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Mathematica tutorial
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Mathematica tutorial

If youhaveanycommenton themathematicapackage,or the tutorial,
sendmeamessageprokudin@jlab.org
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Nucleon landscape 

Factorization theorems help us to relate functions 
that describe the hadron structure and the 
experimental observables

Factorization is a controllable approximation and the 
goal of theorists and phenomenologists is to test 
and improve the region of applicability of 
factorization and/or construct new factorization 
theorems

Hadron structure is the ultimate goal of 
measurements and phenomenology 

The polarized proton in momentum
space as “seen” by the virtual photon



Transverse Momentum Dependent distributions

IndividualTMDscanbeprojectedout of thecorrelator
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TMD distributions 

8 functionsin total (at leading
twist)

Each represents different
aspectsof partonicstructure

Each depends on Bjorken-x,
transverse momentum, the
scale

Eachfunctionisto bestudied

Kotzinian(1995), Mulders,Tangerman(1995), Boer,Mulders(1998)

QuarkTMDs
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TMD distributions 

8 functionsin total (at leading
twist)

Each represents different
aspectsof partonicstructure

Each depends on Bjorken-z,
transverse momentum, the
scale

Eachfunctionisto bestudied

Kotzinian(1995), Mulders,Tangerman(1995), Boer,Mulders(1998)

QuarkTMD FragmentationFunctions
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TMD distributions 

More at higher twist!

where the Wilson-lines refer to the SIDIS process [33]. For a generic four-vector aµ we224

define the light-cone coordinates aµ = (a+, a�, a?) with a± = (a0 ± a3)/
p
2. The light-225

cone direction is singled out by the virtual photon momentum and transverse vectors like226

k? are perpendicular to it. In the virtual-photon–nucleon center-of-mass frame, nucleon227

and the partons inside it move in the (+)–lightcone direction, while the struck quark and228

the produced hadron move in (�)–light-cone direction. In the nucleon rest frame the229

polarization vector is given by S = (0,ST , SL) with S2

T + S2

L = 1.230

The 8 leading–twist TMDs [3] are projected out from the correlator (2.11) as follows231

(blue: T-even TMDs, red: T-odd TMDs; all TMDs depend on x, k?, renormalization scale232

and carry a flavor index which we do not indicate for brevity)233
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and the 16 subleading twist TMDs [2, 5] are given by234
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where jk ⌘ (kj?k
k
?� 1

2

k 2

?�
jk
). The indices j, k, l refer to the plane transverse with respect235

to the light-cone, ✏ij ⌘ ✏�+ij and ✏0123 = +1. Dirac-structures not listed in (2.12a–2.12i)236

are twist-4 [4]. Integrating out transverse momenta in the correlator (2.11) leads to the237

“usual” PDFs known from collinear kinematics [16, 34], namely at twist-2 level238
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TMD distributions 

More at higher twist!

where the Wilson-lines refer to the SIDIS process [33]. For a generic four-vector aµ we224

define the light-cone coordinates aµ = (a+ , a! , a" ) with a±
= (a0 ± a3

)/
!
2. The light-225

cone direction is singled out by the virtual photon momentum and transverse vectors like226

k" are perpendicular to it. In the virtual-photon–nucleon center-of-mass frame, nucleon227

and the partons inside it move in the (+)–lightcone direction, while the struck quark and228

the produced hadron move in (" )–light-cone direction. In the nucleon rest frame the229

polarization vector is given by S = (0,ST , SL) with S2
T + S2

L = 1.230

The 8 leading–twist TMDs [3] are projected out from the correlator (2.11) as follows231
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SemiInclusiveDeepInelasticScattering(SIDIS)



Factorization
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Semi Inclusive Deep Inelastic scattering

One canrewrite the cross-sectionin
termsof 18 structurefunctions

Each structure function encodes
parton dynamicsvia convolutionsof
TMDs when factorization is
applicable

