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BIG 
EXPERIMENT

Large, 
Heterogenous 

Data Sets



BIG MODELS
Numerous parameters  

Assumptions

heavy ion collisions

Atmospheric modeling



GOALS

• Determine parameters
• Test assumptions
• Identify connections between 
 observables and parameters



BOTH ARE 
NUMERICALLY 
INTENSIVE



BAYES theorem

P (A&B) = P (A|B)P (B) = P (B|A)P (A)

P (B|A) = P (A|B)P (B)

P (A)
<latexit sha1_base64="NrKKTFkagIDVZCX0DWd7zOsyXOQ="></latexit>

P(A|B) is probability of  data given theory(parameters) 
P(B|A) is probability of  theory(parameters)  given data



MODEL COMPONENTS
MODEL COMPONENTS
Thermalization  
(First fm/c)
Viscous Hydrodynamics 
(First ~5-10 fm/c)
Hadron Simulation  
(Dissolution & Breakup)
Numerous parameters 
(up to few dozen)
~Days of CPU to study one 
point in parameter space



OBSERVABLES: Spectra

feature infer

Yields entropy

⟨pt⟩ T and flow

⟨pt⟩ of heavy particles more flow than T

W.Florkowski & W. Bronkowski, NPA 2003
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Figure 1. The p⊥-spectra at midrapidity of π−, K−, p̄ , φ and K∗(892) in part (a), and of
the hyperons Λ , Ξ and Ω in part (b). The model calculation is compared to the PHENIX
(filled symbols) and STAR (open symbols) most central data [20,23–30] from Au + Au
collisions at

√
sNN = 130 GeV. Both the data and the theoretical curves are absolutely

normalized (they include full feeding from the weak decays).

is natural if the hadronization process occurs in such a way that neither elastic or inelastic
processes are effective. An example here is the sudden-hadronization model of Ref. [22].

Our model has two thermodynamic and two geometric (expansion) parameters. The
two thermodynamic parameters, T = 165 MeV and µB = 41 MeV, were obtained from
the analysis of the ratios of the hadron multiplicities measured at RHIC [9]. In this
calculation the grand-canonical ensemble was used without the strangeness suppression
factor (γs=1). Since the particle ratios depend weakly on the centrality of the collision,
we treat the thermodynamic parameters as the universal parameters (independent of
centrality). The two geometric parameters are τ of Eq. (1) and ρmax. The parameter
ρmax determines the transverse size of the firecylinder at the freeze-out,

ρ =
√

x2 + y2 ≤ ρmax. (3)

In the natural way, the values of τ and ρmax depend on the considered centrality class of



OBSERVABLES: v2 (elliptic flow)

v2 = 〈cos2φ〉
Sensitive to viscosity



OBSERVABLES: Femtoscopic Correlations
C(P = p1 + p2,q = p1 − p2 ) = d 2N / dp1dp2

(dN / dp1)(dN / dp2 )

C(P,q)→ S(P,r) =
d∫ r1dr2 f (P / 2,r2 ) f (P / 2,r2 )δ (r − [r1 − r2 ])

d∫ r1dr2 f (P / 2,r2 ) f (P / 2,r2 )

One-dimensional femtoscopy in Pb–Pb collisions ALICE Collaboration
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Fig. 6: λ parameters (λpp +λpΛ in case of (anti)proton pairs) vs. mT for the three centralities considered
for π±π±, K±K±, K0

SK0
S, pp, and pp. Statistical (thin lines) and systematic (boxes) uncertainties are

shown. The mT values for different centrality intervals are slightly offset for clarity.
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Fig. 7: Rinv parameters vs. mT for the three centralities considered for π±π±, K±K±, K0
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One-dimensional femtoscopy in Pb–Pb collisions ALICE Collaboration
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Fig. 3: Example correlation function with fit for K±K± for centrality 0-10% and ⟨kT⟩ = 0.35 GeV/c.
Systematic uncertainties (boxes) are shown; statistical uncertainties are within the data markers. The
main sources of systematic uncertainty are the momentum resolution correction and PID selection.
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SK0
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OBSERVABLES: 
Femtoscopic 

