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Low Energy Nuclear Experiments



Overview, part 1 (general properties of nuclei, mostly macroscopic)

• History ... the isotopes, the facilities we use 

• What can we measure/is observable? 

• Questions to ask about the nucleus 

- How much do they weigh? 

- What size are they? 

- What shape are they?

Attempt to use many accessible examples from recent literature, leaning towards the study of 
exotic nuclei where possible

What can experimentalists determine about a nuclear system in the lab?



Overview, part 2 (mostly direct reactions, not so exotic)

• History 

• Reactions, reaction types, direct reactions 

• Observables 

• Energies, momentum 

• Spectroscopic factors, occupancies (in context of ‘modern’ [but stable-beam] examples)

Attempt to steer clear of reactions for reaction’s sake, rather using them as a meaningful tool to 
gain insights into topical nuclear structure properties

The connection between direction reactions and nuclear structure



Overview, part 3 (mostly direct reactions, quite exotic, microscopic)

• History 

• Exotic beams 

• Kinematics 

• Spectrometers (with a focus on solenoidal spectrometers) 

• A few examples from the last few years (2014, 2017, 2017, current) (what drove 
them, reaction choices, results, commentary) 

The connection between direction reactions and nuclear structure



Part 2: Mostly direct reactions,... 
not so exotic



To begin at the beginning …

E. Rutherford, Philosophical Magazine 21, 669 (1911)

The Geiger-Marsden Experiment ... what was “supposed” to 
happen!

9

Note: the discovery of the nucleus used experimental apparatus which in essence, is 

very similar to how we do nuclear physics today

Gold foil

α

A few details

• Used a 0.1 Curie radium source

• ~1010 α particles per second bombard the thin gold foil

• The α particles had 7.7 MeV of energy

• A telescope was used to look at flashes of light on a zinc sulphide

Telescope

Vacuum chamber
The plum-pudding idea seemed 

reasonable: this result would fit 

expectations

• A 0.1 Ci radium source 
• ~1010 α particles per second (~ 1nA of 4He) 
• α particles of 7.7 MeV (~1.9 MeV/u) 
• A gold foil of 0.00004 cm thick (~0.8 mg/cm2) 
• A telescope was used to look at flashes of light on a zinc sulphide screen

The Geiger-Marsden experiment



E. Rutherford, Philosophical Magazine 21, 669 (1911)

Elastic scattering ⇒ nucleus

This has all the same 
ingredients a modern 
nuclear reaction 
experiment: 

• A beam 
• A target 
• A chamber 
• Reaction products 
• A detector 
• …

The Geiger-Marsden Experiment ... what really happened?
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Gold foil

α

Telescope

Vacuum chamber
1 in 8000!!!

“It was almost as incredible as if you fired a 15-inch shell 

at a piece of tissue paper and it came back and hit you.” 
–– Rutherford

The atom has a dense, positive 

mass  at the centre ... it is 

mostly empty!

<1 in 20,000!

The Geiger-Marsden experiment

“It was almost as incredible as if you fired a 15-inch shell at a piece of tissue 
paper and it came back and hit you.” — E. Rutherford. 

• A 0.1 Ci radium source 
• ~1010 α particles per second (~ 1nA of 4He) 
• α particles of 7.7 MeV (~1.9 MeV/u) 
• A gold foil of 0.00004 cm thick (~0.8 mg/cm2) 
• A telescope was used to look at flashes of light on a zinc sulphide screen



This has all the same 
ingredients a modern 
nuclear reaction 
experiment: 

• A beam 
• A target  
• A chamber 
• Reaction products 
• A detector 
• … thus inferring 

something about the 
target nucleus

E. Rutherford, Philosophical Magazine 21, 669 (1911)

686 Prof. E. Rutherford on the 

the small fraction of the incident/3 particles scattered through 
a large angle, in  this way, possible errors due to small 
scattering will be avoided. 

The scattering data for the /3 rays, as well as for the 
a rays, indicate that the central charge in an atom is 
approximately proportioaal to its atomic weight. This falls 
in with the experimental deductions of Schmidt*. In his 
theory of absorption of/3 rays, he supposed that in traversing 
a thin sheet of matter, a small fraction a of the particles are 
stopped, and a small fraction /3 are reflected or scattered 
back in the direction of incidence. From comparison of the 
absorption curves of different elements, he deduced that 
the value of the constant t3 for different elements is propor- 
tional to nA 2 where n is the number of atoms per unit volume 
and A the atomic weight of the element. This is exactly the 
relation to be expected on the theory of single scattering if 
the central charge on an atom is proportional to its atomic 
weight. 

w 7. General Considerations. 

In comparing the theory outlined in this paper with the 
experimental results, it has been supposed that the atom 
consists of a central charge supposed concentrated at a point, 
and that the large single deflexions of the a and/3 particles 
are mainly duo to their passage through the strong central 
field. The effect of the equal and opposite compensating 
charge supposed distributed uniformly throughout a sphere 
has been neglected. Some of the evidence in support of 
these assumptions will now be briefly considered. For con- 
creteness, consider the passage of a high speed a particle 
through an atom having a positive central charge No, and 
surrounded by a compensating charge of lq electrons. 
Remembering that the mass, momentum, and kinetic energy 
of the a particle are very large compared with the corre- 
sponding values for an electron in rapid motion, it does not 
seem possible from dynamic considerations that an a particle 
can be deflected through a large angle by a close approach 
to an electron, even it' the latter be in rapid motion and 
constrained by strong electrical forces. It  seems reasonable 
to suppose that the chance of single deflexions through a 
largo angle due to this cause, if not zero, must be exceedingly 
small compared with that due to the central charge. 

It  is of interest to examine how far the experimental 
evidence throws light on the question of the extent of the 

* Annal. d. Phys, iv. -,o3. p. 671 (1907). 



History
Nuclear reactions and structure share an intertwined history between technological / facilities 
advances, theoretical advances, and insights … and it still is (hence this school)!

• Rutherford observed the 14N + α → 17O + p reaction (again, using an α source) 
• Cockcroft and Walton used “swift” protons to “split” the atom, carrying out the first 

artificial nuclear reaction with 600-keV protons via the 7Li(p,α)24He (reaction 
notation … soon) 

MORE ENERGY was the eagerly sought  (to overcome the Coulomb barrier) 
• Bigger Cockcroft-Walton generators (2 million volts, and above) 
• Ernest Lawrence developed cyclotrons (more energy) 
• Van Der Graaff accelerators led to tandem Van de Graaff accelerators  (more energy) 
• Then all sorts: linac, superconducting linacs, coupled cyclotrons, etc. (more and more 

energy)

+ +

Vbarrier ≈
1.44 × Z1Z2

1.25(A1/3
1 + A1/3

2 ) + 2
MeV

Z1, A1 Z2, A2
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Graa f f  as Chief  Scientist. This Corpo ra t i on  was to 
revolut ionize the ut i l iza t ion of  Van de Graa f f  acceler- 
a tors  not  only in nuclear  science but  also in medicine 
and technology.  Dur ing  the fol lowing five to six years 
this company  produced  a large number  of  Van de 
Graaf f  accelerators  in the vol tage range up to 4 MV 
and established an enviable reputa t ion  for rel iabi l i ty  
and convenience for these units. 

3,6. THE 12 MV M I T  AND LOS ALAMOS MACHINES 
Dur ing  the 1948-1952 period,  bui lding upon  all the 

accumula ted  experience in Van de Graa f fcons t ruc t ion ,  
two very ambi t ious  posi t ive ion machines were con- 
structed, one at  M I T  26) and one at the Los A lamos  

TARLF, 1 

Location of the HVEC-CN accelerators. 

Serial Location Delivery 
number date 

C-1 Oak Ridge National Laboratory 5/5151 
C-2 Rice University 4/53 
C-3 Columbia University 6/30]55 
C-4 Imperial College of Science &Technology I0/14/55 
C-5 Atomic Weapons Research Est., England 6/27/56 
C-6 University of Strasbourg, France 11/1/56 
C-7 Pennsylvania State University 9/30/57 
C-8 Atomic Energy Establishment, India 6115/58 
C-9 University of Freiburg, Germany 7/15/58 
C-10 Atomic Energy Commission, Sweden 1/15/65 
C-I 1 University of Zurich, Switzerland 8/I/59 
C-12 University of Frankfurt, Germany 2/7/61 
C-I 3 University of Padua, Italy 4/6l 
C-14 Japan Atomic Energy Research Institute 11/25/61 
C-15 University of Lawd, Quebec 4/62 
C-16 University of Texas, Austin 3/1/63 
C-17 Southern UniversitiesNuclearlnst.,S. Afr. 2/1/63 
C-I 8 State University of Iowa 8/20/63 
C-19 Ohio State University 6/62 
C-20 University of Alberta, Canada 4/1/64 
C-21 Hahn-Meitner Institute, Germany 10/13/65 
C-22 University of Virginia 12/26/64 
C-23 University of Kentucky 7/1/63 
C-24 Lowell Institute of Technology 7/1/64 
C-25 Institute of Nuclear Energy Research, 

Taiwan 6/3/68 
C-26 University of Arizona 6/15/66 

Fig. 27. The column of one of the early HVEC Model CN Van de 
Graaff accelerators during initial assembly at the HVEC Burling- 

ton, Massachusetts factory. 

Scientific Labora tor ies  27) under  the direction of  John 
T r u m p  and of  Joseph McKibben ,  respectively. The 
original design goal for each was 12 MV on te rmina l ;  
it represented a very major  step in the state of  the art29). 

Fig. 26 is a section drawing of  the M [ T  design. The 
pressure vessel is 3.66 m in d iameter  and 9.75 m in 
height. The terminal  is 0.96 m in d iameter  and  is 
mounted  on an insulat ing column 5.5 m high. A 0.5 m 
wide belt  t ravell ing at 1.0 km/min  supplies over 1 m A  
of  current  to the terminal .  A single intershield main- 
ta ined at 2 of  the terminal  potent ial  was included.  This 
machine has had a truly dist inguished product ive  
lifetime at MIT  al though its opera t iona l  vol tage limit 
was in the 8-9 MV range. This facility, under  the direc- 
t ion of  Buechner and his associates,  was responsible  for 
a substant ia l  fract ion of  all precision nuclear  spectro-  
scopy accomplished during its opera t ing  lifetime. 

This M I T  design was the p ro to type  for the HVEC-  
CN type machine opera t ing  up to 6.0-6.5 MV. Table  1 
lists the d is t r ibut ion  of  these machines worldwide and 
fig. 27 shows one of  the early model  C N  columns 
dur ing its assembly.  

Typically 6 - 6.5 MV
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polymer film. Hochberg et al. report that this reduces 
the conditioning time of the terminal-tank gap by a 
factor of two and raised the attainable terminal voltage 
significantly. Although it has long been recognized that 
in principle a dielectric layer at this point of maximum 
gradient in the gap would act to suppress localized 
breakdown, the traditional wisdom outside of the 
Soviet Union has been that such a polymer film would 
rapidly be charred and destroyed. Clearly this will 
require re-evaluation in the light of the Soviet results. 

Although this EN class of accelerators has played 
an enormously important role in nuclear science it was 
clear from the outset that the maxinaun~ attainable 
proton energy fell well below the Coulomb barriers of 
the heaviest nuclei and that these in consequence 
remained inaccessible to the precision study which 
characterized the tandems. Moreover, the EN perfor- 
mance with heavier ions had merely whetted the appe- 
tites of the scientific community. 

5.2. TANDEM ACCELERATORS OF THE 7.5 MV CLASS 

It was not surprising, therefore, that increasing 
pressure was brought to bear on HVEC, paiticularly 
by McKibben and his collaborators at Los Alamos, to 
produce a higher voltage machine with correspondingly 
extended research capabilities. The HVEC model FN, 
initially rated at 7.5 MV (and more recently, in Super 

TABLE 2 
Location of the HVEC-EN accelerators. 

Serial Location Delivery 
number date 

E-I a University of Montreal 9/58 
E-2 University of Wisconsin 6/1/59 
E-3 a Florida State University 8/1/59 
E-4 California Institute of Technology 1/15/60 
E-5 Australian National University 2/15/60 
E-6 Eidg. Technische Hochschule, Zurich 9/60 
E-7 Max-Planck-lnstitut for Kernphysik, 

Germany 5/31/61 
E-8 a Niels Bohr Institute, Copenhagen 5/1/61 
E-9 University of Liverpool 5/27/61 
E-10 Rice Institute 6/30/61 
E-I I a Argonne National Laboratory 6/30/61 
E-12 Oak Ridge National Laboratory 6/30/61 
E-14 University of Pennsylvania 2/1/62 
E-15 University of Texas 11/1/62 
E-16 a Centre D'Etudes Nucl6aires, Saclay, 

France 11/2/62 
E-I 7 University of Erlangen 6/10/66 
E- 18 University of Oxford 7/63 
E-19 D6partement Atomique Militaire, France 7/30/63 
E-20 University of Pittsburgh 11/63 
E-21 Weizmann Institute of Science, Israel 12/31/62 
E-22 University of Pittsburgh 11/63 
E-23 Comision Nacional de Energia Nuclear, 

Mexico 3/15/68 
E-24 University of Utrecht, The Netherlands 1967 
E-25 University of Western Michigan 3/17/69 
E-26 University of Uppsala, Sweden 8/1/68 
E-27 Kansas State University 3/1/69 
E-28 University of California, Livermore 3/12/71 
E-29 University of Aarhus, Denmark 1972 
E-30 University of the Witwatersrand, S. 

Africa 1973 

a E-3 is now installed at Livermore and is E-28; 
E-8 is now installed at Aarhus and is E-29; 
E-16 is now installed at Witwatersrand and is E-30; 
E-I 1 is now installed at Western Michigan and is E-25; 
E-I was originally installed at Chalk River. 

FN guise, at 9.0 MV) was the response. In design it 
remained very similar to the EN but the tank was 
enlarged from 11 m in length and 2.4 m in diameter to 
13.4m in length and 3.7 m in diameter. A longer 
column of identical structure to that in the ENs was 
used. These too have been work horse accelerators 
wherever installed. Table 3 lists these installations; the 
first EN was delivered to Los Alamos in October 1963. 

Fig. 35. A cross-sectional view through the column of the EN 
accelerator. 

5.3. TANDEM ACCELERATORS OF THE l0 MV CLASS 

In October 1960, Yale University personnel requested 
a proposal from HVEC for a single-ended 10 MV 

Tables from a 1974 retrospective by D. A. Bromley charting the growth of electrostatic 
accelerators (this omits a comparatively long list of cyclotrons [sorry LBNL] also appearing at a similar time)

Accelerators for everyone … 

D. Allan Bromley, Nucl. Instrum. Methods 122, 1 (1974)
5 MV tandems and above
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TABLE 3 
Location of the HVEC-FN accelerators. 

Serial Location Delivery 
number date 

FN-l 
FN-2 
FN-3 
FN-4 
FN-5 
FN-6 
FN-7 
FN-8 
FN-9 
FN-10 
FN-I 1 
FN-12 
FN-13 
FN-14 

FN-15 
FN-16 
FN-17 

Rutgers, The State University, New Jersey 12/63 
Los Alamos Scientific Laboratory 10/63 
University of Washington 12/63 
Stanford University 8/64 
University of Washington I 1/64 
Edgewood Arsenal I 1/30/65 
University of Cologne 12/1/66 
State University, Stony Brook, New York 8/67 
McMaster University 9/67 
Duke University 9/28/68 
Argonne National Laboratory 6/20/67 
Notre Dame University 2/29/68 
Purdue University 9/68 
Centre d'12tudes Nucl6aires, Saclay, 

France 3/30/69 
lnstitut de Physique Atomique, Romania 1/71 
Niels Bohr Institute, Copenhagen 10/3/69 
Florida State University 
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Fig. 36. Denis Robinson, John Trump, and Robert Van de Fig. 37. A cross-sectional view of the vertical 5 MV tandem 
Graaff with one of the first EN accelerators, accelerators of the United Kingdom Atomic Energy Authority. 
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machine having large terminal  volume and power  
capabi l i ty  to permi t  ins ta l la t ion of  a variety of  spe- 
cialized ion sources. On the basis of  pre l iminary  
designs it became clear that  enormous  advantages  
would be gained by going instead to a double  ended 
t andem conf igurat ion while retaining the 1 0 M V  
terminal  capabi l i ty .  Late in 1962 the U.S. A tomic  
Energy Commiss ion  placed formal  orders  with H V E C  
for two of  these machines,  the first of  which was subse- 
quently installed at Yale. Inasmuch  as the F.N.  had 
become known as the King (king-sized) t andem it was 
only reasonable  that  this larger version should become 
known as the Emperor  (MP) model.  

The p r imary  feature which made the 10 MV terminal  
potent ia l  feasible was the development ,  by Van de 
Graaff ,  Rose and Wittkower4V), of  the inclined field 
accelerat ion tube which effectively e l iminated the long- 
tube effects which had p lagued earl ier  designers.  (This 
also dist inguished the F N  from the super F N  noted 
above.)  

The M P tank is 22.6 m long by 4.6 m in d iameter  and 
it uses an entirely different co lumn structure;  an open 
truss bridge unit  composed  of  beams fabr ica ted  f rom 
al ternate  steel and glass plates  epoxied together.  The 
original  Yale machine has opera ted  at  te rminal  
potent ia ls  as high as 11.75 MV and for a per iod  of  
several years fol lowing insta l la t ion per formed con- 
sistently in the 10 11 MV range. I t  has been tube 

Table 4 
Location of the HVEC-MP accelerators. 

Serial Location Delivery 
number date 

M-I 
M-2 
M-3 
M-4 
M-5 

M-6 
M-7 
M-8 
M-9 
M-10 

Yale University 3/I/65 
University of Minnesota 7/I/65 
Atomic Energy of Canada, Ltd. 8/30/65 
University of Rochester 8/13/66 
Max-Planck-lnstitut f6r Kernphysik, 7/67 

Heidelberg 
Brookhaven National Laboratory 10/31/69 
Brookhaven National Laboratory 10/31/69 
University of Munich 5/15/70 
Institute of Physics, Orsay, France 1973 
University of Strasbourg, France 1973 

limited to a greater  degree than any of  the earlier 
HVEC machines;  the MP tank and column should,  in 
principle,  opera te  to slightly over 17 MV on terminal ,  
with the ul t imate restr ict ion being posed by the knee 
geometry  of  the t ank  init ially included to save both  
initial tank  and future gas costs - but  in retrospect  a 
mistake.  

Fig. 38 shows the Yale MP accelerator  as instal led;  
fig. 39 was taken on October  5, 1966 at  the t ime of  the 
dedica t ion  of  the Yale facility and marked  Van de 

Fig. 38. The first MP tandem accelerator installed in the A. W. Wright Nuclear Structure Laboratory at Yale University, New Haven, 
Connecticut. 

Later there came a small number of remarkable “one offs” such as the Yale, Daresbury (UK), and 
Oak Ridge tandems, which were capable of terminal voltages greater than 20 MV (now all extinct). 

A concurrent development of magnetic spectrometers with high resolving power.

… literally

D. Allan Bromley, Nucl. Instrum. Methods 122, 1 (1974)

~9 MV tandems ~14 MV tandems

Some still in 
use, hear about 
these two later





Aside: reaction basics

The ingredients 
• Target (A) 
• Projectile (a) 
• Beam-like outgoing ion (b) 
• Target-like outgoing ion (recoil) (B) 

What can be measured 
• Count numbers of b and/or B 
• Energy of b and/or B 
• Type of b and/or B 
• Angle of b and/or B 
• And also in coincidence with … 

anything

A(a,b)B

A

a

B

b

N.B. the beam has E, I, size, spread, purity, the target has thickness, purity, etc.

(7Li(p,α)24He)



Reaction types

Many, many types … elastic, compound, and direct

For most reactions it is the (a,b) of A(a,b)B that is used to label the reaction

The probe (a) can be hadrons, electrons, nuclei, pions, photons, …, etc.  

We’ll stick mostly to hadrons, and mostly to direct reactions



Reaction types
16O(e,e)16O — elastic scattering, Q = 0 

16O(d,d)16O — elastic scattering, Q = 0 

16O(d,d’)16O* — inelastic scattering, Q ~ EB 

16O(d,p)17O — neutron adding (transfer), Q +ve 

16O(d,3He)15N — proton removing (transfer), Q -ve 

16O(e,e’p)15N — proton knockout, Q -ve 
  
9Be(16O,15N)X — proton knockout, Q -ve 

16O(3He,t)16F — charge-exchange (β–), Q -ve

Q = mAc2 + mac2 + mbc2 + mBc2 − Ex(b) − Ex(B)

A(a,b)B

Z

N

16F 17F 18F

15O 16O 17O

14N 15N 16N



Reaction types
16O(p,d)15O — neutron removing (transfer), Q -ve 

16O(3He,α)15O — neutron removing (transfer), Q +ve 

16O(3He,d)17F — proton adding (transfer), Q +ve 
  
16O(d,α)14N — np-pair removal (pair transfer), Q +ve 

16O(α,d)18F — np-pair adding (pair transfer), Q -ve 

16O(t,p)16F — two-neutron (pair transfer), Q +ve 

…

Q = mAc2 + mac2 + mbc2 + mBc2 − Ex(b) − Ex(B)

A(a,b)B

Z

N

16F 17F 18F 17O

15O 16O 17O 17O

14N 15N 16N 17O



Z

N

Or many other reactions that lead to huge 
rearrangements, with many, many nucleons 
changing, and no connection between the 
initial and final states … 

e.g. fusion-evaporation, deep-inelastic, 
fragmentation, etc 
Heavy-ion transfer, fusion, etc. 
Other ‘simple’ probes ignored too, Coulex, etc.

Reaction types A(a,b)B

e.g., 238U + 76Ge → 180W + 58 other nucleons of stuff

 R. Broda, J. Phys. G: Nucl. Part. Phys 32, R151 (2006) 
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Or many other reactions that lead to huge 
rearrangements, with many, many nucleons 
changing, and no connection between the 
initial and final states … 

e.g. fusion-evaporation, deep-inelastic, 
fragmentation, etc 
Heavy-ion transfer, fusion, etc. 
Other ‘simple’ probes ignored too, Coulex, etc.

Reaction types A(a,b)B

e.g., 238U + 76Ge → 180W + 58 other nucleons of stuff

 R. Broda, J. Phys. G: Nucl. Part. Phys 32, R151 (2006) 



In the early days (‘50s), it was recognized that the angular distributions of protons 
following a deuteron-induced reaction showed characteristic shapes that reflected 
the angular momentum of the transferred neutron. 
(This led to / was coupled with a remarkable amount of activity, both experimentally and theoretically. Tandems, cyclotrons, and magnetic spectrographs, all developed at extraordinary 
pace.) 

