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USQCD Nuclear Physics Program

% Important Lattice QCD contributions that
complement the experimental program in
both Hot and Cold QCD
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What is the physics we are after?
Hadron spectroscopy - Exotic states
Hadron structure

Nuclear Forces and Nuclei

Nuclear Astrophysics

Beyond the Standard Model Physics

R . . P I o

Hot QCD (quark-gluon plasma, QCD phase diagram)
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High-Priority Scientific Questions

Numerical simulations of QCD address aspects of key questions
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High-Priority Scientific Questions

Numerical simulations of QCD address aspects of key questions

How do the properties of nucleons (p,n)
emerge from the dynamics of their
quark and gluon constituents?

What is the 3-D tomographic mapping
of nucleons (p,n)?
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High-Priority Scientific Questions

Numerical simulations of QCD address aspects of key questions

How do the properties of nucleons (p,n)
emerge from the dynamics of their
quark and gluon constituents?

What is the 3-D tomographic mapping
of nucleons (p,n)?

To what extent do we understand matter
and energy? |Is there New Physics to be
discovered?
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OUTLINE OF LECTURES

% Monday, July 10:
Motivation and Formulation of Lattice QCD

% Tuesday, July 11:
Renormalization and Hadron Spectroscopy

* Wednesday, July 12:
Hadron Structure - EIC physics
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OUTLINE OF LECTURE 1

% Quantum Chromodynamics in a nutshell
% Path Integral Formalism

% Lattice QCD formulation

% Fermion and Gluon fields on the lattice
% Landscape of nhumerical simulations

% Key points of Lecture 1
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Useful Reading Material

% Lattice Gauge Theories: An Introduction
H. J. Rothe

https://www.worldscientific.com/worldscibooks/10.1142/1268

* Quantum Chromodynamics on the Lattice [l
An Introductory Presentation Quantum

Chromodynamics
C. Gattrlnger and C_ Lang on the Lattice
https://www.springer.com/us/book/9783642018497

An ntrodciony Preseatst oo

% Lattice quantum chromodynamics:
practical essentials

Knechtli, Ginther & Peardon
https://link.springer.com/book/10.1007/978-94-024-0999-4

World Scientific Lecture N

LATTICE GAUGE THEORIES

An Introduction

Lattice Quantum
Chromodynamics
Practical Essentials

LTl
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https://www.worldscientific.com/worldscibooks/10.1142/1268
https://www.springer.com/us/book/9783642018497
https://link.springer.com/book/10.1007/978-94-024-0999-4

Useful Reading Material

Review article for the
European Physical Journal C (EPJ C)

50 Years of Quantum Chromodynamics
Contents
Franz Gross®!?2, Eberhard Klempt®-3,
Stanley J. Brodsky®4, Andrzej J. Buras®®, Volker D. Burkert®!, Gudrun Heinrich®¢, Karl Preface . ... ... 5
Jakobs®7, Curtis A. Meyer®®, Kostas Orginos®!2, Michael Strickland®?, Johanna Stachel®°, 1 Theoretical Foundations . . . .. ... ........ D
Giulia Zanderighi®11:12, 1.1 The strong interactions . . . . . . ... ... .. 6
Nora Brambilla®1%13, Peter Braun-Munzinger'%:'4, Daniel Britzger'!, Simon Capstick!®, Tom 1.2 The origins of QCD . . ................ 14
Cohen'®, Volker Crede!®, Martha Constantinou'”, Christine Davies'®, Luigi Del Debbio!®, Achim 2 Experimental Foundations . . . . . ... ... .... 17
Denig??, Carleton DeTar?!, Alexandre Deur!, Yuri Dokshitzer??23, Hans Giinter Dosch!® Jozef 2.1 Discovery of heavy mesons as bound states of
Dudek!2, Monica Dunford??, Evgeny Epelbaum?>, Miguel A. Escobedo?®, Harald Fritzschd:27, heavy quarks . . . . . . ... ... ... ... 18
Kenji Fukushima?®, Paolo Gambino!'??, Dag Gillberg3?:31, Steven Gottlieb®?, Per Grafstrom33, 2.2 Experimental discovery of gluons . . . . . . . .. 23
Massimiliano Grazzini®4, Boris Grube!, Alexey Guskov?®3, Toru lijima®¢, Xiangdong Ji'®, Frithjof 2.3 Successes of perturbative QCD . . . . . ... .. 28
K:«%rschs", Stefan. K!uthn, John B. Kog.ut38'39., Frank Krz.luss‘m, Shunzo Kumano41’42: Derek 3 Fundamental constants . . . . . . . . . . . . . . . .. 39
Lemjaveb.ig‘“, .Helnrlch .Lle;gtw.yler“, Hal-Bo.gol‘w, Yang L1463 Bogdaln Malaescu??, Chiara " 3.1 Lattice determination of as and quark masses . 39
Mariotti*®, Pieter Maris®”, Simone Marzani®”, Wally Melnitchouk", Johan Messchendorp®-, 3.2 The strong-interaction coupling constant . . . . 47
Harvey Meyer??, Ryan Edward Mitchell®?, Chandan Mondal®3, Frank Nerling®!:54:55, Sebastian .
Neubert®, Marco Pappagallo®®, Saori Pastore®”, José R. Peldez®®, Andrew Puckett®?, Jianwei 4 Lattice QCD """""""""""" o1
Qiu''?, Klaus Rabbertz®®, Alberto Ramos®!, Patrizia Rossi*®?, Anar Rustamov®%3, Andreas 4.1 Lattice field theory . ... ......... ... 51
Schiifer®4, Stefan Scherer®, Matthias Schindler®®, Steven Schramm®7?, Mikhail Shifman®®, Edward 4.2 Monte-Carlo methods . . . . ... ........ 59
Shuryak®®, Torbjorn Sjostrand”®, George Sterman”!, Iain W. Stewart”?, Joachim Stroth3:54:55, 4.3 Vacuum structure and confinement . . . . . . . . 67
Eric Swanson”®, Guy F. de Téramond”, Ulrike Thoma®, Antonio Vairo?®, Danny van Dyk40, 4.4 QCD at non-zero temperature and density . . . 78
James Vary??, Javier Virto”®77, Marcel Vos’®, Christian Weiss', Markus Wobisch” Sau Lan 4.5 Spectrum computations . . . . . . .. ... ... 87
Wu®?, Christopher Young®!, Feng Yuan®2, Xingbo Zhao%3, Xiaorong Zhou® 4.6 Hadron structure . . . . . . . . . . oo 94
4.7 Weak matrix elements . . . . . ... ... . ... 101
5 Approximate QCD . . . . ... ... ... ... ... 108
5.1 Quarkmodels . .. ... ... ... ....... 109
5.2 Hidden Color . . . . ... ... ... ...... 116
5.3 DS/BS equations . . ... ... ... ... ... 118
5.4 Light-front quantization . . . . . . ... ... .. 129
5.5 AdS/QCD and light-front holography . . . . .. 139
5.6 The nonperturbative strong coupling . . . . . . . 150
5.7 The 't Hooft model and large N QCD . . . . .. 152