2

FIG. 1: (color online) Gaussian radii reflecting spatial sizes
of outgoing phase space distributions in three directions:
Rout, Rside and Rlong. Data from the STAR collaboration
(red stars) are poorly fit by a model with a first-order
phase transition, no pre-thermal flow, and no viscosity
(solid black squares). Correcting for all those deficiencies,
and using a more appropriate treatment of the relative
wave function in Eq. (1) brings calculations close to the
data (filled black circles). The sequential effects of includ-
ing prethermal acceleration (open blue squares), using a
more realistic equation of state (open green diamonds),
and adding viscosity (open cyan triangles) all make sub-
stantial improvements to fitting the data. An improved
relative wave function yielded modest improvements (com-
pare open cyan triangles to filled black circles).

cascade code. The cascade microscopically simulates
the final stages of the collision and breakup where lo-
cal kinetic equilibrium is lost and hydrodynamics is
unjustified. The times and positions of last collisions
for particles of a specific k were used to calculate the
source function, from which correlation functions were
generated via Eq. (1). These were then fit to corre-
lations from Gaussian sources to extract radii, which
are also displayed in Fig. 1.

As a benchmark, the first calculation (filled squares
in Fig. 1) was parameterized similarly to previous hy-
drodynamic calculations, and failed in a similar man-
ner. Transverse expansion was delayed until 1 fm/c

after the initial collision. A strong first-order phase
transition, which is inconsistent with lattice gauge
theory, was employed, and the viscosities were set to
zero. Additionally, an over-simplified relative wave
function, neglecting Coulomb and strong interactions
between the pions, was used to generate correlation
functions. Since the source functions are not truly
Gaussian, this can lead to different Gaussian radii.
This benchmark calculation overstates the Rout/Rside

ratio by ∼ 40% and overstates Rlong by ∼ 25%.

The second calculation (open squares in Fig. 1) ac-
counts for prethermal acceleration by beginning the
expansion 0.1 fm/c after the initial collision, roughly
the amount of time required for the Lorentz contracted
nuclei to traverse one another. The importance of
pre-thermalized acceleration has been emphasized in
several studies during the last few years [10, 15, 16].
As was shown in Ref. [17], flow during the first 1
fm/c is approximately universal for any system with
a traceless energy tensor, including partonic and field
based pictures, independent of thermalization. Since
the transverse expansion starts earlier, the longitudi-
nal size is smaller at breakup, more in line with data.
The Rout/Rside ratios also drop, moving modestly to-
ward the data.

The second improvement to be considered is to use
a stiffer equation of state. Early studies used an equa-
tion of state with a first order phase transition with
a large latent heat [4, 5, 6]. Such soft equations of
state have constant temperature and pressure for en-
ergy densities between ϵh and ϵh + L, where ϵh is the
maximum density of the hadronic phase. Here, ϵh

corresponds to a hadronic gas with a temperature of
Tc = 170 MeV, and L is the latent heat. In con-
trast, lattice QCD now suggests a crossover transition
where the pressure rises continuously with energy den-
sity. There indeed exists a soft region, but the speed
of sound, c2

s = dP/dϵ, never falls below 0.1 and the
width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The
benchmark calculation, displayed in the upper panel,
assumed a first order transition with a latent heat
L = 1.6 GeV/fm3 with a lower bound to the mixed
phase at ϵh ≈ 500 MeV/fm3. This is not only inconsis-
tent with lattice calculations, but is also inconsistent
with femtoscopic analyses of data at lower energies.
For heavy ion collisions at the upper AGS and for the
lower SPS beam energies, maximum energy densities
were in the neighborhood of ϵh + L. For a first order
phase transition the pressure P stays fixed through-
out the mixed phase, and these conditions would have
minimal values of P/ϵ with minimal explosivity re-
sulting in perhaps dramatically large lifetimes, well
exceeding 20 fm/c. The long duration of the emis-
sion would lead to extended values of the outward
dimensions of the phase-space cloud [18, 19]. This
was not observed. The third calculation (open dia-

