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Lecture 1: Nuclear Forces 
‣ Introduction
‣The microscopic model of nuclear theory

‣The nucleon-nucleon scattering problem
‣Phenomenological approach


‣Chiral effective filed theory approach 
‣Empirical features of nuclear forces



1. How did the universe come to be and how does it evolve?


2. How does subatomic matter organize itself and what phenomena emerge?


3. Are the fundamental interactions that are basic to the structure of matter fully 
understood?


4. How can the knowledge and technological progress provided by nuclear physics 
best be used to benefit society?

 These are very broad and deep questions, and the challenges they 
pose provoke intriguing opportunities for the next decades to come!

The big questions in NP



• Fundamental symmetries: providing some 
understandings upon which a new, more comprehensive 
Standard Model will be built

• Cold QCD (hadron structure): explores the characteristics 
of the strong force by which the quarks and gluons interact 
and resulting properties of the nucleons

• Hot QCD (relativistic heavy ions): examines the 
primordial form of matter existed in the universe shortly 
after the Big Bang

• Nuclear astrophysics: explores those events and objects 
in the universe shaped by nuclei and nuclear reactions

Interface between Physics of Hadrons 
and Physics of Nuclei

• Nuclear structure and reactions: trying to build a coherent 
framework for explaining all properties of nuclei and 
nuclear matter and how they interact

Nuclear structure 
Nuclear reactions 

Hot and dense quark-gluon matter 
 
Hadron structure 

Nuclear astrophysics  
New standard model 
 
Applications of nuclear science 

Hadron-Nuclear 
interface 
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Nuclear degrees of freedom 

https://en.wikipedia.org/wiki/Universe


NUclear Computational Low-Energy Initiative



Nuclear astrophysics: JINA (Michigan State 
University, Notre Dame University, UChicago)


Nuclear Structure and astrophysics: ARUNA 
(Florida State U., Notre Dame U., Texas A&M, The 
Triangle Universities Nuclear Laboratory, Ohio U., 
Kentucky U., U. Washington)

ATLAS (ANL):  superconducting linear 
accelerator focusing on atomic nuclei near 
and far from stability, nuclear astrophysics, 
and fundamental symmetries 

CEBAF (JLAB): Continuous Electron Beam 
Accelerator Facility focusing on electron-
nucleus scattering.

RHIC (BNL): heavy ion collider to 
explore matter at extreme temperature 
and densities

FRIB (MSU): scientific user facility 
for nuclear science access a wide 
range of nuclei far from stability

Domestic nuclear physics facilities

DUNE (Fermilab): is an experiment 
under construction that will focus 
on neutrinos physics

Majorana(Sanford,SD): ton-scale 
detector for search of neutrino less 
double beta decay



• Atomic nuclei: complex quantum many-body systems of strongly 
interacting fermions (nucleons: p and n) displaying interesting properties.


• Their structure and scattering by electron and neutrinos are the main 
focus of NP and HEP in domestic and worldwide research programs.


• It is important for nuclear theory to guide and support such 
experimental activities, ultimately connecting low-energy nuclear 
properties with quantum chromodynamics (QCD).


• QCD is the underlying theory of the strong interaction but nucleons are 
the relevant degree of freedom for the low-energy nuclear physics that 
leads to the idea of effective potential.

Physics of atomic nuclei

Question: where does the nuclear force which binds nucleons together gets its main 
characteristics, and how it is rooted in the fundamental theory of strong interactions?
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Nuclear forces: very complicated problem to derive in terms of quarks and gluons

Meson exchange theory: introduced by 
Yukawa in 1935; in 1947 discovery of a 
massive particle called pion

Cartoon of the exchange of a pion (OPE) 
between two nucleons in the quark picture


π

N

N N

N

OPE: describes the long range part of 
nuclear forces (r ≳ 2 fm) to describe the net 
attraction to form bound nuclei

Quantum Chromodynamcs Atomic nuclei and nucleonic matter



Scattering in the  channel 1S0 mπ ∼ 450 MeV LQCD predictions for magnetic moments A < 4, mπ ∼ 800 MeV

Orginos et Phys. Rev. D 92, 114512 (2015); NPLQCD Beane et al., PRL113, 252001 (2014); NPLQCD 

22

FIG. 26: Ek2P for the continuum 1S0 NN states with d = (0, 0, 1) near k⇤ = 0 in the L = 32 ensemble,
along with the fit to the plateau region.

TABLE X: Scattering information in the 1S0 channel. The uncertainties are highly correlated, as can be
seen from Fig. 27.

Ensemble |Ptot| (l.u.) k⇤/m⇡ k⇤ cot �(
1S0)/m⇡ �(

1S0) (degrees)

All 0 i0.274+(19)(26)
�(20)(44) �0.274+(19)(26)

�(20)(44) -

243 ⇥ 64 0 0.954+(08)(18)
�(08)(19) 5.0+(2.0)(10.0)

�(1.1)(1.8) 10.8+(3.0)(6.5)
�(3.0)(6.7)

323 ⇥ 96 0 0.691+(09)(16)
�(09)(16) 1.7+(0.5)(1.1)

�(0.3)(0.5) 22.0+(4.2)(7.0)
�(4.2)(7.2)

323 ⇥ 96 0 1.079+(05)(10)
�(05)(10) �3.3+(0.4)(0.7)

�(0.6)(1.5) �18.3(2.6)(5.2)

323 ⇥ 96 1 0.220+(28)(32)
�(32)(42) 0.13+(10)(14)

�(08)(08) 60+(14)(20)
�(12)(14)

483 ⇥ 96 0 0.453(11)(29) 0.89+(39)(3.7)
�(23)(44) 27+(07)(18)

�(07)(20)

state, plateaus were found in all three ensembles, however, only the L = 32 ensemble has corre-
lation functions that were su�ciently clean to extract the next higher level. A plateau was also
identified in the system with one unit of total momentum, as shown in Fig. 26. The values of
k cot �(

1S0) and the phase shift are given in Table X and shown in Fig. 27. Many of the qualitative

FIG. 27: Scattering in the 1S0 channel. The left panel shows k⇤ cot �(
1S0)/m⇡ is a function of k⇤2/m2

⇡,
while the right panel shows the phase shift as a function of momentum in MeV. The thick (thin) region of
each result correspond to the statistical uncertainty (statistical and systematic uncertainties combined in
quadrature). The black circle in the right panel corresponds to the known bound-state result from Levinson’s
theorem, while the dashed-gray curve corresponds to the phase shift extracted from the Nijmegen partial-
wave analysis of experimental data [61].

features of the results for the scattering amplitude in this channel are similar to those in the 3S1-3D1

Despite the many advances, LQCD calculations are still limited to small nucleon numbers and/or large pion masses.