- 5.8 OPE-based sumrules . . . . ... ... ..... 160
arX“’: 221 2.1 1 1 07 5.9 Factorization and spin asymmetries . . . . . . . 169
/7 - - 5.10 Exclusive processes in QCD . . . . . ... .. .. 179
httpS .//InSplrehep.netlllteratU re/261 7065 5.11 Color confinement, chiral symmetry breaking, and
gauge topology . . . . . .. ..o 185
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Characteristics of QCD
and role In nature




—
A’

L7 ] - - A T A0\ Ny L T F S - B i o il

R IS SN O B PV A SOR - R B T BN IV R D FIOV N, SR P S PO O O 2 - e £ 4 E g o e s e C o e N7 E gl oo g oy
[v. 1]
g

,

Strong Interactions:

-0

frGriwala Ili.l-ult:i.-lﬂ'

i"rufm-

BIG BANG THEORY

:@P
o » -0 DAY

Gz T \|

10-6 sec, | 3 min. 300,000 yrs. 1 billion yrs. \ 15 billion yrs,
10,000°C -200°C -270°C

10-32 cec.

; : Tnﬁ-:.- 10-4949 sec.
1027°C 1013°C 108°C

Temperalure

The cosmos & Post-inflation, D A rapidly Still too hot Electrons Gravity makes 7 As galaxics
. goes through =8 theunlvers& cooling to form into combine with Ihy{irnj_'-;en and clusler
n =2 supurlasl ie a'%_éé&ﬂng;.' - £osmos permits atoms, charged protons and helium gas topether under

- » « & - N B
3 L= I - . d . : e - , . - - o =T S » firsl
il"lf ?- BSOSOy i W TSRO -2 A 7o Dy - I S o ey o g N N Dy - IO o W oo e P b o ey 0 3 - TR YN - =

. L nd spoew
EIFI‘ ‘ g }Hrl'lt"-
| ' these

R studied in heavy ion collisions at RHIC and LHC a0

E aew

A " ﬂf% 3 g l]i|.|lll'|‘:'. |
L) . - - R ; ] ' -Y




Quantum Chromodynamics (QCD)

Structure of Matter % Theory of the strong interactions

% Fundamental constituents:
6 quark and 8 gluons

ATOMICNUCLEUS

The protons and neutrons in the nucleus
make up the vastbulk of matters mass

% Included in elementary particles

three generations of matter interactions / force carriers
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Quantum Chromodynamics (QCD)

Structure of Matter % Theory of the strong interactions
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Theory of QCD

Quarks & gluons carry a color quantum number
- quarks: 3 colors (red, blue, green)
- gluons interact with gluons (force mediators)

Only a few parameters needed to describe QCD
- quark masses
- coupling constant

QCD successfully describes a wide range of complex processes
- fusion and fission processes that power the sun

- formation and explosion of stars

- the state of matter at the birth of the universe

M. Constantinou, NPSS 2023 m



QCD Lagrangian

QCD is a non-abelian gauge theory with symmetry group SU(3):
— 8 generators of SU(3) gauge group
— dimensionality of transformation space: 3

QCD Lagrangian density:

1
_ — (s u . _ _ra papv
Zqcp = Z l/’f(”’ D, mf) Vp =t t
f
YD, = 0, +igGuAH T
Ff, = 0,G% — 0,G% — g fapcGLGE

fope © structure constants of SU(3)

7% . SU(3) generators, a : 1,2,...,8

F,, : field tensor operator
G, : gluon field

y/]f’c(x) : quark field, 4 component spinors, 3 component color, 6 flavors

BTl
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QCD Lagrangian

QCD is a non-abelian gauge theory with symmetry group SU(3):
— 8 generators of SU(3) gauge group
— dimensionality of transformation space: 3

QCD Lagrangian density: o

Z fermionic gluonlc

e .