Mulders,Tangerman(1995),
Boer,Mulders(1998)
Bacchettaet al (2007)
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Semi Inclusive Deep Inelastic scattering

One canrewrite the cross-sectionin
termsof 18 structurefunctions

Each structure function encodes
parton dynamicsvia convolutionsof
TMDs when factorization is
applicable

Mulders,Tangerman(1995),
Boer,Mulders(1998)
Bacchettaet al (2007)

2 The SIDIS process in terms of TMDs and FFs168

In this section we review the description of the SIDIS process, deÞne structure functions,169

PDFs, TMDs, FFs and recall how they describe the SIDIS structure functions.170

2.1 The SIDIS process171

!
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h
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Figure 1 . Kinematics of SIDIS processlN ! l !hX
in 1-photon exchange approximation.

The SIDIS process lN ! l !hX is172

sketched in Fig.1. Here l and P are mo-173

menta of incoming lepton and nucleon,174

and l ! and Ph are the momenta of the out-175

going lepton and produced hadron. The176

virtual photon momentum q = l " l ! se-177

lects a z-axis, andl ! points in the direc-178

tion of the x-axis from which azimuthal179

angles are counted. The relevant kine-180

matic invariants are181

x =
Q2

2P áq
, y =

P áq
P ál

, z =
P áPh

P áq
, Q2 = " q2. (2.1)

Note that we consider the production of unpolarized hadrons in DIS of charged leptons182

(electrons, positrons, muons) atQ2 # M 2
Z in the single photon exchange approximation.183

In addition to x, y, z the cross section is also di! erential in the azimuthal angle ! h of184

the produced hadron, the square of its momentum componentPhT perpendicular with185

respect to the virtual photon momentum. In principle the cross section is also di! erential186

with respect to the azimuthal angle " l characterizing the overall orientation of the lepton187

scattering plane in a Þxed lab frame. The origin of this angle can be chosen arbitrarily.188

For a transversely polarized target it is convenient to choose the origin of the angle" l189

in the direction of #ST . It is convenient to deÞne the unpolarized leptonÐquark scattering190

subprocess cross section191
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To leading order in 1/Q the SIDIS cross-section is given by192
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where FUU is the structure function due to transverse polarization of the virtual photon193

(sometimes denoted asFUU,T ), and we systematically neglect1/Q 2 corrections in kinematic194
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Semi Inclusive Deep Inelastic scattering

One canrewrite the cross-sectionin
termsof 18 structurefunctions

Each structure function encodes
parton dynamicsvia convolutionsof
TMDs when factorization is
applicable

Mulders,Tangerman(1995),
Boer,Mulders(1998)
Bacchettaet al (2007)

TheTMD factorizationisvalidin the region

InterestingQCD regime,whenrecoilishappeningfromalow transverse
momentumÐimportantfor studiesof nonperturbativephysics.
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Semi Inclusive Deep Inelastic scattering

One canrewrite the cross-sectionin
termsof 18 structurefunctions

Each structure function encodes
parton dynamicsvia convolutionsof
TMDs when factorization is
applicable

Mulders,Tangerman(1995),
Boer,Mulders(1998)
Bacchettaet al (2007)

TheTMD factorizationisvalidin the region

Finaltransversemomentumisrelatedto transversemomentaof parentand
fragmentingpartons



What do we know about structure functions in SIDIS?
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Siversfunction

Non universal

Collins function

Universal
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Definitions

Sivers function: unpolarized quark distribution inside a transversely
polarized nucleon

Collins function: unpolarized hadron from a transversely polarized quark

Sivers 1989

Collins 1992

Spin independent Spin dependent
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Supposethe spinisalongY direction:

Deformationin momentumspaceis:

Thisis the ÒdipoleÓdeformation.
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Supposethe spinisalongY direction:

Deformationin momentumspaceis:

Thisis the ÒdipoleÓdeformation.