S.P. PRL 2009

1st generation hydro model
+ initial acceleration
+ realistic Eq. of State
+ viscosity
+ improved wave function

★STAR



How this was done before 
(v2 and η/s)

3

algorithm agrees with the results from Ref. [19] for cen-
tral collisions, when dropping the extra terms in Eq. (2).
Also, our code passes the fluctuation test from Ref. [16],
shown in Fig. 1. We thus have some confidence that our
numerical algorithm solves Eq. (2) correctly.

When solving the set of equations (2), we set the ratio
η/s to be constant throughout the evolution of the sys-
tem, since modeling any space-time dependence would
necessarily introduce more unknown parameters. There-
fore, results on η/s quoted below should be considered
as mean values over the entire system evolution.

To make contact with experiment, the hydrodynamic
variables are translated into particle spectra via the
Cooper-Frye freeze-out mechanism [20] (adapted to VH
[8, 16], see also [17]). For simplicity, we use a single
freeze-out temperature Tf but include the effect of res-
onance decays with masses up to 2 GeV on the spectra
[21, 22]. The normalization of the initial energy den-
sity and Tf are chosen such that the experimental data
on total multiplicity and mean transverse momentum
< pT > as a function of total number of participants
NPart =

∫

d2x⊥nPart(x⊥,b) are reasonably reproduced
by our model (see Fig. 2). We choose to fit to kaons
rather than pions because the former are influenced less
by Bose enhancement effects, which we have ignored [19].
Note that for simplicity our model does not include a
finite baryon chemical potential, prohibiting us to dis-
tinguish particles from anti-particles. As a consequence,
results for protons cannot be expected to match exper-
imental data. Starting from ideal hydrodynamics with
a freeze-out temperature Tf = 150 MeV, we have found
that reasonable fits to dN/dy and < pT > for VH can
be accomplished by keeping Tf fixed and reducing the
initial entropy density by 75 η/s percent to correct for
the viscous entropy production [19].

In Fig. 3 we compare our hydrodynamic model with
the above fit parameters to experimental data on the in-
tegrated and minimum bias elliptic flow v2, respectively.
Shown are results for ideal hydrodynamics and VH for
the initial condition ϵ ∼ nColl at an initial time τ0 = 1
fm/c. The results hardly change when assuming instead
s ∼ nPart as initial condition (see also [14]) or varying τ0

by a factor of two. Interestingly, we also find that chang-
ing τΠ hardly affects the results shown. Note that this
depends on the presence of the terms in the last line of
Eq. (2): if these terms are dropped, increasing τΠ tends
to further suppress v2 in line with the trend found in [19].

For the above initial conditions, we have noted that
there is also hardly any effect from the vorticity term.
This can be understood as follows: noting that for uη = 0
the only non-trivial vorticity is ωxy, which vanishes ini-
tially because of ux = uy = 0 and forming the com-
bination ∇xDuy − ∇yDux we find –up to third order
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FIG. 3: PHOBOS [24] data on pT integrated v2 and STAR
[25] data on minimum bias v2, for charged particles in Au+Au
collisions at

√
s = 200 GeV, compared to our hydrodynamic

model for various viscosity ratios η/s. Error bars for PHO-
BOS data show 90% confidence level systematic errors while
for STAR only statistical errors are shown.

corrections–

Dωxy + ωxy

[

∇µuµ +
Dp

ϵ + p
−

Duτ

uτ

]

= O(Π3). (3)

This is the relativistic generalization of the vorticity
equation, well known in atmospheric sciences [26]. Start-
ing from ωxy = 0, Eq. (3) implies a very slow buildup of
vorticity, explaining the tiny overall effect of the vorticity
term in Eq. (2). Note that upon dropping the assumption
uη = 0, this term can become important [27].

