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Viscosity – “Suitably Normalized”?
• First, this is the shear viscosity η

• It is a dimensionful quantity:

• The ratio η/s , where s is entropy density, 
has units of  
⇒Dimensionless in natural units

• It may satisfy a fundamental bound

(re)-discovered using black holes in 5-d space-time (!)
20-Jul-17 W.A. Zajc
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Exercise 6: Show this.
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RHIC Scientists Serve Up ‘Perfect’ Liquid 
4
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Paradigm Shift
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+ +

☞The realization that the key property of the quark-
gluon plasma is its “near-perfect liquidity”, 

as quantified by η/s

being at or near the quantum bound of  ¼π

20-Jul-17 W.A. Zajc



Circa 2006 - The Difficulties with Hydro 

• Seemingly straightforward :
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Circa 2006 - The Difficulties with Hydro 
• Seemingly insurmountable:

 Unknown Initial Conditions
 Eccentricity fluctuations
 Unknown equation of state
 Instabilities, acausal effects 

in relativistic viscous hydro
 Hadronic rescattering effects
 Bulk viscosity
 Numerical viscosity
 Finite size, core/corona effects
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2008 - Concordance 

Luzum and Romatschke, arXiv:0804.4015 

• BNL, April 2008:
 Workshop on Viscous Hydrodynamics and  Transport Models in Heavy Ion 

Collisions
 Workshop Summary
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See also Song and Heinz,  Phys. Rev. C77, 064901, 
222301 (2008)

20-Jul-17 W.A. Zajc

http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0804.4015
http://quark.phy.bnl.gov/%7Epetreczk/viscous_hydro.html
https://wiki.bnl.gov/TECHQM/images/c/c1/Summary.pdf
https://arxiv.org/abs/0712.3715
https://arxiv.org/abs/1208.2826


Paradigm Shift
• inSPIRE query for all publications with

“QGP” and related words in their title:

 Find date 2005 and (t QGP or SQGP or QUARK-GLUON PLASMA or QCD PLASMA 
or STRONGLY COUPLED PLASMA or STRONGLY-COUPLED PLASMA or RHIC PLASMA)
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A Nice Surprise
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https://blog.inspirehep.net/2011/07/topcited-hep-paper-of-all-time/


A Nice Surprise
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The Real Surprise
Charm quarks
 Lose significant energy

and

 Flow
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The Real Surprise
Charm quarks
 Lose significant energy

and

 Flow
☞provides η/s estimate

13
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• The matter produced in LHC collisions exhibits 
the same qualitative features discovered at 
RHIC:

 Strong
hydrodynamic flow

 Strong
quenching of high momentum particles

The First LHC Heavy Ion Discovery
14
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Strong Hydrodynamic Flow
15

“Fine structure” (mass ordering) in hydrodynamic 
response predicted for π, K, p, Ξ, Ω :

20-Jul-17 W.A. Zajc
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 Huge
(and hugely visible)
modifications to jets
in Pb+Pb collisions

New Heavy Ion Physics at the LHC 
16
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Sequential Υ
suppression

New Heavy Ion Physics at the LHC 
17

ALICE, Phys. Rev. Lett. 109, 072301 (2012)

Evidence for 
recombination

CMS, , Phys. Rev. Lett. 109, 222301 (2012)

20-Jul-17 W.A. Zajc

http://inspirehep.net/record/1088222?ln=en
https://arxiv.org/abs/1202.1383
https://arxiv.org/abs/1208.2826


Hydrodynamic Ubiquity – An Embarrassment of Riches
18

ALICE, Phys. Lett. B719, 29 (2013)

CMS, JHEP 1009, 091 (2010)

ATLAS, Phys. Lett. B725, 60 (2013)

PHENIX, Phys. Rev. Lett. 111, 21 (2013)

Flow signatures 
observed
in smallest 
flecks of matter!
Collisions of:
 p+p
 p+Pb, 
 d+Au

20-Jul-17 W.A. Zajc

http://inspirehep.net/record/870473/plots
https://inspirehep.net/record/1206610/plots
http://inspirehep.net/record/1223123/plots
http://inspirehep.net/record/1222874/plots


• Enabled by RHIC versatility

Controlled Injections of Asymmetry
19

PHENIX, arXiv:1609.02894 

V2
V2

J. Nagle et al., PRL 113, 112301 (2014)

20-Jul-17 W.A. Zajc

https://inspirehep.net/record/1486072?ln=en
https://inspirehep.net/record/1486072?ln=en
https://inspirehep.net/record/1486072?ln=en
https://arxiv.org/abs/1609.02894


• This famous picture used to illustrate
elliptic flow …

is actually a real picture of cold atoms
expanding as a nearly perfect fluid
with  η/s ~ (4-5)/4π .