— 7 )
// \ / Cl a l/
L YDy =10, + z'gGZ’y“T“
Ff, = 0,Gy — 0,G% — gfanc GGy,

Quark kinetic & mass terms
|
quark-gluon terms

Jupe © structure constants of SU(3) Gluon kinetic & interaction terms

7% : SU(3) generators, a : 1,2,...,8 Huge increase of complexity level

F® : field tensor operator to solve QCD (compared to QED)

G, : gluon field

y/]f’c(x) : quark field, 4 component spinors, 3 component color, 6 flavors

mpl
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Features of QCD: The running coupling

Confinement Asymptotic freedom
= low energies/large distances = high-energies/short distances
= strong coupling = weak coupling
= non-perturbative tools = perturbative tools
= hadrons and glue balls = quark and gluons

BTl
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Features of QCD: The running coupling

Confinement

= low energies/large distances

= strong coupling
= non-perturbative tools
= hadrons and glue balls

Asymptotic freedom

= high-energies/short distances
= weak coupling

= perturbative tools

= quark and gluons

0. (Q%

03+

02l

01}

October 2015
v T decays (N3LO)
a DIS jets (NLO)
0 Heavy Quarkonia (NLO)
o e'e jets & shapes (res. NNLO)
® ¢.w. precision fits (NNLO)
v pp —> jets (NLO)
v pp = tt (NNLO)

= QCD og(My) =0.1181 £0.0013

10 Q [GeV] 100 1000
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Features of QCD: The running coupling

Confinement

Asymptotic freedom

= low energies/large distances = high-energies/short distances

= strong coupling
= non-perturbative tools
= hadrons and glue balls

= weak coupling
= perturbative tools
= quark and gluons
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Perturbative tools are successful
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Features of QCD: The running coupling

Confinement Asymptotic freedom
= low energies/large distances = high-energies/short distances
= strong coupling = weak coupling
= non-perturbative tools = perturbative tools
= hadrons and glue balls = quark and gluons
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0 Heavy Quarkonia (NLO)
o e'e jets & shapes (res. NNLO)
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v pp = tt (NNLO)
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Features of QCD: The running coupling
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Quark confinement Perturbative tools are successful
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QCD vs QED
QED:

* Description of interaction between light and matter
* Two types of electric charge: positive & negative

* Force mediated by exchange of photons

* Photons: no electric charge and do not self-interact

Hydrogen Atom: My, = 0.51MeV + 938.29MeV — 13.6eV

Me— m,+ Ebinding
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QCD vs QED
QED:

* Description of interaction between light and matter
* Two types of electric charge: positive & negative

* Force mediated by exchange of photons

* Photons: no electric charge and do not self-interact

Hydrogen Atom: My, = 0.51MeV + 938.29MeV — 13.6eV

Me— m,+ Ebinding

QCD:

* Description of strong interaction between quarks and gluons
* Three types of color charge: (red, blue, green)

* Force mediated by exchange of gluons

% Gluons carry color charge and do interact with gluons

Proton: m, = 4.4MeV + 4. 7TMeV + 929.2MeV

2Xm

U n; Interaction

99% of the mass is due to interactions

quark
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QCD vs QED
QED:

* Description of interaction between light and matter
* Two types of electric charge: positive & negative

* Force mediated by exchange of photons

* Photons: no electric charge and do not self-interact

Hydrogen Atom: My, = 0.51MeV + 938.29MeV — 13.6eV

Me— m,+ Ebinding

QCD:

* Description of strong interaction between quarks and gluons
* Three types of color charge: (red, blue, green)

* Force mediated by exchange of gluons

% Gluons carry color charge and do interact with gluons

Proton: m, = 4.4MeV + 4. 7TMeV + 929.2MeV

2Xm

U n; Interaction

99% of the mass is due to interactions

quark

nucteon Origin of the hadron mass is yet to be fully understood
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Emergence is the key ...
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Emergence is the key ...

Individual starlings
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Emergence is the key ...

Individual starlings
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Emergence is the key ...

Individual starlings

murmuration of starlings
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How do we study QCD?




How do we study QCD?

High-energy Perturbative QCD / First principles
collisions phenomenology (Simulations on
supercomputers)

= N
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How do we study QCD?

High-energy Perturbative QCD / First principles
collisions phenomenology (Simulations on

{
E

Wealth of information from each approach

Synergistic research activities critical!
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How do we study QCD?

High-energy Perturbative QCD / ‘ Flrst.prlnmples -
collisions phenomenology ‘ (Simulations on '

supercomputers)

(¢)

(e) 9)
% = g :77%;/
(i) (7) W (k)

Wealth of information from each approach

Synergistic research activities critical!
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How do we study QCD?

High-energy Perturbative QCD / ‘ Flrst.prlnmples -
collisions phenomenology ‘ (Simulations on '

supercomputers)

(¢)

(e) 9)
% = g :y%y’
(i) (7) W (k)

Wealth of information from each approach

L . . Let’s start from the basics
Synergistic research activities critical!