Building on earlier works studying resonances (Briet and Wigner, 1936; Wigner 1946) 
the conceptual framework was there to develop a model that projected the interior 
wave function of the nucleus onto the surface of the nucleus and connect the 
surface to the outside (lab). 

Thus theoretical developments quickly led to the definition of spectroscopic overlaps, 
spectroscopic factors (reduced cross sections). Provided an inference of the single-
particle content of nuclear excitations. Dramatically aided by the advent of ‘fast’ (60s 
fast) computers. 

The data were highly instructive, and arguably formed the skeleton of our 
understanding of single-particle nuclear structure as we know it today.

2nd poorly-ordered historical preamble



H. B. Burrows et al., Phys. Rev. 80, 1095 (1950), S. T. Butler ibid. 
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FIG. 1. OtII(d, p) 0» angular distributions in the center-of-mass (c.m.)
system: p c.m. angle, Ir(p) =c.m. differential cross section in arbitrary
units. Curve a is for formation of 0» in the ground state, and curve 5 is for
the 0.88-Mev excited state.

Angular Distributions of Protons from the Reaction
O16(d P)O17

HANNAH B. BURRows
University of Liverpoo/, Liverpoo/, Eng/and

W. M. GIBsoN
University of Bristo/, Bristol, England

AND

ROT BLAT
Medical CoLlege of St. Bartho/omew's Hospital, London, England

October 30, 1950

'HE reaction 0"(d, p) 0'~ gives a number of groups of protons,
of which the two corresponding to the ground state and

first excited state of 0"have Q-values of 1.925 Mev and 1.049 Mev
(Buechner et al. '). The intensities of these two groups have been
measured at seven angles by Heydenburg and Inglis, 2 using
deuteron energies between 0.65 Mev and 3.05 Mev.

%'e have used the 8-Mev deuteron beam from the University
of Liverpool cyclotron, and a scattering camera in which photo-
graphic plates record particles emitted from a gas target at all
angles from 10' to 165', to obtain detailed angular distributions
for the charged particles emitted in a number of deuteron-
induced reactions. A full account of the method and results will
be published elsewhere, but because of their theoretical interest
{Butlera), the angular distributions of the two groups of protons
from the reaction 0"{d,p)O" are presented here.

Tracks of protons from the two groups were identified by their
ranges in the photographic emulsion, and the number of protons
in each group, found in a given area, was determined for a series
of angles from 10' to 160'. Ordinarily, measurements were made
at 5' intervals, but at the more critical angles the interval was
reduced to 2.5' or even to 1.25'. Using these numbers and the
geometry of the apparatus„we calculated the angular distributions

of the two proton groups in the center-of-mass system. These are
shown in Fig. 1, in which the ordinates are proportional to the
cross sections per unit solid angle in the center-of-mass system,
at a center-of-mass angle @, and the abscissae are cosp.

Figure 1a shows that vhen the 0'~ nucleus is formed in its
ground state, there is a definite maximum in the intensity at
cos@=0.83 (&=34'). At higher angles, the intensity falls to a
minimum at about 85', rises to a smaller maximum at 120', and
falls again towards 180'. Below 34' the intensity falls, apparently
tending to zero in the forward direction, although it is not ex-
cluded that it may rise again at very small angles; it is hoped that
further experiments will show the behavior at angles too small to
be studied with this apparatus.

In contrast to this, the intensity of protons from the formation
of 0'~ in its excited state at 0.88 Mev (Fig. 1b) has a peak at
cosp=0. 7 {&=45') and a minimum at cos&=0.84 (&=33'),
rising steeply as the angle decreases from 33'.

The most interesting feature of these results is the difference
in behavior of the two groups at angles below 50'. Butler' has
shown that a stripping process, in which no compound nucleus is
formed, can give one of several characteristic angular distribu-
tions, according to the spins and parities of the reacting nuclei.
The observed results for small angles fit very well with the
theoretical predictions, and, it appears that {d, n) and (d, p)
angular distributions may be of use in determining the spins and
parities of ground and excited states in many nuclei.

t Buechner, Strait, Sperduto, and Maim, Phys. Rev. 76, 1543 (1949).
~ N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 (1948).
3 S. T. Butler, Phys. Rev. 80, 1095 (1950). Following letter.

On Angular Distributions from (d, p) and (d, n)
Nuclear Reactions

S. T. BUTLERS
Department of Mathematica/ Physics, University of Birmingham,

Birmingham, England
October 30, 1950

&HE purpose of this note is to report the results of calculations
which show how' information regarding the spins and parities

of nuclear energy levels can be obtained from angular distributions
from nuclear reactions of the type X(d, p/n) Y without the neces-
sity of assuming properties of resonance levels of a compound
nucleus. This work was commenced, at the suggestion of Professor
Peierls, when experimental angular distributions for certain (d, p)
reactions' were made available to him some time ago by Professor
Rotblat. All exhibited a pronounced structure at small angles,
and the work of Holt and Young' gives similar results. Such a
structure must arise from contributions from high incident angular
momenta of classical impact parameters larger than the nuclear
radius. The obvious conclusion is that the reactions proceed, at
least in part, by a stripping process in which one of the particles
of the deuteron is absorbed into the nucleus, while the other
merely carries off the balance of energy and momentum. Such a
process is possible in the case of (d, p) and (d, n) reactions because
of the low binding energy and large diameter of the deuteron.

I have calculated angular distributions resulting from such a
stripping process by equating, at the nuclear surface, the exact
wave function for a particle outside the nucleus to the interior
wave function. After some simplification the resulting boundary
equations can be solved in such a way that unknown properties
of the nuclear wave functions affect the important parts of the
distributions merely as a constant multiplying factor. The re-
sulting curves show a pronounced maximum near the forward
direction, the position of which is determined in each case by the
spins and parities of the nuclear states involved. This is due to
the fact that the requirements of conservation of angular mo-
mentum and of parity allow the nucleus to accept a particle (say a
neutron) with only very limited values of angular momenta l„,
and the angular distribution depends very sensitively on these
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and even parity, and that the first excited state of 0'7 has spin 1/2
and even parity.

Table I gives spin and parity assignments which have so far
been made from the experimental evidence of Burrows, Gibson,

TABLE I. Spin and parity assignments.

Reaction
Ground state
initial nucleus Ground state

Final nucleus
First excited

state

O18(El, p)O» a
N14(d p) Nls a
C18(d p) { 18 a
A187(d p)A188 b

0+1+0+
5/2 +

(5/2 or 3/2) +
(1/2, 3/2, or 5/2)—

(1/2 or 3/2)—
(2 or 3)+ (0, 1, 4, or 5) +

a See reference 1.
b See reference 2.

and Rotblat, and of Holt and Young. For the ground states of
C" and N" the assignments are consistent with what is already
known.

Full details of these calculations, together with further assign-
ments of spins and parities, will be published elsewhere.

values. For deuteron energies above the Coulomb barrier, the
distributions for the different values 0, 1, and 2 of 1 are generally
of the form shown' in Fig. 1.

The possibility that the whole deuteron may enter the nucleus
has been neglected. This is justified for large impact parameters,
and hence the results should be reliable at small angles which
are important for the present analysis. It is found that in any
one case the experimental distribution agrees extremely well at
small angles with one of the possible theoretical curves. We can
thus identify the angular momentum transferred to the nucleus,
and hence determine the spin and parity of the final nucleus from
that of the initial nucleus.

For example, from the experimental angular distributions' for
the reaction 0"(d, p)0 ' with 7.9-Mev incident deuterons, it is
found that the theoretical curve required to obtain coincidence
with the experimental one at small angles is, for the ground state
of 0'7 that for l„=2, and for the first excited state {0.88 Mev
above ground) that for l„=0. This agreement is illustrated in
Figs. 2 and 3. Since the ground state of 0"has spin 0 and even
parity, this implies that the ground state of 0"has spin 5/2 or 3j2
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My sincere thanks are due to Professor Peierls not only for
suggesting the problem, but also for many very helpful discussions
during the course of the work. I must also thank Professor
Rotblat and Dr. Gibson for making experimental results available
before publication.

'8 Australian National University Scholar.
1Burrows, Gibson, and Rotblat, Phys. Rev. 80, 1095 (1950), preceding

letter, and report at Harwell Nuclear Physics Conference, 1950.
8 Holt and Young, Proc. Phys. Soc. London 78, 833 (1.950).
8 Although not shown in Fig. 1, the absolute values of the maxima usually

decrease with increase of l&, so that in those cases in which more than one
value of l» is allowed, the lowest value is the most important.

On the Entry into the Earth's Atmosphere of 57'-Kev
Protons during Auroral Activity

A. B. M EIN EL
Yerkes Observatory, W'illiams Bay, Wisconsin

October 27, 1950

'HE occurrence of a major auroral storm during the two
nights of August 18 and 19, 1950, made it possible to utilize

a grating spectrograph of sufBcient resolution to study the Ha
wave-length region. The spectrograph was pointed toward the
magnetic zenith for three spectra and toward the north magnetic
horizon for five spectra. Some spectra from both orientations

FiG. 3. Comparison of experimental and theoretical distributions for the
transition to the 0.88-Mev excited state of 0» in the reaction 018(d. p)017
with 7.9-Mev incident deuterons. The theoretical curve is that for 4 =0.

5/2+, ℓ = 2 1/2+, ℓ = 0 8-MeV deuterons from 
the UoL cyclotron

The distinctive patterns in the angular distribution of outgoing ions 
informs us about the spins and parities of energy levels in the 
residual nucleus through the use of the Born approximation.

A simple yet profound observation
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Angular Distributions of Protons from the Reaction
O16(d P)O17

HANNAH B. BURRows
University of Liverpoo/, Liverpoo/, Eng/and

W. M. GIBsoN
University of Bristo/, Bristol, England

AND

ROT BLAT
Medical CoLlege of St. Bartho/omew's Hospital, London, England

October 30, 1950

'HE reaction 0"(d, p) 0'~ gives a number of groups of protons,
of which the two corresponding to the ground state and

first excited state of 0"have Q-values of 1.925 Mev and 1.049 Mev
(Buechner et al. '). The intensities of these two groups have been
measured at seven angles by Heydenburg and Inglis, 2 using
deuteron energies between 0.65 Mev and 3.05 Mev.

%'e have used the 8-Mev deuteron beam from the University
of Liverpool cyclotron, and a scattering camera in which photo-
graphic plates record particles emitted from a gas target at all
angles from 10' to 165', to obtain detailed angular distributions
for the charged particles emitted in a number of deuteron-
induced reactions. A full account of the method and results will
be published elsewhere, but because of their theoretical interest
{Butlera), the angular distributions of the two groups of protons
from the reaction 0"{d,p)O" are presented here.

Tracks of protons from the two groups were identified by their
ranges in the photographic emulsion, and the number of protons
in each group, found in a given area, was determined for a series
of angles from 10' to 160'. Ordinarily, measurements were made
at 5' intervals, but at the more critical angles the interval was
reduced to 2.5' or even to 1.25'. Using these numbers and the
geometry of the apparatus„we calculated the angular distributions

of the two proton groups in the center-of-mass system. These are
shown in Fig. 1, in which the ordinates are proportional to the
cross sections per unit solid angle in the center-of-mass system,
at a center-of-mass angle @, and the abscissae are cosp.

Figure 1a shows that vhen the 0'~ nucleus is formed in its
ground state, there is a definite maximum in the intensity at
cos@=0.83 (&=34'). At higher angles, the intensity falls to a
minimum at about 85', rises to a smaller maximum at 120', and
falls again towards 180'. Below 34' the intensity falls, apparently
tending to zero in the forward direction, although it is not ex-
cluded that it may rise again at very small angles; it is hoped that
further experiments will show the behavior at angles too small to
be studied with this apparatus.

In contrast to this, the intensity of protons from the formation
of 0'~ in its excited state at 0.88 Mev (Fig. 1b) has a peak at
cosp=0. 7 {&=45') and a minimum at cos&=0.84 (&=33'),
rising steeply as the angle decreases from 33'.

The most interesting feature of these results is the difference
in behavior of the two groups at angles below 50'. Butler' has
shown that a stripping process, in which no compound nucleus is
formed, can give one of several characteristic angular distribu-
tions, according to the spins and parities of the reacting nuclei.
The observed results for small angles fit very well with the
theoretical predictions, and, it appears that {d, n) and (d, p)
angular distributions may be of use in determining the spins and
parities of ground and excited states in many nuclei.

t Buechner, Strait, Sperduto, and Maim, Phys. Rev. 76, 1543 (1949).
~ N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 (1948).
3 S. T. Butler, Phys. Rev. 80, 1095 (1950). Following letter.

On Angular Distributions from (d, p) and (d, n)
Nuclear Reactions

S. T. BUTLERS
Department of Mathematica/ Physics, University of Birmingham,

Birmingham, England
October 30, 1950

&HE purpose of this note is to report the results of calculations
which show how' information regarding the spins and parities

of nuclear energy levels can be obtained from angular distributions
from nuclear reactions of the type X(d, p/n) Y without the neces-
sity of assuming properties of resonance levels of a compound
nucleus. This work was commenced, at the suggestion of Professor
Peierls, when experimental angular distributions for certain (d, p)
reactions' were made available to him some time ago by Professor
Rotblat. All exhibited a pronounced structure at small angles,
and the work of Holt and Young' gives similar results. Such a
structure must arise from contributions from high incident angular
momenta of classical impact parameters larger than the nuclear
radius. The obvious conclusion is that the reactions proceed, at
least in part, by a stripping process in which one of the particles
of the deuteron is absorbed into the nucleus, while the other
merely carries off the balance of energy and momentum. Such a
process is possible in the case of (d, p) and (d, n) reactions because
of the low binding energy and large diameter of the deuteron.

I have calculated angular distributions resulting from such a
stripping process by equating, at the nuclear surface, the exact
wave function for a particle outside the nucleus to the interior
wave function. After some simplification the resulting boundary
equations can be solved in such a way that unknown properties
of the nuclear wave functions affect the important parts of the
distributions merely as a constant multiplying factor. The re-
sulting curves show a pronounced maximum near the forward
direction, the position of which is determined in each case by the
spins and parities of the nuclear states involved. This is due to
the fact that the requirements of conservation of angular mo-
mentum and of parity allow the nucleus to accept a particle (say a
neutron) with only very limited values of angular momenta l„,
and the angular distribution depends very sensitively on these
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• 1949 (Haxel, Jensen, and Suess, and independently Mayer) — 
the nuclear shell model — the surprising dominance of 
relatively unimpeded independent particle motion. 

• These are ‘simple’ phenomenological models that  work 
surprisingly well (some of our most advanced models today 
start out here ... ) 

• They describe an average central potential in which protons 
and neutrons execute independent single-particle motions 

Enter REALITY 

• There is a residual interaction – crudely this is the difference 
between the central potential and reality 

• It is due to the fact nucleons do interact with each other ... 
RESIDUAL INTERACTIONS

MEDEX%’13,%Prague,%11014%June%2013
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Figure 1.1: [Colour] Schematic ordering of single-particle orbitals as reproduced by
a variety of different central potentials. The colour coding follows quantum number
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they appear as brackets in all others. The numbers adjacent to the levels with the
spin-orbit term indicate the j of those states. Figure taken from [6].
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… at around the same time



Lee, Schiffer, Zeidman, Satchler, Drisko and Bassel, Phys. Rev. 136, B971 (1964) [one of >60 (d,p) studies]
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Single-nucleon ADDING probes the 
EMPTINESS of the orbital, or the VACANCY 

(cross section proportional to how much 
‘space’ available in the orbital) 

Single-nucleon REMOVAL probes the 
FULLNESS of the orbital, or the OCCUPANCY 

(cross section proportional to how 
many particles that are in the orbital)

Requires a few careful considerations...

A well understood probe of nuclear structure, much of the formalism developed in the late 
50s / early 60s. Exploited to great effect.

Transfer reactions

Cartoons courtesy of Peter Mueller, PHY (ANL)

A(a,b)B
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nucleus 

If we have carried out our experiment appropriately 
we know the transfer can be considered a one-step 
process happening dominantly at the nuclear 
surface, populating single-particle states in the 
target nucleus…interpretation follows…which is 
easier if the experiment is done well!
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Spin and isospin factors. For common 
reactions on neutron-rich isotopes such 
as (d,p) the isospin term is 1* and the 
spin term is either 1 or (2j+1)

Calculations typically  assume 
S = 1, pure single-particle states ... 
of course this is not reality

*See book chapter by J. P. Schiffer 
in “Isospin” edited by D. H. 
Wilkinson, 1969. It can be quite 
nontrivial! A thorough example is 
given in Szwec et al. Phys. Rev. C 
94, 054314 (2016).

Transfer reaction ➞ nuclear structure

dσ
dΩ measured

= gSj
dσ
dΩ model

Spectroscopic factor: a measure 
of the overlap between the final 
state and the initial state plus/
minus one nucleon

The model, theory, often requires 
several parameters  and a little bit 
of respect!



A model, DWBA
• DWBA? distorted-wave Born approximation 
• DW? Incoming and outgoing waves are distorted by the Coulomb field (optical-model 

potential required), not planes waves 
• BA? Transfer considered a perturbation to elastic scattering, often accurate enough to 

calculate transition rate using the BA
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Initial state Final state

t
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t
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Projectile Residual nucleus
Triton
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Figure 2.1: [Colour] Schematic illustration of the transfer process for the (�,t) reaction.

• The direct transfer of the proton from the bound state of the � particle into a

state bound to the target nucleus.

• The triton ion moving in the average field of the residual nucleus. Again this an

elastic scattering process using the optical model.

In the early days of transfer reactions, the incoming and outgoing waves were

modelled as plane waves [33, 34] and hence the use of the plane-wave Born approx-

imation. The deficiencies in this model were addressed by introducing the optical-

model potential which distorts the incoming and outgoing waves. This approach is

referred to as the distorted-wave Born approximation (DWBA).

Using the reaction presented in Figure 2.1 as an example, the total Hamiltonian

can be written as

Htotal = T�T + Tpt + Vpt + VpT + VtT

= TtR + TpT + Vpt + VpT + VtT

(2.4)

where T�T and Tpt are the relative kinetic energies of the � projectile and the target,

and of the proton and triton in the projectile bound state, systems respectively. Vpt

is the potential between the proton and the triton in the projectile bound state. The

notation is consistent and so the other terms have their respective meanings. The

equality of the two lines in Equation 2.4 is ensured by the conservation of energy.

The Hamiltonian for the initial state (see Figure 2.1) can be written in terms of the

unperturbed Hamiltonian, H0
i , plus an additional potential term responsible for the

A model, DWBA A(a,b)B e.g. A(α,t)B

a
A

b

B
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• The triton ion moving in the average field of the residual nucleus. Again this an
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In the early days of transfer reactions, the incoming and outgoing waves were

modelled as plane waves [33, 34] and hence the use of the plane-wave Born approx-

imation. The deficiencies in this model were addressed by introducing the optical-

model potential which distorts the incoming and outgoing waves. This approach is

referred to as the distorted-wave Born approximation (DWBA).

Using the reaction presented in Figure 2.1 as an example, the total Hamiltonian

can be written as

Htotal = T�T + Tpt + Vpt + VpT + VtT

= TtR + TpT + Vpt + VpT + VtT

(2.4)

where T�T and Tpt are the relative kinetic energies of the � projectile and the target,
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The Hamiltonian for the initial state (see Figure 2.1) can be written in terms of the

unperturbed Hamiltonian, H0
i , plus an additional potential term responsible for the

BOUND-STATE  
POTENTIAL (PARAMETERS) 

Projectile: proton bound in alpha particle 
Residual nucleus: proton bound to target 

nucleus

A model, DWBA A(a,b)B e.g. A(α,t)B

a
A

b

B
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Figure 2.2: [Colour] Illustrating the form of the various potentials used in the opti-

cal model. The scaling on the vertical axis is arbitrary in order to best illustrate the

shapes. The black lines (solid and dashed) show the summed result of the Coulomb,

nuclear and spin-orbit terms. The � · s term in the spin-orbit potential results in a

repulsive contribution for j = ⇥� s, which is smaller in magnitude than the attractive

contribution for j = ⇥ + s [35].
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FIG. 1. Comparison of 11.8-MeV elastic scattering data of
Refs. [11–13] with the values from our global potential. The data
of 40Ca, 60Ni, 165Ho, and 206Pb have not been included in the global
parameter search.

APMN and the potential by C. M. Perey and F. G. Perey as a
starting point, we plan to search for a new set of parameters
for a global deuteron potential in a wider energy range and for
more target nuclei than other global deuteron potentials.

This article is arranged as follows. Section II describes
our optical model and global optical potential parameters, and
Sec. III presents the database for searching for global optical
potential parameters. Section IV is a comparison of our work
with a previous work [3], Sec. V describes the results and
discussion, and Sec. VI provides a summary.

II. OPTICAL MODEL AND GLOBAL OPTICAL
POTENTIAL PARAMETERS

In APMN, all radius and diffusiveness parameters are con-
stant, they do not vary with mass number of the target nucleus.
In this work, according to the global optical model parameters
(OMP) of Varner et al. [10], the radius parameters are
taken in the form of ri = ri0 + ri1 A−1/3. Following Bojowald
et al. [3], the diffusiveness parameters are taken in the form of
ai = ai0 + ai1 A1/3. We also made some other small changes
in APMN to allow it to contain the parameters in the form given

FIG. 2. Comparison of 17-MeV elastic scattering data of Ref. [14]
with the values from our global potential. The data of 48Ca, 59Co, 62Ni,
64Ni, 105Pd, 112Cd, 115In, 112Sn, 124Sn, and 209Bi have not been included
in the global parameter search.

in Ref. [3]. The code APMN as modified by us contains 33
adjustable parameters.