• John Thomas and collaborators 

Connections to Other Fields
20

Observation of a Strongly-Interacting Degenerate Fermi Gas of Atoms, 
K.M. O’Hara et al., Science 298 2179 (2002) 27, arXiv:cond-mat/0212463

20-Jul-17 W.A. Zajc

http://arxiv.org/abs/cond-mat/0212463


QGP Remains the Winner…
21
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QGP Remains the Winner…
22

Compelling need 
to establish 
T-dependence!

20-Jul-17 W.A. Zajc
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Thermodynamics I
• U ≡ Internal energy of a system

 dU = dQ + dW (1st Law, energy conservation)
 dU = T dS – p dV + µ dN ⇒ U(S,V,N)

• Enthalpy H ≡ U + pV
 dH = T dS + V dp + µ dN ⇒ H(S,p,N)

• Free Energy F ≡ U - TS
 dF = -S dT – p dV + µ dN ⇒ F(S,T,N)

• Gibbs Free Energy G ≡ F + pV
 dG = -S dT +V dp + µ dN ⇒ G(T,p,N)

• Grand Potential Φ ≡ F – µ N
 dΦ = -S dT +V dp – N dµ ⇒ Φ (T,p, µ)

20-Jul-17 W.A. Zajc
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Physicists: Always 
remember this form, 
derive the rest.



Thermodynamics II
• Hiding in the Legendre Transformation 

formalism is some very useful physics:
• Gibbs Free Energy G ≡ F + pV = U – TS + pV

 dG = -S dT +V dp + µ dN ⇒ G(T,p,N)
 So µ = (∂G/∂N)T,p , which in turn implies…

• So G = µN = U – TS –pV ⇒ U = TS – pV + µN
20-Jul-17 W.A. Zajc
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Fixes T and p

G(T,p,N) + G(T,p,dN) =  G(T,p,N+dN)



Thermodynamics III
• Now use U = TS – pV + µN together with 

definition of grand potential Φ ≡ F – µ N :
• Φ = Φ (T,p, µ) ≡ F – µ N = U – TS – µ N = -pV
• Consider system at fixed (T,p, µ) in equilibrium 

with rest of universe:
• dSTOT= dSS + dSRU

• T dSRU = dURU +p dVRU – µ dNRU
= dURU +            – µ dNRU (Since VRU fixed )

• Then dSTOT=     dSS+(dURU – µ dNRU )/T
= (T dSS - dUS + µ dNS )/T  = - dΦ/T

20-Jul-17 W.A. Zajc
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Universe - System

System
U  
N  

Exercise 1: Work through 
this argument



Statistical Mechanics I

• Density of states:
 (Incredibly ubiquitous and useful)

• Boson occupation factor: 

• Fermion occupation factor:

• Then

20-Jul-17 W.A. Zajc
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Statistical Mechanics II

• Huge simplification for (non-interacting) 
massless quanta at zero chemical potential µ .

• Mathematics:

• Physics:

• Mathematics:  
20-Jul-17 W.A. Zajc
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Exercise 2: ‘Prove’  this.

Exercise 3: ‘Prove’  this.

Exercise 4: 
Derive 
these
relations 
using above

Exercise 5: ‘Prove’  this.
(Either you know the 
trick or …)



Statistical Mechanics III

• End result (for massless bosons)

 Number density 

 Energy density

 Pressure

Per degree of freedom
⇒Next step: Counting degrees of freedom

20-Jul-17 W.A. Zajc
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Exercise 6: Show this 
(handy pocket formula).
Use it to compute 
density of 2.7 K 
photons.

Exercise 7: Make sure 
you know how to 
‘derive’ the 1/3 . 