— M. Constantinou, NPSS 2023



In the quest of solving complex problems

= 6"*" B s -k e
%
Ou Sev Mvetad, %oBetoc

Alexander the Great while
cutting the Gordian knot
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In the quest of solving complex problems

?Ou Sev Adveta, %(')Be‘co&”q

Alexander the Great while
cutting the Gordian knot
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In the quest of solving complex problems
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“Otu 8ev Mvetar, noReta”

Alexander the Great while
cutting the Gordian knot
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Path Integral Formalism

| REVIEWS OF
- MODERN PHYSICS

Vorume 20, Numser 2 ApriL, 1948

- Space-Time Approach to Non-Relativistic
Quantum Mechanics

R. P. FEYNMAN
Cornell University, Ithaca, New Vork

Probability of getting to x(#) when
initially at x;(#)

)

® Xxi(t)

X¢(ts) y

X
Classical partiéle Quantum particle
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Path Integral Formalism

_ REVIEWS OF
‘MODERN PHYSICS

20, Numser 2 ApriL, 1948

Space-Tune Approach to Non-Relativistic
Quantum Mechanics
R. P. FEYNMAN
Cornell University, Ithaca, New York

Probability of getting to x(#) when
initially at x,-(ti)

y X¢(ts) y
®

- - x
Classical particle

unﬁe All possible
niq trajectories
trajectory (weighted)
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Path Integral Formalism

REVIEWS OF
MODERN PHYSICS

Vorume 20, Numser 2 ArriL, 1948

Space-Time Approach to Non-Relativistic
Quantum Mechanics

R. P. FEYNMAN
Cornell University, Ithaca, New Vork

Probability of getting to x(#) when

T Propagator
initially at xi(#)

.xf(tf) y U (xf, Irs Xis 1) = ('//(xfa tf) | l/.jgxi’ fl')>
= (w(xp) | e 7 7E0 [y(x))
Path integral “language”
(sum of all paths
weighted by action)
Classical partiéle Quantum particle

U(xfa tfa xia tl) — J'@.X(t)e%s[x(t)]
[Qx(t): measure

S[x(¢)] : action

GTil
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Path Integral Formalism

% Equivalent to the Schrodinger formalism - more intuitive in interpretation
% Very practical for quantum mechanics (weighted sum over all paths)

% Critical for quantum field theories (weighted sum over all field values)
Successfully applied to QCD (Lattice QCD)
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Path Integral Formalism

% Equivalent to the Schrodinger formalism - more intuitive in interpretation
% Very practical for quantum mechanics (weighted sum over all paths)

% Critical for quantum field theories (weighted sum over all field values)
Successfully applied to QCD (Lattice QCD)

% Partition function

Z = JD[U]D[I/‘/]D[I//] ¢! Socol Uyl — JD[U] det(D[U])V e'SacoalV]

Fermion degrees of freedom integrated out
(anticommuting Granssmann variables)
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Path Integral Formalism

% Equivalent to the Schrodinger formalism - more intuitive in interpretation
% Very practical for quantum mechanics (weighted sum over all paths)

% Critical for quantum field theories (weighted sum over all field values)
Successfully applied to QCD (Lattice QCD)

% Partition function

+ = J@@DW@”S@DW’W’M = JD[U] det(D[UT)Y ¢t SacnclV]

% Fermion degrees of freedom integrated out
Functional volume element (anticommuting Granssmann variables)

for corresponding fields
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Path Integral Formalism

% Equivalent to the Schrodinger formalism - more intuitive in interpretation
% Very practical for guantum mechanics (weighted sum over all paths)

% Critical for quantum field theories (weighted sum over all field values)
Successfully applied to QCD (Lattice QCD)

% Partition function

Z = JQW]DW@"SQ@WW - JD[U] det(D[UT)Y ¢iSacnoll

v Fermion degrees of freedom integrated out

Functional volume element (anticommuting Granssmann variables)
for corresponding fields

% Observables:
(v.e.v of operator)

(0) = %J D[U]1O6(D™", U) det(D[U])" e'>ecolUl
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Path Integral Formalism

% Equivalent to the Schrodinger formalism - more intuitive in interpretation
% Very practical for guantum mechanics (weighted sum over all paths)

% Critical for quantum field theories (weighted sum over all field values)
Successfully applied to QCD (Lattice QCD)

% Partition function

Z = JD[U]D[W]D[W] ¢! Sacol Uyl — JD[U] det(D[U1)" e SacpalV]

Fermion degrees of freedom integrated out

Functional volume element (anticommuting Granssmann variables)

for corresponding fields

% Observables:
(v.e.v of operator)

makes weight sampling

1 :
(O0) = EJ' D[U]16(D™!,U)det(D[U])" ¢ >acolV} impossible

(oscillatory phase factors)
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I]_[I M. Constantinou, NPSS 2023 m



Euclidean metric & Discretization

(0) = %[ D[U16(D™", U) det(DIUD™,

% Wick rotation to imaginary (Euclidean) time: t — it
(temporal and spatial components same sign in invariant length)

% Statistical mechanics methods may be utilized (Boltzmann probability)
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Euclidean metric & Discretization

(O) = %[ DU O6(D~!, U) det(DIUT™,

% Wick rotation to imaginary (Euclidean) time: t — it
(temporal and spatial components same sign in invariant length)

e SacolUl 5 o= SqcnllUl o

\\

% Statistical mechanics methods may be utilized (Boltzmann probability)
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Euclidean metric & Discretization

(O) = %[ DU O6(D~!, U) det(DIUT™,

% Wick rotation to imaginary (Euclidean) time: t — it
(temporal and spatial components same sign in invariant length)

eiSaclUl 5 p=SqcnlU]

\

% Statistical mechanics methods may be utilized (Boltzmann probability)

We have not reach the lattice part yet!
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Euclidean metric & Discretization

(O) = %[ DU O6(D~!, U) det(DIUT™,

% Wick rotation to imaginary (Euclidean) time: t — it
(temporal and spatial components same sign in invariant length)

eiSaclUl 5 p=SqcnlU]

\

% Statistical mechanics methods may be utilized (Boltzmann probability)
We have not reach the lattice part yet!

