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Density Energy Phenomena

 103 -106  g/cm3
Electron Chemical Pot.
µe= 10 keV- MeV Ionization

106 -1011  g/cm3
Electron Chemical Pot.

µe= 1-25 MeV Neutron-rich Nuclei

1011 -1014  g/cm3 Neutron Chemical Pot.
µn= 1-30 MeV Neutron-drip

1014 -1015 g/cm3
Neutron Chemical Pot.

µn=30-1000 MeV
Nuclear matter

Hyperons or Quarks ?

Compression: Frustration and Liberation



Nuclei Immersed in a dense electron gas    
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Electron-nucleus Interaction and Lattice Energy
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Prblm 1.5 : Show that the Coulomb energy per unit cell is given by 
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Coulomb energies

3 dimensions. Energy in electric field concentrated near nucleus
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For small surface tension pasta is favored. 



Bulk Matter at T=0
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Nuclear Pairing 

Superfluidity in Cas A Dany Page
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Figure 9: Left panel: possible spin-angular momentum combinations for Cooper-pairs. Right panel: phase
shifts for N-N scattering as a function of the laboratory energy (middle axis) or the neutron Fermi energy
and density for a neutron star interior (lower axis). Adapted from [47].

clearly require a finite minimal energy for excitation. This energy was interpreted as being the
binding energy of the Cooper pair which must break to produce an excitation. In contrast, odd
nuclei do not show such a gap, and this is due to the fact that they have one nucleon, neutron or
proton, which is not paired and can be easily excited. The right panel of Fig. 8 shows that pairing
also manifests itself in the binding energies, even-even nuclei being slightly more bound than odd
nuclei6.

As a two-particle bound state, the Cooper pair can appear in many spin-orbital angular mo-
mentum states (see left panel of Fig. 9). In terrestrial superconducting metals, the Cooper pairs are
generally in the 1S0 channel, i.e., spin-singlets with L = 0 orbital angular momentum, whereas in
liquid 3He they are in spin-triplet states. What can we expect in a neutron star ? In the right panel
of Fig. 9, we adapt a figure from one of the first works to study neutron pairing in the neutron star
core [47] showing laboratory measured phase-shifts from N-N scattering. A positive phase-shift
implies an attractive interaction. From this figure, one can expect that nucleons could pair in a
spin-singlet state, 1S0, at low densities, whereas a spin-triplet, 3P2, pairing should appear at higher
densities. We emphasize that this is only a presumption as medium effects can strongly affect
particle interactions.

A simple model can illustrate the difficulty in calculating pairing gaps. Consider a dilute Fermi
gas with a weak, attractive, interaction potential U . The interaction is then entirely described by
the corresponding scattering length, a, 7 which is negative for an attractive potential. In this case,

6Notice that, as a result of pairing, the only stable odd-odd nuclei are 2H(1,1), 6Li(3,3), 10B(5,5), and 14N(7,7). All
heavier odd-odd nuclei are beta-unstable and decay into an even-even nucleus.

7The scattering length a is related toU by a= (m/4π h̄)U0 withUk =
∫

d3r exp(ik · r)U(r).

16

S-wave interactions are attractive at low density, and  is repulsive 
at high density. 

P-wave interaction in spin 1 channel is attractive at high density.  

P-wave gap is quite uncertain and likely to be small. 

3.1 BCS approximation 17
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Figure 7: The 1S
0

(left panel) and 3P
2

�3F
2

(right panel) pairing gaps
� at the Fermi surface as a function of Fermi wave number kF in
neutron matter calculated in the BCS approximation for a number of
charge-dependent nucleon–nucleon interactions that have been fitted
to nucleon–nucleon scattering data. The potentials are specified ac-
cording to the legend in the right panel. For details see Refs. [30] (left
panel) and [33] (right panel).

the center-of-mass frame k . 2 fm�1 [29].5 For higher momenta, there
is considerable model dependence, also because inelastic channels start
to open up in nucleon–nucleon scattering, e.g., pion production for
k > 1.7 fm�1.

Figure 7 shows the 1S
0

and 3P
2

�3F
2

pairing gaps in neutron mat-
ter, obtained by solving the BCS gap equation with a free-particle
spectrum for the normal state. At low densities (in the crust of neu-
tron stars), neutrons form a 1S

0

superfluid. At higher densities, the
S-wave interaction is repulsive and neutrons pair in the 3P

2

chan-
nel (with a small coupling to 3F

2

due to the tensor force). Figure 7
demonstrates that in the BCS approximation the 1S

0

gap is essentially
independent of the nuclear interaction used [30]. This includes a very
weak cuto↵ dependence for low-momentum interactions V

low k. The
inclusion of the leading three-nucleon forces in chiral e↵ective field
theory gives a reduction of the 1S

0

BCS gap for Fermi wave numbers
kF > 0.6 fm�1 [31]. This reduction becomes significant for densities
where the gap is decreasing and agrees qualitatively with results based
on three-nucleon potential models (see, e.g., Ref. [32]). At low densi-
ties (kF . 0.6 fm�1), 1S

0

pairing can therefore be calculated using only

5For simplicity, we shall frequently adopt the common practice of working in
units in which ~ = 1, in which case “momentum” and “wave number” become
synonymous.

Gezerlis, Pethick, Schwenk (2016)  



Phase Structure at T=0
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Neutron Star Interiors 
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Phases at High Density

• Hyperons

• Quark matter



Hyperons
At high density hyperons may appear because:

μn > MΛ 
μn + μe > MΣ-

Strong repulsive forces between nucleon-hyperon can disfavor their 
appearance at high density. 

The hyperon-nucleon and hyperon-nucleon-nucleon interactions are 
not well constrained to draw definite conclusions. 

If hyperons appear they will reduce the pressure of dense matter - we 
shall discuss its implications for neutron star masses. 

Energy to create a hyperon in dense matter is 

eB(k) = MB +
k2

2MB
+ UB(k)



Quarks Matter at Extreme Density and T=0

De-confinement of 
quarks from nucleons
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Color-Flavor Locked Phase
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Quark Matter in Neutron Stars 
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Rich phase diagram but difficult to the predict ground state with 
current techniques.

•Competition between chiral and di-quark condensation.
•Strong correlations and Fermi liquid effects.
•Need to rely on models.   



(Multi-)Messengers Gravitational Wave Sources
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Origin of R-Process Nuclei
  Core Collapse Supernovae or NS Binary Mergers?
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Abundances: Neutrinos Gravitational Waves 



Credit: Nicolle Rager Fuller/NSF

Credit: Luciano Rezzola

Massive 
Star 

Supernova 
Neutron Stars: Bona fide Multi-messenger Sources 

Binary Neutron Star Mergers         

Gamma-Ray 
Bursts 

Credit: NASA/CXC/S Lee

Accreting Neutron 
Stars

Credit: David Hardy & PPARC 



Some Big Questions
1. What are the nuclear and neutrino processes 

that shape the cosmos ?  

2. How do supernovae explode ? 

3. What should we expect from NS mergers ?

4. Where and how are the heavy elements 
synthesized ?

5. Are there new states of matter inside neutron 
stars ? 

6. Can we interpret multi-messenger signals to 
extract fundamental physics ?



 Stellar Evolution, Supernova & Neutron Stars 

10 Million Years
1 Million Years
1000 Years
1 Year
1 day

108 Neutron stars  
expected in the galaxy

~2000 Neutron stars  
observed



Radius

Thermal Evolution

Seismology Magnetic Field Evolution 

Measuring Neutron Stars

Mass



Outline 

• Mass and Radius

• Accreting neutron stars: A low temperature laboratory 
for dense matter.

• Neutrinos from dense matter: Exploding supernovae 
and making heavy elements. 