Lattice QCD  
QFT in a Finite and Discretized Spacetime

Lattice Spacing :

1/Λχa << 

m⇡L >> 2⇡
Lattice Volume : 

Extrapolate to a = 0 and L =1

(Nearly Continuum)

(Nearly Infinite Volume)

Systematically remove non-QCD parts of calculation
11

Lattice Quantum Chromodynamics Atomic nuclei and nucleonic matter

Nevertheless Lattice QCD



Nucleon-nucleon (NN) and 3N scattering data: “thousands” of experimental data available

Spectra, properties, and transition of nuclei: BE, radii, magnetic moments, beta decays rates, 
weak/radiative captures, electroweak form factors, etc,…

Nucleonic matter equation of state: for ex. EOS neutron matter

The microscopic model of nuclear theory

Disentangle new physics from nuclear effects: for ex. , BSM with -decay, EDMs,   
xsec, etc,..

0νββ β ν − A

Goal: develop a predictive understanding of nuclei in terms of the interactions between 
individual nucleons and external probes



Ab-initio methods: solve the nuclear many-body problem    

‣ Improved and novel many-body frameworks


‣ Increased computational resources


‣Nuclear interactions and currents based on EFTs


‣ Theoretical uncertainty quantification 

Credit to Dr. Heiko Hergert for collecting the data

Electroweak current operators: jEW =
AX

i=1

ji +
AX

i<j=1

jij +
AX

i<j<k=1

jijk + ....

Two and many-body interactions: H =
AX

i=1

p2
i

2mi
+

AX

i<j=1

vij +
AX

i<j<k=1

Vijk + .....

The microscopic model of nuclear theory
• What we need?



Our understanding of the nuclear force is based on three types of experimental information:


‣ Results of NN (particularly proton-proton and proton-neutron) scattering experiments 
which give us information about the two-body potential. Some of these experiments are 
conducted with spin-polarized projectiles/targets.


‣ Nuclear binding energies and masses, especially for light nuclei.


‣ Nuclear structure information, such as spins, parities, magnetic and quadrupole moments, 
especially for light nuclei.

What do we know about the nuclear force?



The nucleon-nucleon scattering

• The Schrodinger equation is given by: −
ℏ2

2μ
∇2ψ + Vψ = Eψ

• For elastic scattering at long range :
(V → 0) ψ ∼ eikz + f(θ, ϕ)
eikr

r

• A partial wave expansion is often used:

dσ
dΩ

= | f(θ, ϕ) |2 σ = ∫ dΩ
dσ
dΩ

• The differential and total cross sections are given by:

ψ(r, θ) =
∞

∑
l=0

alYl0(θ)Rl(k, r)

• When  (free scattering):V(r) = 0 Rl(k, r) = jl(k, r) =
1
kr

sin(kr −
1
2

lπ)

incident plane 
wave 

scattered 
spherical wave scattering 

amplitude




• For elastic scattering from  the asymptotic wave function can vary by an amount  – the phase shift:V(r > a) → 0 δl

Rl(k, r → ∞) =
1
kr

sin(kr −
1
2

lπ + δl)

• If , the node in  is reached at smaller  and the wave is “sucked in” indicating an attractive interaction. If 
, the wave is “pushed out” implying net repulsion.

δl > 0 sin( . . . ) r
δl < 0

For elastic scattering from V (r > a) → 0 the asymptotic wave function can vary by an amount
δl – the phase shift:

Rl(k, r → ∞) → 1
kr

sin(kr − 1
2 lπ + δl)

If δl > 0, the node in sin( ) is reached at smaller r and the wave is “sucked in” indicating an
attractive interaction. If δl < 0, the wave is “pushed out” implying net repulsion.

0 10 20 30 40 50

-0.8

-0.4

0.0

0.4

0.8

r (fm)

rR
l

Elab = 5 MeV

+δl -δl



• With a complete set of , we can calculate cross sections: δlWith a complete set of δl, we can calculate cross sections:

f(θ) =

√
4π

k

∞
X

l=0

√
2l + 1eiδlsinδlYl0(θ)

σ =

Z

|f(θ)|2dΩ =
4π
k2

∞
X

l=0

(2l + 1)sin2δl

Other observables include polarizations, analyzing powers, spin correlation parameters, all of
which have specific expressions in terms of δl.

At low energy (< 1MeV, l=0) the cross section is expressed in terms of the scattering length a

and effective range r:

kcotδ0(k) = −1

a
+

1

2
rk2

lim
k→0

σ = 4πa2 = 4π
sin2δ0

k2

Things are somewhat more complicated when long-range Coulomb potentials are included.

• Other observables include polarizations, analyzing powers, spin correlation parameters, all of which have specific expressions 
in terms of .δl

• At low energy (< 1 MeV, ) the cross section is expressed in terms of the scattering length a and effective range :l = 0 r

With a complete set of δl, we can calculate cross sections:

f(θ) =

√
4π

k

∞
X

l=0

√
2l + 1eiδlsinδlYl0(θ)

σ =

Z

|f(θ)|2dΩ =
4π
k2

∞
X

l=0

(2l + 1)sin2δl

Other observables include polarizations, analyzing powers, spin correlation parameters, all of
which have specific expressions in terms of δl.

At low energy (< 1MeV, l=0) the cross section is expressed in terms of the scattering length a

and effective range r:

kcotδ0(k) = −1

a
+

1

2
rk2

lim
k→0

σ = 4πa2 = 4π
sin2δ0

k2

Things are somewhat more complicated when long-range Coulomb potentials are included.• Things are somewhat more complicated when long-range Coulomb potentials are included.



• Wave function for two nucleons must be antisymmetric in space  spin  isospin⊗ ⊗

• The allowed partial waves in spectroscopic notation 2S+1Lj

ALLOWED SCATTERING CHANNELS

Wave function for two nucleons must be antisymmetric in space ⊗ spin ⊗ isospin.
The allowed partial waves in spectroscopic notation 2S+1LJ :

L = even (+) S=1 (+) T=0 (−) : 3S1-3D1, 3D2, 3D3-3G3, ...
S=0 (−) T=1 (+) : 1S0, 1D2, 1G4, ...

L = odd (−) S=1 (+) T=1 (+) : 3P0, 3P1, 3P2-3F2, 3F3, ...
S=0 (−) T=0 (−) : 1P1, 1F3, ...

Note that J is a conserved quantum number but L is not – different partial waves can be mixed
by the tensor force in S=1 states, i.e., L=J-1⇔ L=J+1. For coupled-channels, the scattering
matrix encodes this information as:

S =

0

@

e2iδL=J−1cos(2εJ) ieδL=J−1+δL=J+1sin(2εJ)

ieδL=J−1+δL=J+1sin(2εJ) e2iδL=J+1cos(2εJ)

1

A

with two phases δL=J−1, δL=J+1 and a mixing parameter εJ .

• Note that  is a conserved quantum number but  is not – different partial waves can be mixed by the tensor force 
in  states, i.e., . For coupled-channels, the scattering matrix encodes this information as:

J L
S = 1 L = J − 1 L = J + 1

ALLOWED SCATTERING CHANNELS

Wave function for two nucleons must be antisymmetric in space ⊗ spin ⊗ isospin.
The allowed partial waves in spectroscopic notation 2S+1LJ :

L = even (+) S=1 (+) T=0 (−) : 3S1-3D1, 3D2, 3D3-3G3, ...
S=0 (−) T=1 (+) : 1S0, 1D2, 1G4, ...