% Path integral has infinite degrees of freedom:

Need to introduce a space-time discretization
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Lattice formulation of QCD

M. Creutz

K. Wilson

% Space-time discretization on a finite-size 4-D grid

\
"

% Serves as a regulator of theory: R S < Xr
— UV (hard momentum) cut-off (finite integrals): F\‘(% w5zl
inverse lattice spacing (a-1) Zassus i

momentum and energy < |r/q|

00 nla
d
| »=] 5

—rla 2n

— IR cut-off (finite number of d.o.f): inverse lattice size (V-1/4)

N,

max

2 2
JdpF(p) = Y F o+ =)

% Removal of regulator [ - «, a— 0
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-4 First principle (ab initial) formulation

M. Creutz

K. Wilson

% Space-time discretization on a finite-size 4-D grid

\
"

% Serves as a regulator of theory: e < Er
— UV (hard momentum) cut-off (finite integrals): F\‘(% w5zl
inverse lattice spacing (a-1) Zassus i

momentum and energy < |r/q|

00 nla
d
| »=] 5

—rla 2n

— IR cut-off (finite number of d.o.f): inverse lattice size (V-1/4)

N,

max

2 2
[dpF(p) = Y F o+ =)

% Removal of regulator [ - «, a— 0
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Lattice formulation of QCD

Technical Aspects

KX Parameters (define cost of simulations):

— quark masses (aim at physical values) 7

— lattice spacing* (ideally fine lattices)

— lattice size (need large volumes)

UN/ANAN

NN N N N NN

ANEANENEANEANEAN

ANV ERE N

AN AN RN

NP I/"
/ /“ \b_

A\
ARV AN

% Discretization not unique

— clover improved fermions
— Domain wall fermions

— Overlap fermions

— Staggered fermions

— Twisted mass fermions

*In practice, the coupling is set in simulation and a is defined by comparing lattice
results and values of physical quantities, e.g., proton mass

\
\
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Monte Carlo Methods for Lattice QCD

% Direct evaluation of (finite d.o.f.) path integral is unfeasible:
One needs to invert the Dirac matrix (~ 108 x 108)
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Monte Carlo Methods for Lattice QCD

% Direct evaluation of (finite d.o.f.) path integral is unfeasible:
One needs to invert the Dirac matrix (~ 108 x 108)

% Solution: Stochastic estimation of path integral
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Monte Carlo Methods for Lattice QCD

% Direct evaluation of (finite d.o.f.) path integral is unfeasible:
One needs to invert the Dirac matrix (~ 108 x 108)

% Solution: Stochastic estimation of path integral

% Discretization in a lattice of volume:
e.gd., 483 x 96: 340 Million degrees of freedom!
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Monte Carlo Methods for Lattice QCD

% Direct evaluation of (finite d.o.f.) path integral is unfeasible:
One needs to invert the Dirac matrix (~ 108 x 108)

% Solution: Stochastic estimation of path integral

% Discretization in a lattice of volume:
e.gd., 483 x 96: 340 Million degrees of freedom!

4

Monte Carlo Methods
for Numerical Simulations
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Monte Carlo Methods for Lattice QCD
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Monte Carlo Methods for Lattice QCD
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Monte Carlo Methods for Lattice QCD

% Representative ensemble of gauge field
configurations of the vacuum with acceptance probability

o ~SIUI+N; log(det(DIUY)

- Metropolis Algorithm:
Very slow due to sequential repetition of updating variables

- Hybrid MC, important sampling, use of Markov process:
update all variables at once, better scaling behavior in volume
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Monte Carlo Methods for Lattice QCD

% Representative ensemble of gauge field
configurations of the vacuum with acceptance probability

o ~SIUI+N; log(det(DIUY)

- Metropolis Algorithm:
Very slow due to sequential repetition of updating variables

- Hybrid MC, important sampling, use of Markov process:
update all variables at once, better scaling behavior in volume

% Expectation value of operator (correlation functions)
for this distribution, which requires an inversion of sparse matrix
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% Representative ensemble of gauge field

% Expectation value of operator (correlation functions)

Monte Carlo Methods for Lattice QCD

configurations of the vacuum with acceptance probability
o ~SLUI+N; log(der(D[U]))

- Metropolis Algorithm:
Very slow due to sequential repetition of updating variables

- Hybrid MC, important sampling, use of Markov process:
update all variables at once, better scaling behavior in volume

for this distribution, which requires an inversion of sparse matrix

% Repetition of this process N times

N: number of “measurements”
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*

Monte Carlo Methods for Lattice QCD

Representative ensemble of gauge field
configurations of the vacuum with acceptance probability

o ~SIUI+N; log(det(DIUY)

- Metropolis Algorithm:
Very slow due to sequential repetition of updating variables

- Hybrid MC, important sampling, use of Markov process:
update all variables at once, better scaling behavior in volume

Expectation value of operator (correlation functions)
for this distribution, which requires an inversion of sparse matrix

Repetition of this process N times
N: number of “measurements”

_ 1
Average ofresults o0 =— ) O
g NZN: (U)
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Monte Carlo Methods for Lattice QCD