• Neutron star mergers: Size matters 



Some Recent Observations

Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M⊙, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M⊙, and are therefore ruled out.
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2 Solar Mass NS measured using 
Shapiro-delay. Demorest et al. (2010)

Modeling observed thermal surface 
emission suggests radii in the range 
10-13 km.  Poutanen et al. (2015)

M-R constraints 
for SAX J1810.8-2609

Cooling Accreting Neutron Stars



Equation of State and Neutron Star Structure 

P (") + Gen.Rel. = M(R)
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Small radius and large maximum mass implies a rapid 
transition from low pressure to high pressure with density. 
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EFT and Phenomenological Models   
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Equation of State of Neutron Matter 

Energy per baryon: 

Predictions of microscopic theories:  

a = 12± 1 MeV ↵ = 0.45± 0.05

b = 4± 2 MeV � = 2.3± 0.3

2-body interactions 

2 & 3-body interactions 

En(⇢) = a
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+ b
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✏(n) = n (Mn + En(n)) P (✏) = n2 @En(n)
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Akmal & Pandharipande 1998, Hebeler and Schwenk 2009, Gandolfi, Carlson, Reddy 2010, Tews, Kruger, 
Hebeler, Schwenk (2013), Holt Kaiser, Weise (2013), Roggero, Mukherjee, Pederiva (2014), Wlazlowski, Holt, 
Moroz, Bulgac, Roche (2014), 

(Parameterization suggested by Gandolfi, 2009) 
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Figure 2: Mass-Radius relation for equations of state with three-neutron interactions corre-
sponding to the bands for different Esym shown in Fig. 1. The intersection with the orange
lines show roughly the central densities realized in stars with different masses and radii. The
dot-dashed lines show the masses of typical neutron star with M= 1.4 Msolar and the recently
observed mass of neutron star of Ref. (1). The yellow region is excluded by the causality con-
straint on the equation of state.

the estimated error in the prediction for the neutron star radius with a canonical mass of 1.4

Msolar. The error due to the current uncertainty in the symmetry energy of ±2 MeV leads to

an uncertainty of about 3 km for the radius, while the error due to uncertainties in the short-

distance structure of the 3n force predicts a radius uncertainty of less than 1 km. The blue

band corresponds to the band of equations of state shown in Fig. 1 with same color. They all

correspond to Esym = 33.7 MeV. Similarly the green band corresponds to the green band of

equations of state shown in Fig. 1 with Esym = 32.0 MeV. The red curve is the prediction for

neutron star mass and radius obtained without 3n interaction and the black curve is one for

which the 3n is very strong with Esym = 35.1 MeV corresponding to the original Urbana IX 3n

force.

11

Neutron Star Structure  

SL=31

L=64
L=55

L=42

A 
10

%
 R

ad
iu

s 
M

ea
su

re
m

en
t 



Radii from Hot Spots:  

J. M. Lattimer Constraining the Dense Matter Equation of State from Observations

J. M. Lattimer Constraining the Dense Matter Equation of State from Observations

NICER Science Overview Arzoumanian, et. al. (2014) 

www.int.washington.edu/talks/WorkShops/int_16_2b/People/Lamb_F/Lamb.pdfNASA mission to 
launch Feb. 2017. 

With about 106 photons a 10% radius 
measurement seems possible.



Neutron Star Thermal Evolution
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✴ Proton pair due to s-wave interaction.
✴ Neutrons pair in p-waves with spin-1 channel.  

Pairing in the Core 

Low energy theory of superfluid and superconducting nuclear matter

Sanjay Reddy1

1
Institute for Nuclear Theory, University of Washington, Seattle, WA

I derive the leading terms of the e↵ective field theory that describes low energy excitations in
superfluid and superconducting nuclear matter. The elementary excitations included are the two
massless scalar Nambu-Goldstone modes associated with the spontaneous breaking of the U(1)
symmetries associated with neutron and proton number, and relativistic degenerate electrons.

Dense matter in the neutron star core is expected to be superfluid and superconducting. At the high density realized in the
core, s-wave interactions between neutrons are repulsive and neutrons are expected to form Cooper pairs due to attractive
p-wave interactions at low temperature. This pairing produces a spin-2 condensate
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is a symmetric traceless tensor and �
n

is a scalar which represents the overall phase of the neutron condensate. The
condensate also breaks the U(1) symmetry associated with neutron number and the resulting Goldstone boson is described
by fluctuations of the overall phase ✓

n

. �ij

n

⇠ diag(1, 1,�2) also breaks rotational symmetry, except about the z-axis. The
Nambu Goldstone bosons (NGBs) called angulons, corresponding to rotations of the condensate around the x and y axis
[1, 3].

The proton density is relatively small because the proton fraction is ⇡ 5� 10% and protons are expected to form Cooper
pairs due to attractive s-wave interactions. In the this case the condensate
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is spin-zero and the fluctuations of the phase ✓
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correspond to the Goldstone boson excitations of the condensate. One
might expect that this NGB would acquire a mass set by the plasma frequency by the Andresson-Higgs mechanism, however,
because the Coulomb interaction between protons is screened by electrons, this mode mode remains massless [2]. In the
following I formulate the low energy theory of the two U(1) NGBs and will neglect the angulons under the assumption that
these modes are decoupled at leading order.

To derive a low energy theory we begin by introducing gauge fields A
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and B
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which couple to the conserved currents
associated with protons and neutrons, respectively. The U(1) symmetries of the original Lagrangian for protons and neutrons
implies that the action is invariant under
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The thermodynamic state with a specified number density is obtained by setting the temporal components of the external
fields to a specific value
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where µ
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and µ

n

are the relativistic chemical potentials which include the proton and neutron masses, respectively. I also
note that the thermodynamic potential
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where P is the pressure of the equilibrium ground state.
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Figure 9: Left panel: possible spin-angular momentum combinations for Cooper-pairs. Right panel: phase
shifts for N-N scattering as a function of the laboratory energy (middle axis) or the neutron Fermi energy
and density for a neutron star interior (lower axis). Adapted from [47].

clearly require a finite minimal energy for excitation. This energy was interpreted as being the
binding energy of the Cooper pair which must break to produce an excitation. In contrast, odd
nuclei do not show such a gap, and this is due to the fact that they have one nucleon, neutron or
proton, which is not paired and can be easily excited. The right panel of Fig. 8 shows that pairing
also manifests itself in the binding energies, even-even nuclei being slightly more bound than odd
nuclei6.

As a two-particle bound state, the Cooper pair can appear in many spin-orbital angular mo-
mentum states (see left panel of Fig. 9). In terrestrial superconducting metals, the Cooper pairs are
generally in the 1S0 channel, i.e., spin-singlets with L = 0 orbital angular momentum, whereas in
liquid 3He they are in spin-triplet states. What can we expect in a neutron star ? In the right panel
of Fig. 9, we adapt a figure from one of the first works to study neutron pairing in the neutron star
core [47] showing laboratory measured phase-shifts from N-N scattering. A positive phase-shift
implies an attractive interaction. From this figure, one can expect that nucleons could pair in a
spin-singlet state, 1S0, at low densities, whereas a spin-triplet, 3P2, pairing should appear at higher
densities. We emphasize that this is only a presumption as medium effects can strongly affect
particle interactions.

A simple model can illustrate the difficulty in calculating pairing gaps. Consider a dilute Fermi
gas with a weak, attractive, interaction potential U . The interaction is then entirely described by
the corresponding scattering length, a, 7 which is negative for an attractive potential. In this case,

6Notice that, as a result of pairing, the only stable odd-odd nuclei are 2H(1,1), 6Li(3,3), 10B(5,5), and 14N(7,7). All
heavier odd-odd nuclei are beta-unstable and decay into an even-even nucleus.

7The scattering length a is related toU by a= (m/4π h̄)U0 withUk =
∫

d3r exp(ik · r)U(r).
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I derive the leading terms of the e↵ective field theory that describes low energy excitations in
superfluid and superconducting nuclear matter. The elementary excitations included are the two
massless scalar Nambu-Goldstone modes associated with the spontaneous breaking of the U(1)
symmetries associated with neutron and proton number, and relativistic degenerate electrons.

Dense matter in the neutron star core is expected to be superfluid and superconducting. At the high density realized in the
core, s-wave interactions between neutrons are repulsive and neutrons are expected to form Cooper pairs due to attractive
p-wave interactions at low temperature. This pairing produces a spin-2 condensate
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⇠ diag(1, 1,�2) also breaks rotational symmetry, except about the z-axis. The
Nambu Goldstone bosons (NGBs) called angulons, corresponding to rotations of the condensate around the x and y axis
[1, 3].

The proton density is relatively small because the proton fraction is ⇡ 5� 10% and protons are expected to form Cooper
pairs due to attractive s-wave interactions. In the this case the condensate
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correspond to the Goldstone boson excitations of the condensate. One
might expect that this NGB would acquire a mass set by the plasma frequency by the Andresson-Higgs mechanism, however,
because the Coulomb interaction between protons is screened by electrons, this mode mode remains massless [2]. In the
following I formulate the low energy theory of the two U(1) NGBs and will neglect the angulons under the assumption that
these modes are decoupled at leading order.
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The thermodynamic state with a specified number density is obtained by setting the temporal components of the external
fields to a specific value
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µ

, B̄

µ

) = �V
4

P (µ
p

, µ

n

) , (7)

where P is the pressure of the equilibrium ground state.
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Figure 9: Left panel: possible spin-angular momentum combinations for Cooper-pairs. Right panel: phase
shifts for N-N scattering as a function of the laboratory energy (middle axis) or the neutron Fermi energy
and density for a neutron star interior (lower axis). Adapted from [47].

clearly require a finite minimal energy for excitation. This energy was interpreted as being the
binding energy of the Cooper pair which must break to produce an excitation. In contrast, odd
nuclei do not show such a gap, and this is due to the fact that they have one nucleon, neutron or
proton, which is not paired and can be easily excited. The right panel of Fig. 8 shows that pairing
also manifests itself in the binding energies, even-even nuclei being slightly more bound than odd
nuclei6.