L = odd (−) S=1 (+) T=1 (+) : 3P0, 3P1, 3P2-3F2, 3F3, ...
S=0 (−) T=0 (−) : 1P1, 1F3, ...

Note that J is a conserved quantum number but L is not – different partial waves can be mixed
by the tensor force in S=1 states, i.e., L=J-1⇔ L=J+1. For coupled-channels, the scattering
matrix encodes this information as:

S =

0

@

e2iδL=J−1cos(2εJ) ieδL=J−1+δL=J+1sin(2εJ)

ieδL=J−1+δL=J+1sin(2εJ) e2iδL=J+1cos(2εJ)

1

A

with two phases δL=J−1, δL=J+1 and a mixing parameter εJ .                 characterized by  two phases  and  and mixing angle parameter δL=J−1 δL=J+1 ϵj

Allowed NN scattering states



PARTIAL WAVE ANALYSIS
Data selection in the 1993 Nijmegen PWA from all pp [Bergervoet, et al., PRC 41, 1435 (1990)]
and np [Stoks, et al., PRC 48, 792 (1993)] elastic scattering data with Elab < 350MeV published
between 1955 and 1992:

pp np

observables 1947 3298

rejected in 3σ test −291 −932

remainder (groups) 1656 (215) 2366 (211)

normalizations (floated) +131 (22) +148 (16)

total data to fit 1787 2514

Post 1992 data have increased the “accepted” database to 2932 pp [Machleidt, PRC 63, 024001 (2000)]
and 3788 np [Gross & Stadler, PRC 78, 014005 (2008)] data.

Useful up-to-date resources include:
the SAID program from http://gwdac.phys.gwu.edu/
and NN-OnLine from http://nn-online.org/

Partial wave analysis: Nijmegen database



Partial wave analysis: Granada database
The analysis includes data within the years 1950 to 2013.

More than 7800 elastic scattering data 
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Maximization of the experimental consensus:

Fit to all data

Apply  criterion

Refit parameters

Re-apply  criterion to all data

Repeat until no more data is excluded or recovered

3σ

3σ

Perez, Amaro, Arriola PRC88 (2013) 064002 


http://www.ugr.es/~amaro/nndatabase/

http://www.ugr.es/~amaro/nndatabase/


1. Nuclear force has a finite range: 


“Saturation”: Nuclei  show saturation. Binding energy of light nuclei increase rapidly as the number of 
pairs increase, but stabilize in larger nuclei at  8 MeV/nucleon (force range is about the size of the  or 2 fm)  

A > 4
∼ α

Empirical features of the nuclear force
What do binding energies and phase shifts tell us about the nuclear force?



2. NN force has an attractive long-range component ( r ≳ 2 fm ):  

‣ Net attraction necessary to form bound nuclei. Yukawa (1935) suggested that it could be modeled by the 

exchange of a massive particle (one-pion exchange OPEP)


‣ S-wave phase shifts are positive ( ) for < 250 MeV.δl=0 > 0 Elab

N
𝛑

N

NN

EMPIRICAL FEATURES OF THE NUCLEAR FORCE

What do binding energies and phase shifts tell us about the nuclear force?

1) Nuclear force has a finite range
Binding energies of light nuclei increase rapidly as the number of pairs increases, but stabilize in
larger nuclei at ∼ 8 MeV/nucleon ⇒ force range is about size of α or ∼ 2 fm.

2) Nuclear force is attractive at larger distances
Net attraction necessary to form bound nuclei; S-wave phase shifts are positive (δl=0 > 0) for
Elab < 250 MeV.
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v(1S0)

The most important mesons for NN interaction are pseudoscalar, scalar, or vector:

Lps = −gpsψ̄iγ5ψφ
(ps)

Ls = gsψ̄ψφ
(s)

Lv = −gvψ̄γ
µψφ(v)

µ − fv

4m
ψ̄σµνψ(∂µφ

(v)
ν − ∂νφ

(v)
µ )

and also isoscalar or isovector.

A nonrelativistic reduction of π-exchange leads to the OPE potential:

Vπ(k) =
g2

πNN

4m2

(σ1 · k)(σ2 · k)
k2 + m2

π

τ1 · τ2

Vπ(r) =
f2

4π

mπ

3



[σ1 · σ2 + (1 +
3

µr
+

3

µ2r2
)S12]

e−µr

µr
− 4π

µ3
δ3(r)σ1 · σ2

ff

τ1 · τ2

Similar reductions can be made for other exchanges; practical result is combination of functions
with different ranges, coupling constants, and operator structures.

• π (138 MeV) : ( weak σ1 · σ2 + strong S12 ) τ1 · τ2 long-range
• σ (≈ 550MeV) : ( strong, attractive 1 + L · S coherent with ω ) intermediate-range
• ω (782 MeV) : ( strong, repulsive 1 + L · S coherent with σ ) short-range
• ρ (770 MeV: ( weak σ1 · σ2 coherent with π + strong S12 opposite to π ) τ1 · τ2 short-range

The most important mesons for NN interaction are pseudoscalar, scalar, or vector:

Lps = −gpsψ̄iγ5ψφ
(ps)

Ls = gsψ̄ψφ
(s)

Lv = −gvψ̄γ
µψφ(v)

µ − fv

4m
ψ̄σµνψ(∂µφ

(v)
ν − ∂νφ

(v)
µ )

and also isoscalar or isovector.

A nonrelativistic reduction of π-exchange leads to the OPE potential:

Vπ(k) =
g2

πNN

4m2

(σ1 · k)(σ2 · k)
k2 + m2

π

τ1 · τ2

Vπ(r) =
f2

4π

mπ

3



[σ1 · σ2 + (1 +
3

µr
+

3

µ2r2
)S12]

e−µr

µr
− 4π

µ3
δ3(r)σ1 · σ2

ff

τ1 · τ2

Similar reductions can be made for other exchanges; practical result is combination of functions
with different ranges, coupling constants, and operator structures.

• π (138 MeV) : ( weak σ1 · σ2 + strong S12 ) τ1 · τ2 long-range
• σ (≈ 550MeV) : ( strong, attractive 1 + L · S coherent with ω ) intermediate-range
• ω (782 MeV) : ( strong, repulsive 1 + L · S coherent with σ ) short-range
• ρ (770 MeV: ( weak σ1 · σ2 coherent with π + strong S12 opposite to π ) τ1 · τ2 short-range

S12 = 3�1 · r̂�2 · r̂� �1 · �2



3. Nuclear force has a repulsive core

S-wave phase shifts are negative ( ) for > 250 MeV, while D-wave phase shift remains positive to 
much larger energy. Can be understood as repulsive core of short range seen by S-wave, but masked by angular 
momentum barrier in D-wave. Simple classical argument gives the core radius 0.6 fm.

δl=0 < 0 Elab

∼

4. NN force depends on spins and isospins of the nucleons: 

S=0,1 and T=0,1 possibilities. Phase shifts vary greatly among the four possible S = 0, 1 and T = 0, 1 combinations. 

