’s with 2N/3N DME couplings available at
www.unedf.org 29




Other efforts developing non-empirical EDFs

Non-empirical pairing functional (Duguet, Lesinski, Hebeler, Schwenk)

Build first ¥7 and A? at lowest-order in Vxn and VNN

b-ép-
!

n
Ve’ (kK) = Y ga(k) Aag gs(K)

a,B=1

Low-rank separable expansion good at low A

Almost as cheap as local pairing EDF calculations

¢

B v"P: microscopically built from Vyyn and VNN

® v"". semi-empirical from constrained Skyrme EDF (m* =~ 0.7Tm)

V [MeV fm®)

(RG-evolved)

\

Van

A

100 ¢

Vigwx K'=0.05000 —— |

wakk’=k — ]
Vg, k'=k

K'=005000 —— ]
Vigwr k=1 —— ]
Vg k=l ——




With View k + Veoulomb + approximate NNN

[T. Lesinski, T. D., K. Bennaceur, J. Meyer, in preparation]

Ag Z.Xp versus Ag?lh

3 T
[ P
s 2f
= f
= F T -
<? 1 - Jl'"\., Y:%‘.‘.Ti_k‘w:: . ~.
B T T T T
N
3 ARmESEwal
i =126] Coulomb inchaded in
A},‘" calculation
‘): 2
2 I
;'.g- 1F ‘\ 'V V“l '\'E. . * PExp.
[ :W" W ‘xﬂf\ — NN
.n.nl..n.l..-.l.:..nl.. — NN+NNN
50 60 70 50 &0 70 8O %0
¥ Z
/ (3 ¢ H r
O A,, decreased by 20% with slight isovector trend ( | ” | > |V '1'1\(113
B Leave ~ 20— 30% for coupling to (collective) ﬂuctuatlons
>

Next: Beyond 1st order (Gorkov 2nd-order, In-medium SRG), local approx’s
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Other efforts developing non-empirical EDFs

DME functional vs. ab 1nitio (SKB, Furnstahl, Platter)

Start from the same H and compare with no adjustments

“Coester Lines” External Potentials
@ Compare systematics, e.g., @ DFT from response of energy
by varying 3NF coupling in to perturbation of densities
Hamiltonian — Apply external fields
—75- T T T T T T °_|° Nlhl '..N; T T ] l)_ T I T T T T | T T T T | T ]
_sol- 160 o0 thai{;dy 3NF _| l(_) C 40 MeV s—a 20 NCEC h
. [ & —amE 1 o[ o— "He NCFC (no coul.) h
:>g \\\"‘n.___ Coupled Cluster % 6 __ N
2 -~ T~e__ N=2 =
- [ e = 4r hQ of harmonic trap u
o0 951 — < -
:3_ I )«- 2+ -
2 100 1 5% of \ -
'-S _10sk- . ' Lk _ 5MeV -
= . m L e
R 1ol L 4 = A
[ VsgglA=191Mm ] " NN-only NG ]
-115 [+ 3NF contact only 7] -8 :_ Voo |7~; 1.5 fm ™) \\“"“H:H .
-120 1 _2I.0 L L —lI.S T —ll.O -10 1 ll5 IR R B | 210 IR R T 1 215 !
¢, [strength of 3NF contact] radius [fm]

This was pre- PSADME improvements and implementation of exact
Hartree. Worth revisiting!
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Other efforts developing non-empirical EDFs
DME beyond VZ( Carlsson, Dobaczewski, arXiv:1003.2543)

— ] | 1 F | | =
> 10¢ ElS ER
o - 1E .
= 0 1E EL
» 1F 3F -

S Yo == DT Voi[40.1
= [ | L PSA | | E
E 10.5_ "E\IV —§1
3 1 E 0.1
E 0.1 = H0.01
= [Vio - \E
OOIE [ l l E | [ | _50001
2 4 6 2 4 6
order order

New “Damped Taylor” DME gives dramatic improvements
with higher order gradients

Solves the problem of exploding # of parameters with higher V
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Summary

¢ RG methods simplify nuclear many-body calculations
- faster convergence, more perturbative, low k “universality”

- empirical NM saturation within theoretical errors

e In-medium SRG

- Normal-ordering => simple way to evolve many-body operators
- analogous to CC; diagonalize many-body problems

- non-perturbative path for shell model and possible ab-initio DFT

® Microscopic connections to DFT now possible

- explicit inclusion of long-distance chiral EFT physics via the
density matrix expansion (microscopic guidance for density
dependence, isovector and spin-orbit properties, etc.)
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