% Representative ensemble of gauge field
configurations of the vacuum with acceptance probability

o ~SIUI+N; log(det(DIUY)

- Metropolis Algorithm:
Very slow due to sequential repetition of updating variables

- Hybrid MC, important sampling, use of Markov process:
update all variables at once, better scaling behavior in volume

% Expectation value of operator (correlation functions)
for this distribution, which requires an inversion of sparse matrix

% Repetition of this process N times
N: number of “measurements”

_ 1
A f It = —
% Average of results 0 = — ZN: 6(U)

% Statistical errors (jackknife, bootstrap) decrease as ¢(0) 1/\/N
T

— M. Constantinou, NPSS 2023 E




Challenges of numerical simulations

EIIIIIIIIIIIIIIIIIIIIII I o I I
= ® Machine ' =~ 2001: (m,/m,)*
; O Machine + Algo A 2008: (m./m_)"
0 = 3k \ v
> [ ) |
© — - ]
T 105 = 8 .‘
¢ (300y) - |>\.2 5 \\ )
- 104 &=
. = O_
L 10° E Y—
— — |_ 1 - —
100 £
10311111111111111111111111 ? e
1987 1995 2000 00 02 04 06 08 10
year
rnPS/rﬁV
% Above benchmark is for a small-scale calculation
% Modern calculations (physical parameters) require TFlops x years
T
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Challenges of numerical simulations

crrrrrerrrrrrrrrrrrr I i ' l
- AN e Machine ' =~ 2001: (m,/m,)°
; O Machine + Algo N 2008: (m./m_)"
= | ’ v/ “ps
- = n > '.
© — el |
S Nt = 8 .
¢ (300y) ; >~ L .\ )
E 0 E |
- (30y) = O
O 10° E N 1 .
—_ - — -
==
100 =
lozlllllllllllllllllllll, : =
1987 1995 200Q/ 00 0.2 04 06 08 10
year d
mPs/mv

O(100) less cost

Y Above benchmark is for a small-scale calculation

% Modern calculations (physical parameters) require TFlops x years

T
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Challenges of numerical simulations

(frrrrrrrrerrerrrrrrrd I o I I
é \\ ® Machine '| -~ 2001: (mv/mPs)o
; \_,\ O Machine + Algo |. — 2008: (m,/m_)*
7 = 3 F ‘. g
> = n
© = C
T oins k= O
¢ (300y) - > 2 | _
2 s |
= 100 = o
— (30}’) % O
« —
O 109 E N 1 _
— _— |_ .
%
100 =
jolEL Ll LI LLLLL LT TTTTLl
1987 1995 200Q/, 0.0 * 04 06 08 10
year mps/mv

O(100) less cost physical point

Y Above benchmark is for a small-scale calculation

% Modern calculations (physical parameters) require TFlops x years
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Challenges of numerical simulations

SEEREERERRREEEREBEEER 1
. e Machine
\ O Machine + Algo
> ‘ N
S : C
~ 105 — O
¢« (300y) — > 2 |
& = : |
5 100 o
= (30y) E O
o 10° E “—
—_ - b g F
100 E
oLttt
1987 1995 200Q, 00 M 04 06 08 10

year m /m
PS V
O(100) less cost physical point

Y Above benchmark is for a small-scale calculation

% Modern calculations (physical parameters) require TFlops x years
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Landscape of numerical simulations

Lattice (fermion) formulations employed by various groups:
Wilson, Clover, Twisted Mass, Staggered, Overlap, Domain Wall, Mixed actions

300
Size of symbols

proportional to mn L
250+

m; [MeV]

150+

100

vy
oo .00 ® BMW,Ns=2+1
@0 o4° @ CLS Ni=2+1
° _° @ PACS, N;=2+1
® O ETMC, Ni=2
o'e O A “| @ ETMC Ng=2+1+1
®* 9 A MILC, Nj=2+1+1
@ ¢ ® NME, N=2+1
o O OQCDSF, Ng=2
© ‘ . ® QCDSF/UKQCD, Ny=2+1
A T, "l B RBC/UKQCD, Ni=2+1

0.00

0.05 0.10 0.15
a [fm]
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Landscape of numerical simulations

Lattice (fermion) formulations employed by various groups:
Wilson, Clover, Twisted Mass, Staggered, Overlap, Domain Wall, Mixed actions

300 Ty
Size of symbols o0 - 0O
proportional to mn L ® O

BMW, N¢=2+1

CLS, N¢=2+1

PACS, N¢=2+1

ETMC, N¢=2

ETMC, N¢=2+1+1

MILC, N¢=2+1+1

NME, N¢=2+1

QCDSF, N¢=2
QCDSF/UKQCD, N¢=2+1
RBC/UKQCD, N¢=2+1

250} ® A

HOO0 ) »reO000®

0.00 0.05 0.10 0.15

Ensembles with physical values a [fm]
for quark masses (physical point)
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Landscape of numerical simulations

Lattice (fermion) formulations employed by various groups:
Wilson, Clover, Twisted Mass, Staggered, Overlap, Domain Wall, Mixed actions

_ 300 .—'@ &
Size c_>f symbols o oo ® BMW, N=2+1
proportional to mn L ® O o o® @® CLS, Ni=2+1
25071 ® o @ PACS, Ng=2+1
O ETMC, N¢=2
a @ ETMC, Ni=2+1+1
/. MILC, Ng=2+1+1
© NME, Ns=2+1
O QCDSF, N¢=2
1 @ QCDSF/UKQCD, Ni=2+1
"l B RBC/UKQCD, Ni=2+1
4 0.00 0.05 0.10 0.15
Ensembles with physical values 2l I
for quark masses (physical point) . . _w@ mqi_;
BEES
T
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Theoretical aspects
of lattice QCD




Theoretical aspects
of lattice QCD

The boring stuff...