Only the combination S=1 and T=0 has a weakly bound state of np, deuteron.

phase shift (Radian)

3S1 Spin triplet, S=1

Isospin singlet, T=0

1S0
Spin singlet, S=0

Isospin triplet, T=1

�0

Energy (MeV)

2S+1LJ

Notation:



6. NN force has a spin-orbit component: Nuclear spectra show evidence for an effective spin-orbit component  
which is very important in determining which nuclei are most stable.  phase shifts cannot be explained by 
central and tensor forces alone.

L ⋅ S
3P0,1,2

S12 = 3�1 · r̂�2 · r̂� �1 · �25. NN force has a tensor component: the tensor operator 

can can mix states of different orbital angular momentum, L = J − 1 and L = J + 1. The deuteron is predominantly an 
S-state, but it has magnetic and quadrupole moments that indicate it is not spherical, but has a D-state admixture. 


Deuteron:
B = -2.2224575(9) MeV

J+ = 1+

L = 0, 2

Q = 0.2859(3) fm2



7. NN force has quadratic dependence in momentum: higher partial wave phase shifts for given S, T are not fit well by the 
same potential for the corresponding lowest phase shifts (S- P- and D-waves). This indicates the needs for terms 
quadratic in momentum such as  and              (L ⋅ S)2 L2

8. Isospin symmetry breaking: After correcting for the electromagnetic interaction, the forces between nucleons (pp, nn, 
or np) in the same state are almost the same.


• “Almost the same”: isospin is slightly broken.

-  Equality between the pp and nn forces: Charge symmetry.

-  Equality between pp/nn force and np force: Charge independence.

Charge-symmetry breaking (CSB):

Charge-independence breaking (CIB): aN
np = − 23.74 ± 0.02 fm

aN
nn = − 18.8 ± 0.5 fmaN

pp = − 17.3 ± 0.4 fm

9. There are many-nucleon forces: the NN potential does not give adequate description of nuclei A ≥ 3. Since nucleons are 
composite objects with low-lying excitation spectra we expect many-nucleon forces such as:

7) There are additional forces quadratic in momentum
Higher partial waves for given S,T are not fit well by the same potential for the corresponding
lowest partial wave, e.g., 1S0 and 1D2 (both S=0,T=1) phase shifts are not fit by the same V (r).
Indicates the need for terms quadratic in momentum, such as L2 and/or p2, and (L · S)2.

8) There are many-nucleon forces
Two-body potentials do not give adequate binding in A ≥ 3 nuclei. For 3H, different models
give 7.6 – 8.0 MeV for sum of pairwise interactions, compared to experimental 8.5 MeV.
Because nucleons are composite objects with low-lying excitations, we expect many-nucleon
forces such as:

Δ

π

ππ

π Δ

Δ
Δ

π

π

π

π
π π



Phenomenological approach
• Use the general form of a potential allowed by the symmetries:

- Translation invariance

- Galilean invariance

- Rotation invariance

- Space reflection invariance

- Time reversal invariance

- Invariance under the interchange of particle 1 and 2

- Isospin symmetry

- Hermiticity

• Most general two-body potential under those symmetries: (Okubo and Marshak, Ann. Phys. 4, 166 (1958))
VNN = V0(r) + Vσσ1 ⋅ σ2 + Vττ1 ⋅ τ2 + Vστσ1 ⋅ σ2τ1 ⋅ τ2

+VT(r)S12 + VTτ(r)S12τ1 ⋅ τ2

+VLS(L ⋅ S) + VLSτ(L ⋅ S)τ1 ⋅ τ2

+VQQ12 + VQτQ12τ1 ⋅ τ2

+VPP(r)(σ1 ⋅ p)(σ2 ⋅ p) + VPPτ(r)(σ1 ⋅ p)(σ2 ⋅ p)τ1 ⋅ τ2

central

tensor

spin-orbit

quadratic spin-orbit

p-dependent

• Gammel-Thaler potential ( Phys. Rev. 107, 291, 1339 
(1957)), hard-core.


• Hamada-Johnston potential (Nucl. Phys. 34, 382 (1962)), 
hard core.


• Reid potential (Ann. Phys. (N.Y.) 50, 411 (1968)), soft core.

• Argonne V14 potential (Wiringa et al., Phys. Rev. C 29, 1207 

(1984)), uses 14 operators.

• Argonne V18 potential (Wiringa et al., Phys. Rev. C 51, 38 

(1995)), uses 18 operators.

Examples:

S12 = 3 σ2 ⋅ r σ2 ⋅ r − r2 σ1 ⋅ σ2 Q12 = 1/2{(σ1 ⋅ L)(σ2 ⋅ L) + (σ2 ⋅ L)(σ1 ⋅ L)}



• It is a r-space potential expressed as a sum of EM and OPE terms and phenomenological intermediate- and short-
range parts:

Wiringa, Stoks, Schiavilla, 
PRC 51, 38 (1995)

Phenomenological nucleon-nucleon AV18 PHENOMENOLOGICAL APPROACH
Use operator structure and functional forms motivated by OPE, TPE; fit strengths, form factors
to experimental data.

Argonne v18
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ij
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Minimum of eight different potential terms needed to fit S- and P- wave data: four for different
S, T combinations, plus two tensor and two spin-orbit terms in S = 1 states for different T .

Op=1,8
ij = [1, σi · σj , Sij , L · S] ⊗ [1, τi · τj ]

To fit higher partial waves, momentum-dependent terms are needed, e.g.,

Op=9,14
ij = [L2, L2σi · σj , (L · S)2] ⊗ [1, τi · τj ]

Add electromagnetic and small charge-dependent and charge-symmetry-breaking terms:

Op=15,22
ij = [1, σi · σj , Sij , L · S] ⊗ [Tij , τzi + τzj ]

• Minimum of eight different potential terms needed to fit S- and P- wave data: four for different S, T combinations, 
plus two tensor and two spin-orbit terms in S = 1 states for different T. 
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•

• Add electromagnetic and small isospin-breaking terms: 


•
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Argonne v18

Fits Nijmegen PWA93 data base of 1787 pp & 2514 np observables for Elab ≤ 350 MeV with
χ2/datum = 1.1 plus nn scattering length and 2H binding energy

• The AV18 model uses 42 
 parameters, one 

cutoff parameter in .

• These parameters have been fix 
by fitting the Nijmegen database 
of 4300 np and pp scattering 
data for Elab ≤ 350 MeV with a 
total 𝝌2 ≅ 1 plus nn scattering 
length and deuteron binding 
energy.

Ip, Pp, Qp, Rp

Yπ(r), Tπ(r)

∼

Argonne nucleon-nucleon V18



Δ
π

π

Δ

π

π
π

π

• 3N Urbana-Illinois (UIX-IL7): an Hamiltonian which only includes AV18 does not provide enough 
binding in the light nuclei. In light nuclei we find [thanks to large cancellations between  and 

] : 
⟨T⟩

⟨vij⟩ ⟨Vijk⟩ ∼ (0.02 − 0.07)⟨vij⟩ ∼ (0.2 − 0.5)⟨H⟩

2 independent parameters controlled by  binding energy & saturation density of symmetric nuclear 
matter. Good description for s-shell nuclei (A=3,4) and neutron stars; inadequate description of the 
absolute p-shell and spin-orbit splitting of heavier nuclei

3H

Urbana:

contains the attractive Fujita and Miyazawa two-pion exchange interaction and a phenomenological 
repulsive term

J. Carlson et al. NP A401, 59 (1983)

Phenomenological three-nucleon potentials: Urbana-Illinois



Δ π

π

π
π

π

Δ π

π

π

Δ

5 independent parameters controlled by ground-state energies of A ≤ 10. Good description for light 
nuclei up to A=12; inadequate description of the neutron star matter equation of state.