The optical model potential in the modified APMN code is
given as follows:

V (r) = −V fr (r) − i Wv fv(r) + i 4 asWs

dfs(r)
dr

+ λ2
π

Vso + Wso

r

dfso(r)
dr

σ⃗ · l⃗+ VC(r), (1)

where

fi(r) = {1 + exp[(r − ri A
1/3)/ai]}−1 with i = r, v, s, so,

(2)

V = V0 + V1 Ed + V2 E2
d + V3 (N − Z)/A + V4 Z/A1/3,

(3)

Ws = Ws0 + Ws1 Ed + Ws2 (N − Z)/A + Ws3 A1/3, (4)

Wv =
{

Wv0 + Wv1 Ed + Wv2 E2
d : Ed ! Ebd

Wv0h + Wv1h Ed + Wv2hE
2
d : Ed > Ebd

(5)

Ri = ri A
1/3 with i = r, v, s, so, C, (6)

ri = ri0 + ri1 A−1/3 with i = r, v, s, so, (7)

ai = ai0 + ai1 A1/3 with i = r, v, s, so, (8)

where Ed is the incident deuteron energy in the laboratory
frame and Z, N, and A are the number of protons, neutrons,
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FIG. 3. Comparison of the 34.4-MeV elastic scattering data of
Ref. [15] with the values from our global potential. The data of 49Ti,
50Ti, 60Ni, 91Zr, 92Zr, 94Zr, and 96Zr have not been included in the
global parameter search.

and the nucleons of the target nucleus, respectively. Ebd is the
energy boundary in Wv . V is the real part potential, Ws and Wv

are the surface and volume absorption of the imaginary part
potential, respectively, and VC(r) is the Coulomb potential
and is taken as a potential of uniformly charged sphere with
radius RC .

Considering that the isospin of deuteron is zero, we let V3 =
0, Ws2 = 0. Through a real search, we find that Wv2,Wv2h, Ws3,
and Wso are almost zero, the difference of Wv1 and Wv1h is very
small, and Vso is small, so we do not need give Wv in the lower
and higher energy regions, respectively, and can take Wv2 =
0,Ws3 = 0,Wso = 0, rso1 = aso1 = 0 to reduce the number of
parameters. Finally, there are only 24 parameters in our optimal
set of global deuteron optical potential parameters; they can
be read as:

V = 91.85 − 0.249 Ed + 0.000116 E2
d + 0.642 Z/A1/3,

(9)

Ws = 10.83 − 0.0306 Ed, Wv = 1.104 + 0.0622Ed,
(10)

Vso = 3.557,

ar = 0.719 + 0.0126 A1/3, as = 0.531 + 0.062 A1/3,
(11)

FIG. 4. Comparison of the 52-MeV elastic scattering data of
Ref. [16] with the values from our global potential. The data of
50Ti and 64Ni have not been included in the global parameter search.

av = 0.855 − 0.100 A1/3,

rr = 1.152 − 0.00776 A−1/3, rs = 1.334 + 0.152 A−1/3,
(12)

rv = 1.305 + 0.0997 A−1/3,

aso = 1.011, rso = 0.972, rC = 1.303. (13)

III. THE DATABASE FOR THE GLOBAL
PARAMETER SEARCH

All experimental data used in this work are taken from
the EXFOR, which benefits the search, because the references
concerning our experiment usually give only figures rather
than data. All these experimental data are given in the
center-of-mass (c.m.) system, so all our calculation values
are given in the c.m. system, too. Our theoretical treatment is
always in the nonrelativistic frame; no consideration is given
to the relativistic kinetics corrections because they are usually
very small (below 300 MeV). For example, for an incoming
deuteron with a kinetic energy of 300 MeV in the laboratory
system, the relativistic correction for the relative kinetic energy
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e.g. An and Cai, Phys. Rev. C 73, 054605 (2006)

From elastic scattering data, either specific, or global
dσ
dΩ Ruthford

= 1.296
((Z1Z2)/Ec.m.)2

sin4(θ/2)



Numerous “modern” finite-range codes available. My experience is limited to Ptolemy by M. H. Macfarlane and 
S. C. Pieper [ANL-76-11 Rev. 1, ANL Report (1978)] and TWOFNR hosted by the University of Surrey. Others include 
DWUCK5 and FRESCO and so on (ALL AVAILABLE ONLINE, ask me if interested). 

The ingredients are: 
• Projectile wave functions: 

- Argonne v18 potential for (d,p) and (p,d) [older, but valid, is the Reid wave function] 
- For all other reactions there are new GFMC parameterizations of Brida, Pieper, and Wiringa, including 

spectroscopic overlaps [Phys. Rev. C 84, 024319 (2011)] 
• Target wave functions: 

- Potential depth commonly varied to reproduce the relevant binding energy 
- r0 = 1.25-8 fm, a = 0.65 fm, Vso = 6 MeV, rso0 = 1.1 fm, aso = 0.65 fm 
- Radius parameter consistent with the average from 16O-208Pb from the (e,e’p) work of Kramer, Blok, and 

Lapikás [Nucl. Phys. A 679, 267 (2001)] 
• Optical model potentials: 

- Protons, global potential of Koning and Delaroche [Nucl. Phys. A 713, 231 (2003)] with smooth dependence 
on energy, A, etc. 

- Deuterons, global potential of An and Cai [Phys. Rev. C 73, 054605 (2006)] 
- A = 3, recent work of Pang et al. (GDP08) [Phys. Rev. C 79, 024615 (2009)] 
- For α particles we used a ‘static’ potential derived from the A = 90 region [Nucl. Phys. A 131, 653 (1969)] (... 

more later on this)

DWBA inputs (some thoughts, others available) — FOR REFERENCE



Doing a direct-reaction experiment
What reactions? 
What energy? 
What angles?
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θlab. = 15° 
ℓ = 0,2 have large 
cross sections
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cross sections

Proton adding – 118Sn(α,t)119Sb versus 118Sn(3He,d)119Sb

Data from measurement performed at Yale in March 2010. Part of the thesis work of A. J. Mitchell, University of Manchester 
There are numerous other examples in the literature.
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Figure 2.3: [Colour] Semi-classical calculations of the angular momentum transferred
in the (3He,d) and (↵,t) reactions on 112Sn [left] and of the (↵,3He) and (d,p) reactions
on 138Ba [right].

difference is the in the `=0 transfer (black line). The `=4 and 5 transfer dominate the

outgoing triton spectrum, whilst `=1 and 2 dominate the outgoing deuteron spectrum.

From the description above, the reactions with large Q values will generally sam-

ple smaller radii for low-` transfers resulting in a much larger probability of multi-step

or compound nuclear reactions as reaction flux is syphoned off into other channels.

These could contribute to the experimental cross sections and as a result invalidate

the assumptions made in the calculation of the cross sections. Good momentum

matching is therefore essential to meet the validity of using DWBA calculations to ex-

tract spectroscopic factors. For the reasons above, the (↵,t) reaction and the (↵,3He)

reaction are those chosen to probe the high-j states in this work.

Angular distributions

As deduced in the previous section, the cross section exhibits an energy dependence.

Aside from choosing an energy regime which is faithful to the models used for calcu-

lating the cross sections, the energy of the reaction has a strong influence on the

shapes of the angular distributions. Angular distributions are used as a signature of `
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states, g7/2 and the h11/2, outside Z=50 requires a reaction which is well matched for

transfer of `=4 and 5. Likewise, to populate the high-j states outside N=82 requires

a reaction which is well matched for the transfer of `=5 and 6.

Using a semi-classical approach (other, more detailed, approaches can be used,

for example see Reference [38]), a nucleon undergoing transfer at the nuclear surface

has a resulting orbital angular momentum written as

` = r ⇥ p (2.21)

where p is the linear momentum of a particle at a radius r. This is in keeping with

the description of direct reactions taking place at the nuclear surface; it follows that

the radius can be written as R = r0A
�1/3 where R is the nuclear radius and r0 is

generally 1.25 fm. The change in linear momentum between the projectile, pi, and

the ejectile, pf , is what generates the orbital angular momentum so q is defined as

the change in linear momentum as

q = pi � pf . (2.22)

The angular momentum transferred can now be expressed as

`  qR (2.23)

The Q value of the reaction determines the energy difference between the exit and

entrance channels and thus has a direct influence on momentum matching. For ex-

ample, consider the (3He,d) and (↵,t) reactions on 112Sn. The (3He,d) reaction has

a Q value of �2.45 MeV, which generates only a small linear momentum difference,

q, and therefore low angular momentum transfer. In contrast, the (↵,t) reaction has

a Q value of �16.77 MeV. The (↵,t) reaction favours the transfer of about 5 (~) units

of angular momentum whilst the (3He,d) favours transfer of 2 to 3 units of angular

momentum. Figure 2.3 shows the differences between the (↵,t) and (3He,d) reactions

on 112Sn illustrated with a semi-classical calculation. Also included in this figure is

a comparison of the (↵,3He) and (d,p) reactions on 138Ba. Figure 2.4 shows a real

example of this, comparing the outgoing deuteron spectrum of the 116Sn(3He,d) reac-

tion with the outgoing triton spectrum of the 116Sn(↵,t) reaction. The most noticeable
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Simple, semi-classical approx.

Angular momentum matching
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Figure 2.5: [Colour] Angular distributions for the 144Sm(↵,3He)145Sm reaction at 30,
40, 45 and 50 MeV, demonstrating the energy dependence on the shape of the angu-
lar distribution.

transfer. At higher energies these shapes become more distinctive and therefore pro-

vide a better signature of `. This is accompanied by an increase in the reaction cross

section as illustrated in Figure 2.5 for the 144Sm(↵,3He) reaction for various transfers

of `. At 7.5 MeV per nucleon the cross sections at forward angles are of the order

of a thousandth of a milli-barn which rises dramatically: at 12.5 MeV per nucleon the

cross sections are of the order of ten milli-barns. It is also noted that the peak of these

angular distribution moves to forward angles (becoming better defined in shape) as

the energy increases. Calculations of the cross section are more reliable at the peaks

of the angular distributions.

Figure 2.5 also illustrates that the angular distributions for high-j transfer are sim-

When reactions are carried out at 
energies a few MeV/u above the 
Coulomb barrier, the resultant 
angular distributions are forward 
peaked. Note, it is important that 
both the incoming and outgoing ions 
are a few MeV/u above the barrier.

Incident beam energy …

nucleus 



Angular distributions
Peak cross sections = 

 reliable cross sections
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FIG. 3. Spectra of α particles from the (3He,α) reaction on targets
of 98Mo, 100Mo, 100Ru, and 102Ru at a laboratory angle of 10◦ as a
function of the excitation energy in the residual nucleus.

clean measurements could be made. The spectra were also
checked carefully for the presence of any peaks arising from
isotopic contaminants in the target material and these were
excluded from subsequent analysis.

The differences in the kinematic matching between the two
different neutron-removal reactions are apparent in the spectra.
For example, the ℓ = 0 ground state in 99Mo is clearly visible in
the (p,d) spectrum (Fig. 2) with a cross section of 2.98 mb/sr.
However, it is hardly discernible at all in Fig. 3, having a cross
section of only 7 µb/sr in the (3He,α) reaction at 10◦, and
approaches the observation limit of around 1 µb/sr at other
angles. The ground state is only visible at all due to the low
level density in this region; other excited ℓ = 0 transitions in
the (3He,α) reaction are generally much weaker and obscured
by stronger transitions.

For many of the states populated in the residual odd nuclei,
angular-momentum quantum numbers have already been de-
termined in a variety of previous studies that are summarized in
Refs. [49– 52]. Overall more than 85% of the transfer strength
used in the sum-rule analysis from which the occupancies
are extracted (as described below) is associated with states
that have a previously determined assignment. Where new
assignments were made or previous assignments checked,
this was done on the basis of the angular distribution of the
light reaction product and a comparison of the cross section
between the differently matched neutron-removal reactions.
Some examples of angular distributions are shown in Fig. 4,
where the first maxima clearly appear at higher angles for

FIG. 4. Examples of angular distributions for the (d,p), (p,d),
(3He,d), and (3He,α) reactions on a 100Mo target. An example of
each ℓ value is shown and compared to the results of DWBA
calculations using parameters listed in Sec. III; ℓ = 0 (black), ℓ = 1
(orange), ℓ = 2 (red), ℓ = 3 (brown), ℓ = 4 (green), and ℓ = 5 (blue).
Transitions with ℓ = 0, 1, and 3 were not strongly observed in
the (3He,α) reaction. The angular distributions are labeled with the
excitation energy in the residual system in units of MeV.

higher ℓ transfers, except for the mismatched (3He,α) reaction
where the forward-peaked shapes are less characteristic of the
ℓ transfer. The strategy adopted when making new assignments
was to use the shape of the distributions from (p,d) and
(d,p) reactions, but confirm any high-ℓ assignments using
the comparison of the cross sections from (p,d) and (3He,α)
reactions. Examples of the latter are shown in Fig. 5, where the
ratio of these cross sections at forward angles for ℓ = 4 and
ℓ = 5 transitions is plotted. The momentum matching was such
that ℓ = 5 transitions are characterized by larger (3He,α) to
(p,d) cross-section ratios than those with ℓ = 4. Cross-section
ratios for transitions with ℓ < 4, not shown in Fig. 5, are
smaller by factors of ten compared with those plotted. Whilst
most of the consideration of such ratios was done using
data at 6◦ for the (p,d) reaction and 10◦ for the (3He,α)
reaction, ratios involving cross sections at other laboratory
angles have similar features and were used where needed,
as noted in the Supplemental Material [46]. This assignment
methodology produced results that were consistent with
previous assignments where they are available in the literature.
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•Energy  
- a few MeV/u above the Coulomb  

•Angles 
- at the first maxima in peaks of the angular  

•Reaction choice 
- momentum matching 

•Spectrometer 
•Absolute cross sections 

- depends what you want out of your measurement, though always useful. Measure scattering in the Coulomb 
regime. 

•Which model (fixed at DWBA in this talk, but ADWA and so on). 
•What consistency checks can be built in to the measurement? 
•What systematic uncertainties can be minimized? 
•Technique / accelerator / targets / (sometimes no choice) etc

Putting it all together, an experiment can be designed (of course with the caveat that 
compromises are inevitable, especially with exotic-beam studies …)

I will come back to this list several times in the examples section. 
If the experiment is done appropriately, then the analysis in terms of DWBA will likely be valid.

Direct-reaction check list



shell closure reveals itself as a large discontinuity, for instance at
132Sn, where E215 4,041.2(15) keV is significantly higher than that
of the other tin isotopes (about 1,200 keV) and drastically larger than
that for nearby isotopes of cadmium or tellurium (about 500 keV)
(Evaluated Nuclear Structure Data File (ENSDF) database; http://
www.nndc.bnl.gov/ensdf/). However, these excitations alone do
not prove that a nucleus is magic, because they may reflect other
properties such as changes in pairing strength8. Another sign ofmagic
nature comes from the sudden decrease in two-neutron separation
energies—S2n is shown in Fig. 1b—for the isotopes just beyond the
shell closure.

A critical test of the shell closure is to study the single-particle states
outside the closed shell. An important metric is the spectroscopic
factors (S) of single-particle states in the nuclei with one neutron
or one proton beyond the double-shell closure. For a good magic
nucleus A, the single-particle strength for a specific orbital in the
A1 1 nucleus should be concentrated in one state, resulting in high
spectroscopic factors, as opposed to being fragmented through the
spectrum of the nucleus.

Situated at the beginning of the neutron 82–126 shell, the single-
particle orbitals in 133Sn are expected to be 2f7/2, 3p 3/2, 1h9/2, 3p 1/2,
2f5/2 and 1i13/2 (the five bound states are shown in Fig. 1d).
Candidates for four of these states have been observed9,10, with the
notable exception of the p 1/2 and the i13/2 orbitals. The experimental
values of the excitation energies of single-particle states just outside a
shell closure are important benchmarks for shell-model calculations
for more exotic nuclei. Experimental investigations of the single-
particle nature of 133Sn have been confined to b-decay measure-
ments9 and the spectroscopy of prompt c-rays after the fission of
248Cf (ref. 10). In this region of the nuclear chart, b-decay preferen-
tially populates high-spin states in the daughter nucleus. In fission
fragment spectroscopy both the production of the daughter nucleus
of interest and the techniques used to extract information from the
plethora of photons emitted from a fission source favour high-spin
states. Therefore, none of the previous measurements of 133Sn were
well suited to the study of low-spin states, and none was a direct
probe of the single-particle character of the excitations.

One very sensitive technique for studying low angularmomentum,
single-particle states is by means of a reaction in which a single
nucleon is ‘transferred’ from one nucleus to another. These transfer
reactions traditionally require a light ion beam striking a target of
higher mass. For nuclei far from stability this is not possible, because
the target would not live long enough to perform the measurement.
Recently these reactions have been performed in inverse kinematics
with light-A targets, in particular deuterons in deuterated polyethyl-
ene (CD2) targets, and radioactive ion beams11,12. These measure-
ments include the pioneering experiment on the long-lived doubly
magic nucleus 56Ni (ref. 13). In a (d,p) reaction in inverse kinematics,
a neutron is removed from a deuteron (d) in the target, and is trans-
ferred to a beam particle, ejecting a proton (p) that can be detected
(see Fig. 2 top left inset). This reaction is ideally suited to the study of
low-lying single-neutron states in the final nucleus.

To perform the 132Sn(d,p) reaction in inverse kinematics, a beam14

of the short-lived isotope 132Sn (t1/25 39.7 s) was produced at the
Holifield Radioactive Ion Beam Facility at Oak Ridge National
Laboratory, using the isotope separation online technique. Protons
from the Oak Ridge Isochronous Cyclotron bombarded a pressed
powder target of uranium carbide, inducing fission. Negative ions of
tin were injected into and accelerated by the 25-MV tandem electro-
static accelerator to 630MeV. The resulting essentially pure (more
than 90%) 132Sn beam bombarded a CD2 reaction target with an
effective areal density of 160 mg cm22. Protons emerging from the
(d,p) reaction were measured in position-sensitive silicon Oak
Ridge Rutgers University Barrel Array (ORRUBA)15 detectors cover-
ing polar angles between 69u and 107u in the laboratory frame. At
forward angles, telescopes of ORRUBAdetectors consisting of 65-mm
or 140-mmDE (energy loss) detectors backed by 1,000-mm E (residual

energy) detectors were employed to stop elastically scattered 12C
recoils coming from the composite CD2 target, and to allow particle
identification. Backwards of the elastic scattering region (hlab. 90u),
single-layer 1,000 mmORRUBAdetectors were used. Amicrochannel
plate detector16 located downstream of the target chamber provided a
timing signal for beam-like recoil particles. The elastic scattering of
deuterons from the target was used in the normalization of the trans-
fer reaction cross-sections. These data, taken at forward angles
(hCM5 28–43u), were dominated by Rutherford scattering, which
can be easily calculated. Small corrections (about 6% or less) due to
nuclear scatteringwere included in the analysis of the elastic scattering
data. In this way uncertainties in the number of target deuterons and
beam ions were greatly decreased in the normalization.

Figure 2 shows the reaction Q-value spectrum for the 132Sn(d,p)
reaction as measured at 54u in the centre-of-mass frame. Four clear
peaks can be seen, corresponding to the ground state, the known
Ex5 854 keV and Ex5 2,005 keV excited states, and a previously
unobserved state at Ex5 1,3636 31 keV. The tentative spin-parity
assignments for the known states are 7/22 (presumably 2f7/2), 3/2

2

(presumably 3p 3/2) and 5/22 (presumably 2f5/2), respectively. The
initial supposition for the nature of the new state is that it is the
hitherto unobserved 3p 1/2 state.

Angular distributions of the protons from single-neutron transfer
experiments reflect the orbital angular momentum, l, of the trans-
ferred nucleon. Because the (d,p) reaction preferentially populates
low-l single-neutron states, only p -wave and f-wave states in the
region above 132Sn are expected to be significantly populated in the
132Sn(d,p) reaction. Angular distributions for the four states mea-
sured were extracted from the Q-value spectra at different angles by
using a four-Gaussian fit. The widths of the peaks were allowed to
increase for the higher excited states, reflecting the diminished
Q-value resolution for low-energy protons. For each state, transfer
angular distributions to an l5 1 and an l5 3 state were calculated in
the distorted-wave Born approximation (DWBA) framework, with
the use of the code FRESCO17. The Reid interaction18 was used for the
deuteron and the finite-range DWBA calculation included full com-
plex remnant in the transfer operator. The optical model potentials
were taken from ref. 19, and standard Woods–Saxon parameters for
the radius parameter r5 1.25 fm (where the radius R is given by
R5 rA1/3) and diffuseness a5 0.65 fm for the final bound state were
used. Spectroscopic factors were extracted by scaling the DWBA
calculation to the data. Figure 3a, b shows the angular distributions
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Figure 2 | Q-value spectrum for the 132Sn(d,p)133Sn reaction at 546 in the
centre of mass. Error bars are statistical, shown as a standard deviation in
the number of counts. The black solid line shows a fit to four peaks: the
ground state (green), the 854-keV state (red), the first observation of the
1,363-keV state (blue), and the 2,005-keV state (magenta). The top left inset
displays a diagram of the (d,p) reaction in inverse kinematics. The top right
inset shows the level scheme of 133Sn. The 1,561-keV state, expected to be the
9/22 h9/2 state, was not significantly populated in this reaction and therefore
was not included in the fit.
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One can not always choose the optimal set up, and compromises are essential for progress. 
This may be the case with radioactive ion beam experiments where limited beam energy and intensity 
are be available, or perhaps for classes of reactions or targets (gases, etc). 

Great examples of a compromise are the pioneering works below:
R. Orlandi et al. / Physics Letters B 740 (2015) 298–302 299

Shell structure characterizes several many-body systems of 
fermions moving in a common potential, such as atomic elec-
trons, metal clusters and nuclei. Angular momentum quantization 
induces a bunching of the single-particle states, resulting in shells 
separated by energy gaps. In the nuclear medium, such shell gaps 
are revealed by nuclei with neutron and proton numbers corre-
sponding to closed-shell configurations. The properties of these 
so-called magic nuclei and of their neighbors, which were cardi-
nal to the development of the nuclear shell model, could only be 
reproduced when the role played by the nuclear spin–orbit inter-
action was recognized [1].

In recent years, experiments with radioactive ion beams have 
shown that in some neutron-rich nuclei well-established shell clo-
sures can vanish, and new magic numbers appear [2,3]. The chal-
lenge to explain and predict the size of shell gaps away from beta 
stability has led to considerable progress in nuclear physics, both 
experimentally and theoretically. Despite some remarkable steps 
forward in describing the evolution of shell structure, e.g. the in-
clusion of the tensor interaction [4] and three-body forces [5,6], 
rare-isotope data are still essential to test and guide theoretical 
advances. Nuclei away from the valley of beta stability with magic 
numbers of neutrons and protons, and isotopes in their vicinity, 
have become new cornerstones for the development of a reliable 
theoretical picture of all nuclei.

The region of isotopes near 78Ni is the focus of intense exper-
imental and theoretical research (cf., for example, [7–12] and ref-
erences therein). Whether 78Ni can be considered a doubly-magic 
spherical nucleus depends ultimately on the size of the Z = 28 and 
N = 50 shell gaps. To date, however, scarce information is available 
on 78Ni and on its immediate neighbors, and contrasting predic-
tions have been made [12,13] about its magicity.