As a two-particle bound state, the Cooper pair can appear in many spin-orbital angular mo-
mentum states (see left panel of Fig. 9). In terrestrial superconducting metals, the Cooper pairs are
generally in the 1S0 channel, i.e., spin-singlets with L = 0 orbital angular momentum, whereas in
liquid 3He they are in spin-triplet states. What can we expect in a neutron star ? In the right panel
of Fig. 9, we adapt a figure from one of the first works to study neutron pairing in the neutron star
core [47] showing laboratory measured phase-shifts from N-N scattering. A positive phase-shift
implies an attractive interaction. From this figure, one can expect that nucleons could pair in a
spin-singlet state, 1S0, at low densities, whereas a spin-triplet, 3P2, pairing should appear at higher
densities. We emphasize that this is only a presumption as medium effects can strongly affect
particle interactions.

A simple model can illustrate the difficulty in calculating pairing gaps. Consider a dilute Fermi
gas with a weak, attractive, interaction potential U . The interaction is then entirely described by
the corresponding scattering length, a, 7 which is negative for an attractive potential. In this case,

6Notice that, as a result of pairing, the only stable odd-odd nuclei are 2H(1,1), 6Li(3,3), 10B(5,5), and 14N(7,7). All
heavier odd-odd nuclei are beta-unstable and decay into an even-even nucleus.

7The scattering length a is related toU by a= (m/4π h̄)U0 withUk =
∫

d3r exp(ik · r)U(r).
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Neutrons:

Low energy excitations are described by fluctuations of:

�p(x, t), �n(x, t), �(x, t)

�n ⇡ 0.01� 0.1 MeV

�p ⇡ 0.1� 1 MeV



Low energy modes in the core

4 Goldstone modes: 


1 neutron density mode (n-phonon).    


1 electron-proton mode (ep-phonon).


2 modes associated with fluctuations of spin and angular momentum 
of neutron cooper pairs (angulons).

Bedaque, Rupak, Savage, (2003), Bedaque and Reddy (2013).  

Neutron star seismology and thermal properties 
are qualitatively different due to pairing. 



Bedaque and Reddy (2013). Kobyakov, Pethick, Reddy, Schwenk (2017) 

Effective Lagrangian for Phonons and Angulons 

2

scalar. Di↵erent symmetric traceless tensors break the ro-
tation group in di↵erent ways so there are several possible
3
P2 phases. Around the critical temperature one can rely on
BCS and strong coupling estimates of the parameters of the
Ginsburg-Landau free energy to conclude that the ground
state is of the form �0

ij

⇠ diag(1, 1,�2) (or, of course, any
rotation of this matrix)[3, 4]. The structure of the gap equa-
tions are such that, at least within the BCS framework, the
relative order of the di↵erent states is not changes as temper-
ature, density or microscopic interactions change [5] so it is
reasonable to assume that the ground state of neutron mat-
ter is in a phase characterized by the �0

ij

⇠ diag(1, 1,�2)
form of the condensate. This will be an assumption underly-
ing our analysis although many of our qualitative conclusions
are independent of it.

The presence of the condensate�0
ij

⇠ diag(1, 1,�2) breaks
spontaneously the symmetry of the system under rotations,
except for those around the z-axis. Thus, as first realized in
[1] we expect the presence of two gapless excitations above
the ground state, named “angulons”, corresponding to rota-
tions of the condensate around the x and y axis. Angulons
were then studied in more detail in [6] where, with mild as-
sumptions, their properties were quantitatively estimated.

These properties are succinctly encapsulated is the la-
grangian given by
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g

n

⇡ �1.91 is the neutron magnetic moment in units of the
nuclear Bohr magneton, B is the magnetic field, k

Fn

the neu-
tron Fermi momentum, M the nucleon mass, v

F

= k

Fn

/M is
the neutron fermi velocity, and e =

p
↵

em

/4⇡2 the electron
charge. The values in eq. (3) receive Fermi liquid corrections
not yet computed. The fields �1,2 are linear combinations of
the fields describing rotations of the condensate around the
x and y axis which mix among themselves; in terms of the
original fields the lagrangian is analytic at small momenta.

We now discuss the two remaining massless modes, these
now being associated with density fluctuations. The first
mode is one that would exist in a pure 3P2 ( and also a 1S0)

n

n

(fm�3) 0.08 0.16 0.20 0.24 0.32

x

p

0.024 0.043 0.050 0.057 0.070

v

2
p

0.029 0.049 0.060 0.072 0.104

v

2
n

0.015 0.070 0.128 0.210 0.430

v

2
np -0.034 -0.016 0.024 0.086 0.268

v1 0.12 0.21 0.23 0.25 0.28

v2 0.17 0.26 0.36 0.46 0.71

TABLE I. Ambient conditions, low energy constants and eigen-
mode velocities v1 and v2 in units of the velocity of light for the
equation of state from [11]

neutron superfluid and it corresponds to the fluctuations of
� - the overall isotropic phase of the condensate. The other
mode is related to density fluctuations of proton condensate
+ the electron gas and is denoted by the scalar field ⇠. The
general low energy e↵ective field theory of these scalar modes
is well studied [7–9] and the low energy Largrangian density
is given by
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where we have also included the coupling to the electron
field  

e

. The coe�cients of the leading order terms in the
derivative expansion are related to simple thermodynamic
derivates and can be obtained from the equation of state.
They are given by
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) is the en-
ergy density of the neutron-proton system. The e↵ective
coupling between phonons in the ep system and electron-
hole states is calculated as in the jellium model and is given
by fep =

p
m

p

kFp/⇡
2 [10]. Enp arises solely due to nucleon-

nucleon interactions and its value depends on the density, the
equilibrium proton fraction and the equation of state model
chosen. The low energy constants calculated using a rep-
resentative microscopic equation of state from [11] and the
eigenmode velocities in units of the speed of light are shown
in Table I.

The propagation of angulons and superfluid phonons can
be damped by several processes. In the the following we es-
timate the mean free paths of phonons and angulons at low
temperature k

B

T ⌧ � to find that dominant decay mecha-
nism is due to the excitation of electron-hole states. First,
we analyze the mean free paths of the two longitudinal super-

Angulons: 

Bedaque, Nicholson (2013)  
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and currents, respectively. These interactions lead to mixing between the NGBs. Using the relations above, and retaining
only terms up to quadratic order in the derivatives, I find that
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The equations of motion are
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To compare with the results obtained by Chris and Mitya I will need the following relations between thermodynamic
derivatives:
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and currents, respectively. These interactions lead to mixing between the NGBs. Using the relations above, and retaining
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The equations of motion are
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To compare with the results obtained by Chris and Mitya I will need the following relations between thermodynamic
derivatives:
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Phonons: 

Higher order terms of the derivative expansion are highly suppressed.  

Expansion parameter is  

Breakdown scale is 

p/
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MkF
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Phonons in the Inner Crust

Neutron superfluid: Goldstone excitation 
is the fluctuation of the phase of the 
condensate. 

Proton (clusters) move collectively on 
lattice sites. Displacement is a good 
collective coordinate. 

neutrons

protons

neutrons

protons

Vector Field: 
Scalar Field:

�i(r, t)
�(r, t)
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Excitations and Interactions in the Inner Crust

electrons lattice 

phonons

superfluid 

phonons

Cirigliano, Reddy & Sharma (2011), Page & Reddy (2012), 

Chamel, Page, & Reddy (2013), Roggero & Reddy (2016) 

electron-phonon

electron-impurity

electron-electron

Electrons and 2 
longitudinal and 2 
transverse phonons are 
the relevant excitations. 

Thermal and transport 
properties of the solid and 
superfluid crust can be 
calculated using an 
effective field theory. 

Mixing between phonons 
leads to strong Landau 
damping. Phonon 
conduction is highly 
suppressed. 