Illinois:

also includes terms originating from three-pion rings containing one or two Δs and the two-pion S-wave 
contribution. This interaction is attractive in  triplets with  and provides extra attraction 
observed in neutron rich nuclei.

nnn T = 3/2

S. Pieper et al. PRC 64, 014001 (2001)

Urbana + 




- Suitable for QMC

- Very good description of several nuclear observables: ex. GFMC binding energies up to 

A=12 with AV18+IL7 (GFMC energies: uncertainties within 1-2%)

 Maris et al. PRC 87, 054318 (2013)

The EoS of pure neutron matter (PNM): useful tool 
to understand properties of neutrons stars

Pros:

Cons:
- Phenomenological interactions are phenomenological, not clear how to improve their quality

- They do not provide rigorous schemes to consistently derive NN and 3N forces and compatible 

electroweak currents

GFMC calculations of the spectra of light-nuclei using 
AV18 without and with UIX or IL7

9

3-body forces:
Neutron matter and the ”puzzle” of the three-body force
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with UIX or Illinois-7
GFMC Calculations
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Note: AV8’+UIX and (almost) AV8’ are sti↵ enough to support observed
neutron stars, but AV8’+IL7 too soft. ! How to reconcile with nuclei???

Stefano Gandolfi (LANL) - stefano@lanl.gov Nuclear and neutron matter 27 / 29

‣ UIX: fit to H3 binding energy & saturation density of SNM 
‣ IL7:  fit to ground- and excited-state energies of light nuclei (A<10)

K. M. Nollett et al., Phys. Rev. Lett. 99, 022502 (2007)

IL7 also needed to reproduce n-↵ scattering

1.74(1)M�

2.45(1)M�

obs : ⇠ 2M�

P. Maris et al., Phys. Rev. C 87, 054318 (2013)

0

2

4

6

8

10

12

14

16

18

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

E 
(M

eV
)

lb (fm
-3)

AV8'

AV8' + UIX

AV8' + IL7

0

2

4

6

8

10

12

14

16

18

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

PNM

AFDMC

Phenomenological potentials & QMC

?S. Pieper & R. Wiringa

 How to reconcile with nuclei?

Phenomenological potentials & QMC



Effective chiral Lagrangian

Nuclear structure and dynamics

QCD

Nuclear forces and currents

Symmetries in particular the 
approximate chiral symmetry 
between hadronic d.o.f (𝝅, N, 𝝙)

Leff (⇡, N,�)

Calculate amplitudes+prescription to obtain 
potentials + regularization (of high momentum 
components)

Leff = L(0) + L(1) + L(2) + ...

Few- and many-body 
methods: QMC, NCSM, 
CC, etc

Approximate chiral symmetry requires 
the pion to couple to other pions and to 
baryons by powers of its momentum 

L(n) ⇠
⇣ Q

⇤�

⌘n

 1 GeV hard scale∼
 100 MeV soft scale∼

S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991); Phys. Lett B295, 114 (1992)

Given a power counting scheme

Chiral effective field theory: the framework in a nutshell




• The  can be constructed in a straightforward way using covariantly transforming building 
blocks defined in terms of the pion fields.


• A non-relativistic treatment of the nucleon fields is used: heavy-baryon formalism to eliminate the 
nucleon mass  from the leading-order Lagrangian.


• The individual terms in the  are multiplied by the corresponding coupling constants (low-
energy constants, LECs): not fixed by the symmetry and typically need to be determined from 
experimental data.


• For instance the nuclear potentials at fifth order in the chiral expansion, i.e., at N4LO, require input 
from the following effective Lagrangians:

ℒeff

m
ℒeff

ℒeff = ℒ(2)
π (mπ, Fπ) + ℒ(4)

π (l1,...,7)
+ℒ(1)

πN(gA) + ℒ(2)
πN(m, c1,...,7) + ℒ(3)

πN(d1,...,23) + L(4)
πN (e1,...,118)

+ℒ(0)
NN(CS, CT) + ℒ(2)

NN(C1,...,7) + ℒ(4)
NN(D1,...,12) + ℒ(1)

πNN(D)+ . . .

+ℒ(0)
NNN(E) + ℒ(2)

NNN(E1,...,10)

Epelbaum, Krebs, Patrick, Frontiers in Physics, 8 (2020) 



Chiral perturbation theory for nuclear potentials


Different ways to derive nuclear potentials using chiral perturbation theory— for example:

• The method, referred to as the unitary transformation (UT) method, is based on TOPT and 
exploits the Okubo (unitary) transformation, one containing only pure nucleonic states and the 
other involving states that retain at least one pion (Bochum-Bonn group) [see Epelbaum at al. 
Nucl. Phys. A 671, 295 (2000); Nucl. Phys. A 714,535 (2003); Nucl. Phys. A 747, 362 (2005); 
Epelbaum, Krebs, Patrick, Frontiers in Physics, 8 (2020)  and references therein].

• The JLab-Pisa group utilizes a different approach by starting with the on-shell transfer matrix T and 
“inverting” it to obtain the effective potential. This is carried out in perturbation theory by counting 
the nucleon mass via  [see Pastore et al. Phys. Rev. C 80, 034004 (2009), Phys. Rev. C 84, 
024001 (2011); Piarulli et al. Phys. Rev. C 87, 014006 (2013), Baroni at al. Phys. Rev. C 93, 015501 
(2016) ].

m ∼ Λb



JLab-Pisa formalism: transition Amplitude in TOPT
1. Nucleon-nucleon potential:   (NN → NN)

•  Time-ordered perturbation theory (TOPT)

⇥N 0N 0|T |NN⇤ = ⇥N 0N 0|H1

1X

n=1

⇣ 1

Ei �H0 + i�
H1

⌘n�1
|NN⇤

H0 = free π, N, and Δ Hamiltonians

H1 = interaction Hamiltonians among π, N, 
and Δ implied by ℒeff

• The evaluation of this amplitude is carried out in practice by inserting complete sets of  eigenstates, 

,   between successive terms of    

H0

∑
Ii

| Ii⟩⟨Ii | H1

⇥f |T |i⇤ = ⇥f |H1|i⇤+
X

I1

⇥f |H1|I1⇤
1

Ei � E1 + i�
⇥I1|H1|i⇤

+
X

I1,I2

⇥f |H1|I2⇤
1

Ei � E2 + i�
⇥I2|H1|I1⇤

1

Ei � E1 + i�
⇥I1|H1|i⇤+ ....