No correlation: Correlation:
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Tomographicscanof thenucleon

!"#$%&'"( $) *%+,,-
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Tomographicscanof thenucleon

Internalmotionof quarksiscorrelatedwith the spinof the proton!

!"
#$
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Definitions

Siversfunction: describesstrengthof correlation

Collinsfunction: describesstrengthof correlation

Sivers 1989

Collins 1992

SiversfunctionandCollinsfunctioncangiverise
to Single Spin Asymmetries in scattering
processes. For instancein SemiInclusiveDeep
Inelasticprocess

Bothfunctionsextensivelystudiedexperimentally,phenomenologically,
theoretically

Kotzinian(1995),
Mulders,
Tangerman(1995),
Boer,Mulders(1998)
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Siversfunction

LargeÐNc result

! Confirmedbyphenomenologicalextractions

! Confirmedbyexperimentalmeasurements

Pobylitsa2003

Relationto GPDs(E)andanomalousmagneticmoment

! Predictedcorrectsignof Siversasymmetryin SIDIS

! Shownto bemodel-dependent

! Usedin phenomenologicalextractions

Burkardt2002

Meissner,Metz,Goeke2007

Bacchetta,Radici2011
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Siversfunction

Sumrule

! Conservationof transversemomentum

! Averagetransversemomentumshiftof aquarkinsideatransversely
polarizednucleon

! Sumrule

Burkardt2004
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Sign change of Sivers function 

Colored objects are surrounded by gluons, profound consequence of gauge invariance:
Sivers function has opposite sign when gluon couple after quark scatters (SIDIS) or before
quark annihilates (Drell-Yan)

Crucial test of TMD factorization and collinear twist-3 factorization
Several labs worldwide aim at measurement of Sivers effect in Drell-Yan
BNL, CERN, GSI, IHEP, JINR, FERMILAB etc
Barone et al., Anselmino et al., Yuan,Vogelsang, Schlegel et al., Kang,Qiu, Metz,Zhou etc
The verification of the sign change is an NSAC (DOE and NSF) milestone

Brodsky,Hwang,Schmidt;
Belitsky,Ji,Yuan;
Collins;
Boer,Mulders,Pijlman;
Kang, Qiu;
Kovchegov, Sievert;
etc

•  gauge link determined by hard process and its color flow  

•  goes beyond “just” check of TMD factorization 

•  central quest for our field: verify consequence  

•  strong motivation for Drell-Yan-type experiments 
AnDY, COMPASS, E906,W bosons at RHIC  
Barone et al., Anselmino et al., Yuan,WV, Schlegel et al., Kang,Qiu, Metz,Zhou 

Brodsky,Hwang, 
Schmidt 
Belitsky,Ji,Yuan 
Collins 
Boer,Mulders,Pijlman 
… 
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Processdependenceof Siversfunction

! Firstexperimentalhinton thesignchange: AN in W andZ production

! Signchange

! No signchange

STAR Collab . Phys . Rev . Lett . 116 , 132301 (2016 )

KQ ! Kang,Qiu 2009

! Largeuncertaintiesof predictions

! No antiquarkSiversfunctions

STAR 2016
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Processdependenceof Siversfunction

! Firstexperimentalhinton thesignchangein Drell-Yan

! Signchange

! No signchange

COMPASS2017

! COMPASSresultshinton signchange

First measurement of transverse-spin-dependent azimuthal asymmetries . . . 5
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Fig. 5: Extracted Drell-Yan TSAs related to Sivers, transversity and pretzelosity TMD PDFs (top to
bottom). Error bars represent statistical uncertainties. Systematic uncertainties (not shown) are 0.7 times
the statistical ones.
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Fig. 6: The measured mean Sivers asymmetry and the theoretical predictions for differentQ2 evolution
schemes from Refs. [19] (DGLAP), [20] (TMD1) and [21] (TMD2). The dark-shaded (light-shaded)
predictions are evaluated with (without) the sign-change hypothesis. The error bar represents the total
experimental uncertainty.