From Fig. 3 it can be seen that the effect from viscos-
ity on the elliptic flow is strong, in line with estimates
from Ref. [17]. Data on integrated v2 is fairly well re-
produced by a viscosity of η/s ∼ 0.08 and – within sys-
tematic errors – seems to be consistent with η/s ∼ 0.16.

P.Romatshke & U.Romtschke, PRL 2007

v2 ⌘ hcos 2�i



v2 depends on ....
• viscosity
• saturation model
• pre-thermal flow
• Eq. of State
• T-dependence of η/s
• initial Txx/Tzz

• ・・・・

PROBLEM

e.g. Drescher, Dumitru, Gombeaud and Ollitrault
PRC 2007



Correct Way (MCMC)

Simultaneously vary N model parameters xi

Perform random walk weight by likelihood 
 
 
 

Use all observables ya

Obtain representative sample of posterior

L(x|y) ⇠ exp

(
�
X

a

(y(model)
a (x)� y(exp)a )2

2�2
a

)



MCMC Metropolis algorithm
Imagine N➜∞ instances (samplings) of  parameters x 
with probability P(x) 
Consider two point in parameter space xi and xj  
Rates of  i➜j and j➜i are

R(i ! j) = P (i)R(i ! j|i)
R(j ! i) = P (j)R(j ! i|j)

R(j ! i|j) = R(i ! j|i)P (i)

P (j)
<latexit sha1_base64="65fiKZ6dsV7lQPExHNgQ96TTx5U="></latexit>

If  in state “i” do random step 
if  P(j)>P(i), keep 100% 
if(P(i)>P(j), keep with prob. P(j)/P(i)



Difficult Because…

II. Many Observables
Could be hundreds of plots, 
each with dozens of points
Complicated Error Matrices

I. Too Many Model Runs
Requires running model ~106 times



Model Emulators
1. Run the model ~1000 times 

Semi-random points (LHS sampling) 

2. Determine Principal 
Components  
    (ya-⟨ya⟩)/σa ➙ za 

3. Emulate za (Interpolate) for 
MCMC 
Gaussian Process…

S. Habib,K.Heitman,D.Higdon,C.Nakhleh&B.Williams, 
PRD(2007) 

L(x|y) ⇠ exp

(
�1

2

X

a

(z(emulator)
a (x)� z(exp)a )2

)



0.0 0.2 0.4 0.6 0.8 1.0

−2
−1

0
1

2

x (arb)

y 
(a

rb
)

x (arb)

0.0 0.2 0.4 0.6 0.8 1.0 Emulator 
Gaussian Process  
- Reproduces training points 
- Assumes localized Gaussian  
   covariance 
- Must be trained,  
   i.e. find “hyper 
parameters”
Other methods also work

Y(x)
training points



14 Parameters

5 for Initial Conditions at RHIC 
5 for Initial Conditions at LHC 
2 for Viscosity 
2 for Eq. of  State

30 Observables
π,K,p Spectra 
⟨pt⟩, Yields 
Interferometric Source Sizes 
v2 Weighted by pt



Initial State Parameters

5 parameters for RHIC, 5 for LHC

✏(⌧ = 0.8fm/c) = fwn✏wn + (1� fwn)✏cgc,

✏wn = ✏0TA
�nn
2�sat

{1� exp (��satTB)}+ (A $ B)

✏cgc = ✏0Tmin
�nn
�sat

{1� exp (��satTmax)}

Tmin ⌘ TATB

TA + TB
,

Tmax ⌘ TA + TB,

u? = ↵⌧
@T00

2T00

parameters : ✏0, fwn,�sat, Txx/P,↵Tzz = �P



Equation of State and Viscosity

2 parameters for EoS, 2 for η/s

c2s(✏) = c2s(✏h)

+

✓
1

3
� c2s(✏h)