Fermions and Gluons on the Lattice

Link variable U, relates to gauge field G,
U(z + afi; ) = U, (z) = Pe~ 9 @GL@Ts o o=igaGL@Ty  x=na

Ux+ ap, x)
r—r—9
X x+ay Y(x) : anticommuting Grassmann variables

Ulx, x + aji)

o EE——
X x+ap

GTil
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Fermions and Gluons on the Lattice

% Lattice formulation “must” be invariant under SU(3) local gauge transformation

l//(x) —> V(X)I/I(X) , l/_j(x) — l/_/(X)VT(X) V(X) _ e_iga(x)%a
U,(x) = V&)U, (0)V'(x + jia)

% Giving up gauge invariance would create a series of problems:

— More parameters to tune
(couplings for quark-gluon, 3- & 4-gluon interactions, the gluon mass,...)

— More operators at any given order in q, thus increase of discretization errors

— Proofs of renormalizability within perturbation

theory rely on strict gauge invariance
[T. Reisz & H. Rothe, Nucl.Phys. B575 (2000) 255]

% Gauge invariant quantities:
— Products of W(x), W(x’) and

gauge links connecting x and x’
— Closed gluonic loops
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Fermions and Gluons on the Lattice

Lattice formulation “must” be invariant under SU(3) local gauge transformation

l//(x) —> V(X)I/I(X) , l/_j(x) — l/_/(X)VT(X) V(X) _ e_iga(x)%a
U,(x) = V&)U, (0)V'(x + jia)

Giving up gauge invariance would create a series of problems:
— More parameters to tune
(couplings for quark-gluon, 3- & 4-gluon interactions, the gluon mass,...)

— More operators at any given order in q, thus increase of discretization errors

— Proofs of renormalizability within perturbation
Ul

theory rely on strict gauge invariance
[T. Reisz & H. Rothe, Nucl.Phys. B575 (2000) 255] i+, i+ i+ D

Gauge invariant quantities:

— Products of W(x), W(x’) and
gauge links connecting x and x’

— Closed gluonic loops

P, =U,(2)U,(z+ a,[L)UZ(:L“ + ap)Ul (z)

M. Constantinou, NPSS 2023



Gluons on the Lattice

Gluon Actions:

2
SG’ — 9 [CO Z ReIr {]- — Uplaquette} + C1 Z Re Tr {1 — Urectangle}
g plaquette rectangle
+C2 Z Re Ir {1 i Uchair} + C3 Z Re Ir {1 i Uparallelogram}]
chair parallelogram
plaquette rectangle

chair parallelogram
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Gluons on the Lattice

Gluon Actions:

2
SG’ ) [CO Z Re'lr {]- — Uplaquette} + C1 Z ReIr {1 - Urectangle}
g plaquette rectangle
+C2 Z Re Ir {1 i Uchair} + C3 Z Re Ir {1 i Uparallelogram}]
chair parallelogram
plaquette rectangle
% Choice of discretization not unique
Action co C1 C3

Plaquette 1.0 0 0
Symanzik 1.6666667 -0.083333 0

TILW, Bcp = 8.60 2.3168064 -0.151791 -0.0128098
TILW, Bcy = 8.45 2.3460240 -0.154846 -0.0134070
TILW, Bco = 8.30 2.3869776 -0.159128 -0.0142442
TILW, Bcy = 8.20 2.4127840 -0.161827 -0.0147710
TILW, Bcy = 8.10 2.4465400 -0.165353 -0.0154645
TILW, Bcy = 8.00 2.4891712 -0.169805 -0.0163414
Iwasaki 3.648 -0.331 0

DBW2 12.2688 -1.4086 0

_ % O(a?) improved actions: approach better
chair parallelogram

continuum limit

GTil
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Fermions on the Lattice

% Discretization of fermionic action complicated

% Naive discretization preserves gauge invariance, but results in fermion
doubling problem: appearance of spurious states and continuum limit
wrongly Ieads to 24 fermions instead of one.

Sp = a* Z V(@) Up(2)d (2 +ajp) = (2)Ul(z — ap)(z — afr)] +mip(z)y («)

Fermion propagator (in momentum space upon Fourier Transform):

B - T AL (o) —1 >, Yusin(k,) + mg
(W(a)il) = lim [ o5 S sin?(ky) + 3

—Tr
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Fermions on the Lattice

% Discretization of fermionic action complicated

% Naive discretization preserves gauge invariance, but results in fermion

doubling problem: appearance of spurious states and continuum limit
wrongly Ieads to 24 fermions instead of one.

Sp = a* Z V(@) Up(2)d (2 +ajp) = (2)Ul(z — ap)(z — afr)] +mip(z)y («)

Fermion propagator (in momentum space upon Fourier Transform):

_ T dk —i > yusin(k,) +mg
— 1 ik(z—y) H M
<¢(3})¢(y)> ali)l’(l) o (27_‘_)4 Z "L.’I'Lz 2 + m(g)

Additional poles: S
Vanishes at the ends of 44—
Brillouin zone [-T/a,mt/q].