• Degrees of freedom: non-relativistic N’s and Δ’s, relativistic π’s 



• Two kinds of diagrams: reducible and irreducible

• N vertices represented by   ⟨Ij |H1 | Ik⟩

• N-1 energy denominators   (Ei − Ek + iη)−1, k = 1,...,(N − 1)

ReducibleIrreducible

• A contribution with  interaction vertices and  loops scales asN L

m =
NY

i=1

Q�i�⇥i/2 ⇥Q�(N�NK�1)Q�2NK ⇥Q3L

‣  NK denominators involving only nucleonic energies scales as  Q−2

‣ N-NK-1 denominators involving nucleons, π’s, and Δ’s energies 

H1 scaling denominators loop integration

JLab-Pisa formalism: transition Amplitude in TOPT



• The expansion in power of  is:Q

1

Ei � Ej + i�
⌘ 1

Ei � EIj � �+ i�
= � 1

�

h
1 +

Ei � EIj

�
+

(Ei � EIj )
2

�2
+ ...

i

‣ : kinetic energies of intermediate states (2N or 1N+1Δ or 2Δ)EIj

• A N-NK-1 denominators can be further expanded: 

• In chiral-expansion -matrix can be expanded as:T

‣  (if one or more pion are involved)

‣  (if one or more pion are involved and a Δ ), etc…

Ω ≡ ωπ
Ω ≡ ωπ + Δ

� = m� �mN ⇠ 300MeV ⇠ 2m�

T = T (0) + T (1) + T (2) + ... with T (m) ⇠ Q(m)

� 1

Q

⇥
1 +Q+Q2 + .....

⇤

non-static correctionsstatic limit 
mN, mΔ → ∞

JLab-Pisa formalism: transition Amplitude in TOPT



Few remarks about this prescription!

1. Reducible diagrams are enhanced compared to the irreducible ones by a factor Q for each purely nucleonic 
intermediate states.


2. In the static limit, these contributions are infrared-divergent (since reducible diagrams involve nucleonic kinetic 
energy denominators which lead to infinities for ).


3. According to the prescription proposed by Weinberg the nuclear potentials (and current operators) are given by 
the irreducible contributions only.


4. Reducible contributions, instead, are generated by solving the Lippmann-Schwinger (or Schrodinger) equation 
iteratively with the nuclear potential (and currents) arising from the irreducible amplitudes.


5. The reducible part of the amplitude which is not generated by iteration (i.e. the one that is obtained going beyond 
the static limit) needs to be incorporated order by order—along with the irreducible amplitude— in the definition of 
the nuclear operators.

mN → ∞



v(0) = T (0)

v(1) = T (1) �
h
v(0)G0v

(0)
i

v(2) = T (2) �
h
v(0)G0v

(0)G0v
(0)

i
�

h
v(1)G0v

(0) + v(0)G0v
(1)

i

v(3) = T (3) �
h
v(0)G0v

(0)G0v
(0)G0v

(0)
i
�

h
v(1)G0v

(0)G0v
(0) + permutations

i

�
h
v(1)G0v

(1)
i
�

h
v(2)G0v

(1) + v(0)G0v
(2)

i

• Construct potential  such that when inserted in Lippmann-Schwinger (LS) equation


leads to T-matrix order by order in the power counting

v

v + vG0v + vG0vG0v + ....

‣  Assume:  (with  )v = v(0) + v(1) + v(2) + . . . v(m) ∼ Qm

‣  Matching expansion for  with the LS equation order by order: T

‣  A term like v(m)G0v(n) ∼ Qm+n+1

G0 = 1/(Ei + EI + i�)

From amplitudes to potentials

two-nucleon propagator G0 = (Q−2)



• Time-ordered diagrams contributing to the χEFT T-matrix up to order  Q1

 up to order m=1v(m)

•  vanishesv(1) = T(1) − [v(0)G0v(0)]

•  consists of (static) OPE and contact terms (LO)v(0) = T(0)



• Similar prescription for potential vγ = AμJμ = A0ρ − A ⋅ J

• Power counting of the EM interaction (treated in first order) T� = T (�3)
� + T (�2)

� + T (�1)
� ...

• Matching expansion for  with the LS equation order by order: T

υ(−3)
γ = T(−3)

γ ,

υ(−2)
γ = T(−2)

γ −
[

υ(−3)
γ G0υ(0) +υ(0)G0 υ

(−3)
γ

]

,

υ(−1)
γ = T(−1)

γ −
[

υ(−3)
γ G0υ(0)G0υ(0) +permutations

]

−
[

υ(−2)
γ G0υ(0) +υ(0)G0υ

(−2)
γ

]

︸ ︷︷ ︸

LS terms
. . . . . .

• Charge and current operators up to one loop ( ) consistent with  at eQ v Q2

2. EM Charge/Current operators   (NNγ → NN)

• In the context of LS: vγ = v(−3)
γ + v(−2)

γ + v(−1)
γ + . .



• Resulting renormalized operators have power-law behavior for large momenta: one way is to further 
regularization needs to be employed before these operators can be for solving Schrödinger equation 
and for calculation of current matrix elements, cutoff functions  where the cutoff  must not be set 
to arbitrarily high values but should be kept of the order of the breakdown scale . 

CΛ Λ
Λ ∼ Λb

• Ultraviolet divergencies (UV) associated with nuclear and electromagnetic loop diagrams: one way 
is to remove them via dimensional regularization (DR) and the divergent part of these loops are 
absorbed in the redefinition of the relevant LECs

Some technical issues:



Disadvantages:

• Increase in number of diagrams at higher 

orders; When do we stop in the chiral 
expansion? Convergence, power counting, 
etc….


• Consistency between strong- and electroweak 
sector very hard to achieve


• More LECs appearing at higher orders; 
challenging optimization problem

Advantages:

• Consistent description of two- and many-

body interactions and currents

• Different processes described on the same 

footing: piN, NN, electroweak 

• UQ due to the truncation in the chiral 

expansion

• Scheme can be systematically improved

State-of-the art of Chiral EFT interactions

+... +...

+...

+...

+...

Chiral 2N Force
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Figure 23: Chiral 2NF without and with �-isobar degrees of freedom. Arrows indicate the shift of strength when explicit �’s
are added to the theory. Note that the �-full theory consists of the diagrams involving �’s plus the �-less ones. Double lines
represent �-isobars; remaining notation as in Fig. 1.

relevant to our present discussion)

⇤L�i=0
� = �̄(i⌥0 ��M)�� hA

2f�

�
N̄T�S�+ h.c.

⇥
·⇤� �DT N̄⇥�⇧N ·

�
N̄T�S�+ h.c.

⇥
, (6.1)

where � is a four-component spinor in both spin and isospin space representing the �-isobar and hA and
DT are LECs.5 Moreover, Si are 2 ⇥ 4 spin transition matrices which satisfy SiSj† = (2�ij � i⇥ijk⇧k)/3
and T a are similar isospin matrices with T aT b† = (2�ab � i⇥abc⌃ c)/3. Notice that, due to the heavy baryon
expansion, the mass of the �-isobar, M�, has disappeared and only the small mass di⇥erence �M enters.

The LECs of the ⌅N Lagrangian are usually extracted in the analysis of ⌅-N scattering data and clearly
come out di⇥erently in the �-full theory as compared to the �-less one. While in the �-less theory, the
magnitude of the LECs c3 and c4 is about 3-5 GeV�1 (cf. Table 2), they turn out to be around 1 GeV�1 in
the �-full theory [221].