Crustal Specific Heat 

Page & Reddy (2012), Chamel, Page, Reddy (2013) 
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Figure 1. Heat capacity of electrons (e), transverse lattice phonons (tph) and longitudinal
excitations (lph− and lph+) in the inner crust of neutron stars at temperature T = 109 K, with
the coupling of the superfluid to the strain field (solid lines) and without (dashed lines). For
comparison, is also shown the normal neutron contribution (n), but it is strongly suppressed by
superfluidity except in the shallowest and densest parts of the inner crust where the neutron 1S0
pairing gap becomes vanishingly small.

previous study [8], is found to substantially reduce the speed of the highest longitudinal mixed
mode, especially in the shallowest layers of the inner crust. However, the thermal properties of
the crust are almost unchanged.
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cool down to equilibrium on a much longer timescale of several
years (Rutledge et al. 2002). It is therefore possible to monitor
the cooling of such quasi-persistent transients with satellites
such as Chandra or XMM-Newton. The timescale of the cooling
is dependent on the properties of the material in the crust, such
as its thermal conductivity, and structures in the cooling curve
can give information about the nature and location of heating
sources in the crust (Brown & Cumming 2009).

Since the advent of Chandra and XMM-Newton, only a
handful of NS transients have entered quiescence after long-
duration (year or longer) outbursts. KS 1731–260 and MXB
1659–29 entered quiescence in 2001 after outbursts lasting
around 12.5 and 2.5 yr, respectively. Both sources were observed
to cool down to a constant level over a period of a few years
(Wijnands et al. 2001, 2002, 2003, 2004; Wijnands 2002, 2004;
Rutledge et al. 2002; Cackett et al. 2006, 2008), though a recent
observation of KS 1731–260 at more than 3000 days post-
outburst suggests it may still be cooling slowly (E. M. Cackett
et al. 2010, in preparation). The observed cooling timescales
were interpreted to imply a high thermal conductivity for the
crust, in agreement with more recent findings from the fitting
of theoretical models to the cooling curves (Shternin et al.
2007; Brown & Cumming 2009). In 2008, EXO 0748–676
entered quiescence after active accretion for over 24 yr. Swift
and Chandra observations of the source in the first half of the
year since the end of the outburst indicate very slow initial
cooling (Degenaar et al. 2009). In contrast to KS 1731–260
and MXB 1659–29, EXO 0748–676 has shown a significant
non-thermal component in its spectra in addition to the thermal
component. Such a non-thermal component has been seen for
many quiescent NS-LMXBs. It is usually well fitted with a
simple power law of photon index 1–2 and typically dominates
the spectrum above a few keV (Campana et al. 1998a). A number
of quiescent NS sources have spectra which are completely
dominated by the power-law component and do not require a
thermal component, e.g., the millisecond X-ray pulsar SAX
J1808.4–3658 (Heinke et al. 2007) and the globular cluster
source EXO 1745–248 (Wijnands et al. 2005). The power-law
component is common among millisecond X-ray pulsars (see,
e.g., Campana et al. 2005), but its origin is poorly understood.
Suggested explanations include residual accretion, either onto
the NS surface or onto the magnetosphere, and a shock from a
pulsar wind (see, e.g., Campana et al. 1998a). We note that it has
also been argued that low-level spherical accretion onto an NS
surface can produce a spectrum with a thermal shape (Zampieri
et al. 1995).

1.1. XTE J1701–462

XTE J1701–462 (hereafter J1701) was discovered with the
All-Sky Monitor (ASM; Levine et al. 1996) on board the Rossi
X-Ray Timing Explorer (RXTE) on 2006 January 18 (Remillard
& Lin 2006), shortly after entering an outburst (see Figure 1).
Re-analysis of earlier ASM data further constrained the start of
the outburst to a date between 2005 December 27 and 2006
January 4 (Homan et al. 2007). During the ≃1.6-year-long
outburst the source became one of the most luminous NS-
LMXBs ever seen in the Galaxy, reaching a peak luminosity
of ≃1.5 LEdd, and it accreted at near-Eddington luminosities
throughout most of the outburst (Lin et al. 2009b). The source
entered quiescence in early 2007 August (see Section 2.6 for
a discussion of our definition of quiescence for this source).
During the outburst the source was monitored on an almost daily
basis with RXTE. Spectral and timing analysis of the early phase
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Figure 1. RXTE ASM light curve of XTE J1701–462 showing the 2006–2007
outburst and the subsequent quiescent period. Data points represent 1 day
averages. The upper row of vertical bars indicates the times of the ten Chandra
observations made after the end of the outburst; the lower row indicates the
times of the three XMM-Newton observations. No other observations of XTE
J1701–462 sensitive enough to detect the source have been made since the
outburst ended.

of the outburst is presented in Homan et al. (2007), and Lin et al.
(2009b) give a detailed spectral analysis of the entire period of
active accretion. In the early and most luminous phase of its
outburst, J1701 exhibited all spectral and timing characteristics
typical of a Z source, and is the only transient NS-LMXB ever
observed to do so. During the outburst the behavior of the source
evolved through all spectral subclasses of low-magnetic-field
NS-LMXBs (Hasinger & van der Klis 1989), starting as a Cyg-
like Z source, then smoothly evolving into a Sco-like Z source
(Kuulkers et al. 1997), and finally into an atoll source (first a
bright GX-like one and subsequently a weaker bursting one).
This evolution will be discussed in detail in an upcoming paper
(J. Homan et al. 2010, in preparation). The unique behavior of
the source in conjunction with the dense coverage by RXTE has
made it possible to address long-standing questions regarding
the role of mass accretion rate in causing these subclasses and the
spectral states within each subclass (Lin et al. 2009b). Toward
the end of the outburst J1701 exhibited three type I X-ray
bursts, the latter two of which showed clear photospheric radius
expansion. From these Lin et al. (2009a) derive a best-estimate
distance to the source of 8.8 ± 1.3 kpc, using an empirically
determined Eddington luminosity for radius expansion bursts
(Kuulkers et al. 2003).

J1701 provides a special test case for NS cooling. It accreted
for a shorter time than the three cooling transients with long-
duration outbursts mentioned above, but for a longer time than
regular transients. Moreover, the level at which it accreted is
higher than for any other NS transient observed. This source
therefore allows new parameter space in NS cooling to be
probed. The close monitoring of the source with RXTE also
makes it possible to get a good estimate for the total fluence
of the outburst. This gives information about the total mass
accreted and hence about the heat generated from crustal
heating, a crucial input parameter for theoretical models of
the cooling. Flux values derived from spectral fits to RXTE
data (spectra from 32 s time bins, with linear interpolation
between data points; see Figure 3 in Lin et al. 2009b) imply a
total bolometric energy output (corrected for absorption) during
the outburst of ≃1.0 × 1046 erg for an assumed distance of
8.8 kpc and system inclination of 70◦ (D. Lin 2009, private
communication; see Lin et al. 2009b for details on the spectral
fitting). This value is likely to be uncertain by a factor of ≃2–4
due to uncertainties in the distance and inclination of the system,
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Figure 4. Total unabsorbed luminosity in the 0.5–10 keV band (top panel),
redshifted effective NS surface temperature (middle panel), and unabsorbed
power-law flux in the 0.5–10 keV band (bottom panel) during quiescence. The
solid curve in the temperature panel is the best-fit exponential decay cooling
curve (with the sixth and seventh data points excluded from the fit), and the
dashed line represents the best-fit constant offset to the decay.

2.6. Cooling Curves

Figure 2 shows the transition from the final stage of outburst
to quiescence. Plotted is the total unabsorbed luminosity in the
0.5–10 keV band for the 37 RXTE observations made in the
period 2007 July 17–August 7, and the three Swift observa-
tions discussed above, as well as the first three Chandra and
XMM-Newton observations. The luminosity decreased by a fac-
tor of ∼2000 in the final ≃13 days of the outburst before starting
a much slower decay. This period of low-level and slowly chang-
ing (compared to the outburst phase) emission, taking place
after the steep drop in luminosity, is what we refer to as the
quiescent phase (see also the top panel in Figure 4). Low-level
accretion may be occurring during quiescence, but this current
phase is clearly distinct from the much more luminous and vari-
able outburst phase, during which accretion took place at much
higher rates (and which we also refer to as the period of “ac-
tive” accretion). The end of the outburst is tightly constrained
to have occurred sometime in the ≃4.3 day interval between
the final Swift observation and the first Chandra observation.
To get a more precise estimate for the end time of the out-

burst, here denoted by t0, we fit simple exponential decay curves
through the three Swift data points and the three Chandra and
XMM-Newton points in Figure 2. From the intersection of those
two curves we define t0 as MJD 54322.13 (2007 August 10
03:06 UT), i.e., ≃2.8 days before the first Chandra observation.