Counting Degrees of Freedom

• Hadronic phase
 Assume relevant 

T << 500 MeV
 ndf = 3    (π-,π0,π+)

• Quark-gluon phase
 Gluons: ndf = 2s x 8c = 16                    
 Quarks: ndf = (7/8) x 2s x 2f x 2a x 3c = 21
 Total      ndf = 37

• Bottom line: ndfQGP ~ 10 x ndfHadrons20-Jul-17 W.A. Zajc
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Hadron 'level' diagram
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										Name		Mass		g		Spin		Baryon Number		Strangeness		Boltzman		Baryon Fugacity		Strangeness Fugacity		Weight		Sum		Norm*e^(m/Texp)		x		Integral

										Pion		139		3		0		0		0		0.9986109656		1		1		2.9958328968		2.9958328968		14.733601722		0.8527607362		-4.8834938889

										Charged Kaon		494		2		0		0		1		0.9950721817		1		1		1.9901443635		4.9859772603		2.897534129		3.0306748466		3.6158711946

										Neutral Kaon		498		2		0		0		1		0.9950323796		1		1		1.9900647593		6.9760420196		2.8985374226		3.0552147239		3.7069858766

										Eta		547		1		0		0		0		0.9945449332		1		1		0.9945449332		7.9705869528		2.9543350302		3.3558282209		4.9417792369

										f0		700		1		0		0		0		0.9930244429		1		1		0.9930244429		8.9636113957		3.6039458056		4.2944785276		10.8477249805

										rho		770		3		1		0		0		0.9923295691		1		1		8.9309661215		17.8945775172		4.1601312144		4.7239263804		15.1286796466

										omega		782		1		1		0		0		0.9922104967		1		1		2.97663149		20.8712090072		4.2749549764		4.7975460123		16.0002631344

										K* +/-		892		2		1		0		0		0.9911196652		1		1		5.946717991		26.8179269982		5.6563907954		5.472392638		26.447734805

										K* 0		896		2		1		0		0		0.9910800212		1		1		5.9464801271		32.7644071253		5.7196239275		5.4969325153		26.9264836258

										nucleon		940		2		0.5		1		0		0.9906440419		2		1		7.9251523352		40.6895594605		6.4884477063		5.7668711656		32.7528995183

										eta'		958		1		0		0		0		0.990465742		1		1		0.990465742		41.6800252025		6.8452094651		5.8773006135		35.4582938137

										f0		980		1		0		0		0		0.9902478635		1		1		0.9902478635		42.670273066		7.3184898609		6.0122699387		39.0463306413

										a0		980		3		0		0		0		0.9902478635		1		1		2.9707435906		45.6410166565		7.3184898609		6.0122699387		39.0463306413

										phi		1020		1		1		0		0		0.9898518436		1		1		2.9695555307		48.6105721873		8.2961103522		6.2576687117		46.4438030574

										Lambda		1116		1		0.5		1		-1		0.9889020418		2		1		3.9556081672		52.5661803545		11.4146671199		6.8466257669		69.7231089074

										h1		1170		1		1		0		0		0.9883681788		1		1		2.9651045365		55.531284891		13.7966913604		7.1779141104		86.9956378944

										Sigma		1190		3		0.5		1		-1		0.988170525		2		1		11.8580462997		67.3893311907		14.824474813		7.3006134969		94.2827250627

										Delta		1232		4		1.5		1		0		0.9877555805		2		1		31.6081785759		98.9975097666		17.2859071891		7.5582822086		111.2945749713

										b1		1235		3		1		0		0		0.9877259483		1		1		8.8895335345		107.8870433011		17.4789998059		7.5766871166		112.602042854

										a1		1260		3		1		0		0		0.9874790477		1		1		8.8873114289		116.7743547299		19.1873676908		7.7300613497		123.9942714293

										f2		1270		1		2		0		0		0.9873803047		1		1		4.9369015234		121.7112562534		19.923227945		7.7914110429		128.8033768581

										K1		1270		4		1		0		1		0.9873803047		1		1		11.8485636562		133.5598199096		19.923227945		7.7914110429		128.8033768581

										f1		1285		1		1		0		0		0.9872322087		1		1		2.9616966262		136.5215165358		21.0876038105		7.8834355828		136.2915637987

										eta		1295		1		0		0		0		0.9871334905		1		1		0.9871334905		137.5086500263		21.9064066151		7.9447852761		141.4679848549

										pi		1300		3		0		0		0		0.987084135		1		1		2.9612524051		140.4699024313		22.3291560842		7.9754601227		144.1116664322

										Cascade0		1315		1		0.5		1		-2		0.9869360835		2		1		3.947744334		144.4176467653		23.653251949		8.0674846626		152.2645743628