The properties of nuclei lying close to 78Ni also impact strongly 
on astrophysical models of stellar nucleosynthesis and evolution. 
A recent example is related to the measurement of the 82Zn bind-
ing energy and its implications on the composition of neutron-
star crust [14]. Furthermore, a sensitivity study on the effect of 
neutron-capture rates on the A ∼ 80 and A ∼ 130 r-process peaks 
[15] revealed that 78Zn and 79Zn are among the few isotopes 
which can cause the largest change (> 15%) in the overall abun-
dance pattern, affecting the abundances of masses as high as 
A ∼ 195.

Single-nucleon transfer reactions are a very sensitive technique 
to populate single-particle states and to investigate the structure of 
the isotopes produced [16–19]. Performing such reactions on 78Ni 
will reveal the energies of the single-particle orbits governing the 
properties of 78Ni and its neighbors. The necessary experiments 
however still require years of developments in radioactive-ion-
beam production. Revealing insights about the structure of 78Ni 
can nonetheless be gained by studying close-lying isotopes. More-
over, an accurate description of the evolution of nuclear structure 
across neighboring nuclei is an implicit test for theoretical predic-
tions of the properties of 78Ni.

In this Letter, the first spectroscopic study of the Z = 30, 
N = 49 isotope 79Zn is presented. In this nucleus, neutrons can oc-
cupy orbits which lie both below and above the N = 50 shell gap. 
Prior to this work, the available information about 79Zn was lim-
ited to its ground-state half life, 0.995(19) s [20]. The beta decay of 
79Zn [8] supports a Jπ = 9/2+ ground-state configuration, in line 
with the shell-model expectation that the odd neutron (hole) oc-
cupies the g9/2 orbit, and with N = 49 systematics. In the present 
work, the 9/2+ assignment for the ground state has been adopted.

In this work, excited states in 79Zn have been populated using 
the 78Zn(d, p)79Zn reaction in inverse kinematics at REX-ISOLDE, 
CERN (Q value = 1.796 MeV [21]). 78Zn (T1/2 = 1.47(15) s) was 
produced in collisions of 1.4 GeV protons from the CERN PS Booster 

Fig. 1. (Color online.) a) 79Zn excitation energy deduced from proton kinematics 
for all the transfer protons (black solid line) and from the protons in coincidence 
with any γ ray (green, solid fill). b) 79Zn excitation energy in coincidence with the 
983-keV γ ray, corrected for γ -ray efficiency. c) Same as b), but in coincidence 
either with the 236-keV (blue) or the 1859-keV γ transitions (red).

with a UCx target. 78Zn atoms were laser ionized using the RILIS 
set up [22], mass separated, and post-accelerated by the REX-
LINAC to 2.83 MeV per nucleon. The 78Zn beam impinged on a 
thin (105(10) µg/cm2) deuterated polyethylene (DPE) target. In ad-
dition to 78Zn, which made up ∼75% of the total intensity, the 
beam also contained 78Rb (∼20%) and 78Ga (∼5%). Exploiting the 
fact that without laser ionization only 78Zn disappeared from the 
beam cocktail, the contribution from the contaminants could be 
identified and subtracted offline by collecting data with the laser 
periodically turned on and off (in total, approximately 100 hours 
with and 35 hours without laser ionization). From the analysis of 
elastically scattered deuterons, the estimated average 78Zn beam 
intensity was 7.8(7) · 105 particles per second. Additional data (ap-
proximately 20 hours), collected using a thick (∼1.7 mg/cm2) DPE 
target, permitted to confirm weak coincidences observed in the 
thin-target data.

The reaction was studied using the segmented T-REX array of Si 
telescopes [23], and eight triple-cluster HPGe detectors of Miniball 
[24], which surrounded the T-REX scattering chamber. The coin-
cident detection of light charged particles and γ rays led to the 
identification of states which could not be resolved using only the 
proton data. Furthermore, the charged-particle data constrained 
the placement of states in the level scheme which would have 
been ambiguous from the γ -ray data alone.

In Fig. 1 (a), the 79Zn excitation energy deduced from reaction 
kinematics is shown for proton singles and protons in coincidence 
with all detected γ rays. Three main peaks can be seen, cen-
tered respectively around 1.2, 2.5 and 3.3 MeV. Due to kinematic 
compression and to the detection threshold, only transfer protons 
corresponding to the lowest-energy peak could be detected both 
at forward and backward angles, and meaningfully compared to 
DWBA calculations. At this beam energy, the transferred neutrons 
should populate mainly states or groups of states corresponding to 
low-ℓ orbits, mostly above the N = 50 gap, namely d5/2, s1/2 and 
d3/2. The g7/2 orbit above the gap (ℓ = 4) and the neutron–hole 
states based on p or f configuration are likely to be populated 
very weakly. As an illustration, the 79Zn case can be compared to 
the study of the N = 81 isotone 131Sn via the 130Sn(d, p)131Sn re-
action [17], in which only neutron orbits above the N = 82 gap 
were populated.

Fig. 1 (a) reveals that the lowest-lying states which are strongly 
populated via transfer are found near 1 MeV. This observation 
is important, since the position of the excited states based on 
neutron orbits above the N = 50 shell reflects the gap size. As 

EXPERIMENTAL STUDY OF THE 66Ni(d, p) . . . PHYSICAL REVIEW C 91, 054321 (2015)

Ni Excitation energy [keV]67
0 2000 4000 6000 8000

Co
un

ts
 /5

0 
ke

V

0
20
40
60
80

100
120

1724 keV
483 keV
1896 keV

 [keV]γE
500 1000 1500 2000

Co
un

ts
 /5

 k
eV

0
10
20
30
40
50
60 1724 keV gate(a)

(b)

48
3

18
96

10000

FIG. 6. (a) Proton-γ -γ coincidences for the 1724-keV transition.
The strongest coincidences at 483 and 1896 keV are clearly visible.
(b) Corresponding incoming excitation energies in 67Ni deduced from
coincident proton kinematics for 1724 keV and coincident γ rays,
efficiency corrected. See text for more information.

curve based on γ intensities supports the proposed level
scheme and the procedure to rely on proton-γ coincidences
to extract angular distributions.

A final note should be made on the region above 4-MeV
excitation energy. When searching for γ rays originating
from this excitation energy in 67Ni, some direct ground-state
transitions can be seen, as well as most of the γ rays found at
low excitation energy in the level scheme (e.g., 694, 1201,
and 1724 keV), but in Fig. 5 transitions connecting these
highly excited states with those at lower excitation energy are
not observed. This nonobservation might be from the higher
level density at high excitation energy and the large variety
of possible decay paths; (d,p) experiments on lighter nickel
isotopes at comparable CM energies have shown that at high
excitation energy a large number of states are populated with
somewhat small cross sections, supporting this statement [53–
60]. The reconstructed curve in Fig. 8 for excitation energies
higher than 4 MeV was corrected for this missed top-feeding by
comparing the intensities of the γ rays placed in the low-energy
part of the level scheme with the direct ground-state decay.
From this analysis the total amount of missed γ -ray intensity
was found to be 50% of the total intensity.

In Fig. 5 a strong signal above 6-MeV excitation energy
can be seen, mostly random coincidences with low-energy
γ rays and the 1039-keV transition (66Cu β decay). This
6.4-MeV excitation-energy signature corresponds to elasti-
cally scattered protons (impurities in the target), which are

in random coincidence with background radiation. This strong
signature is also visible in Fig. 8 at 6.4-MeV excitation energy.

C. Normalization

To normalize the measured angular distributions and obtain
absolute cross sections, the beam intensity must be known.
Here elastically scattered deuterons were used to determine
the beam intensity by scaling the differential elastic cross
section to the experimental data as N = I t dσ

d$
%$ρd

A
NAPdϵD ,

with I the average beam intensity, t the measuring time, dσ
d$

the differential cross section, ρd
A

NA the number of target
nuclei per unit surface, Pd the target purity, and ϵD the
efficiency for detecting deuterons, including losses in the
particle identification. This last angle-dependent parameter
is obtained from GEANT4 simulations [45,61]. All these
quantities except the average beam intensity are known. As
the detection range for deuterons was limited from 35◦ to 50◦,
it was not possible to fit the optical potentials to the available
data and hence global optical model potentials (GOMPs) have
been used. Figure 9 shows the comparison of three differential
cross section calculated with the program FRESCO [62] using
different GOMPs available from literature [63– 65], with the
GOMP from Ref. [65] giving the best agreement because of
the larger Coulomb radius. The most important optical model
potential parameters used are summarized in Table II. A total
average beam intensity of 4.1(3) × 106 pps was found using
this analysis.

By normalizing the transfer data to the elastic scattering
of deuterons, uncertainties in physical properties of the target
can be neglected as both data sets are obtained under the same
conditions and hence do not depend on the properties of the
target.

D. DWBA analysis

The theoretical transfer-reaction angular distributions were
calculated using the DWBA code FRESCO [62]. For the
incoming channel potentials from Ref. [65] were used. As the
range of identified elastically scattered protons is insufficient to
fit the optical-model potentials to the data, four sets of GOMPs
available from literature can be used to describe the outgoing
channel [66– 69]. The main difference between these sets is that
the former two GOMPs include a real volume part, while the
latter two don’t. In this analysis the GOMPs from Ref. [66]
were used, however, the shape of the angular distributions
does not vary significantly between the different sets of
potentials, while variations in the magnitude of the differential
cross section are limited to 10%. An overview of the optical
model potential parameters used can be found in Table II. To
calculate the wave functions of the neutron bound in 67Ni,
a Woods-Saxon potential was used with standard radius and
diffuseness parameters of r = 1.25 fm and a = 0.65 fm. The
depth of this potential is rescaled to reproduce the correct
neutron binding energy.

The low CM energy of the reaction (5.67 MeV) justifies
the use of DWBA over ADWA as the influence of deuteron
breakup is negligible at this CM energy [70]. The influence
of nonlocality in the reaction as discussed in Ref. [71] was
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clei with 3 ! Z ! 28[13,14]. For most excited states of
stable nuclei with 3 ! Z ! 24, the agreement is slightly
worse, but within 30% [14]. If one uses a different optical
model potential, developed by Jeukenne, Lejeune, and
Mahaux (JLM) [16] with conventional scale factors of
!V ¼ 1:0 and !W ¼ 0:8for the real and imaginary parts,
and constrains the geometry of these potentials and that of
the transferred-neutron bound state by Hartee-Fock calcu-
lations [17], one observes an overall reduction #30% in
the measured ground state spectroscopic factors [18]. This
implies reduction factors Rs $ ðexperimentalSFÞ=ðLB '
SM SFÞ of 30% in the latter approach, similar to the
reductions in proton SF’s extracted from (e, e0p) measure-
ments [19].

Regardless of the choice of optical model potential or
the geometry of the mean-field potential for the transferred
neutron, systematic analyses of neutron transfer reactions
display no strong dependence of the reduction factor Rs on
the neutron-proton asymmetry of the nuclei [13,14,18].
However, systematic uncertainties inherent in comparing
SF’s from different experiments published over a period of
more than 40 years reduce the sensitivity of such studies.

The available transfer reaction data include very few
neutron-rich or neutron-deficient nuclei. To explore more

extreme asymmetries, we extracted the ground state neu-
tron SF’s for 34Ar and 46Ar from (p, d) reactions using
proton-rich 34Ar and neutron-rich 46Ar beams in inverse
kinematics. SF’s from knockout reactions on these nuclei
have been published, and a significant reduction of the
neutron SF for 34Ar has been reported [11]. The difference
between the neutron and proton separation energy (!S),
which characterizes the relative shift of neutron and proton
Fermi energies in these nuclei, is 12.41 and ' 10:03 MeV
for 34Ar and 46Ar, respectively. In previous studies of
transfer reactions, there were no nuclei with j!Sj (
7 MeV [13,18].
In the present experiments, the deuteron angular distri-

butions from pð34Ar; dÞ 33Ar and pð46Ar; dÞ45Ar transfer
reactions were measured using radioactive secondary
beams of 34Ar and 46Ar at 33 MeV=nucleon at the
National Superconducting Cyclotron Laboratory at
Michigan State University [20]. The pð36Ar; dÞ35Ar reac-
tion was also measured using a degraded 36Ar primary
beam at 33 MeV=nucleon to compare with data previously
measured in normal kinematics [21]. These beams were
transported and focused on polyethylene targets ðCH2Þn
targets with areal densities of 7:10 mg=cm2 for 34;36Ar
and 2:29 mg=cm2 for 46Ar reactions. Deuterons were de-

FIG. 1 (color online). Q-value spectrum [(a)–(c), top panels] and ground state deuteron angular distributions [(d)–(f), bottom panels]
of pð34;36;46Ar; dÞ33;35;46Ar. The open squares in panel (e) are data from previous normal kinematics experiments [21]. The solid and
dashed lines represent the calculations using JLMþHF and CH89 approach, respectively.
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Some examples
Introducing single-particle energies 
Introducing occupancies (vacancies)



In many cases, single-particle strength is fragmented over several states. 41Ca is an excellent example of this: 
just one neutron outside the doubly-magic 40Ca (20 protons, 20 neutrons) … 

Single-particle energies — a ‘classic’ example

dσ
dΩ measured

= gSj
dσ
dΩ model

1.1. Nuclear shell structure 25
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For the (d,p) reaction …

σexp = (2j + 1)C2SjσDWBA⟺

The centroid of single-particle strength––
weighted by its spectroscopic strength––is a 
good approximation to the energy of the 
underlying single-particle orbital. 
(ESPEs, SPEs in lit., theory)



In many cases, single-particle strength is fragmented over several states. 41Ca is an excellent example of this: 
just one neutron outside the doubly-magic 40Ca (20 protons, 20 neutrons) … 

Single-particle energies — a ‘classic’ example
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The lowest 1/2– and 3/2– states lie at 
3613.5 and 1942.7 keV, respectively. 

The centroid of single-particle strength, 
the energy of the 2p1/2 and 2p3/2 
orbitals, lie at 4491 and 2327 keV. This is 
significantly different, a fact often 
overlooked.

2p3/2

2p1/2
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4.5 Centroids

The trend of the lowest 13/2+ and 9/2� states is shown in Figure 1.10. The purpose

of this work has been to measure the single-particle properties of these states. High-

⇥ transfers have been shown to populate two states of ⇥=5 and 6 in each residual

nucleus. To calculate the centre of gravity for the i13/2 and h9/2 orbitals following

expression is used:

E ⇤
j =

�

i

E⇥
j (i)Sj(i)

�

i

Sj(i)
, (4.4)

where the ith state has an excitation energy E⇥
j and a spectroscopic factor Sj . The

sums run over all states with requisite spin and parity, although in this case the sum

is only over two states. Table 4.7 shows the summed single-neutron strengths and

centroids for the 1i13/2 and 1h9/2 orbitals in the N=83 isotones. These are constant to

the level of ±13%. The centroids are plotted in Figure 4.19 where they are compared

to the the lowest states with spin-parity 13/2+ and 9/2�.

As is expected, the spectroscopic factors here vary from those extracted from the

(d,p) reactions on the N=82 isotones reflecting the poor matching in the (d,p) reaction.

As these are used to determine the centroid of single-particle strength, it follows this

too varies significantly. The ratio of C2S for the (�,3He) to (d,p) reaction is shown in

Figure 4.18 to illustrate the inconsistency.



J. P. Schiffer et al., Phys. Rev. Lett. 92, 162501 (2004)

obtain accurate relative cross sections between different
targets, a Si detector was used to measure the elastic
scattering at 9!, where the scattering should be
Rutherford to within 1%. In order to monitor possible
small shifts in beam position two additional silicon de-
tectors were used on either side of the beam at 30!, but no
significant shifts were seen. Data were obtained at 6, 13,
and 25!, and more complete angular distributions were
measured for 112;118;122Sntargets.

A typical spectrum is shown in Fig. 2 (upper part),
along with angular distributions in Fig. 2 (lower part)
compared with distorted-wave Born approximation

(DWBA) calculations using standard parameters [8,9].
At 6! these angular distributions are at their maximum
and relatively flat. The 6! cross sections for the known
lowest-energy 7=2" and 11=2# states are given in Table I,
along with their ratio, which is found to be constant to
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target. The two relevant peaks are indicated by shading. The
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7=2" (dots) and 11=2# (stars) states in two Sn isotopes,
together with DWBA calculations.
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FIG. 1. The upper part of the figure is a schematic level
diagram of single-particle states, arising from different oscil-
lator shells. Pairs of states with highest angular momentum in
each shell are labeled to emphasize the proximity of a high-j
$‘ " 1% " 1

2 intruder state to the ‘ # 1
2 state from the lower shell.

The lower part of the figure shows the neutron-excess depen-
dence of the binding energy of the last proton in Z & 51 nuclei.
The stars correspond to the 11=2# states and the circles to the
7=2" states. The open symbols designate states where spin
assignments have been made but there is no information
from transfer reactions about the single-particle character of
the states. The points for 133Sb are from [5] and those in
parentheses are unpublished [6]. TABLE I. Cross sections (mb=sr) at 6! for the lowest 7=2"

and 11=2# states, their ratios, and spectroscopic factors. The
uncertainties in the cross sections are estimated at 10% and
those in the ratio, at about 5%). The accuracy of the relative
spectroscopic factors are estimated at 15%.

Target 7=2" 11=2# Ratio C2S7=2 C2S11=2

112Sn 14.6 21.4 1.47 0.99 0.84
114Sn 19.6 27.3 1.39 1.10 0.93
116Sn 19.7 30.9 1.57 0.95 0.97
118Sn 20.4 33.5 1.64 0.88 0.99
120Sn 27.9 39.4 1.41 1.13 1.12
122Sn 24.6 35.5 1.45 0.98 1.00
124Sn 24.7 39.2 1.59 1.00 1.12
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Another (more modern/relevant) example
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targets, a Si detector was used to measure the elastic
scattering at 9!, where the scattering should be
Rutherford to within 1%. In order to monitor possible
small shifts in beam position two additional silicon de-
tectors were used on either side of the beam at 30!, but no
significant shifts were seen. Data were obtained at 6, 13,
and 25!, and more complete angular distributions were
measured for 112;118;122Sntargets.

A typical spectrum is shown in Fig. 2 (upper part),
along with angular distributions in Fig. 2 (lower part)
compared with distorted-wave Born approximation

(DWBA) calculations using standard parameters [8,9].
At 6! these angular distributions are at their maximum
and relatively flat. The 6! cross sections for the known
lowest-energy 7=2" and 11=2# states are given in Table I,
along with their ratio, which is found to be constant to
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The lower part of the figure shows the neutron-excess depen-
dence of the binding energy of the last proton in Z & 51 nuclei.
The stars correspond to the 11=2# states and the circles to the
7=2" states. The open symbols designate states where spin
assignments have been made but there is no information
from transfer reactions about the single-particle character of
the states. The points for 133Sb are from [5] and those in
parentheses are unpublished [6]. TABLE I. Cross sections (mb=sr) at 6! for the lowest 7=2"

and 11=2# states, their ratios, and spectroscopic factors. The
uncertainties in the cross sections are estimated at 10% and
those in the ratio, at about 5%). The accuracy of the relative
spectroscopic factors are estimated at 15%.

Target 7=2" 11=2# Ratio C2S7=2 C2S11=2

112Sn 14.6 21.4 1.47 0.99 0.84
114Sn 19.6 27.3 1.39 1.10 0.93
116Sn 19.7 30.9 1.57 0.95 0.97
118Sn 20.4 33.5 1.64 0.88 0.99
120Sn 27.9 39.4 1.41 1.13 1.12
122Sn 24.6 35.5 1.45 0.98 1.00
124Sn 24.7 39.2 1.59 1.00 1.12
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difference is the in the `=0 transfer (black line). The `=4 and 5 transfer dominate the

outgoing triton spectrum, whilst `=1 and 2 dominate the outgoing deuteron spectrum.

From the description above, the reactions with large Q values will generally sam-

ple smaller radii for low-` transfers resulting in a much larger probability of multi-step

or compound nuclear reactions as reaction flux is syphoned off into other channels.

These could contribute to the experimental cross sections and as a result invalidate

the assumptions made in the calculation of the cross sections. Good momentum

matching is therefore essential to meet the validity of using DWBA calculations to ex-

tract spectroscopic factors. For the reasons above, the (↵,t) reaction and the (↵,3He)

reaction are those chosen to probe the high-j states in this work.

Angular distributions

As deduced in the previous section, the cross section exhibits an energy dependence.

Aside from choosing an energy regime which is faithful to the models used for calcu-

lating the cross sections, the energy of the reaction has a strong influence on the

shapes of the angular distributions. Angular distributions are used as a signature of `

Sb isotopes

J. P. Schiffer et al., Phys. Rev. Lett. 92, 162501 (2004)

Why (α,t)? 
Why 40 MeV? 
Why Yale? 
Why 200 μg/cm2 targets? 
Why 7 targets? 
What else? 

40 MeV α beam3.5. Enge split-pole spectrograph 67

FOCAL PLANE

TARGET

UN-DEFLECTED 

TRAJECTORY

POLE PIECE 2

POLE PIECE 1

COIL

Figure 3.6: Schematic of an Enge split-pole spectrograph, showing the different paths
taken by ions of different angular momenta. One can clearly see the two pole pieces
and the coil which surrounds them both. Figure modified taken from [51].

particles which have small momentum differences. This is its resolving power and

depends on the magnification and momentum dispersion of the spectrograph.

The split-pole spectrograph at WNSL was designed to have a particularly large

acceptance: its limits are ±80 mrad in the horizontal plane and ±40 mrad in the ver-

tical plane, providing a maximum solid angle of 12.8 msr. A better resolution can be

achieved with a smaller aperture, but the trade off is lower statistics. For these ex-

periments it was possible to gain sufficient statistics with a moderately narrow aper-

ture. For Experiment I, it was chosen to be 3.2 msr. In Experiment II, two different

apertures were used: data taken from the June 2006 run implemented a 2.80 msr

aperture, whilst the February run made use of a 1.50 msr aperture.

Several papers detail the mathematics of the ion-optic properties of split-pole

spectrograph (for example [51]). Below is a brief discussion of some of these proper-

ties.

Table 3.2 shows the specifications of the Yale split-pole spectrograph which can be



Important data for Otsuka’s demonstration of the 
ubiquitous role of the tensor force in NS.
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discussed does not differ much from the one for the
deuteron.

The radial wave functions of the two orbits must be
similar in order to have a large overlap in the radial
direction. A narrow spacial distribution is favored in the
radial direction, in order to have a ‘‘deuteronlike’’ shape.
This is fulfilled if the two orbits are both near the Fermi
energy, because their radial wave functions have a rather
sharp peak at the surface. If the radial distributions of the
two orbits differ, not only does the overlap become smaller
but also the relative spacial wave function is stretched in
the radial direction, which is against the deuteronlike
shape, making the effect less pronounced. Note that for
the same radial condition, larger l and l0 enhance the tensor
monopole effect in general, as their relative momentum
becomes higher (see Fig. 2).