Table 3 lists temperatures and fluxes derived from the main
fit to the Chandra and XMM-Newton spectra discussed in
Section 2.5.2. Figure 4 shows a plot using results from this
fit. The top two panels show the total unabsorbed 0.5–10 keV
luminosity and the inferred effective NS surface temperature (as
observed at infinity). The first five data points, taken in the first
≃175 days of quiescence, show a fast drop in temperature. How-
ever, the sixth data point (XMM-3, at ≃226 days) shows a large
increase in both temperature and luminosity, and the following
Chandra observation (CXO-4) also has a higher inferred tem-
perature than before the increase. This is inconsistent with the
monotonic decrease in temperature expected for a cooling NS
crust. The last six Chandra observations all have temperatures
similar to or slightly lower than the one immediately preceding
XMM-3 (i.e., CXO-3). We assume that those are unaffected by
whatever caused the “flare-like” behavior in the sixth and sev-
enth observations, and when fitting cooling models to the data
we exclude both XMM-3 and CXO-4 but include the subsequent
observations (although some fits excluding only XMM-3 were
also made; see below). We defer further discussion of the flare
to the end of this section and Section 3.3.

We will now describe our fitting of the derived temperatures
with cooling curve models. All the fits were performed with
Sherpa, CIAO’s modeling and fitting package (Freeman et al.
2001); errors were estimated with the confidence method.12

We first fitted our temperature data with an exponential decay
cooling curve plus a constant offset, i.e., a function of the form
T ∞

eff (t) = T ′ exp[−(t−t0)/τ ]+Teq, with t0 kept fixed at the value
mentioned above. Shifts in the value of t0 do not affect derived
values for τ or Teq. The flare observations XMM-3 and CXO-4
were excluded from the fitting. We performed the temperature
fit for data from the main spectral fit (1 in Table 2), and also for
spectral parameter values corresponding to five other fits (2, 3,
7, 8, and 9), to gauge the effects on the cooling fit parameters.
The derived parameter values are shown in Table 4. The main
fit cooling curve is shown in Figure 4 along with the best-
fit constant offset (dashed line). The best-fit e-folding time is
τ = 117+26

−19 days with an offset of Teq = 125.0±0.9 eV. For the
other values of the NS parameters (mass, radius, and distance),
the temperature values are systematically shifted by typically
5–10 eV, but the derived decay timescale is not affected to a
significant extent. The effects of changing the value of the tied
power-law index will be discussed in Section 2.6.1. Including
CXO-4 in the fit (but still excluding XMM-3) gives a longer
timescale of τ = 187+49

−39 days; the equilibrium temperature is
not significantly affected.

As will be discussed in Section 3.2, a more physically
motivated cooling curve model is a broken power law leveling
off to a constant at late times. We therefore also fitted a broken
power-law model, excluding XMM-3 and CXO-4 as before, to
temperature data corresponding to the same six spectral fits as
before. The derived break times and power-law slopes are shown
in Table 4. The best-fit broken power-law curve to data from the
main spectral fit is shown in Figure 5 (solid curve). The data
indicate that a break in the model is needed; a simple power law
does not provide an adequate fit (χ2

ν = 2.45 for 9 dof, compared

12 See documentation at the Sherpa Web site: http://cxc.harvard.edu/sherpa/.
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Physical Processes in Accreting Neutron Stars
• Accreting neutron 

stars host 
phenomena that 
uniquely probe the 
physics of its ultra 
dense interior.

• It is a data driven 
field. 

•  Interpreting this 
data requires a 
coordinated effort 
that combines 
theory, experiment 
and observations. 
JINA-CEE has 
played a key role.  

x-ray bursts

crust cooling
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KS 1731-260: High 
accretion 1988-2000

During accretion nuclear reactions release: 
~ 2-4 MeV / nucleon
Sato (1974), Haensel & Zdunik (1990),  Brown, Bildsten Rutledge (1998)
Gupta et al (2007,2011).
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Cooling Post Accretion  

•After a period of intense 
accretion the neutron star 
surface cools on a time 
scale of ~1000 days.


•This relaxation was first 
discovered in 2001 and 6 
sources have been studied 
to date. 


•Expected rate of 
detecting new sources 

~ 1/year.  

Figure from Rudy Wijnands (2013)

All known Quasi-persistent sources show cooling after accretion 



Thermal Evolution of the Crust

Temperature profile in the 
crust depends on the duration 
of the accretion phase. 

When accretion ends heat 
flows into the core and is 
radiated away as neutrinos. 

Timescale for cooling is set by 
the heat diffusion time.  

Shternin & Yakovlev (2007) Cumming & Brown (2009) Page & Reddy (2011)
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FIG. 3. Left panel: an example of evolution of XTE’s crust temperature during an accretion phase at Ṁ ' 0.9ṀEdd with
initial uniform T = 4 ⇥ 106 K (labelled “0d”). Profiles after 1 day (“1d”), 1 week (“1w”), 1 and 6 months (“1m” and “6m”)
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the steady state. Right panel: An example of the evolution of XTE’s crust temperature profile during the cooling phase. In
both panels the background color map is the local thermal time from Fig. 1. Notice that the core temperature is increasing
both during the accretion phase and the subsequent relaxation phase.

the observed T1
e . However, on a longer time scale beyond

presently published observations, further decrease of T1
e

is naturally expected.
To explore how much three years of observations con-

strain the properties of the neutron star crust and the fu-
ture evolution of XTE we performed an extensive search
of the parameter space. A comprehensive analysis of our
results will presented in a forthcoming paper but a syn-
opsis is displayed in Fig. 2 as four bands of cooling tra-
jectories labelled as “A” to “D”. The dominant uncon-
strained parameter is the core temperature and Fig. 2
separates all our models that give a fit to the data with
a �2 better than 12 in four classes according to their
value of T

0

. In the case T
0

is smaller than 108 K, fitting
the model parameters to the 3 years of observed evolu-
tion provides strong constraints and all models in the
cases B, C, and D, have crust microphysics very similar
to the one depicted in Fig. 1. (The same microphysics is
also compatible with modeling of KS and MXB as shown
in Fig. 2.) The future evolution of XTE appears to be
mostly determined by its previous core temperature T

0

and, for a given T
0

, uncertainty in future time is smaller
than a factor of two.

It is remarkable that the crust relaxation model is able
to describe vastly di↵erent temporal behavior observed
in the three sources XTE J1701-462, MXB 1659-29 and
KS 1731-260 with very similar input physics in the in-
ner crust. It provides a natural explanation for the rapid
early cooling observed in XTE and predicts future cooling
solely in terms of one unknown parameter - the core tem-

perature. A robust prediction of the crust cooling model
is the correlation between the final temperature and the
future cooling rate. Continued monitoring of XTE will be
able to test our prediction. If confirmed it would firmly
establish the crust relaxation as the underlying process,
and taken together fits to these three sources will provide
useful constraints for the thermal and transport proper-
ties of the neutron star crust. Finally, results displayed in
Fig. 3 show that even the core response is not negligible,
and these systems may open a new window for studying
matter at even larger densities. We hope that the results
presented here will motivate a long term program to dis-
cover and monitor accreting neutron stars with existing
and next generation instruments.

We thank Bob Rutledge for useful discussions at
an early stage of this work and Andrew Steiner and
Joel Fridriksson for comments on this manuscript.
D.P.’s work is partially supported by grants from the
UNAM-DGAPA (# IN113211) and Conacyt (CB-2009-
01, #132400). D.P. acknowledges the hospitality of the
Theoretical Division at the Los Alamos National Labo-
ratory, where part of this work was developed. The work
of S.R. was supported by the DOE Grant No. DE-FG02-
00ER41132 and by the Topical Collaboration to study
Neutrinos and nucleosynthesis in hot and dense matter.
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To explore how much three years of observations con-
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in Fig. 2.) The future evolution of XTE appears to be
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ner crust. It provides a natural explanation for the rapid
early cooling observed in XTE and predicts future cooling
solely in terms of one unknown parameter - the core tem-

perature. A robust prediction of the crust cooling model
is the correlation between the final temperature and the
future cooling rate. Continued monitoring of XTE will be
able to test our prediction. If confirmed it would firmly
establish the crust relaxation as the underlying process,
and taken together fits to these three sources will provide
useful constraints for the thermal and transport proper-
ties of the neutron star crust. Finally, results displayed in
Fig. 3 show that even the core response is not negligible,
and these systems may open a new window for studying
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Connecting to Crust Microphysics

Crust ThicknessCrustal Specific Heat

Thermal Conductivity 

• Observed timescales are short. 

• Requires small specific heat and large thermal conductivity. 