In 4-dim these are sixteen

regions instead of p~0 only,

thus 16 species of fermions

e wla
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Fermions on the Lattice

% Wilson action to avoid doubling problem  [Kenneth G. Wilson, Phys. Rev. D10 2445 (1974)]

Sr= D _dan"Dute — AL (@) DD () + mi () ()
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Fermions on the Lattice

% Wilson action to avoid doubling problem  [Kenneth G. Wilson, Phys. Rev. D10 2445 (1974)]

e

w 7 f/ - —
k= a* S 0@ Dutb(@) € aib(@) D DM(w))+ mab(2)ib(a)

=" Wilson term, r: (0,1]
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Fermions on the Lattice

[Kenneth G. Wilson, Phys. Rev. D10 2445 (1974)]

% Wilson action to avoid doubling problem

W 7 or - BN

£ aZi(x)DuD ()

~Wilson term, r: (0,1]

Denominator of Fermion propagator becomes

1 2r k, \2
) . U
= 4 sin (akﬂ) + (m + — ; sm(az))

LTl
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Fermions on the Lattice

% Wilson action to avoid doubling problem  [Kenneth G. Wilson, Phys. Rev. D10 2445 (1974)

- Wllson term, r: (0,1]

Denominator of Fermion propagator becomes____

612

,,f k 2

2 et | Z - a |
sin“(ak, ) + nA— sm(a—)) ]
a ;_\ 2 //

o

No poles at the edge of B.Z.

>
—rla wla
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* % % % %

Properties of Wilson fermion action

Gauge invariant
Translational invariance

Invariant under charge conjugation (C), parity (P) and time reversal (T)
transformations

Only nearest neighbors interactions (useful for lattice pert. theory)

Wilson-Dirac operator has ys-hermicity:  7sDyys = D’

M. Constantinou, NPSS 2023
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* % % %

Properties of Wilson fermion action

Gauge invariant
Translational invariance

Invariant under charge conjugation (C), parity (P) and time reversal (T)
transformations

Only nearest neighbors interactions (useful for lattice pert. theory)

Wilson-Dirac operator has ys-hermicity:  7sDyys = D’

Wilson-Dirac operator, Dw+m is not protected against zero modes
(quark mass: additive and multiplicative renormalization)

Chiral symmetry is explicitly broken at O(a) by Wilson term
O(a) Discretization effects

Axial current transformations are not exact symmetry and nonsinglet
axial current requires renormalization

M. Constantinou, NPSS 2023



Nielsen- Nlnomlya (No Go) theorem

It IS not poss:ble to defme a Iocal translatlonally lnvarlant hermltlan Iattlce actlon |

__that preserves chiral symmetry and does not have doublers |
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Nielsen- Nlnomlya (No Go) theorem

, It IS not poss:ble to defme a Iocal translatlonally lnvarlant hermltlan Iattlce actlon

that preserves chlral symmetry and does not have doublers

* Several proposals for fermion action to avoid fermion doubllng
Wilson, Clover, Twisted Mass, Staggered, Overlap, Domain Wall, Mixed actions
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Nielsen- Nlnomlya (No Go) theorem

It IS not poss:ble to defme a Iocal translatlonally lnvarlant hermltlan Iattlce actlon

that preserves chlral symmetry and does not have doublers

* Several proposals for fermion action to avoid fermion doubllng
Wilson, Clover, Twisted Mass, Staggered, Overlap, Domain Wall, Mixed actions

% Improved actions have different advantages and disadvantages:

Clover:

computationally fast

break chiral symmetry & require operator improvement
Twisted Mass:

computationally fast & automatic improvement
break chiral symmetry & violation of isospin
Staggered:

computationally fast

4 doublers & difficult contractions

Overlap:

exact chiral symmetry

computationally expensive
Domain Wall

improved chiral symmetry
T computationally demanding & require tuning
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Nielsen- Nlnomlya (No Go) theorem

It IS not poss:ble to deflne a Iocal translatlonally lnvarlant hermltlan Iattlce actlon

that preserves chlral symmetry and does not have doublers

* Several proposals for fermion action to avoid fermion doubllng
Wilson, Clover, Twisted Mass, Staggered, Overlap, Domain Wall, Mixed actions

% Improved actions have different advantages and disadvantages:

Clover:

computationally fast

break chiral symmetry & require operator improvement
Twisted Mass:

computationally fast & automatic improvement
break chiral symmetry & violation of isospin

Staggered:

computationally fast All these formulations are used to

4 doublers & difficult contractions understand aspects of QCD

Overlap: (hadron structure, spectroscopy, etc)

exact chiral symmetry
computationally expensive
Domain Wall

improved chiral symmetry
T computationally demanding & require tuning
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Recap of Lecture 1




Key points of Lecture 1

Theoretical study of strong interactions is closely related to
understanding the properties of the visible matter

QCD Lagrangian is compact, but extremely difficult to solve

Several models of QCD provide intuitive understanding, and can reliable
results to high energy scales

Lattice QCD is the ideal non-perturbative formulation to study QCD from
first principle

Lattice regularization is a well-formulated 4-D discretization

Several discretizations proposed for fermion and gluon action, with
different advantages disadvantages

Computational cost is among the challenges of numerical simulations

M. Constantinou, NPSS 2023
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Exercise

Prove that the plaquette: P, = U,(2)U,(x + ap)U}(z + a0) U] (x)

has the correct continuum limit for the gluon part of Lacp: /

1
d*z=
T

b puv
FMVFb
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