We assess the effect quantitatively by using a reasonable
tensor force. Figure 3 exhibits the triplet-even potential due
to the tensor force in potential models such as ! exchange,
!! " exchange, M3Y [10], AV80 [4], and the G matrix
(GM) for normal nuclear density. The first two are fixed
from standard meson-nucleon coupling constants [11,12].
Although there are large differences in the short distance
part, these potentials do not differ much for r > 0:8 fm
except for ! exchange. Since two nucleons interacting
through the tensor force are not in a relative L " 0 state
(as discussed earlier), the differences at short distance are
irrelevant in the following discussions. We use the !! "
exchange potential with a radial (inner) cutoff at 0.7 fm, for
simplicity. In fact, all these interactions but ! exchange
produce quite similar results. Since the AV80 interaction
can reproduce the deuteron properties [4], the present
tensor force should be consistent with the structure of the
deuteron.

Figures 4(a)–4(d) show ESPE’s as a function of Z or N .
Note that the ESPE is plotted relative to a certain orbit in
cases (a) and (c). As more protons or neutrons are added,
the ESPE is changed by the tensor force and by other

forces. The latter effect can be estimated by a Woods-
Saxon potential, and appears to be rather common among
the orbits in each group (a)–(d) within the given range of Z
or N . By looking at relative ESPE’s [as in (a) and (c)], one
can remove the common change and thus can see the tensor
effect more directly.

Figure 4(a) shows ESPE’s of the proton 1d5=2 and 2s1=2

states relative to 1d3=2 as a function of N . As more neutrons
occupy the 1f7=2 orbit, these proton orbits are shifted. In
Fig. 4(a), the changes due to the tensor force are indicated
starting from experimental energies for 40Ca. Following
the rule discussed with Fig. 2, the monopole interaction
between proton d3=2 and neutron f7=2 is attractive, whereas
that between proton d5=2 and neutron f7=2 is repulsive.
Hence, as more neutrons occupy 1f7=2, the proton 1d3=2

goes down while 1d5=2 comes up. Since the energies are
shown relative to 1d3=2, as N increases, 2s1=2 approaches
1d3=2 and the splitting between 1d5=2 and 1d3=2 becomes
narrower. A compilation of experimental data is included
in Fig. 4(a) [13], showing the decreasing spacing between
1d3=2 and 2s1=2 in agreement with the calculation. The
situation is more open for 1d5=2, because of greater ambi-
guity due to deep hole states.

FIG. 3 (color). Triplet-even potential due to the tensor force
for various interaction models.
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FIG. 4 (color). Proton (neutron) ESPE as a function of N (Z).
Lines in (a)–(c) show the change of ESPE’s calculated from the
!! " tensor force. Points represent the corresponding experi-
mental data. (a) Proton ESPE’s in Ca isotopes relative to 1d3=2.
Points are from [13]. (b) Proton ESPE’s in Ni isotopes; calcu-
lations only. See [19] for related experimental data. (c) Neutron
ESPE’s in N " 51 isotones relative to 2d5=2; points are from
[21]. (d) Proton ESPE’s in Sb isotopes; points are from [18].
Lines include a common shift of ESPE as well as the tensor
effect (see the text).

PRL 95, 232502 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
2 DECEMBER 2005

232502-3

Note here that the neutron occupancies are also key ingredient in this story! 
Often forgotten and here the data is not particularly great — with potential 
future Exotic Beam studies e.g. 100Sn(α,t) and 138Sn(α,t), it is equally 
important to understand the behavior of the neutrons too.

Explanation? Tensor force

T. Otsuka et al., Phys. Rev. Lett. 95, 232502 (2005) … 530+ citations, June 2018. 
Neutron occupancies from E. J. Schneid et al., Phys. Rev. 156, 1316 (1967), M. J. Bechara et al., Phys. Rev. C 12, 90 (1975), C. L. Nealy et al., Phys. Rev. 135, B325 (1964)

Reactions — drive the field forward



Some examples
Introducing single-particle energies 
Introducing occupancies (vacancies)

Introducing single-particle energies — can clearly see the important of this in guiding our 
understanding of nuclear structure … many future nuclear-reaction experiments with exotic 
beams 

Introducing occupancies (vacancies) — use neutrinoless double-β decay as an example



Neutrinoless double beta decay
A hypothetical decay process … made ‘possible’ by pairing in nuclei
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[T 0⌫
1/2]

�1 = (Phase Space Factor)⇥ |Nuclear Matrix Element|2 ⇥ |hm��i|2
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“Construction of this flagship 

experiment is expected to require 

five years, with capital investment 

peaking at about $50M/year during 

this period.” 

“Since neutrinoless double beta decay 

measurements use the atomic nucleus as a 

laboratory, nuclear theory is critical in 
connecting experimental results to the 
underlying lepton-number violating 
interactions and parameters through nuclear 
matrix elements, which account for the strong 

interactions of neutrons and protons. Currently, 

there exists about a factor of two uncertainty 
in the relevant matrix elements, but by the 

time a ton-scale experiment is ready to take 

data, we expect reduced uncertainties as a 
result of the application to this problem 
of improved methods to solve the nuclear 
many-body physics.” NSAC Long Range Plan 2015
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devices, and new computing techniques are themselves 

great achievements (see Sidebar 5.1). Several 

experiments are currently operational or about to come 

online with half-life sensitivities for the neutrinoless 

decay mode in the range of 1025–1026 years; they will 

also provide us with critical guidance about how best to 

take the next steps.

Next-generation neutrinoless double beta decay 

experiments have enormous potential to discover 

this process. With masses of isotope on the scale of 

tons, expected improvements in half-life sensitivity 

are two orders of magnitude or more over existing 

limits (i.e., 1027–1028 years). Results from solar, reactor, 

and atmospheric neutrino oscillation experiments 

have shown that there must be a neutrino mass 

state of at least 50 meV. When interpreted within the 

simplest lepton-number-violating mechanism (i.e., the 

exchange of light Majorana neutrinos), such “ton-scale” 

experiments can discover neutrinoless double beta 

decay if the lightest neutrino mass is above 50 meV or 

if the spectrum of neutrino masses is “inverted” (see 

Figure 5.2). Even if neither condition is realized in nature, 

a discovery is possible if other mechanisms beyond the 

simplest one contribute to the decay. Well motivated 

alternative mechanisms involving new super-heavy 

particles more than 10 times heavier than weak force 

carriers (the W and Z particles) provide additional strong 

motivation for next-generation experiments.

Within the simplest mechanism (light Majorana neutrino 

exchange), the measurement of the decay half-life 

of the neutrinoless mode combined with input from 

nuclear theory allows a determination of the effective 

neutrino mass. This effective neutrino mass is a special 

quantum mechanical sum of all of the neutrino masses 

and is distinct from the individual neutrino masses. In 

this context, then, the search for neutrinoless double 

beta decay not only tests the fundamental law of lepton-

number conservation but also provides quantitative 

information about the absolute scale of neutrino mass, 

complementing direct neutrino mass and cosmological 

measurements. In combination with these probes, 

the absence of a signal in the ton-scale search for 

neutrinoless double beta decay would imply the 

presence of a Dirac component of the neutrino masses, 

with significant ramifications for our understanding of the 

origin of neutrino masses.

Figure 5.2: Effective average neutrino mass from neutrinoless double beta decay vs. the mass of the lightest neutrino. Current limits and expected limits 
from ongoing experiments are shown as gray and blue horizontal bands. The green (for inverted hierarchy) and red (for normal hierarchy) bands show the 
expected ranges within the light Majorana neutrino exchange mechanism. Next-generation ton-scale experiments aim to probe effective Majorana neutrino 
masses down to 15 meV, shown as the horizontal dashed line.
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Figure 5.3:  Possible timeline for the development of a ton-scale neutrinoless double beta decay experiment.

Neutrino Mass, Mixing, and Other Puzzles
Neutrino mass can be directly measured via a careful 

study of the spectrum of electrons emitted in ordinary 

beta decay. Such measurements are independent of 

the Majorana nature of the neutrino and are more direct 

than measurements inferred from studies of the cosmic 

microwave background radiation. The U.S. has joined 

Germany and three other nations to build the KATRIN 

experiment to measure the mass of the neutrino from 

the beta decay of tritium. This experiment is expected to 

be complete within the duration of this Long Range Plan. 

Although KATRIN will be sensitive to masses as small as 

0.2 eV, a factor of 10 below current limits, the mass could 

be smaller still, down to the oscillation limit of 0.02 eV 

(the smallest possible average mass of the 3 neutrino 

states). A new idea is being explored, called Project 8, 

which uses cyclotron radiation to measure the beta 

spectrum of tritium. The basic concept was successfully 

demonstrated in 2014.

The neutrino mass hierarchy is one of the key remaining 

unknowns in the neutrino sector, with important 

implications for a number of nuclear physics problems. 

Prospects for answering the open questions of the 

hierarchy and the possible violation of time-reversal 

invariance by neutrinos were dramatically advanced 

in 2012 when experiments using reactor antineutrinos 

at Chooz in France, Daya Bay in China, and Hanbit 

(RENO collaboration) in Korea measured the previously 

unknown neutrino “mixing angle” known as q
13

. A 

number of groups are proposing to use atmospheric 

neutrinos to determine the mass hierarchy, for example 

PINGU in the Antarctic ice cap, leveraging major 

U.S. investment in IceCube.

The value of the q
13

 mixing angle has also made it 

possible to complete designs for the future long-baseline 

neutrino oscillation experiments. A major U.S. initiative 

in high energy physics is DUNE, the Deep Underground 

Neutrino Experiment at the new Sanford Underground 

Research Facility in South Dakota. The expertise of 

nuclear theorists will be called on to calculate the 

interactions of neutrinos with nuclei, using input from 

several experiments focused on neutrino cross sections.

Improved knowledge of neutrino interactions is also 

needed at lower energies, for example in the regime 

of relevance for understanding of supernova neutrinos. 

Additionally, the elastic scattering of neutrinos from 

nuclei is expected to be enhanced by quantum 

mechanical interference effects, but this has never been 

seen experimentally. New experiments, CENNS and 

COHERENT, are planned to test this prediction.

Neutrinos from the sun and neutrinos produced by 

cosmic rays in the earth’s atmosphere were the key to 

the discovery of neutrino oscillations. They continue to 

provide an unparalleled resource for scientific discovery. 

Over the past decade the Borexino experiment, a 

100-ton liquid scintillation detector located in Italy’s 

Gran Sasso underground laboratory, has detected 

neutrinos from specific nuclear processes in the sun’s 

core, the pp reaction, the pep reaction, and the decay 

of 7Be, confirming for the first time explicit predictions 

“The second recommendation specifically targets 
the development and deployment of a ton-scale 
neutrino- less double beta decay experiment. 
Demonstration experiments at the scale of 100 kg 
are currently underway to identify the requirements 
and candidate technologies for a larger, next-
generation experiment, which is needed to be 
sensitive to postulated new physics. An ongoing 
NSAC subcommittee is helping to guide the 
process of the down-select, from several current 
options to one U.S.-led ton-scale experiment.” 

Since neutrinoless double beta decay 
measurements use the atomic nucleus as a 
laboratory, nuclear theory is critical in connecting 
experimental results to the underlying lepton-
number violating interactions and parameters 
through nuclear matrix elements, which account for 
the strong interactions of neutrons and protons. 
Currently, there exists about a factor of two 
uncertainty in the relevant matrix elements, but by 
the time a ton-scale experiment is ready to take 
data, we expect reduced uncertainties as a result 
of the application to this problem of improved 
methods to solve the nuclear many-body physics. 

“Construction of this flagship experiment is 
expected to require five years, with capital 
investment peaking at about $50M/year during this 
period.”

“The second recommendation specifically 

targets the development and deployment of a ton-

scale neutrino- less double beta decay 

experiment. Demonstration experiments at the 
scale of 100 kg are currently underway to 

identify the requirements and candidate 

technologies for a larger, next-generation 

experiment, which is needed to be sensitive to 

postulated new physics. An ongoing NSAC 
subcommittee is helping to guide the process 
of the down-select, from several current 
options to one U.S.-led ton-scale experiment.”
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What is the occupancy and vacancy of the active orbitals? How is the proton/neutron strength distributed 
(nature of the Fermi surface)? How does it change from parent to daughter? 

–– NUCLEON TRANSFER REACTIONS can answer this (let’s see how ….!)

The 76Ge and 76Se isotopes

N

Z



Macfarlane and French, Rev. Mod. Phys. 32, 567 (1960)

S0 ⌘ �exp/�DWBA Nj ⌘ S0/S

Is the normalization arbitrary? Well, yes and no. If you have measured absolute cross sections, then no (with caveats). 
Otherwise, yes. 

Does the normalization have a physical meaning? Or does it just mask things we don’t understand? Let’s see what value it 
appears to take before answering this.

Nj ⌘ [
X

S0
removing +

X
(2j + 1)S0

adding]/(2j + 1)

Vacancyj =
X

j

(2j + 1)C2Sadding
j

Occupancyj =

X

j

C2Sremoving
j

vacancies occupancies+ valency of the orbit

Spectroscopic factors, sum rules

,

i

i



J. P. Schiffer et al., Phys. Rev. Lett. 100, 112501 (2008)

E ℓ (2j+1)S (2j+1)S

160 1 0.44 0.82

225 4

421 2

505 2

629 1 0.15 0.28

884 2

1021 1 0.12 0.22

1048 1 0.04 0.07

1250 0

1385 2

E ℓ S’ S

0 1 0.45 0.85
191 4
248 1 0.12 0.23
317 3
457 3
575 1 1.29 2.43
651 3
885 1 0.10 0.19

1137 1 0.11 0.21
1250 3
1410 0
1451 1 0.37 0.70
1580 3

76Ge(p,d)75Ge 76Ge(d,p)77Ge

SFs ➙ sum rules ➙ occupancies

optimal and thus the cross sections are rather weak.
Therefore, helium-induced reactions were used to obtain
data with improved momentum matching and larger cross
sections for the higher-‘ transitions. This selectivity is
illustrated in Fig. 1.

Deuteron, proton, 4He, and 3He beams from the Yale
tandem accelerator were used to bombard isotopically
enriched Ge and Se targets of about 200– 300 !g=cm2

evaporated on thin, 50 !g=cm2 C foils. The momenta of
the reaction products were determined and the particles
identified with the Yale Enge spectrograph and gas-filled
focal-plane detector backed by a scintillator.

The product of target thickness and spectrometer solid
angle was found by measuring elastic scattering in the
Coulomb regime at 30! for each target used. The beam
energies used for this calibration were 6-MeV protons and
10-MeV " particles. For the transfer reactions, the same
spectrometer aperture and beam integrator settings were
used to minimize potential systematic errors. The beam
energies chosen were 15 MeV for the (d;p) reaction and
23 MeV for the (p;d) to keep the energies in each channel
comparable. Similarly, (",3He) was studied at 40 MeVand
(3He,") at 26 MeV. Measurements were also carried out on
targets of 74Ge and 78Se to provide an additional check.
The energy resolution obtained was " 40 keV for the
deuteron and proton-induced reactions, and " 70 keV for
the 3;4He reactions.

The (d;p) angular distributions have been studied pre-
viously and ‘ values were assigned [6,7]. In the current
work, the yields were therefore measured only at the angles
that correspond to the peaks in the angular distributions for
the ‘ values of interest: 11!, 28!, and 37! for ‘ # 1, 3 and
4, respectively. The helium-induced reactions are forward
peaked, and so the most practical forwardmost angles were
chosen: 8! for (", 3He) and 5! for its inverse. The previous

‘-value assignments [6,7] were confirmed, as may be seen
in Fig. 2. Our results also agree approximately with the
previous relative spectroscopic factors for states populated
with a particular target.

We used the finite-range code PTOLEMY [8] for the
DWBA calculations. The normalization depends on the
choice of the distorting potentials and the bound-state
parameters. The extracted relative spectroscopic factors
also vary with these choices, but by a smaller amount,
and this is a source of some of the uncertainty at the level
of a few percent. For the projectile bound-state wave
function, the Reid potential was used for the deuteron
and a Woods-Saxon one for the " particle and for the
various target bound states.

Absolute spectroscopic factors are notoriously difficult
to obtain. The values of spectroscopic factors for ‘‘good’’
single-particle states in doubly-magic nuclei are usually
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FIG. 1 (color online). Energy spectra for the neutron-removal
reactions for 76Se to 75Se. The ‘ # 1 transitions appear strongly
in the 11! (p;d) spectrum (points) while the ‘ # 3 and in
particular ‘ # 4 are most prominent in (3He;") (line) where
the resolution is worse because of the higher energy. The ‘
values are indicated by numbers above the peaks.
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FIG. 2 (color online). Ratios of cross sections,
#d;p$28!%=#d;p$37!% vs. #d;p$11!%=#d;p$37!% on top and
#";3He=#d;p$28!% vs. #d;p$11!%=#d;p$37!% below, are shown for
different ‘ values and reactions. The symbols, one for each state,
indicate the ‘-value assignments from previous work: triangles
(black) are ‘ # 1, circles (green online) are ‘ # 3, and stars (red
online) are ‘ # 4. In addition, states not included in the analysis
are ‘ # 2 transitions indicated by & and ‘ # 0 by ' signs.
States with unknown ‘ values are indicated by hollow circles.
The size of the symbols is a rough measure of the cross sections.
The dashed lines indicate the loci of the ratios for well-
established ‘ values. The & surrounded by a circle, between
the ‘ # 2 and 3 islands in the lower box, is the 500-keV
5=2' -5=2( doublet in 77Ge discussed in the text.
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Cross sections to nuclear structure
Checks

• (d,p) and (p,d) done at 7.5 
MeV/u and 11.5 MeV/u 

• (α,3He) and (3He,α) for the 
ℓ = 3,4, at 10 MeV/u and 8.7 
MeV/u 

• 4 targets used (consistency) 
• Absolute cross sections 

(Rutherford scattering 
measured) 

• Yale Enge split-pole 
spectrograph (now at FSU) 

• Stats (10s nA beams, <1%) 
• Targets around 200 μgcm2

Nj ⌘ S0/S



J. P. Schiffer et al., Phys. Rev. Lett. 100, 112501 (2008)

Nj ⌘ [(0.45 + 0.12 + 1.29 + 0.10 + 0.11 + 0.37) + (0.44 + 0.15 + 0.12 + 0.04)]/(2 + 4) = 0.53

SFs ➙ sum rules ➙ occupancies

optimal and thus the cross sections are rather weak.
Therefore, helium-induced reactions were used to obtain
data with improved momentum matching and larger cross
sections for the higher-‘ transitions. This selectivity is
illustrated in Fig. 1.

Deuteron, proton, 4He, and 3He beams from the Yale
tandem accelerator were used to bombard isotopically
enriched Ge and Se targets of about 200– 300 !g=cm2

evaporated on thin, 50 !g=cm2 C foils. The momenta of
the reaction products were determined and the particles
identified with the Yale Enge spectrograph and gas-filled
focal-plane detector backed by a scintillator.

The product of target thickness and spectrometer solid
angle was found by measuring elastic scattering in the
Coulomb regime at 30! for each target used. The beam
energies used for this calibration were 6-MeV protons and
10-MeV " particles. For the transfer reactions, the same
spectrometer aperture and beam integrator settings were
used to minimize potential systematic errors. The beam
energies chosen were 15 MeV for the (d;p) reaction and
23 MeV for the (p;d) to keep the energies in each channel
comparable. Similarly, (",3He) was studied at 40 MeVand
(3He,") at 26 MeV. Measurements were also carried out on
targets of 74Ge and 78Se to provide an additional check.
The energy resolution obtained was " 40 keV for the
deuteron and proton-induced reactions, and " 70 keV for
the 3;4He reactions.

The (d;p) angular distributions have been studied pre-
viously and ‘ values were assigned [6,7]. In the current
work, the yields were therefore measured only at the angles
that correspond to the peaks in the angular distributions for
the ‘ values of interest: 11!, 28!, and 37! for ‘ # 1, 3 and
4, respectively. The helium-induced reactions are forward
peaked, and so the most practical forwardmost angles were
chosen: 8! for (", 3He) and 5! for its inverse. The previous

‘-value assignments [6,7] were confirmed, as may be seen
in Fig. 2. Our results also agree approximately with the
previous relative spectroscopic factors for states populated
with a particular target.

We used the finite-range code PTOLEMY [8] for the
DWBA calculations. The normalization depends on the
choice of the distorting potentials and the bound-state
parameters. The extracted relative spectroscopic factors
also vary with these choices, but by a smaller amount,
and this is a source of some of the uncertainty at the level
of a few percent. For the projectile bound-state wave
function, the Reid potential was used for the deuteron
and a Woods-Saxon one for the " particle and for the
various target bound states.

Absolute spectroscopic factors are notoriously difficult
to obtain. The values of spectroscopic factors for ‘‘good’’
single-particle states in doubly-magic nuclei are usually
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States with unknown ‘ values are indicated by hollow circles.
The size of the symbols is a rough measure of the cross sections.
The dashed lines indicate the loci of the ratios for well-
established ‘ values. The & surrounded by a circle, between
the ‘ # 2 and 3 islands in the lower box, is the 500-keV
5=2' -5=2( doublet in 77Ge discussed in the text.
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Normalization factors, 
average across 4 targets, 
were 0.53(1), 0.56(7), 
and 0.57(4), for the 1p, 
0f, and 0g orbitals, 
respectively. The (d,p)+
(p,d) reactions used for 
the 1p and the (α,3He)
+(3He,α) used for the 0f 
and 0g states. 

0.1 to 0.3 nucleon 
uncertainties in the 
vacancies.
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Quantitative description of the change



This rearrangement must occur in the decay 
process — NUCLEAR REACTIONS TELL US 
SO 

For neutrons, significant changes in the 
vacancy of all ‘active’ orbitals—seemingly 
described quite well. For protons it is 
similar. 