• Favors a solid (with small impurity fraction) and superfluid inner crust. 
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Measuring the Heat Capacity of the Core

CNS dT = dQ
Heat the star, allow it to relax, and 
observe the change in temperature: 

duration  

of heating

When CNS = α T : 
↵

2
(T 2

f � T 2
i ) = �Q

CNS(Tf ) > 2
�Q

Tf
Lower limit:

�Q = Ḣ ⇥ tH � L⌫ ⇥ (tH + tobs)

heating 

rate

neutrino 

cooling rate

time of observation

(after heating ceases)

Cumming et al. (2016)



Observations of KS 1731-260

Accretion Phase: 12 yrs at dM/dt ≈1017 g/s
Thermal Relaxation: t ≈ 8 yrs Wijnands et al. (2002) Cackett et al. (2010)

Inferred Core Temperature: 
Insulating envelope supports a temperature gradient near the surface. 

Inferred Energy Deposition:

T1
c = 7.0⇥ 107 K

✓
T1
s

63.1 eV

◆1.82

T1
c = 3.1⇥ 107 K

✓
T1
s

63.1 eV

◆1.65

Quiescent Surface Temperature (post relaxation): Ts = 63.1 eV

Heavy element envelope:

Light element envelope:

�Q = Ḣ ⇥ tH = 6⇥ 1043 ergs

✓
Qnuc

2 MeV

◆ 
Ṁ

1017 g/s

!✓
tH

10 yrs

◆

Cumming, Page, Brown, Reddy, Horowitz and Fatttoyev  (2016)



Limits: Current & Future

10

its on the changes in the core temperature during quiescence
(Sec. IV B); and the light contours indicate di↵erent values of
the recurrence time (Sec. IV C).

FIG. 9. Possible values of the specific heat C and neutrino luminosity
L⌫ (assumed / T̃ 6) for KS 1731-260. Neutrino cooling from the core
exceeds radiative cooling from the surface to the right of the vertical
dotted line. The minimum specific heat is indicated by the lower dark
curve; it asymptotically approaches the value derived in Eq. (3) for
su�ciently small L⌫. At right, the vertical dark line indicates where
L⌫(T̃8 = 7) = Lin; this is the largest neutrino luminosity compatible
with the observed T̃ . The thin grey contours indicate values of con-
stant recurrence time. The dark grey region at lower right is excluded
by the absence of cooling (at < 13%) after 6 years in quiescence. If
cooling were absent (< 5%) after 10 years, then the light grey region
would be further excluded.

In this section, we make repeated use of the thermal evolu-
tionary equation for the core (Eq. 1),

C
dT̃
dt
= �L�(T̃ ) � L⌫(T̃ ) + Lin, (13)

where Lin = 0 during quiescence. The photon luminosity,
L�(T̃ ), follows from Equations (5) and (6):

L� = 9.8 ⇥ 1032 T̃ 2.2
8 erg s�1 (heavy); (14)

L� = 7.5 ⇥ 1033 T̃ 2.4
8 erg s�1 (light). (15)

This equation assumes that the core is isothermal, which holds
only if the thermal conduction time across the core is much
shorter than the cooling or heating timescale, and the core
conductivity is large enough to transport heat inwards with
a small temperature contrast. The conduction time across the
core is

cP

K
R2
⇠ 3 yr

 
cP

1019 erg cm�3 K�1

! ✓ R
10 km

◆2

 
K

1023 erg cm�1 s�1 K�1

!
�1

, (16)

where we insert a typical value of thermal conductivity K due
to neutrons at 108 K [57, 58] and use the heat capacity of de-
generate fermions from Eq. (9). This conduction time is a
factor of a few times smaller than both the outburst timescale
and time in quiescence for KS 1731-260, and in the case of
rapid core evolution with a small C, the thermal time is even
shorter. The temperature contrast required to transport the in-
wards luminosity is also small, �T ⇡ L/4⇡RK ⇠ 106 K for
Lin ⇠ 1035 erg s�1, so the isothermal assumption is reasonable.

A. Neutrino cooling during outburst and an upper limit on the
core neutrino luminosity

The neutrino emissivity of the neutron star core is highly
uncertain, depending on the particle content and allowed weak
reactions. A large enough neutrino emissivity would remove
a significant amount of the energy deposited in the core dur-
ing the outburst and invalidate our assumption that all of the
energy that flows into the core from the crust heats the core.

Neutrino cooling processes generally divide into two
classes [40]: fast, such as direct Urca,

✏dU
⌫ ⇡ 1026 erg cm�3 s�1

✓ T
109 K

◆6
; (17)

and slow, such as modified Urca,

✏mU
⌫ ⇡ 1020 erg cm�3 s�1

✓ T
109 K

◆8
. (18)

The fast processes scale as T 6, whereas the slow go as T 8.
To estimate the corresponding neutrino luminosity, we neglect
the variation in neutrino emissivity with density and gravita-
tional redshift and write L⌫ ⇡ (4⇡R3

c/3)✏⌫(T̃ ), with core radius
Rc = 11 km, to obtain

L⌫,dU = 6 ⇥ 1038 T̃ 6
8 erg s�1 (19)

L⌫,mU = 6 ⇥ 1030 T̃ 8
8 erg s�1. (20)

The modified Urca cooling exceeds photon cooling in quies-
cence (Eq. [14]) for T̃8 > 2.4. Hence, modified Urca is not im-
portant during the outburst of KS 1731-260. If a slow cooling
process (i.e., one / T̃ 8) were important for regulating the core
temperature, it would need to be at least 103 times stronger
than modified Urca.

For a fast emission process, neutrino cooling exceeds radia-
tive cooling at T̃8 = 0.7 for L⌫/T̃ 6

8 > 3.8 ⇥ 1033 erg s�1, which
is about 10�5 of the direct Urca luminosity. This threshold is
indicated by the vertical dotted line in Fig. 9. We can rule out
a neutrino emission as large as direct Urca, however, because
the core neutrino luminosity cannot exceed the luminosity en-
tering the core during outburst: L⌫ < Lin ⇡ 2 ⇥ 1035 erg s�1

(Fig. 2). As the core is heated and its temperature rises (as-
suming the heat capacity is low enough to give a large temper-
ature change), the neutrino emissivity will eventually come
into balance with the heating rate, and the core temperature
will saturate. For direct Urca, the saturation temperature is
much smaller than the inferred core temperature. Setting

Normal 
Nucleons 

CFL

Leptons (nucleons are paired)

Cumming, Page, Brown, Reddy, Horowitz and Fatttoyev  (2016)



The other messengers 

•Neutrinos 
•Nucleosynthesis 
•Gravitational Waves  

Nuclear interactions and the equation of state of neutron-rich dense matter 
plays role. Is essential to interpret observations and unravel correlations.  



Core Collapse Supernova
1500 km

3X107 km

10 km

Core collapse
tcollapse ~100 ms

Shock wave
Eshock~1051ergs

100 km

carry away  
~ 3 x 1053 ergs 

• The time structure of the neutrino signal depends on how 
heat is transported in the neutron star core. 


• The spectrum is set by scattering in a hot (T=3-6 MeV) and 
not so dense (1012-1013 g/cm3 ) neutrino-sphere. 

neutrinos diffuse 
out of the dense 
newly born 
neutron star

Quasi-static  
~ 1 s  



Supernova Neutrinos

Neutrino-sphere: Neutrino spectra is 
determined at high density 1012-1013 g/cm3 
and  T~ 4-8 MeV at R ~ 10-20 km

Nucleosynthesis: occurs 
in a neutrino driven wind 
at low-density and 
high entropy. 
R ~ 103-104 km 

PNS

Neutrino spectrum and luminosity is crucial to: 
• Supernova explosion mechanism 
• Heavy-element nucleosynthesis
• Neutrino detection

Neutrino heating: Heat 
deposition in the gain region 
is essential for the explosion 
mechanism. R~ 50-100 km



Where does the r-process occur ? 
There is general consensus that it involves either one or two neutron 
stars.

• prompt explosion (Hillebrandt 1978, Hillebrandt et al. 1984)                                                                         

• neutrino-driven wind (Meyer et al. 1992, Woosley et al. 1994)

• shocked surface layers (Ning, Qian, Meyer 2007)

• neutrino-induced in He shells (Banerjee, Haxton, Qian 2011)

• jets (e.g., Winteler et al. 2012)

r-process in core-collapse supernovae? (B2FH 1957)

wind

proto-neutron 
star

• The one neutron star scenario: 
Neutrino driven wind in a core-
collapse supernova. [Fragile]

• The two neutron star scenario: 
Dynamical ejection of matter in 
binary neutron star mergers.  
[Robust]

Where does the r-process occur?

Rare core-collapse supernovae Neutron star mergers

Cas A (Chandra X-Ray observatory) Neutron-star merger simulation (S. Rosswog)

Neutron stars

neutron star mergers

neutrino 
driven wind



Necessary Conditions

High neutron to seed ratio is needed to populate the 
observed abundance  peaks at A~130 and A ~ 190. 

This requires:  

• High entropy per baryon.
• Short expansion time. 
• Neutron-rich ejecta. 