◆
X0x+ x2

X0x+ x2 +X 02 ,

X0 = X 0Rcs(✏)
p
12,

x ⌘ ln ✏/✏h

⌘

s
=

⌘

s

���
T=165

+  ln(T/165)



DATA 
Distillation

1. Experiments reduce PBs to 100s of plots 

2. Choose which data to analyze 
Does physics factorize? 

3. Reduce plots to a few representative 
numbers, ya 

4. Transform to principal 
components, za 
 
 

5. Resolving power of RHIC/LHC 
data reduced to ≲10 numbers!

L ⇠ exp

(
�1

2

X

a

(za � z(exp)a )2
)



Principal Component Analysis (PCA)
Many observables ya 
All change as function of  parameters xi  
BUT, some linear combinations change — some don’t 

average over x

Diagaonalize M

�ỹa =
(ya � hyai)

�a

Mab = h�ỹa�ỹbi
<latexit sha1_base64="BK7MsIx2UOrwYe8pPAKqXMe5qnQ="></latexit>

M !

0

BB@

�1 0 0 0
0 �2 0 0
0 0 �3 0
0 0 0 �4

1

CCA

<latexit sha1_base64="uGz1fe6FUaGSXY3t2IjVvgr6eRk="></latexit>



Principal Component Analysis (PCA)

Diagaonalize M

�ỹa =
(ya � hyai)

�a

Mab = h�ỹa�ỹbi
<latexit sha1_base64="BK7MsIx2UOrwYe8pPAKqXMe5qnQ="></latexit>

M !

0

BB@

�1 0 0 0
0 �2 0 0
0 0 �3 0
0 0 0 �4

1

CCA

<latexit sha1_base64="uGz1fe6FUaGSXY3t2IjVvgr6eRk="></latexit>

If  𝞴a >> 1, good resolving power 

If  𝞴a << 1, little resolving power, no need to analyze

In new basis, ya ↔ za 

za are known as principal components 



Checking the Distillation

model spectra from  
30 random points in 
parameter prior

74 pion spectra:
 with 573<⟨pt⟩π< 575 MeV  
44 proton spectra: 
with 1150<⟨pt⟩p< 1152 MeV

π,p spectral SHAPES
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encapsulated by two numbers, 

dN/dy & ⟨pt⟩



Review the Grand Plan
1. Choose observables
2. Distill Data
3. Parameterize model
4. Run full model hundreds of 

times  
(Latin hyper-cube sampling)

5. Build & Tune emulator
6. Perform MCMC with 

emulator
7. Analyze sensitivities



Two Calculations
J.Novak, K. Novak, S.P., C.Coleman-Smith & R.Wolpert, PRC 2014 

RHIC Au+Au Data 
6 parameters 

S.P., E.Sangaline, P.Sorensen & H.Wang, PRL 2015 
RHIC Au+Au and LHC Pb+Pb Data 
14 parameters, include Eq. of State

 

 

 

   

R
el

. P
ro

ba
bi

lit
y

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

0 2.5 5

R
el. Probability

T dep. of η

   
 

 

   
 

 

   
 

 

   
 

 

energy norm
.

   

σ
sa

t (
m

b)

   
30

50

   
 

 

   
 

 

   
 

 

σ
sat  (m

b)

   

W
.N

./S
at

. f
ra

c.

   
0

1

   
 

 

   
 

 

   
 

 

W
.N

./Sat. frac.

   

In
it.

 F
lo

w

   
0.25

1.25

   
 

 

   
 

 

   
 

 

Init. Flow

   

η
/s

   
0.02

0.5

   
 

 

   
 

 

   
 

 

η /s

   

T 
de

p.
 o

f η

0.85 1.025 1.2
energy norm.

0

5

30 40 50
σsat (mb)

 

 

0 0.5 1
W.N./Sat. frac.