values from this measurement is available on HepData [37]. The last column in Fig.5 shows the results
for the three extracted TSAs integrated over the entire kinematic range. The average Sivers asymmetry
Asin! S

T is found to be above zero at about one standard deviation of the total uncertainty. In Fig.6, it
is compared with recent theoretical predictions from Refs. [19, 20, 21] that are based on differentQ2-
evolution approaches. The positive sign of these theoretical predictions for the DY Sivers asymmetry was
obtained by using the sign-change hypothesis for the Sivers TMD PDFs, and the numerical values are
based on a Þt of SIDIS data for the Sivers TSA [9, 11, 12]. The Þgure shows that this Þrst measurement
of the DY Sivers asymmetry is consistent with the predicted change of sign for the Sivers function.

The average value for the TSAAsin(2! CS! ! S)
T is measured to be below zero with a signiÞcance of about

two standard deviations. The obtained magnitude of the asymmetry is in agreement with the model
calculations of Ref. [38] and can be used to study the universality of the nucleon transversity function.
The TSAAsin(2! CS+ ! S)

T , which is related to the nucleon pretzelosity TMD PDFs, is measured to be above

zero with a signiÞcance of about one standard deviation. Since bothAsin(2! CS! ! S)
T andAsin(2! CS+ ! S)

T are
related to the pion Boer-Mulders PDFs, the obtained results may be used to study this function further and
to possibly determine its sign. They may also be used to test the sign change of the nucleon Boer-Mulders
TMD PDFs between SIDIS and DY as predicted by QCD [6, 7, 8], when combined with other past and
future SIDIS and DY data related to target-spin-independent Boer-Mulders asymmetries [39, 40, 41].
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Collinsfunction

Schafer-Teryaevsumrule

! Conservationof transversemomentum

! Sumrule

! If onlypionsareconsidered

SchaferTeryaev1999
Meissner,Metz,Pitonyak2010

Universalityof TMD fragmentationfunctions

! Verynontrivialresults

! Agreeswith phenomenology,allowsglobalfits

Metz2002, Metz,Collins2004, Yuan2008
Gamberg,Mukherjee,Mulders2011
Boer,Kang,Vogelsang,Yuan2010
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SIDIS and e+e-: combined global analysis

transversity Collins 
function

Collins 
function

Transversity and Collins FF

Collins 
function
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Fitted quark transversity and Collins function : x (z) -dependence

Collins function : pt -dependence

TransversityandCollinsFF Kang-Prokudin-Sun-Yuan2015
Anselminoet al2015

Compatible with LO extraction 
Anselmino et al 2009, 2013, 2015
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Complementarity of SIDIS, e+e- and Drell-Yan, and hadron-hadron  

Variousprocessesallow studyand test of evolution,universalityand extractionsof distributionand fragmentation
functions. We needinformationfrom allof them

SemiInclusiveDISÐ
convolution of distribution functions and
fragmentationfunctions

Drell-Yan Ð convolution of distribution
functions

e+ e- annihilationÐconvolutionof
fragmentationfunctions

Hadron-hadron Ð convolutionsof PDF and
fragmentationfunctions

Combiningmeasurementsfrom allaboveis important
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Why TMDs, factorization, and evolution
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Why QCD evolutionisinteresting?

Studyof evolutiongivesusinsighton differentaspectsandoriginof confinedmotionof partons,gluon
radiation,partonfragmentation

Evolutionallowsto connectmeasurementsat verydifferentscales.

TMD evolution hasalso a universal non-perturbative part. The result of evolution cannot be
uniquely predicted using evolution equations until the non-perturbative part is reliably
extracted from the data.