										Cascade-		1321		1		0.5		1		-2		0.9868768691		2		1		3.9475074765		148.3651542418		24.2072783167		8.1042944785		155.6186673391

										a2		1320		3		2		0		0		0.9868867379		1		1		14.803301069		163.1684553108		24.1139435164		8.0981595092		155.0559774821

										f0		1370		1		0		0		0		0.9863934179		1		1		0.9863934179		164.1548487287		29.3121380708		8.4049079755		184.9479303042

										Sigma		1385		3		1.5		1		-1		0.98624547		2		1		23.6698912797		187.8247400084		31.1046721979		8.4969325153		194.5811442915

										K1		1402		4		1		0		1		0.9860778225		1		1		11.8329338701		199.6576738785		33.2832268188		8.6012269939		205.832333307

										Lambda		1405		1		0.5		1		-1		0.9860482406		2		1		3.9441929625		203.601866841		33.6847743785		8.6196319018		207.8520471833

										K*		1410		4		1		0		1		0.9859989394		1		1		11.8319872733		215.4338541143		34.3658582301		8.6503067485		211.2396047758

										f2		1420		1		1		0		0		0.9859003445		1		1		2.9577010334		218.3915551477		35.7736564723		8.7116564417		218.0904171283

										omega		1420		1		1		0		0		0.9859003445		1		1		2.9577010334		221.3492561811		35.7736564723		8.7116564417		218.0904171283

										K*0		1430		2		0		0		1		0.9858017594		1		1		1.9716035187		223.3208596999		37.2446661914		8.773006135		225.0330705768

										K*2		1430		4		2		0		1		0.9858017594		1		1		19.7160351874		243.0368948873		37.2446661914		8.773006135		225.0330705768

										eta		1440		1		0		0		0		0.9857031841		1		1		0.9857031841		244.0225980714		38.7818529747		8.8343558282		232.0552420543
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										a0		1450		3		0		0		0		0.9856046187		1		1		2.9568138562		254.8650374006		40.3883264962		8.8957055215		239.1428513962

										rho		1450		3		1		0		0		0.9856046187		1		1		8.8704415686		263.7354789692		40.3883264962		8.8957055215		239.1428513962

										f0		1500		1		0		0		0		0.9851119396		1		1		0.9851119396		264.7205909088		49.5798552129		9.2024539877		274.9247766832
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Exercise 8: Show  this.
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Hadron 'level' diagram
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A  “Strong”  Hint (prior to QCD)
• Hagedorn (~1968) : An ultimate temperature?
• The very rapid increase of hadron levels with mass

• ~ equivalent to an exponential level density

• And thus would imply an “Ultimate Temperature” (!)
TH ~ 170 MeV Hagedorn,

S. Fraustchi, Phys.Rev.D3:2821-2834,1971
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http://www.slac.stanford.edu/spires/find/hep/www?rawcmd=FIND+AUTHOR+FRAUTSCHI+AND+title+statistical
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Exercise 8: Show  this.
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Damage Control
• In reality, this is not such a great estimate:

 Hadron side
♦ Pions hardly massless relative to 145 MeV 
♦ Ignores exponential growth at higher T
♦ Ignores (strong!) interactions

 QGP side
♦ Strange quark neither massless nor massive
♦ Bag constant stand-in for QCD vacuum fluctuations
♦ Ignores (strong!) interactions

• To do better
 Program some of this in Mathematica
 Calculate ~ 1 TeraFlops x 100 days ~ 1019 Flop

20-Jul-17 W.A. Zajc
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20-Jul-17 W.A. Zajc

Lattice QCD 
• “Solve” the theory on a discrete 

space-time lattice 
• Requires massive 

(parallel) computing:

36

See F. Karsch’s lectures

Slide from Derek Teaney’s
lecture this morning

http://www.ccd.bnl.gov/visualization/gallery/qcd/


More Recent Results 

• See F. Karsch’s lectures:

Tc = 154 +/- 9 MeV

Latent heat = 0
20-Jul-17 W.A. Zajc
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Compare to (c. 2000) best estimates 
(Karsch, QM01)

from lattice calculations:
T ~ 150-170 MeV

latent heat ~ 0.7±0.3 GeV / fm3

Finger-physics estimate:

 Phase transition at T ~ 144 MeV
with latent heat ~0.8 GeV / fm3

http://www.colorado.edu/physics/phys3070/phys3070_sp17/talks_temp/lgt2017_2f.pdf
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