 

 

0.25 0.75 1.25
Init. Flow

 

 

0.02 0.26 0.5
η/s

 

 



Sample 
Spectra 

from Prior 
and 

Posterior

0-5% cent

20-30% cent
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Sample 
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Prior and 
Posterior

0-5% cent
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Sample V2 
from Prior 

and 
Posterior

v2, 20-30% cent
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Eq. of State
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c2s(✏) = c2s(✏h)

+

✓
1

3
� c2s(✏h)

◆
X0x+ x2

X0x+ x2 +X 02 ,

X0 = X 0Rcs(✏)
p
12,

x ⌘ ln ✏/✏h
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What should you expect for η/s at T=165 
MeV?

• ADS/CFT:               0.08 
• Perturbative QCD:  > 0.5 (σ≈ 3 mb) 
• Hadron Gas:           ≈ 0.25 (σ≈ 30 mb)



Extracted η/s at 
T=165 MeV 

consistent with 
expectations for 

hadron gas!
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Does not rise 
strongly in QGP



How does changing 
ya,exp or σa 

alter ⟨⟨xi⟩⟩ or 
⟨⟨δxiδxj⟩⟩?

E.Sangaline and S.P., arXiv 2015

We need

NOT

@

@y(exp)a

hhxiii

@

@xi
y(mod)
a

RESOLVING POWER OF OBSERVABLES



E.Sangaline and S.P.,  PRC 2016

hhxiii =
hxiLi
hLi

@

@y(exp)a

hhxiii = hhxi(@aL)/Lii � hhxiiihh(@aL)/Lii

= hh�xi(@aL)/Lii
= �⌃�1

ab hh�xi�ybii (for Gaussian)

can find similar relation for 
@

@�a
hh�xi�xjii

�xi = xi � hhxiii, �ya = ya � y(exp)a

RESOLVING POWER OF OBSERVABLES



Sensitivity Analysis

δ y
a
δ y

a

1/2 ∂xi

∂ya yb≠a

1
σ a

∂ya

∂xi yb≠a



Sensitivity Analysis

δ y
a
δ y

a

1/2 ∂xi

∂ya yb≠a

1
σ a

∂ya

∂xi yb≠a



Sensitivity Analysis

δ y
a
δ y

a

1/2 ∂xi

∂ya yb≠a

η’

η0

v2(LHC)v2(RHIC)



d
dσ y

〈〈δ x1δ x1〉〉 〈〈δ x1δ x2 〉〉
〈〈δ x1δ x2 〉〉 〈〈δ x2δ x2 〉〉

〈δ yδ y〉1/2 2-Parameter Resolving Power

EoS

Viscosity

��� � ��� �
��

��

��

��

�

������

�������



What determines viscosity?

• Both v2 and multiplicities 
• T-dependence comes from LHC v2 



What determines EoS?

• Lots of observables
• Femtoscopic radii are important 



CONCLUSIONS

Robust, emulation works splendidly
Scales well to more parameters & more data
Eq. of State and Viscosity can be extracted from 
data
Eq. of State consistent with lattice gauge theory
Other parameters not as well constrained
Heavy-Ion Physics can be a Quantitative 
Science!!!!



FUTURE
Improve statement of  uncertainties 

Add parameters 
many related to hadronization region 

Consider more data 
• more observables 
• Beam energy scan (Yikes!!!!) 

Improve models 
• Lumpy initial conditions 
• 3D calculations for lower energies 
• Fill in missing physics (e.g. bulk viscosity)



THINGS TO KEEP IN MIND…

Remember what you’re trying to do 
  — parameter constraint? 
  — identify weakness of  models? 
  — predictivity? 
  — not draw lines through data! 
  — more parameters(physics) are better 

Data can be redundant 
  — correlated uncertainties 
  — underestimates of  uncertainty 

Models have systematic uncertainties 
  — requires objective self  doubt



Additional slide: 
Charge BFs and 

charge 
susceptibilities

LA
T

T
IC

E

LA
T

T
IC

E 
B

ud
ap
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t 

W
up

er
ta

l

S.P., C. Ratti and W.McCormack, PRC 2016