Here is a quick comparison of theory and 
experiment in the differences … before (A) 
and after (B and C)
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A — QRPA by Rodin et al., priv. com., Nucl .Phys. A 766, 107 (2006) 
B — QRPA by Suhonen et al., priv. com., Phys. Lett. B 668, 277 (2008) 
C — ISM by Caurier et al., priv. com., Phys. Rev. Lett. 100, 052503 (2008)
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The quantitative consistency of nucleon transfer reactions as a probe of the occupancy of valence orbits

in nuclei is tested. Neutron-adding, neutron-removal, and proton-adding transfer reactions were measured

on the four stable even Ni isotopes, with particular attention to the cross section determinations. The data

were analyzed consistently in terms of the distorted wave Born approximation to yield spectroscopic

factors. Valence-orbit occupancies were extracted, utilizing the Macfarlane-French sum rules. The

deduced occupancies are consistent with the changing number of valence neutrons, as are the vacancies

for protons, both at the level of <5%. While there has been some debate regarding the true ‘‘observ-

ability’’ of spectroscopic factors, the present results indicate that empirically they yield self-consistent

results.
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The understanding of nuclear structure in terms of the
shell model involves a number of approximations, but the
model has been remarkably successful in describing many
of the observed features of nuclei. Nucleon transfer and
knockout reactions have been essential in relating these
models to experimentally measurable quantities, specifi-
cally single-particle overlaps. The energies of single-
particle states and their occupancies have been mapped
out by measurements of nucleon-adding and nucleon-
removing transfer reactions, assuming the validity of the
Macfarlane and French [1] sum rules. These sum rules
express how the single-particle overlaps (spectroscopic
factors that are essentially reduced cross sections) are
related to the number of vacancies or particles in an orbit
with angular momentum j!. Absolute spectroscopic fac-
tors, particularly in ðe;e0pÞ reactions, have been shown to
be lower than naive expectations [2], which is understood
in terms of short-range correlations between nucleons—in
other words, the limitations of the shell model. This
quenching appears to be a uniform property and does not
vary appreciably from orbit to orbit or between neighbor-
ing nuclei.

A test of the sum rules can be made if both the nucleon-
adding and nucleon-removing reactions are measured on
the same target nucleus. For a given set of quantum num-
bers, the vacancies (derived from the summed spectro-
scopic factors for adding a nucleon) added to the
occupancies (from the sum of spectroscopic factors for
removal) should be independent of the target and propor-
tional to the degeneracy of the orbit in question. Although a
great deal of work has been done on transfer reactions
using the sum rules, their validity has not been tested
very quantitatively. A more quantitative and systematic

study of the internal consistency of such measurements is
timely, since recently there have been several papers ques-
tioning whether spectroscopic factors are ‘‘observables’’ in
the formal sense and whether the occupation numbers
derived from them are meaningful [3]. The present Letter
reports on a set of measurements on the four stable even Ni
isotopes aimed at such a test.
The doubly magic nucleus 56Ni may be well-described

as the closure of the 0f7=2 shell with both 28 protons and
neutrons. In the four stable even isotopes of Ni, the neutron
orbits 1p3=2, 0f5=2, and 1p1=2 are all at low excitation
energy and, as the number of neutrons is increased from
30 to 36, these orbits are expected to fill more or less in
parallel, rather than sequentially. The subshell of 40 nucle-
ons is not very strongly defined, and the 0g9=2 state, at
slightly higher energy, may or may not participate appre-
ciably at the Fermi surface. Earlier experiments [4] have
established the rate of filling approximately, often with
isolated measurements, using a variety of different instru-
mentation and varying assumptions in the analysis.
Experimental procedure.—Precision accelerators with

the requisite energies and suitable magnetic spectrographs
for this type of measurement are on the verge of extinction.
The present experiment was done at the Yale tandem
accelerator with the Enge split-pole spectrograph and
gas-filled focal plane detector. Isotopically enriched
self-supporting Ni targets with nominal thickness of
200 "g=cm2 were used. The techniques follow closely
those adopted in previous work (for example, Ref. [5]).
To obtain absolute cross sections, the product of target
thickness and spectrograph aperture was calibrated using
sub-Coulomb #-particle scattering at an incident energy
of 9 MeV. Measurements were made under identical
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Measurements of neutron-adding, neutron-removing, and proton-adding reactions were carried out for the four
stable even Ni isotopes. Particular attention was paid to obtaining precise values of the cross sections at the peaks of
the angular distributions. Tests with sum rules for the neutron data indicate that the results are self-consistent at the
level of a few tenths of a nucleon. Data on proton-adding reactions were also obtained and analyzed with a slightly
different method—while these data are also consistent, the ambiguities are larger. The occupancies of the neutron
orbits derived from the data, the proton vacancies, and the energy centroids of the neutron, neutron-hole, and proton
single-particle excitations are obtained. The data also provide some estimate about the closure of the 0f7/2 shell.
The results are compared to shell-model calculations and may serve as a reference point for future exploration.
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The understanding of nuclear structure in terms of the shell
model has been remarkably successful in describing many of
the observed features of nuclei. Nucleon transfer reactions
have been essential in relating these models to experimentally
measurable quantities, and specifically single-particle over-
laps. The energies of single-particle states based on most stable
nuclei have been mapped out by measurements of nucleon-
adding and nucleon-removing transfer reactions. The present
paper gives a test case of the consistency of the procedures used
in extracting such information from transfer reactions, using
measurements based on the stable Ni isotopes, and elaborates
on a short summary that has been published in Ref. [1].

The doubly magic nucleus 56Ni is expected to be reasonably
described as the closure of the 0f7/2 shell with 28 neutrons and
28 protons. Just beyond 56Ni, in the four stable Ni isotopes
with an even number of neutrons, the neutron orbits 1p3/2,
0f5/2, and 1p1/2 are not separated by much in energy and thus
are filling more or less at the same rate. The subshell of 40
nucleons is not very strongly defined, and the 0g9/2 state, at
slightly higher energy, may or may not participate appreciably
in the filling process in the stable isotopes. The proton orbits
above Z = 28 are, at least nominally, vacant.
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Populations of the valence nucleons may be mapped out by
measurements of the nucleon-adding and nucleon-removing
transfer reactions, utilizing the Macfarlane and French [2]
sum rules. These sum rules express how the summed reduced
cross sections for transitions with a given value of jπ are
related to the number of vacancies or particles in that orbit.
For neutron transfer on the Ni isotopes, there are numerous
earlier experiments, for example, Refs. [3– 5], which have been
summarized and evaluated in Ref. [6]. These measurements
had established the rate of filling approximately, but mea-
surements of the various reactions and isotopes were carried
out at different times, sometimes at different energies and
with different instruments, and analyzed with slightly different
assumptions and parameters. Thus, the quantitative accuracy
of the results has not been tested in a consistent procedure. In
an earlier paper [1] we discussed the internal consistency in a
procedure for extracting normalizations for neutron transfer re-
actions, summing both neutron-adding and neutron-removing
strengths, and obtaining essentially the same normalizations
for four Ni isotopes, while the corresponding occupancies
reflected the changing neuton number. No assumptions about
the filling of the 0f7/2 subshell had to be made. In the present
paper, we discuss the procedure for neutrons in somewhat
more detail and point out some of the limitations of the
method used. We include the measurements of proton-transfer
reactions which have also been studied previously, for instance
by Refs. [7,8], and are evaluated in Ref. [6]. Our results are
summarized and compared with shell-model calculations.

I. EXPERIMENTAL METHOD

Precision accelerators with the requisite energies and
suitable magnetic spectrographs are on the verge of extinction.

034306-10556-2813/2013/87(3)/034306(15) ©2013 American Physical Society
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hoffman_2.pdf for an in-depth discussion on this work.

same experimental run as the neutron-transfer reactions
with the same targets and apertures. The analysis was
completed with a similar consistent normalization proce-
dure for the four target nuclei. The normalizations ob-
tained, taking Z ¼ 28 to be a closed shell so that the
valence orbits are effectively vacant, were 0.63(4) and
0.51(7) for the ‘ ¼ 1 and 3 ð3He;dÞ transitions, respec-
tively, and 0.90(6) for the ‘ ¼ 3 transitions in ð!;tÞ. The
upper isospin component in the sums [12] was not mea-
sured directly but was deduced from the neutron-adding
measurements discussed above. The summed vacancies in
the four isotopes are very nearly constant at 12.0(3), and
the ratio between the different j values is very close to
expectations, as is shown in Fig. 3. The g9=2 strength is
again at higher excitation energy and apparently not fully
covered in these measurements.

Discussion.—Uncertainties in the occupancies and va-
cancies are difficult to estimate; the statistical uncertainties

are small compared to systematic effects, such as possible
missed states or the effect of multistep mechanisms con-
tributing to the reactions. As was pointed out in Ref. [3],
the model dependencies imply that the spectroscopic fac-
tors are perhaps not rigorous observables.
Empirically, however, the nucleon occupancies ex-

tracted from the measured spectroscopic factors do behave
as expected. The summed neutron occupancies of 2.0, 4.1,
5.9, and 8.3 are consistent with the expected 2, 4, 6, and 8
across the Ni isotopes. Similarly, the proton vacancies
should remain equal to 12, and the measured values of
11.7, 11.7, 12.5, and 12.4 are consistent with this. The rms
deviations with a fixed normalization procedure are a few
percent. For the neutron normalization, we have relied only
on the summed addition plus removal strengths. All the fp
neutron orbits seem to be filling more or less in parallel, but
the g9=2 is lagging behind and becomes apparent only
starting with 62Ni.
The data indicate that, even though spectroscopic factors

may not strictly be true observables, this treatment of
reaction cross sections does seem to provide a self-
consistent description of occupancies, as two independent
checks indicate. (1) The sum rules are satisfied in a con-
sistent way over a series of isotopes where the neutron
occupancies change. They are also consistent for protons
where the occupancy remains the same. (2) The difference
between neutron holes and particles changes in a way
consistent with the expected populations.
The method of extracting overlaps with single-particle

states using an internally consistent normalization proce-
dure seems to work satisfactorily. Apparently, spectro-
scopic factors do provide valuable and consistent
information on the structure of nuclei. A better understand-
ing of why this empirical treatment works rather well needs
to be clarified in terms of the approximations that are made
in the reaction theory. A more complete publication of
these data is in preparation.
The authors wish to acknowledge John Greene for pre-

paring the isotopic Ni targets and the operating staff of the
Yale tandem. This work was supported by the U.S.
Department of Energy, Office of Nuclear Physics, under
Contract No. DE-AC02-06CH11357 and Grants No. DE-
FG02-91ER40609 and DE-FG02-04ER41320; NSF Grant
No. PHY-08022648; and the U.K. Science and Technology
Facilities Council.
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FIG. 3 (color online). The neutron occupancies and the proton
vacancies of the four Ni isotopes as derived from the summed
(normalized) spectroscopic strengths. The dashed lines indicate
the expected values.

TABLE II. Neutron occupancies.

Nucleus 1p3=2 0f5=2 1p1=2 0g9=2 Total

58Ni 0.96 0.67 0.40 0 2.03
60Ni 1.74 1.61 0.71 0 4.06
62Ni 2.31 2.31 0.93 0.34 5.89
64Ni 3.17 3.41 1.07 0.66 8.31
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So what is that normalization all about?

Target wave function.—The potential depth was varied
to match the binding energy of the transferred nucleon for
the state in question. The radial parameters were chosen
to be consistent with the values obtained in the (e,e0p)
work of Ref. [7] with a radius parameter r0 ¼ 1:28 fm and
diffuseness a¼ 0:65 fm, representing the average values.
The spin-orbit potential depth was Vso ¼ 6 MeV, with
rso0 ¼ 1:1 fm, and aso ¼ 0:65 fm.

Optical-model potentials.—For protons we used the
global potentials of Koning and Delaroche [10]. Similarly
for deuterons, we used the global potentials of Ref. [9], and
for 3He, the recent study of Ref. [11]. The latter was also
used for tritons, though it is less clear how appropriate it is.
For ! particles, we used the fixed potential of Ref. [25] that
was derived from theA ¼ 90mass region. Other reasonable
choices for potentials give similar results [2,4].

The values of "exp="DW were used with Eq. (1) or (2)

to obtain quenching factors Fq that are summarized in

Table I, categorized by reaction. A complete table of the
data is in the Supplemental Material [26]. The quenching
factors obtained in this analysis are also plotted in Fig. 1,

along with those from (e,e0p), as a function of mass
number. The value appears to be independent of target
mass and reaction, with a mean value of 0.55 and an rms
variation of 0.10. It is also comparable to that seen in the
(e,e0p) data. Figure 2 shows the data emphasizing that
the quenching factor is independent of the accessible ‘
value.
The uncertainties in the Fq values are difficult to esti-

mate. As noted previously (e.g., Ref. [2]), systematic
effects dominate the uncertainties including errors in
absolute cross sections, missed (or misassigned) states,
the robustness of assumed shell closures, the effects of
multistep mechanisms, and the choice of parameters in
the DWBA analysis, and indeed in the assumptions inher-
ent in DWBA. For a global average value for Fq of 0.55

we find the rms variations amongst all the individual
determinations to be 18%.
The only data that our group had obtained in the past

decade that do not fit this pattern are a measurement with
the (d,3He) reaction [27], taken at much higher energies
than the rest of the results included here, "35 MeV=u
above the Coulomb barrier instead of the "2– 5 MeV=u
for the rest. The value of Fq obtained for the high energy

data set, using the global optical-model potentials adopted
in this analysis, was found to be internally consistent but
Fq # 1 instead of 0.55. We found that at the higher ener-

gies, the sensitivity to the choice of optical-model distor-
tions amongst various global parameterizations is much
larger (" 60%) than at the lower energies. For the rest of
the data represented here, the corresponding sensitivity for
all reactions was <10%, apart from the (3He,d) reaction
which is <20%. The higher energy data are therefore not
included in the present analysis. The sensitivity to parame-
ters perhaps points to problems with the parameterizations
in the global potentials for energies far above the barrier.
Gade et al. [28] plotted a ‘‘reduction factor,’’ which is

the spectroscopic factor derived from measured cross

TABLE I. Mean quenching factor by reaction type.

Reaction, ‘ transfer
Number of

determinations Fq

rms
spread

(e,e0p), all ‘ 16 0.55 0.07
(d,p), (p,d), ‘ ¼ 0– 2 40 0.53 0.09
(d,p), (p,d), ‘ ¼ 0– 3 46 0.53 0.10
(!,3He), (3He,!), ‘ ¼ 4–7 26 0.50 0.09
(!,3He), (3He,!), ‘ ¼ 3–7 34 0.52 0.09
(3He,d), ‘ ¼ 0– 2 18 0.54 0.10
(3He,d), ‘ ¼ 0–4 26 0.54 0.09
(!,t), ‘ ¼ 4– 5 14 0.64 0.04
(!,t), ‘ ¼ 3– 5 18 0.64 0.04
All transfer dataa 124 0.55 0.10

aRows 3, 5, 7, and 9.
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FIG. 1 (color online). The quenching factor Fq versus target mass A. The (e,e0p) data in panel (a) are from Refs. [7,35]. The grey
band represents the mean $2" of the (e,e0p) data to guide the eye. The data in panels (b), (c), (d) are from this analysis and are
tabulated in the Supplemental Material [26]. Solid symbols are from adding and removing reactions while the empty ones are from just
adding or just removing.
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sections divided by the expected shell-model value for a
given state, versus an asymmetry parameter !S defined
as Sn ! Sp (or Sp ! Sn) for neutron knockout (or proton

knockout). !S is therefore an approximate measure of the
difference in the proton and neutron Fermi surfaces.
Results from nucleon-knockout reactions appear to show
a trend, where this quantity approaches unity for large
negative values of !S, and becomes much smaller, around
0.2, for large positive values. However, Lee et al. [29] saw
no such trend in (p,d) transfer reactions on various Ar
isotopes, though it has been suggested that the interpreta-
tion may not be definitive [30]. In the recent work of
Ref. [31], no such behavior in the reduction factor was
found in proton- and neutron-removing reactions from 14O,
probing extreme positive and negative values of !S. We
display our results plotted against the more limited range in
!S that is accessible with stable targets (about half what
can be covered with radioactive beams) in Fig. 3, where no
obvious trend is seen.

Other reaction models can be used to reduce experimen-
tal cross sections to spectroscopic overlaps, and one may
perhaps expect that, if applied consistently, they are likely
to yield similar results. For example, we used the finite-
range adiabatic wave approximation formalism of Johnson
and Tandy [32] with the code TWOFNR [33] for ‘ ¼ 1 (p,d)
and (d,p) on the Ni isotopes. The values of Fq differ by less

than 10%. We used DWBA as the most convenient
method to remove the dependence of the reaction cross
sections on energy, nucleus, angular momentum, and
reaction type.

The quenching of the single-particle mode appears to be
a quantitatively uniform property of the nuclear many-
body system from light to heavy nuclei. Correcting for
this quenching makes the measured spectroscopic factors
directly comparable to spectroscopic factors from shell-
model calculations of nuclear structure. For models where
many-body effects are taken into account, such as ab initio

calculations of nuclear structure, the correlations are
already included, and spectroscopic overlaps may be
directly compared to calculations (e.g., Ref. [34]).
In summary, we find that, at least for stable nuclei,

spectroscopic factors from single-nucleon transfer reac-
tions derived from a self-consistent analysis are quenched
with respect to the values expected from mean-field theory
by a constant factor of 0.55, with an rms spread of 0.10,
independent of whether the reaction is nucleon adding
or removing, whether a neutron or proton is transferred,
the mass of the nucleus, the reaction type, or angular-
momentum transfer.
The authors would like to thank S. C. Pieper and

L. Lapikás for helpful discussions, as well as our experi-
mental collaborators. This work was supported by the US
Department of Energy, Office of Nuclear Physics, under
Contract No. DE-AC02-06CH11357, and the UK Science
and Technology Facilities Council.
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spread in values. The grey band is the same as in Fig. 1.
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sections divided by the expected shell-model value for a
given state, versus an asymmetry parameter !S defined
as Sn ! Sp (or Sp ! Sn) for neutron knockout (or proton

knockout). !S is therefore an approximate measure of the
difference in the proton and neutron Fermi surfaces.
Results from nucleon-knockout reactions appear to show
a trend, where this quantity approaches unity for large
negative values of !S, and becomes much smaller, around
0.2, for large positive values. However, Lee et al. [29] saw
no such trend in (p,d) transfer reactions on various Ar
isotopes, though it has been suggested that the interpreta-
tion may not be definitive [30]. In the recent work of
Ref. [31], no such behavior in the reduction factor was
found in proton- and neutron-removing reactions from 14O,
probing extreme positive and negative values of !S. We
display our results plotted against the more limited range in
!S that is accessible with stable targets (about half what
can be covered with radioactive beams) in Fig. 3, where no
obvious trend is seen.

Other reaction models can be used to reduce experimen-
tal cross sections to spectroscopic overlaps, and one may
perhaps expect that, if applied consistently, they are likely
to yield similar results. For example, we used the finite-
range adiabatic wave approximation formalism of Johnson
and Tandy [32] with the code TWOFNR [33] for ‘ ¼ 1 (p,d)
and (d,p) on the Ni isotopes. The values of Fq differ by less

than 10%. We used DWBA as the most convenient
method to remove the dependence of the reaction cross
sections on energy, nucleus, angular momentum, and
reaction type.

The quenching of the single-particle mode appears to be
a quantitatively uniform property of the nuclear many-
body system from light to heavy nuclei. Correcting for
this quenching makes the measured spectroscopic factors
directly comparable to spectroscopic factors from shell-
model calculations of nuclear structure. For models where
many-body effects are taken into account, such as ab initio

calculations of nuclear structure, the correlations are
already included, and spectroscopic overlaps may be
directly compared to calculations (e.g., Ref. [34]).
In summary, we find that, at least for stable nuclei,

spectroscopic factors from single-nucleon transfer reac-
tions derived from a self-consistent analysis are quenched
with respect to the values expected from mean-field theory
by a constant factor of 0.55, with an rms spread of 0.10,
independent of whether the reaction is nucleon adding
or removing, whether a neutron or proton is transferred,
the mass of the nucleus, the reaction type, or angular-
momentum transfer.
The authors would like to thank S. C. Pieper and
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spread in values. The grey band is the same as in Fig. 1.
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The normalization appears meaningful, 
a ubiquitous feature of low-lying 
single-particle strength, independent 
of A, ℓ, nucleon type, reaction, etc.

Nj ⌘ [(0.45 + 0.12 + 1.29 + 0.10 + 0.11 + 0.37) + (0.44 + 0.15 + 0.12 + 0.04)]/(2 + 4) = 0.53 Remember this #



So what is that normalization all about?

Key points: 
• Can be academic as many studies involve only 

relative quantities 
• Arguably essential in terms of understanding and a 

‘hot topic’ these days in the Exotic Beam era … 

“Thus at any time only 2/3 of the nucleons in the nucleus 
act as independent particles moving in the nuclear mean 
field. The remaining third of the nucleons are 
correlated.”*

J. Phys. G: Nucl. Part. Phys. 37 (2010) 064007 W H Dickhoff
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Figure 2. Schematic illustration of the distribution of the single-particle strength in stable closed-
shell nuclei.

propagation to low-lying more complicated states. A comparison of the FRPA method with a
large-scale shell-model diagonalization in the same space further confirms the notion that in
some nuclei shell-model correlations can further reduce the spectroscopic factors of protons
by as much as 10–15% (48Ca) but in other cases and for neutrons do not generate very different
results.

The above analysis is illustrated in figure 2. The schematic level scheme illustrates
mean-field proton (or neutron) levels with the traditional occupied states, a few empty bound
single-particle states, and a continuum of scattering states that includes high-momentum states.
Several generic diagrams are indicated that have the properties to admix high-momentum
components in the ground state (top left), deplete the Fermi sea (middle), and fragment the
strength below the Fermi energy (bottom). The right column of the figure identifies where the
strength of a valence proton hole states ends up in a correlated nucleus like 208Pb. The main part

4

*V. R. Pandharipande, I. Sick, P. K. A. deWitt Huberts, Rev. Mod. Phys. 69, 981 (1997) 
W. H. Dickhoff J. Phys. G: Nucl. Part. Phys. 37, 064007 (2010)



There are a handful of isotopes where reliable experimentally determined cross sections 
exist from numerous ‘equivalent’ probes, e.g., proton removal from 12C. 
Same physics results
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About 10 years ago it was observed that ‘reduction factors’ determined from a large body nucleon-knockout 
cross sections tended to unity for more weakly bound systems and fell as low as ~0.2 for the more strongly 
bound systems.

ΔS approximates the difference 
between the proton and 
neutron Fermi surfaces   

ΔS = Sp - Sn for proton 
reactions 

ΔS = Sp - Sn for proton 
reactions 

Much work to do …

Exotic beam reactions bring new puzzles

BRIEF REPORTS PHYSICAL REVIEW C 90, 057602 (2014)

As a measure of the asymmetry of the neutron and proton
binding, and that of their Fermi surfaces (that strongly affects
the absolute cross sections), we use the parameter !S. If there
is just one populated final state α, the residue ground state,
then !S = Sn − Sp for neutron removal and !S = Sp − Sn

for proton removal. When there are several residue final states
populated then the separation energy of the removed particle
in !S is replaced by the weighted average of their S∗

α , each
weighted by their calculated partial cross sections, σth(α).
With this convention, the removal of the most strongly bound
(weakly bound) nucleons from proton-neutron asymmetric
nuclei have large positive (negative) values of !S.