In the 2NF, the virtual excitation of�-isobars requires at least one loop and, thus, the contribution occurs
first at ⇤ = 2 (NLO), see Fig. 23. The � contributions to the 2PE were first evaluated in Refs. [53, 54, 220]
using time-ordered perturbation theory and later by Kaiser et al. [56] in covariant perturbation theory.

5Our convention for hA is consistent with Refs. [54, 56, 70, 107] and di⇥ers by a factor of two from Refs. [218, 221, 223].
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Figure 24: The 3NF without and with �-isobar degrees of freedom. Arrows indicate the shift of strength when explicit �’s
are added to the theory. Note that the �-full theory consists of the diagrams involving �’s plus the �-less ones. Double lines
represent �-isobars; remaining notation as in Fig. 1.

Recently, also the NNLO contributions have been worked out [221]. Krebs et al. [221] verified the consistency
between the �-full and �-less theories by showing that the contributions due to intermediate �-excitations,
expanded in powers of 1/�M , can be absorbed into a redefinition of the LECs of the �-less theory. The
corresponding shift of the LECs c3, c4 is given by

c3 = �2c4 = � h2
A

9�M
. (6.2)

Using hA = 3gA/
⇥
2 (large Nc value), almost all of c3 and an appreciable part of c4 is explained by the �

resonance.
The studies of Refs. [56, 221] confirm that a large amount of the intermediate-range attraction of the 2NF

is shifted from NNLO to NLO with the explicit introduction of the �-isobar. However, it is also found that
the NNLO 2PE potential of the �-less theory provides a very good approximation to the NNLO potential
in the �-full theory.

The � isobar also changes the 3NF scenario, see Fig. 24. The leading 2PE 3NF is promoted to NLO.
In the �-full theory, this term has the same mathematical form as the corresponding term in the �-less
theory, Eqs. (5.2) and (5.3), provided one chooses c1 = 0 and c3, c4 according to Eq. (6.2). Note that the
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Figure 1. Hierarchy of nuclear forces in ChPT. Solid lines represent nucleons and
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and stars denote vertices of index � = 0, 1, 2, 3, 4, and 6, respectively. Further
explanations are given in the text.
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theory its predictive power.

3.2. The ranking of nuclear forces

As shown in Fig. 1, nuclear forces appear in ranked orders in accordance with the power
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have only two contact contributions with no momentum dependence (� Q0). They are
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have only two contact contributions with no momentum dependence (� Q0). They are
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piN scattering NN interaction 3N interaction

“Traditional” approach: separate fits

LECs appear in different low energy processes

A “more modern” approach: simultaneous fits

First Challenge: What experimental data should we use to find the LECs?

Static and dynamic 
properties of bound states 

Second Challenge: What is the best fitting procedure?

Scattering observables: piN, NN, NNN..

NN
piN

Light nuclei, A=2,3,4

Heavier nuclei: A>12

NN
piN

Light nuclei, A=2,3,4

Optimization*strategy

twoBnucleon
interaction

pionBnucleon
scattering

threeBnucleon*interaction current

Same*LECs*appear*
in*various*lowB
energy*processes

We*wish*to*explore*the*physics*capabilities*and*limitations*
of*chiral*EFT*by*forming*different*objective*functions*

Bound(state(properties((so(
far,(mainly(masses(and(radii)

Scattering(cross(sections(
(so(far,(only(NN,(piN)

✓? = argmin�2(✓) , �2 =
NdataX

i

✓
yi(✓)� di

�i

◆2

3N interaction EW interaction

Optimization*strategy

twoBnucleon
interaction

pionBnucleon
scattering

threeBnucleon*interaction current

Same*LECs*appear*
in*various*lowB
energy*processes

We*wish*to*explore*the*physics*capabilities*and*limitations*
of*chiral*EFT*by*forming*different*objective*functions*

Bound(state(properties((so(
far,(mainly(masses(and(radii)

Scattering(cross(sections(
(so(far,(only(NN,(piN)

✓? = argmin�2(✓) , �2 =
NdataX

i

✓
yi(✓)� di

�i

◆2

cD
c1 c3 c4 c1 c3 c4

o B. Carlsson et al., Phys. Rev. 
X, 011019, 2015 (NNLOsim)

o D. R. Entem et al., Phys. Rev. C 96, 024004 2017

o A. Gezerlis et al., Phys.Rev. C 90, 054323 2014

o M. Piarulli et al., Phys. Rev. C, 024003 2015

o E. Epelbaum et al., Eur. Phys. J. A 51, 53 2015

o P. Reinert et al., Eur.Phys.J. A54 no.5, 86 2018

o Ekström et al.  Phys. Rev. Lett. 110, 192502 2013 (NNLOopt)

o Ekström et al. Phys. Rev. C 97, 024332 2018

o B. Carlsson et al., Phys. Rev. X, 011019 2015 (NNLOsep)

o …..

o A. Ekström et al., J. Phys. G 
42, 034003 2015 (NNLOsat)

Computationally a very challenging problem!

How to fix the LECs?



• Take  to be the experimental error (or 
same modification to take into account  
theoretical errors) 

δoi

Third Challenge: Minimize a objective function to find a* (LECs) in the parameter space

: measured valuesoi
: calculated valuesti
: uncertainty observables�oi

Least-square objective function for a set of observables 

a⇤ = min
a

�2(a) �2(a) =
NdataX

i=1

⇣oi � ti(a)

�oi

⌘2

with

“Conventional” least-square minimization: Bayesian parameter estimation:

• Assumptions are made explicit (e.g. naturalness 
of LECs, truncation errors)

pr(a|Data, I)/ pr(Data|a, I)⇥ pr(a|I)

posterior likelihood prior
/ e��2(a)/2

} } }

• Many optimization techniques suitable 
for this problem such as POUNDers, 
Newtons Methods,….

• UQ addressed as: Covariance methods, 
Bootstrapping, standard protocols for 
chiral truncation errors, cutoff 
dependence

• over/under-fitting, parameter ,..

• Parameter estimation: conventional 
optimization recovered as special case
• Clear prescriptions for combining errors

• Particularly well suited for (any) EFT, but 
generally suited for theory errors

Optimization procedure for the LECs

BAND collaboration
BUQEYE collaboration

https://bandframework.github.io/#:~:text=The%20Bayesian%20Analysis%20of%20Nuclear,predictions%20of%20any%20individual%20model.
https://buqeye.github.io/


• Optimized N2LO NN potential (πN LECs are tuned to NN peripheral scattering): Ekström et al. (PRL 110, 192502 2013; 
JPG 42, 034003 2015)


• N2LO potential: a simultaneous fit of NN and 3N forces to low NN data (Elab=35 MeV), deuteron BE, BE and CR of 
hydrogen, helium, carbon and oxygen isotopes; Carlsson et al. (PRC 91, 051301(R) 2015)


• New generation of chiral NN potentials up to N4LO: improved choice of the regulator, no SFR; Epelbaum et al. (PRL. 
112, 102501, 2014; EPJ A 51, 53 2015; PRL. 115, 122301, 2015)


• Chiral 2π and 3π exchange up to N4LO and up to N5LO in NN peripheral scattering; Entem et al. (PRC 91, 014002 
2015; PRC 92, 064001 2015, PRC 96, 024004 (2017)


• High-Precision Nucleon-Nucleon Potentials from Chiral EFT; Reinert, Krebs, Epelbaum (Springer Proc. Phys. 238   
497-501 (2020)


• ….