} Hydrodynamics, 
Magnetic Fields, etc 

} Neutrino Spectra

Dense matter properties determine the neutrino spectra 
emerging from the hot neutron star.  



Neutrino Spectra and its Impact 
MU- AND TAU-NEUTRINO SPECTRA FORMATION IN SNe 891

FIG. 1.ÈSchematic picture of neutrino spectra formation in the atmo-
sphere of an SN core.

The other Ñavors interact with the medium primarily by
neutral-current collisions on nucleons lN % Nl, a reaction
that is subdominant for the electron Ñavor. The nucleon
mass m \ 938 MeV is much larger than the relevant tem-
peratures, which are around T \ 10 MeV, so that energy
exchange between neutrinos and nucleons is inefficient.
However, nucleon-nucleon bremsstrahlung NN % NNll6 ,
as well as the leptonic processes and le % el,e`e~ % ll6
allow for the exchange of energy and the creation or
destruction of neutrino pairs and thus keep neutrinos in
local thermal equilibrium up to a radius at which these
reactions freeze out, the ““ energy sphere.ÏÏ However, the neu-
trinos are still trapped by lN % Nl up to the ““ transport
sphere, ÏÏ whence they stream freely. Between the energy and
transport spheres, neutrinos propagate by di†usion. This
region plays the role of a scattering atmosphere.

In all numerical simulations of SN neutrino transport the
neutrino collisions in the scattering atmosphere were
treated as isoenergetic so that the energy of the outgoingv2neutrino in lN ] Nl was set equal to the energy of thev1initial state. The main motivation for this approximation
was its numerical simplicity and the lack of a compelling
interest in details of the emerging and spectra. It islk lqclear, however, that isoenergetic collisions are not a particu-
larly good approximation. In Figure 2 we show the dis-
tribution of Ðnal-state energies when MeV andv2 v1 \ 30
the medium temperature is 10 MeV. A typical nucleon
velocity is then about 20% of the speed of light, so that it is
not surprising that even after a single collision the neutrino
energy is considerably smeared out. Since neutrinos interact
many times in the scattering atmosphere and since the
medium temperature decreases between the energy and
transport spheres, there can be a signiÐcant downward
adjustment of the neutrino energies (Janka et al. 1996 ; Han-
nestad & Ra†elt 1998). The main purpose of the present
paper is to provide a conceptual understanding and a quan-
titative estimate of the magnitude of this e†ect.

To address this problem, we simplify the model of Figure
1. The very concept of an energy sphere suggests that one
should think of it as a source of thermal neutrinos that
subsequently di†use through the scattering atmosphere.
Taking this concept literally amounts to the simple picture

FIG. 2.ÈDistribution of Ðnal-state energies of a neutrino with initialv2energy MeV, scattering on nondegenerate nucleons in thermalv1 \ 30
equilibrium with T \ 10 MeV. Details of how to calculate this plot are
described in Appendix B1.

illustrated in Figure 3. One no longer worries about
detailed processes like NN bremsstrahlung to thermalize
the neutrinos, but instead one directly feeds a thermal Ñux
into the scattering atmosphere.

Section 2 of our paper is devoted to showing that this
simple picture actually provides a surprisingly accurate rep-
resentation of the spectra formation problem. The neutrinos
streaming o† the transport sphere then have Ñuxes and
spectra that depend only on the temperature and theTESthermally averaged transport optical depth at theq6 ESenergy sphere, which here coincides with the bottom of the
scattering atmosphere.

As a next step, in ° 3 we study a scattering atmosphere
with a blackbody boundary condition at the bottom and
with isoenergetic lN collisions as the only neutrino inter-
action channel. We derive an explicit relationship between

and the spectral Ñux temperature of the escapingTES Tfluxneutrinos as a function of Comparing with full-scaleq6 ES.numerical simulations indicates that this exceedingly simple
model accounts for the main features of the andlk lqspectra.

Then in ° 4 we include nucleon recoils in this model. We
consider di†erent types of temperature proÐles to estimate
the shift of the Ñux temperature and identify the critical
parameters that govern *Tflux.In ° 5 we summarize and discuss our Ðndings. Many
technical details, especially regarding our implementation
of neutrino-nucleon interactions with recoil energy transfer

FIG. 3.ÈSchematic picture of our simpliÐed treatment of the scattering
atmosphere. is the medium temperature at the energy sphere.TES

Raffelt (2001) Radius 

hotter neutrinos 
enhance heating 
and aid the 
explosion 

cooler electron 
neutrinos and 
hotter anti-
neutrinos 
increase the 
neutron fraction 
and aids 
nucleosynthesis  

⌫e ⌫̄eSpectrum of and  are most relevant.  

only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.

50 October 2004    Physics Today http://www.physicstoday.org
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Figure 3. Elemental abundances in the halo
star CS 22892-052 are compared with solar

system abundances attributable to the r-
process. The numerical values of the halo-
star abundances follow the convention of
figure 2. The solar system r-process abun-

dances are scaled down to compensate for
the higher metallicity of the much younger

Sun. (Adapted from ref. 9.)
only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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star CS 22892-052 are compared with solar

system abundances attributable to the r-
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Energy difference between neutrons and protons in 
neutron-rich matter is large. 

Charged Currents and Symmetry Energy

Q Q = "n(~k)� "p(~k � ~q)

0 50 100 150 200
k (MeV)

-60

-50

-40

-30

-20

-10

0

10

20

ε 
(M

eV
)

εn = k2/ 2Mn + Σn(k)

εn = k2/ 2Mn - Un

εp = k2/ 2Mp + Σp(k)

εp = k2/ 2Mp - Up

β equilibrium

T = 8 MeV
nB = 0.02 fm-3*

*

FIG. 5. (Color online) Momentum dependence of the neutron and proton single-particle energies in hot (T = 8
MeV) and dense (n

B

= 0.02 fm�3) beta-equilibrated nuclear matter calculated in the HF approximation from
the pseudo-potential. The solid and dashed lines are parametrized fits, with the form given in Eq. (11), of the
non-relativistic dispersion relations for protons and neutrons respectively.

theoretical band for the prediction of the HF pseudo-potential approach as shown in Fig. 4 and in all

future plots where the pseudo-potential results are shown.

The ambient conditions encountered in the neutrino-sphere span densities and temperatures in the

range n

B

= 0.001 � 0.05 fm�3 and T = 3 � 8 MeV. To study the nuclear medium e↵ects, we choose

baryon density n

B

= 0.02 fm�3 and temperature T = 8MeV to compare with earlier results obtained in

Ref. [23]. For these conditions the pseudo-potential predicts a proton fraction of Y
p

= 0.049 (modified

pseudo-potential: Y
p

= 0.038), while for the HF chiral NN potential we find Y

p

= 0.019. The neutron and

proton momentum-dependent single-particle energies associated with mean-field e↵ects from the nuclear

pseudo-potential are shown with filled circles and squares in Fig. 5, and qualitatively similar results were

found for the chiral NN potential and modified pseudo-potential. For convenience in calculating the

charged-current reaction rates described later in the text, we parametrize the momentum dependence

12

neutrons

protons

Due to large scattering lengths, a shallow bound 
state, and large effective range, interactions are 
non-perturbative at low density and moderate 
temperature. 
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Rrapaj, Holt, Bartl, Reddy, Schwenk (2015)

Modest changes to the single particle energies has a large effect on neutrino 
mean free paths and their spectra.   

Potential energy gain 
associated with 
converting  neutrons into 
protons helps overcome 
electron final state 
blocking. Spectrum gets 
colder. 

only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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produce r-process elements.
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found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
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inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are
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The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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Energy needed to 
convert neutrons into 
protons reduces the 
phase space and the 
reaction cross-section. 
Spectrum get hotter. 
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Should expect hotter anti-neutrinos and 
cooler neutrinos. This is “beneficial” to 
the supernova mechanism and to heavy-
element nucleosynthesis.  

Modified Mean Free Paths and Neutrino Decoupling

Implication for supernova neutrino 
detection: More events in water Cherenkov 
detectors and fewer events in Liquid Argon.
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Neutron Star Merger Dynamics 
(General) Relativistic (Very) Heavy-Ion Collisions at ~ 100 MeV/nucleon 

Simulations: Rezzola et al (2013)



Binary inspiral and gravitational waves
Neutron-star mergers and 

 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

Neutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

GWs are produced by fluctuating quadrupoles.

For Rorbit >> RNS: 
Rorbit

RNS
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gµ⌫(r, t) = ⌘µ⌫ + hµ⌫(r, t)

- Advanced LIGO can detect the last 100 or 
so orbits of a neutron star merger.  