For each projectile, the calculation of σth involves several
inputs: (i) realistic spectra andC2S values, (ii) realistic residue-
and nucleon-target complex optical potentials and their derived
elastic scattering S matrices, that enter the eikonal model
impact parameter integrals for σ inel

sp and σ elas
sp [3] and localize

the reactions spatially, and (iii) realistic geometries for the
radial wave functions (overlap functions) for the initial bound
states of the removed nucleons in the projectile ground state.
In exotic nuclei, many of these parameters are not fully
constrained by experimental information. The strategy used
in the analyses discussed here is to employ the best available
shell-model calculations for input (i), while the shapes and
radial size parameters of the optical potentials and overlaps, for
inputs (ii) and (iii), are constrained by the use of Hartree-Fock
(HF) calculations of neutron and proton densities for the
residues and the rms radii of orbitals in the HF mean field.
The procedure used, applied to all of the data sets shown here,
is detailed in Ref. [5]. We note that, for most of the data sets,
which are for beam energies near 100 MeV/nucleon on a
9Be target, the neutron- and proton-target potentials and their
(eikonal) elastic S matrices are in fact essentially common to
the analyses of a large number of data sets for reactions for
projectiles with a wide range of nucleon separation energies.

The first consistent analyses using this approach for
data involving the removal of a well-bound nucleon, e.g.,
a neutron with separation energy Sn ≈ 22 MeV from the
proton-rich nucleus 32Ar [6], now denoted 32Ar(−n) with
!S ≈ +20 MeV, showed that the cross section ratio Rs was
unexpectedly small, with Rs = 0.24(3). Reactions involving
weakly bound nucleons, on the other hand, e.g., the 15C(−n)
reaction with Sn = 1.22 MeV and !S ≈ −20 MeV, were
consistent with Rs values near unity [7]. A first systematic
analysis and compilation of available data was presented in
2008, in Fig. 6 of Ref. [5]. This incorporated a previous
analysis [8] of existing high-energy data for the 12C(−n, − p)
and 16O(−n, − p) reactions, that showed consistency, for
these stable nuclei, with analogous Rs values deduced from
high-energy electron-induced proton knockout. These data
points, with relatively small |!S|, are clustered near the
center of Fig. 1. These suppressed Rs values, from many
electron-induced proton knockout studies on stable nuclei,
have been carefully studied and quantified; see, e.g., the review
of Ref. [9]. Principally, these result from nucleon single-
particle strengths in low-lying shell-model configurations
being depleted due to their mixing (a) with higher-lying shells,
by correlations involving the strong short-range behavior of
the nucleon-nucleon interaction, and (b) with more collective
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FIG. 1. (Color online) Compilation of the computed ratios Rs of
the experimental and theoretical inclusive one-nucleon-removal cross
sections for each of the projectile nuclei indicated. Rs is shown as a
function of the parameter !S, used as a measure of the asymmetry
of the neutron and proton Fermi surfaces. The red points are for
neutron-removal cases and the blue points those for proton removal.
The solid (black) squares, deduced from electron-induced proton
knockout data, are identical to the earlier compilation of Ref. [5].

configurations involving surface and/or volume correlations of
longer range. Exotic beam data have allowed an exploration of
the behavior of Rs for a much-extended range of |!S| values
away from the stable nuclei, and to include both neutron- and
proton-removal reactions.

A compilation of the results of the (residue bound-states-
inclusive) data and analyses, that use the common eikonal
model calculations with shell-model effective interactions
and model spaces appropriate to the (N,Z) of the system,
are shown as calculated Rs = σexpt/σth values versus !S
in Fig. 1. Here, the reaction data shown in the earlier
Fig. 6 of Ref. [5] are supplemented by the measurements
and analyses for 57Ni(−n) [10], 22Mg(−n) [11], 9Li(−n),
9C(−p), 10Be(−n,−p), 10C(−n) [12], 36Ca(−n,−p) [13],
19,20C(−n) [14], 36,38,40Si(−n,−p) [15], 28Mg(−p) [16], and
14O(−p) [17]. The value of Rs for this latter 14O(−p) data
point (measured on a carbon target), with its relatively large
error bar, was recalculated here to be consistent with the
HF methodology used for the other analyses. This single-
particle cross section is calculated to be 27.76 mb. So,
based on the reported σexpt = 35(5) mb, when using the
ground-state to ground-state spectroscopic factor C2S = 1.55
of the Warburton-Brown two-body matrix element (TBME)
shell-model Hamiltonian (WBT) (e.g., Table I of Ref. [18]),
we deduce that Rs = 0.76(11), as shown in Fig. 1. The value
is smaller than, but is consistent with, the value estimated in
Ref. [17].

It should also be noted that the 10Be, 36Ca, and 36,38,40Si
cases, as for the earlier 28S(−n, − p) and 24Si(−n, − p) data
of Ref. [5], include data for the removal of nucleons of
both the excess (weakly bound) and the depleted (strongly
bound) species from the same projectile, with experimental
(systematic uncertainty) advantages. Compared to the earlier
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unexpectedly small, with Rs = 0.24(3). Reactions involving
weakly bound nucleons, on the other hand, e.g., the 15C(−n)
reaction with Sn = 1.22 MeV and !S ≈ −20 MeV, were
consistent with Rs values near unity [7]. A first systematic
analysis and compilation of available data was presented in
2008, in Fig. 6 of Ref. [5]. This incorporated a previous
analysis [8] of existing high-energy data for the 12C(−n, − p)
and 16O(−n, − p) reactions, that showed consistency, for
these stable nuclei, with analogous Rs values deduced from
high-energy electron-induced proton knockout. These data
points, with relatively small |!S|, are clustered near the
center of Fig. 1. These suppressed Rs values, from many
electron-induced proton knockout studies on stable nuclei,
have been carefully studied and quantified; see, e.g., the review
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away from the stable nuclei, and to include both neutron- and
proton-removal reactions.

A compilation of the results of the (residue bound-states-
inclusive) data and analyses, that use the common eikonal
model calculations with shell-model effective interactions
and model spaces appropriate to the (N,Z) of the system,
are shown as calculated Rs = σexpt/σth values versus !S
in Fig. 1. Here, the reaction data shown in the earlier
Fig. 6 of Ref. [5] are supplemented by the measurements
and analyses for 57Ni(−n) [10], 22Mg(−n) [11], 9Li(−n),
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19,20C(−n) [14], 36,38,40Si(−n,−p) [15], 28Mg(−p) [16], and
14O(−p) [17]. The value of Rs for this latter 14O(−p) data
point (measured on a carbon target), with its relatively large
error bar, was recalculated here to be consistent with the
HF methodology used for the other analyses. This single-
particle cross section is calculated to be 27.76 mb. So,
based on the reported σexpt = 35(5) mb, when using the
ground-state to ground-state spectroscopic factor C2S = 1.55
of the Warburton-Brown two-body matrix element (TBME)
shell-model Hamiltonian (WBT) (e.g., Table I of Ref. [18]),
we deduce that Rs = 0.76(11), as shown in Fig. 1. The value
is smaller than, but is consistent with, the value estimated in
Ref. [17].

It should also be noted that the 10Be, 36Ca, and 36,38,40Si
cases, as for the earlier 28S(−n, − p) and 24Si(−n, − p) data
of Ref. [5], include data for the removal of nucleons of
both the excess (weakly bound) and the depleted (strongly
bound) species from the same projectile, with experimental
(systematic uncertainty) advantages. Compared to the earlier

057602-2



Series of experiments
Single-nucleon and two-nucleon transfer on nuclei involved in the 76Ge➝76Se, 
100Mo➝100Ru, 130Te➝130Xe, and 136Xe➝136Ba decays

Original works, including cross sections and analyzed data:

S. J. Freeman et al., Phys. Rev. C 75, 051301(R) (2007): A = 76 neutron pairing
J. P. Schiffer et al., Phys. Rev. Lett. 100, 112501 (2008): A = 76neutron occupancies
B. P. Kay et al., Phys. Rev. C 79, 021301(R) (2009): A = 76 proton occupancies
T. Bloxham et al., Phys. Rev. C 82, 027308 (2010): A = 130 neutron (and proton) pairing
J. S. Thomas et al., Phys. Rev. C 86, 047304 (2012): A = 100 neutron pairing
B. P. Kay et al., Phys. Rev. C 87, 011302(R) (2013): A = 130 neutron occupancies
A. Roberts et al., Phys. Rev. C 87, 051305(R) (2013): A = 76 proton pairing 
J. P. Entwisle et al., Phys. Rev. C 93, 064312 (2016): A = 130 and A = 136 proton occupancies
S. V. Szwec et al., Phys. Rev. C 94, 054314 (2016): A = 136 neutron occupancies
S. J. Freeman et al., Phys. Rev. C 96, 054325 (2017): A = 100 proton and neutron occupancies

--

D. K. Sharp et al., upcoming works on A = 116, 124, and 150 neutron occupancies



A = 130 occupancies
Cryogenic targets, gas targets

BPK et al., Phys. Rev. C 87, 011302(R) (2013)
J. P. Entwisle et al., Phys. Rev. C 93, 064312 (2016)
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Valence neutron properties relevant to the neutrinoless double-β decay of 130 Te
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The valence neutron composition of the 130Te and 130Xe ground states has been studied with a view to
constraining calculations of the nuclear matrix element for the neutrinoless double-β decay of 130Te. Single-
neutron adding and removing reactions on 128,130Te and 130,132Xe have been used to probe the vacancy of the
0g7/2, 1d5/2, 1d3/2, 2s1/2, and 0h11/2 orbitals. The change in the vacancy of these orbitals, obtained through a self-
consistent determination of spectroscopic factors utilizing the Macfarlane-French sum rules, for 130Te → 130Xe is
shared only between the d, s1/2, and h11/2 orbitals, with the g7/2 playing no significant role. This is in disagreement
with recent calculations within both the quasiparticle random-phase approximation and shell-model frameworks,
which show a role for the g7/2 orbital that should have been observable. The neutron pairing properties of 130Xe
have also been explored through the 132Xe(p,t) reaction showing no evidence for pairing vibrations.
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Considerable experimental efforts are being made to
observe neutrinoless double-β decay (0ν2β). An observation
of this process would confirm that the neutrino is indeed its
own antiparticle and subsequently yield information on the
absolute value of the neutrino mass which no other experiment
has done to date. A major obstacle in extracting the neutrino
mass from the half-life of this decay is the uncertainty in the
nuclear matrix element.

The last decade has seen significant progress in the calcu-
lation of nuclear matrix elements for 0ν2β decay. In a 2004
article [1], a summary of matrix element calculations for the
76Ge → 76Se decay showed variation of just over two orders
of magnitude. Today the various approaches agree to within
a factor of ∼2–4.1 Obtaining an experimental benchmark for
these calculations is not trivial, but there are experimental
constraints from other observables that may be placed on the
calculations.

There is no direct probe which connects the initial and final
states of 0ν2β decay, other than the process itself, and so
one needs to use other probes to gather the best information
possible. Single-nucleon transfer reactions can be used to
probe the occupancy and vacancy of valence orbitals which
can help characterize the ground-state wave functions. Some
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1There are numerous recent review articles that summarize matrix-

element calculations [2].

aspects of the correlations between nucleons, in particular
the BCS-like correlations between zero-coupled nucleon pairs
[which is assumed as a starting point in quasiparticle random-
phase approximation (QRPA)], can be probed by two-nucleon
transfer. The relationship between observable properties of
ground states from transfer reactions and the matrix elements
has been discussed in Ref. [3] in more detail.

Recent studies of single- and two-nucleon transfer were
carried out on isotopes in the A = 76 system, where 76Ge
is a candidate for 0ν2β decay. Data from neutron-adding
and -removing reactions, along with proton-adding reactions,
allowed for a detailed description of the energy and vacancy
of the ground-state valence orbitals [4,5]. Neutron pairing
correlations were studied at the same time, indicating no
breaking of the BCS description of the ground state [6].
Within the QRPA framework, subsequent calculations for
76Ge with an adjusted mean field led to a reduction of the
matrix element M0ν by ∼20–30% [7–9]. Calculations using
the shell model with modified interactions found a 15%
increase in the nuclear matrix elements [10]. This reduced the
discrepancy between the two approaches by approximately a
factor of two. Such approaches have not been applied to other
0ν2β decay candidates. Here we present the first systematic
study of neutron transfer reactions on isotopes involved in
the 130Te → 130Xe decay. Where possible, reactions on the
respective isotones, 128Te and 132Xe, are also studied as cross
checks.

The neutron-adding 128,130Te(d,p)129,131Te reaction has
been studied before [11,12] along with the (t ,d) reaction [13].
Neutron-removal reactions have been probed via (p,d) [14],
(d ,t) [15], and (3He,α) [16]. Only some of these studies
resulted in published cross sections. Further, they were done
at different times, using different apparatus and beam energies
and varied prescriptions for the analyses, making a systematic

011302-10556-2813/2013/87(1)/011302(6) ©2013 American Physical Society
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approximation (DWBA) calculations. For all other targets,
three angles were measured. These were θlab = 2.5◦, 5.8◦,
and 18◦. The two most forward angles are close to the first
maxima in the angular distributions for ℓ = 0, 2, 4, and 5
transfers, while the θlab = 18◦ data point provided additional
discrimination between the different ℓ transfers. These an-
gles were chosen from the exploration of several DWBA
calculations using the finite-range DWBA code PTOLEMY
[38]. Different global optical-model parametrizations for both
deuterons [34–37] and A = 3 ions [39–43] were explored.
As has been observed in previous works at comparably high
energies [7], the angular distributions are less distinctive in
shape than at energies nearer the Coulomb barrier.

Two different Faraday cups were used to integrate the beam
current, depending on the angle of the GR spectrometer. At the
most forward GR angle of θlab = 2.5◦, the spectrometer aper-
ture was obscured by the Faraday cup in the scattering chamber
and so an alternative cup was used, located downstream of the
scattering chamber. Several checks were made to ensure the
two Faraday cups yielded consistent results. The transmission
between the two Faraday cups was compared to a reference
cup upstream in the beam line, which typically agreed at the
5% level. Further, the Large Acceptance Spectrometer (LAS),
also coupled to the scattering chamber with an aperture of
9 msr, was positioned at 60◦ throughout all measurements. This
acted as a monitor detector for elastically scattered deuterons,
independent of the choice of Faraday cup used for beam current
integration. The LAS data were only used in longer runs where
the statistics were sufficient; the typical count rate was of the
order of ∼ 1 Hz. The fluctuations between the ratio of integrated
beam current using different Faraday cups and the deuteron
yield recorded in the LAS were less than 5%.

III. ANALYSIS AND RESULTS

The outgoing 3He spectra are shown in Fig. 1 for the
(d,3He) reaction on 128,130Te, 130,132,134,136Xe, and 136,138Ba.
The Q-value resolution was around 100 keV full width at half
maximum, both for the solid and the Xe targets, and varied
little over the angular range covered in these measurements.
In all cases, excitation energy spectra were measured over
a range of approximately 0–8 MeV; however, the states of
interest are predominantly confined to the first 3 MeV in
excitation energy. The states corresponding to excitations from
below Z = 50, initially with fragments of the π0g9/2 strength,
appear at excitation energies around 2–4 MeV. Strong peaks
due to reactions on carbon and oxygen also appear in this
region, and above. The characteristic features of the spectra
below about 2 MeV in excitation energy include a 7/2+

ground state, accounting for about half to three quarters of
the proton occupancy above Z = 50, followed by two weaker
ℓ = 2 states, which in most cases appear to be of spin and parity
5/2+, though some assignments of 3/2+ have been made in
the literature. This is referred to as ℓ = 2 or π1d strength in the
subsequent analysis. Common to all isotopes is that these first
three states account for ∼ 80% of the proton occupancy above
Z = 50. The remaining strength is shared between 2s1/2 and
0h11/2 proton orbitals, and some additional weak fragments of
1d and 0g7/2 strength.

FIG. 1. (a)–(h) Outgoing 3He spectra following the (d,3He)
reaction at an incident energy of 101 MeV on isotopes of 128,130Te,
130,132,134,136Xe, and 136,138Ba at θlab = 5.8◦. The dominant peaks
carrying proton strength corresponding to orbitals above Z = 50 are
labeled by their energy in keV and ℓ value.

The cross sections were extracted from the yields, which
were normalized to the integrated beam current and the product
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FIG. 4. The bar charts to the left show the change in nucleon occupancies between the ground states for the 0ν2β-decay of 130Te → 130Xe
and 136Xe → 136Ba. The experimental data are denoted EXP. The proton data are from the current work, while the neutron data for the
130Te → 130Xe system are from Ref. [22]. The experimental data are compared to four different calculations: SM1 [47]; SM2 [48] (both
shell-model calculations); IBM [50] (interacting-boson model); and QRPA [49] (quasiparticle random-phase approximation). The plots to the
right show a comparison of the theoretical calculations to the experimental data, for 2s1/2 (blue triangles, dotted line), 1d (orange squares,
dashed), 0g7/2 (gray circles, solid), and 0h11/2 (green diamonds, dot-dashed) strength. The error bars reflect the uncertainty in the experimental
data.

nucleon occupancies for the 130Te → 130Xe system. This
allows us to quantitatively describe the change in neutron
and proton occupancy in the 0ν2β-decay process. Any viable
calculation of the nuclear matrix element should also describe
these changes.

Several theoretical calculations exist predicting both the
neutron and proton occupancies of 130Te, 130Xe, 136Xe, and
136Ba. Figure 4 shows a summary of experimental data and
theoretical calculations describing the change in proton occu-
pancies in the 0ν2β-decay process for the 130Te → 130Xe and
136Xe → 136Ba systems. Additionally, neutron vacancies from
the experimental data from Ref. [22] are also shown for the
130Te → 130Xe system. The shell-model (SM) calculations are
from Neacsu and Horoi (SM1) [47] and from Menéndez et al.
(SM2) [48]. The quasiparticle random-phase approximation
(QRPA) results refer to those denoted “BCS+Adj.” in Suhonen
and Civitarese [49]. Results of a recent calculation using the
interacting-boson model (IBM) by Kotila et al. [50] are shown
also. The figure shows the difference between the theoretical
calculations and the experimental data with the uncertainties
in the experimental data included. This is to emphasize the
discrepancies where present. These calculations were carried

out before the experimental data was available, with the
exception of the recent shell-model calculations (SM1) of
Ref. [47] and the IBM calculations of Ref. [50], both of
which were carried out after experimental data for the neutron
vacancies were published, but before the current proton data
were available.

A. Proton occupancies

Focusing on the change in proton occupancies, we ob-
serve that the experimental changes between the parent and
the daughter is mostly in the π0g7/2 and π1d orbitals,
with the latter presumably being mostly the πd5/2 strength.
This is the same for both the 130Te → 130Xe and 136Xe →
136Ba decays, where the change in proton occupancies are,
not surprisingly, similar. This is generally reflected in the
calculations where there is, at least, a qualitative agreement.
Both shell-model calculations, SM1 and SM2, overestimate
the change in the π1d orbital, with corresponding underesti-
mate in the change of the π0g7/2 orbital. The opposite is true
of the IBM calculations. The SM2 results appear to provide a
better description of the experimental data over the more recent
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and 136Xe → 136Ba. The experimental data are denoted EXP. The proton data are from the current work, while the neutron data for the
130Te → 130Xe system are from Ref. [22]. The experimental data are compared to four different calculations: SM1 [47]; SM2 [48] (both
shell-model calculations); IBM [50] (interacting-boson model); and QRPA [49] (quasiparticle random-phase approximation). The plots to the
right show a comparison of the theoretical calculations to the experimental data, for 2s1/2 (blue triangles, dotted line), 1d (orange squares,
dashed), 0g7/2 (gray circles, solid), and 0h11/2 (green diamonds, dot-dashed) strength. The error bars reflect the uncertainty in the experimental
data.

nucleon occupancies for the 130Te → 130Xe system. This
allows us to quantitatively describe the change in neutron
and proton occupancy in the 0ν2β-decay process. Any viable
calculation of the nuclear matrix element should also describe
these changes.

Several theoretical calculations exist predicting both the
neutron and proton occupancies of 130Te, 130Xe, 136Xe, and
136Ba. Figure 4 shows a summary of experimental data and
theoretical calculations describing the change in proton occu-
pancies in the 0ν2β-decay process for the 130Te → 130Xe and
136Xe → 136Ba systems. Additionally, neutron vacancies from
the experimental data from Ref. [22] are also shown for the
130Te → 130Xe system. The shell-model (SM) calculations are
from Neacsu and Horoi (SM1) [47] and from Menéndez et al.
(SM2) [48]. The quasiparticle random-phase approximation
(QRPA) results refer to those denoted “BCS+Adj.” in Suhonen
and Civitarese [49]. Results of a recent calculation using the
interacting-boson model (IBM) by Kotila et al. [50] are shown
also. The figure shows the difference between the theoretical
calculations and the experimental data with the uncertainties
in the experimental data included. This is to emphasize the
discrepancies where present. These calculations were carried

out before the experimental data was available, with the
exception of the recent shell-model calculations (SM1) of
Ref. [47] and the IBM calculations of Ref. [50], both of
which were carried out after experimental data for the neutron
vacancies were published, but before the current proton data
were available.