Gluon 
shower

Confined 
motion

Emergence of a 
hadron

hadronization
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proton

lepton lepton

pion

electron

positron
pion

Collins, Soper (1983)
Collins, Soper, Sterman (1985)

Collins (2011)

TMD evolution equations

Collins, Soper (1983)
Collins (2011)

Meng, Olnes, Soper (1992)
Ji, Ma, Yuan (2005)

Collins (2011)

TMD factorization
e+e–

SIDIS

Drell-Yan

proton
positron

electron
protonpion

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)
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proton

lepton lepton

pion

electron

positron
pion

proton

proton

pion

TMD evolution equations

Qiu, Sterman (1990)
Only one scale is 
measured in PP

TMD factorization is 
not applicable?

TMD factorization
e+eÐ

SIDIS

PP

?

Drell -Yan

proton
positron

electronprotonpion

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)

Collins, Soper (1983)
Collins, Soper, Sterman (1985)

Collins (2011)

Collins, Soper (1983)
Collins (2011)

Meng, Olness, Soper (1992)
Ji, Ma, Yuan (2005)

Collins (2011)
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proton

lepton lepton

pion

electron

positron
pion

proton

proton

pion

TMD evolution equations

Qiu, Sterman (1990)

e+eÐ

SIDIS

PP

!

Drell -Yan

proton
positron

electronprotonpion

Collins, Soper, Sterman (1985)
Ji, Ma, Yuan (2004)

Collins (2011)

Twist -3 factorization
DGLAP equations

Global fit is needed.
Work in progress

¥ Twist-3 functions are related to TMD via OPE
¥ TMD and twist-3 factorizations are related in high QT region
¥ Global analysis of TMDs and twist-3 is possible:
All four processes can be used.
¥ Data are from HERMES, COMPASS, JLab,
BaBar, Belle, RHIC, LHC, Fermilab

TMD factorization
Collins, Soper (1983)

Collins, Soper, Sterman (1985)
Collins (2011)

Collins, Soper (1983)
Collins (2011)

Meng, Olness, Soper (1992)
Ji, Ma, Yuan (2005)

Collins (2011)
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Why TMD Evolution?
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Factorization of regions: 
(1) k//P 1, (2) k//P 2, (3) k soft , (4) k hard

mimic Òparton modelÓ

slide courtesy of Z. Kang

TMD factorization in a nut-shell

Drell -Yan:

Factorized form and mimicking Òparton modelÓ
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Collinear PDFs

! DGLAP evolution

! Resum

! Kernel: purely perturbative

TMDs

! Collins-Soper/rapidity evolution 
equation

! Resum

! Kernel: can be non-perturbative
when 

! Just like collinear PDFs, TMDs also depend on the scale of the probe 
= evolution

TMDs evolve

slide courtesy of Z. Kang
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Collins, Soper, Sterman 85, ResBos, Qiu, Zhang 99, Echevarria, Idilbi, Kang, Vitev, 14, 
Aidala, Field, Gamberg, Rogers, 14, Sun, Yuan 14, DÕAlesio, Echevarria, Melis, Scimemi, 14, Rogers, Collins, 
15, Vladimirov,  Scimemi 17É

longitudinal/collinear part transverse part ! Non-perturbative: fitted from data
! The key ingredient Ðln(Q) piece is 

spin-independentSince the polarized scattering data is still limited kinematics, we can 
use unpolarized data to constrain/extract key ingredients for the non-

perturbative part

Fourier transform back to the momentum space, one needs the 
whole b region (large b): need some non -perturbative extrapolation

Many different methods/proposals to model this non -
perturbative   part

Eventually evolved TMDs in b -space

TMD evolution and non-perturbative component
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TMD relatedstudieshavebeen extremelyactivein the past few years,lots of progress
havebeenmade

We look forwardto the futureexperimentalresultsfrom COMPASS,RHIC,JeffersonLab,
LHC,Fermilab,futureElectronIon Collider

ManyTMD relatedgroupsarecreatedthroughoutthe world:

Italy,Netherlands,Belgium,Germany,Japan,China,Russia,andthe USA