•  Local NN potentials up to N2LO: Gezerlis et al. (PRL 111, 032501 2013, PRC 90, 054323 2014); Lynn et al. (PRL 113 
192501, 2014)


•  Minimally nonlocal NN potentials up to N3LO (including N2LO Δ contributions); Piarulli et al. (PRC 91, 024003 2015) 

•  Local chiral potential with Δ-intermediate states up to N3LO; Piarulli et al. (PRC 94, 054007 2016)

- Many of the available versions of chiral potentials are formulated in p-space and are strongly nonlocal:
Nonlocalities due to contact interactions

Nonlocalities due to regulator functions

NOTE:

- Nonlocal interactions hard to handle in for example Quantum Monte Carlo (QMC) methods

p ! �ir

Chiral NN potentials: some recent developments



MP et al. PRC 91, 024003 (2015); PRC 94, 054007 (2016)

• Local NN potentials including N2LO Δ-contributions and N3LO contacts have ben also devised and expressed as a sum of 
16 spin-isospin operators (NV2s— Norfolk interactions)

vij = v
EM
ij + v

L
ij + v

S
ij =

16X

p=1

v
p(rij)O

p
ij
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• Contact component parametrized by 26 LECs:  
- the functional form taken as  with  a (b) modelsCRS

(r) ∝ e−(r/RS) RS = 0.8 (0.7) fm
- models a (b) cutoff 500 MeV (600 MeV) in p-space∼

(a) (b)

(c) (d) (e) (f) (g) (h) (i)

LO : Q0

NLO : Q2

N2LO : Q3

k

p -p

-p0p0

(a) (b)

(c) (d) (e) (f) (g) (h) (i)

N3LO : Q4

LO : Q0

NLO : Q2

N2LO : Q3

LO : Q0

NLO : Q2

N2LO : Q3

LO : Q0

NLO : Q2

N2LO : Q3

(a) (b)

(c) (d) (e) (f) (g) (h) (i)
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Example: Local chiral NN Hamiltonian with 𝝙’s

model order ELab (MeV) Npp+np �2
/datum

NV2-Ia N3LO 0–125 2668 1.05

NV2-Ib N3LO 0–125 2665 1.07

NV2-IIa N3LO 0–200 3698 1.37

NV2-IIb N3LO 0–200 3695 1.37



�2 =
NX

t=1

�2
t

In all cases  is given by χ2
t ⇥2

t =
nX

i=1

(oi/Zt � ti)
2

(�oi/Zt)
2 +

(1� 1/Zt)2

(�sys/Zt)2

oi and ti are the measured and calculated values of the observable at point i
�oi and �sys are the statistical and systematic errors
Zt is a scaling factor chosen to minimize the ⇥2

t

Zt =

 
nX

i

oiti
�o2i

+
1

�2sys

!, 
nX

i

t2i
�o2i

+
1

�2sys

!

Given N data sets associated with a specific experiment:

An experiment may have a specific systematic error (normalized data), no systematic error (absolute data), or a 
arbitrary systematic error (floated data)

• We first fit the partial wave phase shifts then we refine the fit with a direct comparison with the database: good 
starting point for Practical Optimization Using No Derivatives (for Squares), POUNDers.

Fitting procedure for the -full local chiral interactionsΔ



Model cD cE
Ia 3.666 –1.638

Ib –2.061 –0.982

IIa 1.278 –1.029

IIb –4.480 –0.412

Model cD cE
Ia* –0.635(255) –0.09(8)

Ib* –4.705(285) 0.550(150)

IIa* –0.610(280) –0.350(100)

IIb* –5.250(310) 0.05(180)

1) Fit to:
2and =(0.645± 0.010) fm

2) Fit to:
 GT m.e. in 3H 𝜷-decay          

Example: Local chiral NNN Hamiltonian with 𝝙’s 

c1 c3 c4 cD cE

Vijk = V 2⇡
ijk + V CT

ijk
<latexit sha1_base64="PmEhdDj0pS/kq5YLi629i+twYvE="></latexit><latexit sha1_base64="PmEhdDj0pS/kq5YLi629i+twYvE="></latexit><latexit sha1_base64="PmEhdDj0pS/kq5YLi629i+twYvE="></latexit><latexit sha1_base64="PmEhdDj0pS/kq5YLi629i+twYvE="></latexit>

• Inclusion of 3N forces at N2LO:

z0 =
gA
2

m2
⇡

f2
⇡

1

(m⇡ RS)
3


� m⇡

4 gA ⇤�
cD +

m⇡

3
(c3 + 2 c4) +

m⇡

6m

�

A. Baroni, MP et al.PRC 98, 044003 (2018)MP et al. PRL 120, 052503 (2018)

NV2+3s*

NV2+3s

-4 -3 -2 -1 0 1 2 3 4
cD
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0.99

1

1.01

1.02

1.03

1.04

1.05

1.06

G
T th

/G
T ex

p

linear fit: f(cD)=1.00651+0.0102375 cD; χ2/datum=0.999953

400k MC configs.; NVIa with tau12, RS=0.8 fm-1

1.0026

0.9974

cD=[-0.89; -0.38]
cE=[-0.01; -0.17]
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5 unknown LECs

 

• :  relativistic correction to LO m = 0 (Q/mN)2

Example: Current EM operators up to one loop ( ):eQ

• m= -2, -1, 0 and 1-loop only depend on LEC’s named ,  and 


• No three-body EM currents at this order

• NLO and N3LO loop-contributions lead to purely isovector operators


•  satisfies continuity equation with 


Fπ gA μn/p

j(m≤1) v(m≤2)

Pastore et al. PRC 78, 064002 (2008), PRC 80, 034004 (2009)



Example: EM Observables at N3LO fixing LECs
C 0

15 , C
0
16 d08 , d

0
9 , d

0
21 • Five LECs: it is convenient to introduce the dimensionless set :dS,V

i

C 0
15 = dS1 /�

4 , d09 = dS2 /�
2,

C 0
16 = dV1 /�

4 , d08 = dV2 /�
2 , d021 = dV3 /�

2

   and  from expt  and  m.m.dS
1 dV

2 μd μS(3He/3H)

Fixed in A=2-3 nucleons’ sector
(j)(k)

� dS1 dS2 ⇥ 10 dV1 dV2
500 4.072 2.190 –7.981 3.458
600 11.38 3.231 –11.69 4.980

 from expt   m.m. and  from Δ resonance-saturationdV
1 μV(3He/3H) dV

2 /dV
3 = 1/4

(j)

dV2 =
4µ�N� hA �2

9mN (m� �mN ) Pastore et al. PRC 78, 064002 (2008), PRC 80, 034004 (2009)