A. Proton occupancies

Focusing on the change in proton occupancies, we ob-
serve that the experimental changes between the parent and
the daughter is mostly in the π0g7/2 and π1d orbitals,
with the latter presumably being mostly the πd5/2 strength.
This is the same for both the 130Te → 130Xe and 136Xe →
136Ba decays, where the change in proton occupancies are,
not surprisingly, similar. This is generally reflected in the
calculations where there is, at least, a qualitative agreement.
Both shell-model calculations, SM1 and SM2, overestimate
the change in the π1d orbital, with corresponding underesti-
mate in the change of the π0g7/2 orbital. The opposite is true
of the IBM calculations. The SM2 results appear to provide a
better description of the experimental data over the more recent
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Pairing properties
Can the ground states of the 
candidates be described as 
‘seas’ of correlated 0+ paired 
protons and neutrons?

e.g. works of Freeman, Bloxham, Thomas, Roberts, etc
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Pairing around A ~ 76 
Pair-transfer reactions are a simple and effective probe of pairing correlations
No evidence of ‘pairing vibrations’ in the A = 76 region

S. J. Freeman et al., Phys. Rev. C 75, 051301(R) (2007) [neutrons]
A. Roberts et al., Phys. Rev. C 87, 051305(R) (2013) [protons]

RAPID COMMUNICATIONS

PAIR CORRELATIONS IN NUCLEI INVOLVED IN . . . PHYSICAL REVIEW C 75, 051301(R) (2007)

024
  1

 10

100

76Ge

02

  1

 10

100

76Se

024

  1

 10

100

74Ge

Excitation Energy (MeV)
02

  1

   

 10

   

100

78Se

C
ou

nt
s 

(n
or

m
al

iz
ed

 to
 g

ro
un

d 
st

at
e)

FIG. 2. (Color online) Spectra of tritons at 3◦ measured withYale
split-pole spectrograph, normalized to 100 for the ground-state peak,
and labeled in each case by the target nuclide. Peaks corresponding
to L = 0 transitions are identified by a pointer. Peaks due to isotopic
impurities are marked by an x. Despite evidence in 74Ge(p, t)72Ge of
substantial strength in a low-lying excited 0+ state, there are no large
admixtures seen for 76Ge and 76Se targets.

Excited 0+ states stand out in the ratio between the 3◦ and 22◦

yields, which is an order of magnitude larger than for any other
excited state. With the exception of the 74Ge target, none of

TABLE I. Summary of (p, t) cross sections at 3◦ and ratio
(in %) of these to the 22◦ values. Transitions consistent with L = 0
are shown in boldface.

Excitation energy (keV) (σ/σgs)3◦ Ratio(3◦/22◦)

74Ge(p, t)72Ge σgs(lab) = 6.4 mb/sr
0 100 86

691 29 280
834 2.8 0.9

1464 0.5 1.5
2024 0.5 4
2762 0.9 130
76Ge(p, t)74Ge σgs(lab) = 6.7 mb/sr

0 100 50
596 3.2 1.0

1204 1.1 1.6
1463 2.2 0.8
2198 2.9 3
2833 1.7 6
76Se(p, t)74Se σgs(lab) = 6.0 mb/sr

0 100 115
635 1.0 0.4
854 1.4 80

78Se(p, t)76Se σgs(lab) = 7.1 mb/sr
0 100 150

559 1.2 0.4
1121 0.8 4
1220 0.7 1.0

TABLE II. 3◦ laboratory cross sections and ratios to DWBA.
Cross sections are for the ground-state to ground-state transitions.

Target σexp(lab) σDWBA σexp/σDWBA

(mb/sr) (mb/sr)

74Ge 6.4 0.0438 147
76Ge 6.7 0.0499 135
76Se 6.0 0.0437 137
78Se 7.1 0.0431 164

these excited 0+ states is populated with a cross section at 3◦

that is more than 2% of that leading to the ground states. In the
74Ge(p, t)72Ge reaction, the cross section to the first excited
0+ state is 1.9 mb/sr. This feature is well known [4] as an
example of a pairing vibration. The case of 74Ge is illustrative
of effects that can be problematic; however, the context of the
current work is related only to the 76Ge/76Se double β decay
system.

DWBA calculations were carried out with the program
PTOLEMY [10] to correct the dependence of the reaction on
Q values. The consideration of the details of nuclear structure
is beyond the scope of this study, even though 76Ge and 78Se
have six neutron vacancies in the N = 50 shell, 74Ge and
76Se have eight. The form factor for the neutron pair was
calculated assuming a mass-2, ℓ = 0 dineutron bound in a
Woods-Saxon potential with the appropriate binding energy
and having three nodes in its wave function. The proton
potentials were those of Ref. [13], and the triton potential
that of Ref. [12]. The measured cross sections at 3◦ are given
in Table II, together with the ratio of the experimental cross
sections to the calculated values. The absolute magnitude of
the DWBA cross section is very sensitive to the choice of
distorting potential (with the proton potential of Ref. [11] the
average ratio changes from 136 to 217), as is the location of
the first minimum in the angular distribution. However, all
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FIG. 3. (Color online) Ground-state 0+ to 0+ cross sections at
3◦ are plotted as a function of Q value, for convenience in display.
Also shown are the DWBA cross sections multiplied by one average
normalization factor for each proton potential. Estimated relative
errors are shown on the experimental points.
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FIG. 1. (Color online) Neutron time-of-flight spectra for (a)
74Ge(3He,n)76Se and (b) 76Ge(3He,n)78Se. Summed spectra from the
three most-forward and -backward scintillator bars are shown, each
covering a total angular range of ∼2◦ centered around the angle
indicated. The back-angle spectra are uniformly reduced by 500 and
300 counts in (a) and (b), respectively, for ease of display. The arrival
of neutrons from contaminant groups occurs above 10 MeV excitation
in both cases.

Low-lying 2+ states are known in both 76,78Se at ∼600 keV
excitation. Neither of these states are resolved, however, due to
the far greater yield, and broadened base, of the ground-state
transition. Yields are therefore extracted for the unresolved
0+

g.s. + 2+ doublet. The time-independent background upon
which the peak sits is well constrained by the region of the TOF
spectra between the arrival of the γ flash and the ground-state
neutrons. The total number of counts is then the integrated
yield of the peak, less the background contribution, with an
overall uncertainty dominated by the statistical fluctuation of
the background.

Translating the extracted yield into a cross section requires
the neutron detection efficiency to be known. Efficiencies for
the scintillator bars have been calculated up to energies of
28 MeV using a Monte Carlo approach described in Ref. [16].
These calculations require the PMT threshold and resolution
as input and have been verified against known cross sections
in the d(d, n) reaction for energies up to 12 MeV and against
28 MeV neutrons from the 26Mg(3He,n) reaction [14]. In both
cases the efficiency calculated was in agreement with that
measured to within 10% percent.

Cross sections for the 0+
g.s. + 2+ doublet are given as

a function of angle in Table I. A systematic uncertainty
in the cross section of ∼10% is estimated, dominated by
the uncertainty in detection efficiency (<10%) and target
thickness (<2%). At more backward angles groups of four
scintillator bars are summed to improve the peak statistics.
The same data are presented as angular distributions in Fig. 2,
together with DWBA predictions for a ℓ = 0 + 2 doublet.
DWBA calculations were performed using the finite-range
code FRESCO [17] assuming the nonlocal transfer of a bound

TABLE I. Measured cross sections for population of the 0+
g.s. + 2+

doublet in 76,78Se. The uncertainties given are statistical only. An
additional systematic uncertainty of ∼10% is estimated.

c.m. angle (deg) 76Se (mb/sr) 78Se (mb/sr)

6.2 259 ± 13 187 ± 23
7.0 242 ± 13 175 ± 22
7.8 239 ± 15 146 ± 25
8.6 185 ± 16 126 ± 26
10.8 139 ± 14 76 ± 24
11.5 127 ± 13 113 ± 22
12.2 112 ± 15 123 ± 25
12.9 72 ± 11 43 ± 19
16.4 39 ± 14 55 ± 12
21.0 32 ± 13 18 ± 11

diproton and use a postform with no remnant. The 3He optical
potential of Ref. [18] was used, and for the outgoing neutron
the potential of Ref. [19] was adopted. The diproton wave
function was assumed to have a single node in 3He and four
nodes when bound in Se. Both the optical and bound-state
potentials are summarized in Table II.

Only a single excited state is clearly resolved in either
nucleus, occurring at an excitation of 4.1(1) MeV in 76Se.
With reference to Fig. 1, the peak is observed to persist, and
indeed strengthen, toward more backward angles indicating
dominant ℓ ! 1 character. The observation of additional states
is clearly limited, however, by statistical fluctuations within the
background. An assessment of the sensitivity to excited states
has been performed by considering the yield required for a
peak to have a significance of at least 2σ above the background.
The background level was determined by stepping a 7 ns
integration window, within which 95% of the ground-state
yield can be encompassed, across the TOF spectra formed
from the three forward-most scintillator bars.
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FIG. 2. (Color online) Comparison of measured ground-state and
first-excited-state doublet cross section with DWBA calculations for
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Pairing around A ~ 100 

J. S. Thomas et al., Phys. Rev. C 86, 047304 (2012)
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studies [10– 12]. The objective was to identify 0+ final states
and to accurately measure their populating cross sections with
high energy resolution. Any significant differences between the
reactions on 100Mo and 100Ru would indicate different pairing
properties of the nuclei connected through the 0ν2β decay
matrix element, which must be accounted for in theoretical
calculations. The (p, t) reaction was also measured on a target
of 102Ru as the ground state of 100Ru is populated, with a target
of 98Mo serving as a consistency check.

The (p, t) reaction was measured on four isotopically
enriched targets of 100Mo (97.39%), 98Mo (97.18%), 100Ru
(96.95%), and 102Ru (99.38%). The proton beam was deliv-
ered by the MP tandem accelerator of the Maier-Leibnitz-
Laboratorium (MLL) of the Ludwig-Maximilians-Universität
and Technische Universität München at an energy of 24 MeV.
The typical beam current on target was ∼450 nA and was
recorded by a Faraday cup. The tritons were momentum
analyzed using a one quadrupole lens and three dipole (Q3D)
magnetic spectrograph. Separate elastic scattering measure-
ments, at a laboratory angle of θlab = 25◦, were performed
on each target with a 12 MeV 3He beam to determine the
product of target thickness and the solid angle subtended by
the spectrograph aperture. Such a measurement is within the
energy regime of Rutherford elastic scattering and is necessary
to convert triton yields from the (p, t) reaction to absolute cross
sections.

Charged particles were detected at the focal plane of
the spectrometer by a multiwire gas proportional counter
backed by a scintillator, providing measurements of focal-
plane position, energy loss, and residual energy. Particle
identification was accomplished with the combination of the
magnetic-field settings of the spectrograph—the tritons and
charged particles from competing reactions have sufficiently
different rigidities—and the focal-plane energy signals. The
focal-plane position was determined from the readout of 255
cathode pads on the gas proportional counter. Each pad has
an individual preamplifier and shaper, and adjacent pads have
a pitch of 3.5 mm. A requirement of 3 to 7 adjacent cathode
pads with signals above threshold must be met for an event to
be registered. The digitized signals on the active pads were fit
with a Gaussian line shape providing the position measurement
to better than 0.1 mm [13].

Triton yields were measured at two spectrograph angle
settings (θlab = 6◦ and θlab = 15◦). For each target and an-
gle, at least three magnetic-field settings were needed to
cover excitation energies up to Ex ∼ 3 MeV. The focal-
plane positions were calibrated to triton momenta with a
quadratic polynomial and the excitation energies of known
states were reconstructed. An excitation-energy resolution
of $Ex ≈ 7 keV was observed. Care was taken to ensure
that suitable overlaps in the corresponding excitation energies
between field settings existed. The resulting excitation-energy
spectra at θlab = 6◦ are shown in Fig. 1. The triton yields are
normalized across the different experimental settings by the
corresponding integrated beam currents and target thicknesses.
The background just above the ground states in the spectra for
the 100Ru(p, t)98Ru and 100Mo(p, t)98Mo reactions was not
identified, but did not hamper the extraction of yields in this
excitation-energy region.
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FIG. 1. The θlab = 6◦ excitation-energy spectra from all spectro-
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(b) 100Ru(p, t), (c) 100Mo(p, t), and (d) 98Mo(p, t).

For even-even nuclei, only the transfer of a pair of nucleons
with relative angular momentum L = 0 is possible to reach
0+ final states. Such a transfer is characterized by a forward-
peaked angular distribution, at θcm = 0◦, with all other L
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studies [10– 12]. The objective was to identify 0+ final states
and to accurately measure their populating cross sections with
high energy resolution. Any significant differences between the
reactions on 100Mo and 100Ru would indicate different pairing
properties of the nuclei connected through the 0ν2β decay
matrix element, which must be accounted for in theoretical
calculations. The (p, t) reaction was also measured on a target
of 102Ru as the ground state of 100Ru is populated, with a target
of 98Mo serving as a consistency check.

The (p, t) reaction was measured on four isotopically
enriched targets of 100Mo (97.39%), 98Mo (97.18%), 100Ru
(96.95%), and 102Ru (99.38%). The proton beam was deliv-
ered by the MP tandem accelerator of the Maier-Leibnitz-
Laboratorium (MLL) of the Ludwig-Maximilians-Universität
and Technische Universität München at an energy of 24 MeV.
The typical beam current on target was ∼450 nA and was
recorded by a Faraday cup. The tritons were momentum
analyzed using a one quadrupole lens and three dipole (Q3D)
magnetic spectrograph. Separate elastic scattering measure-
ments, at a laboratory angle of θlab = 25◦, were performed
on each target with a 12 MeV 3He beam to determine the
product of target thickness and the solid angle subtended by
the spectrograph aperture. Such a measurement is within the
energy regime of Rutherford elastic scattering and is necessary
to convert triton yields from the (p, t) reaction to absolute cross
sections.

Charged particles were detected at the focal plane of
the spectrometer by a multiwire gas proportional counter
backed by a scintillator, providing measurements of focal-
plane position, energy loss, and residual energy. Particle
identification was accomplished with the combination of the
magnetic-field settings of the spectrograph—the tritons and
charged particles from competing reactions have sufficiently
different rigidities—and the focal-plane energy signals. The
focal-plane position was determined from the readout of 255
cathode pads on the gas proportional counter. Each pad has
an individual preamplifier and shaper, and adjacent pads have
a pitch of 3.5 mm. A requirement of 3 to 7 adjacent cathode
pads with signals above threshold must be met for an event to
be registered. The digitized signals on the active pads were fit
with a Gaussian line shape providing the position measurement
to better than 0.1 mm [13].

Triton yields were measured at two spectrograph angle
settings (θlab = 6◦ and θlab = 15◦). For each target and an-
gle, at least three magnetic-field settings were needed to
cover excitation energies up to Ex ∼ 3 MeV. The focal-
plane positions were calibrated to triton momenta with a
quadratic polynomial and the excitation energies of known
states were reconstructed. An excitation-energy resolution
of $Ex ≈ 7 keV was observed. Care was taken to ensure
that suitable overlaps in the corresponding excitation energies
between field settings existed. The resulting excitation-energy
spectra at θlab = 6◦ are shown in Fig. 1. The triton yields are
normalized across the different experimental settings by the
corresponding integrated beam currents and target thicknesses.
The background just above the ground states in the spectra for
the 100Ru(p, t)98Ru and 100Mo(p, t)98Mo reactions was not
identified, but did not hamper the extraction of yields in this
excitation-energy region.
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For even-even nuclei, only the transfer of a pair of nucleons
with relative angular momentum L = 0 is possible to reach
0+ final states. Such a transfer is characterized by a forward-
peaked angular distribution, at θcm = 0◦, with all other L
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FIG. 2. (Color online) Cross-section ratios of the states populated
in the (p, t) reaction as a function of excitation energy. The states with
ratio larger than 2 (filled symbols) are assigned J π = 0+ in this work.
Unfilled symbols are for L > 0. Previously unassigned J π states are
circled, and those assigned a different spin (that may perhaps indicate
that the state populated is not the same as in the compilation [14]) are
surrounded by a square.
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FIG. 3. Systematics of the low-lying first 2+, 0+, and 3− states.
The L = 0 transition strength has been normalized to 100 units for
the transitions of 100Mo.

30% of the ground-state strength in the present (t,p) reaction.
The behavior of the first excited 0+state might indicate that
this 0+ state becomes the bandhead of a deformed band, which
in the heavier Mo nuclei becomes the ground state [8,22]. The
deformation can be attributed to the isoscalar n − p interaction
when protons occupy the 1g9/2 orbital and neutrons occupy

its spin orbit partner 1g7/2 orbital [9,10]. The deformation
parameter β2 increases with neutron number. It is 0.175 for
98Mo, 0.217 for 100Mo, 0.311 for 102Mo, and 0.33 for 104Mo
[2,23]. It may therefore be noted that the 102Mo nucleus exists
at the edge of a region of well-deformed shape.

V. CONCLUSIONS

The nuclear properties of the levels in 102Mo have been
studied with the 100Mo(t, p)102Mo reaction. A number of new
energy levels have been found, and spin assignments were
made for many of them. The present results are in good
agreement with the previous results. The systematics of the
first 2+, 0+, and 3− states in Fig. 3 and the appearance
of the low-lying 0+ state as the bandhead of a deformed
band that becomes the ground state in the heavier 104,106Mo
nuclei suggest that the 102Mo nucleus exists at the end of the
transitional region. Theoretical calculation of the level scheme
of 102Mo60 is not yet available. It will be useful to have further
experimental and theoretical investigations of 102Mo.
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A transitional region with deformation playing a role in the nuclear structure:

• Reactions leading to and from 100Ru show ~95% of the L=0(p,t) strength is in the g.s. (on the spherical side of the 
transitional region)

• For 100Mo about 20% of the L=0(p,t) strength is an excited 0+,  a shape-transitional nucleus

• No evidence for pairing vibrations, but structure is complicated (proton work remains to be done)



Pairing around A ~ 130, 136 
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From the proton-pair adding Te(3He,n) reactions by Alford et al., significant strength is seen in ℓ= 0 
transitions to excited states …
A classic case of pair vibration and likely a consequence of a sub-shell gap at Z = 64
Consequences for QRPA? (Does the shell-model include this feature also?)

T. Bloxham et al., Phys. Rev. C 82, 027308 (2010) [neutrons]
W. P. Alford et al., Nucl. Phys. A 323, 339 (1979) [protons]

BRIEF REPORTS PHYSICAL REVIEW C 82, 027308 (2010)

TABLE I. Cross sections for 0+ states populated in neutron-pair
removing and proton-pair adding reactions on 128Te and 130Te. Those
quoted for neutron-pair removal are for θlab = 5◦ and have systematic
uncertainty of ∼ 7%, while those quoted for proton-pair addition are
at θlab = 0◦ and are taken from Ref. [12]. Energies are taken from
Ref. [19] unless otherwise stated.

Reaction E (MeV) σ (mb/sr) Ratioa Normalized strengthb

128Te(p,t) 0 4.21 90 1.21
1.873 0.06 20 0.02
2.579 0.15 21 0.04

130Te(p,t) 0 3.49 89 1.00
1.979 0.05 50 0.01
2.313(4)c 0.05 >20 0.01

128Te(3He,n) 0 0.24 – 0.96
2.13 0.095 – 0.32

130Te(3He,n) 0 0.26 – 1.00
1.85 0.098 – 0.34
2.49 0.062 – 0.21

aRatio of 5◦ to 17◦ cross sections, for the (p,t) reaction only.
bCross sections corrected for the DWBA dependence and normalized
to the ground-state transition from 130Te.
cState newly identified in this work and assigned as 0+. The ratio is a
lower limit as this peak is obscured by the adjacent one at 17◦.

calculation of double-β decay matrix elements. The only
observed cross sections from reactions on 128Te to 0+ excited
states are transitions to the 1.873-MeV excited state of 126Te
and another to one at 2.579 MeV; they are less than 4% of the
ground-state strength. Both of these states have been reported
previously, though the only available data are the energies
and cross sections at 30◦ [13,19]. There are also similarly
weak transitions in the reaction on 130Te to states at 1.979
and 2.313(4) MeV; the latter is tentatively identified as having
spin-parity 0+ in this work. The cross sections at 5◦ are listed
in Table I, along with the ratios to the cross sections at 17◦.
The latter angle is near the minimum of the ℓ = 0 angular
distribution and the ratio therefore is a useful signature of ℓ = 0
transitions. The systematic uncertainties in cross sections are
estimated as ∼ 7% with statistical errors becoming significant
(>10%) only below ∼ 0.06 mb/sr.

The ratio of cross sections for these peaks between 5◦ and
17◦ is much larger than 1.0 which is the signature for ℓ = 0
transitions and therefore of 0+ states. Because all the excited
0+ states are weakly excited, they do not represent a significant
breaking of the BCS symmetry.

For protons the situation is very different. The proton-pair
adding reaction Te(3He,n) had been studied [12] and a strong
(∼ 30%) transition is seen to excited 0+ states at approximately
2.6-MeV excitation in all the Te isotopes. This appears to be a
classic case of a pair vibration [10] and is likely a consequence
of the subshell gap at proton number Z = 64, separating the

14 protons in the g7/2 and d5/2 orbits from the 18 in h11/2, s1/2,
and d3/2.

Such a proton pair vibration is not consistent with the
assumptions of QRPA. The implication of this splitting could
therefore be substantial for the matrix element for neutrinoless
double-β decay. We note that there are 28 neutrons in 130Te
in the major oscillator shell between N = 50 and 82, leaving
a vacancy of 4. At the same time there are two protons above
Z = 50, leaving 30 vacancies. If the proton orbits above Z =
64 do not participate in the corrrelated final ground state then,
assuming all orbits are equally important, this would reduce the
number of vacancies by a factor of (82 − 52)/(64 − 52) = 2.5.
Shell-model calculations have been used to describe the
A = 130 double-β decay candidates [20], but it has not been
demonstrated whether these calculations successfully describe
the observed pair transfer strength to excited 0+ states.

IV. CONCLUSIONS

There is ample experimental evidence for the existence of a
subshell at Z = 64 for protons, but no comparable gap exists
for the neutron orbits. The connection between this subshell
and pairing vibrations for protons has apparently not been
previously emphasized and the effect of such a splitting of a
simple BCS state on the double-β decay matrix elements is
unexplored.

There is a need for more experimental work in this
mass region and we are planning to perform quantitative
measurements of the populations of the valence orbits in 130Te
and 130Xe by one-nucleon transfer [21], similar to those that
were done for 76Ge [22].

From the overall pair-transfer data available on these
tellurium isotopes, it appears that there may be a serious
problem with the approximations inherent in QRPA in the mass
130 region (i.e., transitions are observed to occur that QRPA
forbids from its basic assumptions). This could significantly
affect the matrix elements predicted for the decay of tellurium,
and needs clarification for the extraction of information on the
effective neutrino mass, when and if results become available
from the experiments searching for neutrinoless double-β
decay.

A summary of these data are available online in the
Experimental Unevaluated Nuclear Data List (XUNDL)
database [23].
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Recap …
• Reactions A(a,b)B reveal something about the atomic nucleus 
• Single-nucleon transfer (shameful bias in these lectures) can: 

– populate single-particle excitations 
– allow us to deduce spectroscopic factors, ℓ 
– … and thus single-particle energies 
– … and thus occupancies / vacancies 

• I showed ~two topical examples from the last ~decade, where reactions have 
been an essential tool in basic nuclear structure and in connection to 
fundamental symmetries

… and next
• Exotic beams, spectrometers, …, bubbles, isomers, …