- Detection expected 2017 - 2018!
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Tidal forces deform neutron stars.  
Induces a quadrupole moment. 

Qij = � Eij Eij = �@2
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This advances the orbit and changes the rotational phase. 
Larger radii imply larger tidal effects.  
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These are obtained by marginalizing over all the other
parameters in the problem; for instance,

p(�0|dn, I) =
Z

d~✓ d�1 p(~✓,�0,�1|dn, I), (5)

where ~✓ represents masses, sky position, orientation of
the orbital plane, and distance. The joint posterior den-
sity function for all the parameters takes the form

p(~✓,�0,�1|dn, I) =
p(dn|~✓,�0,�1, I) p(~✓,�0,�1|I)

p(dn|I) . (6)

Here p(~✓,�0,�1|I) = p(~✓|I) p(�0|I) p(�1|I). The prior

density p(~✓|I) is taken to be the same as in [20]. We
express �(m) in units of s5. For p(�0|I) we choose a flat
distribution in the range [0, 5]⇥ 10�23 s5, and for p(�1|I)
a flat distribution on [�5, 0]⇥ 10�18 s4 M

�

; these choices
cover all the EOS considered in [6]. The prior probability
for the data, p(dn|I), is obtained by demanding that the
left hand side of (6) be normalized. Finally, the likelihood
is given by [19]

p(dn|~✓,�0,�1, I)

= N exp

"
�2

Z fLSO

f0

df
|d̃n(f) � h̃lin(~✓,�0,�1; f)|2

Sn(f)

#
,(7)

where N is a normalization factor, d̃n is the Fourier
transform of the data stream for the nth detection, and
Sn(f) is the one-sided noise power spectral density; f0
is a lower cut-o↵ frequency, which we take to be 20 Hz.
h̃lin(~✓,�0,�1; f) is our frequency domain waveform, with
the linearized expression for �(m), Eq. (4), substituted
into the tidal contribution to the phase, Eq. (1). To
explore the likelihood function, we used the method of
Nested Sampling as implemented by Veitch and Vecchio
[19].

In Fig. 1, we show the evolution with an increasing
number of sources of the medians and 95% confidence
intervals in the measurement of �0, for three di↵erent
EOS models from Hinderer et al. [6]: a hard EOS (MS1),
a moderate one (H4), and a soft one (SQM3). In each
case, after a few tens of sources, the value of �0 is
recovered with a statistical uncertainty ⇠ 10%, and it is
easily distinguishable from the ones for the other EOS.
(On the other hand, �1 remains uncertain.) We see that
the posterior medians for �0 are ordered correctly, which
suggests a second method to identify the EOS, namely
hypothesis ranking.

Method 2: Hypothesis ranking. Hinderer et al. computed
the function �(m) for a large number of (families of)
equations of state, some of them mainly involving neu-
trons, protons, electrons, and muons, others allowing for
pions and hyperons, and a few assuming strange quark
matter. Given a (arbitrarily large) discrete set {Hk} of
models, each corresponding to a di↵erent EOS, or equiv-
alently a di↵erent deformability �(m), the relative odds
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FIG. 1. Median and 95% confidence interval evolution for
the �0 parameter as an increasing number of sources is taken
into consideration, for three di↵erent equations of state in the
signals: a hard (MS1), a moderate (H4), and a soft (SQM3)
EOS. In each case, the dashed line indicates the true value.

ratios for any pair of models Hi, Hj can be computed as

Oi
j =

P (Hi|d1, d2, . . . , dN , I)

P (Hj |d1, d2, . . . , dN , I)
. (8)

Again assuming independence of the detector outputs
d1, d2, . . . , dN and using Bayes’ theorem, one can write

Oi
j =

P (Hi|I)
P (Hj |I)

NY

n=1

P (dn|Hi, I)

P (dn|Hj , I)
. (9)

P (Hi|I) is the probability of the model Hi before any
measurement has taken place, and similarly for Hj ; in
the absence of more information, these can be set equal
to each other for all models Hk. The evidences for the
various models are given by

p(dn|Hk, I) =

Z
d~✓ p(dn|Hk, ~✓, I) p(~✓|I), (10)

with ~✓ the parameters of the template waveforms
(masses, sky position, etc.) and p(~✓|I) the prior prob-
abilities for these parameters, which we choose to be the
same as in [20]. The likelihood function p(dn|Hk, ~✓, I)
takes the form

p(dn|Hk, ~✓, I)

= N exp

"
�2

Z fLSO

f0

df
|d̃n � h̃k(~✓; f)|2

Sn(f)

#
. (11)

This time h̃k(~✓; f) is the waveform model correspond-
ing to the EOS Hk, meaning the abovementioned fre-
quency domain approximant with tidal contributions to
the phase as in Eq. (1), with a deformability �(m) corre-
sponding to that EOS. Here too, we use Nested Sampling
to probe the likelihood [19].
The set {Hk} could comprise all the models consid-

ered in e.g. [6], and many more. In this Letter we wish

R=14.9 km

R=13.7 km

R=10.8 km

Pozzo et al. (2013)

Realistic data analysis by injecting events in a volume between 
100-250 Mpc demonstrates discriminating power between EOSs. 
Pozzo et al. (2013)


With tens of events the radius can be extracted to better than 10% 
if the waveforms can be modeled. This would provide strong 
constraints on the nuclear symmetry energy and the dense matter 
EOS. 


Extracting equation of state parameters from black hole-neutron star mergers:

aligned-spin black holes and a preliminary waveform model
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Information about the neutron-star equation of state is encoded in the waveform of a black hole-
neutron star system through tidal interactions and the possible tidal disruption of the neutron star.
During the inspiral this information depends on the tidal deformability ⇤ of the neutron star, and we
find that ⇤ is the best measured parameter during the merger and ringdown as well. We performed
134 simulations where we systematically varied the equation of state as well as the mass ratio,
neutron star mass, and aligned spin of the black hole. Using these simulations we have developed an
analytic representation of the full inspiral-merger-ringdown waveform calibrated to these numerical
waveforms, and we use this analytic waveform to estimate the accuracy to which ⇤ can be measured
with gravitational-wave detectors. We find that although the inspiral tidal signal is small, coherently
combining this signal with the merger-ringdown matter e↵ect improves the measurability of ⇤ by
a factor of ⇠ 3 over using just the merger-ringdown matter e↵ect alone. However, incorporating
correlations between all the waveform parameters then decreases the measurability of ⇤ by a factor
of ⇠ 3. The uncertainty in ⇤ increases with the mass ratio, but decreases as the black hole spin
increases. Overall, a single Advanced LIGO detector can measure ⇤ for mass ratios Q = 2–5, black
hole spins JBH/M

2
BH = �0.5–0.75, neutron star masses MNS = 1.2M�–1.45M�, and an optimally

oriented distance of 100 Mpc to a 1-� uncertainty of ⇠ 10%–100%. For the proposed Einstein
Telescope, the uncertainty in ⇤ is an order of magnitude smaller.

PACS numbers: 97.60.Jd, 26.60.Kp, 95.85.Sz

I. INTRODUCTION

By the end of the decade a network of second genera-
tion gravitational-wave detectors, including the two Ad-
vanced LIGO (aLIGO) detectors [1], Advanced Virgo [2],
KAGRA [3] (formerly LCGT), and possibly LIGO-
India [4], will likely be making routine detections. Fu-
ture ground based detectors such as the third generation
Einstein Telescope (ET) [5], with an order of magnitude
higher sensitivity, are also in the planning stages, and
may be operational in the next decade. A primary goal of
these detectors is extracting from the gravitational wave-
form information about the sources. Of particular inter-
est are compact binaries whose waveform encodes the
sky location, orientation, distance, masses, spins, and for
compact binaries containing neutron stars (NS), informa-
tion about the neutron-star equation of state (EOS).

The study of EOS e↵ects during binary inspiral has
focused mainly on binary neutron star (BNS) systems.
Work by [6–9] showed that EOS information could be im-
printed in the gravitational waveform through tidal inter-
actions. In the adiabatic approximation, the quadrupole
moment Qij of one star depends on the tidal field Eij

from the monopole of the other star through the rela-
tion Qij = ��Eij , where � is the EOS dependent tidal
deformability and is related to the neutron star’s dimen-
sionless Love number k2 and radius R through the re-
lation � = 2

3Gk2R
5. The leading (` = 2) relativistic

tidal Love number k2 was first calculated in Ref. [10] for
polytropic EOS, then for EOS with hadronic and quark

matter [11, 12], as well as for EOS with analytic solu-
tions to the stellar structure equations [12]. Its e↵ect
on the binary inspiral (including the contribution due
to tidally excited f-modes) was calculated to leading or-
der [13], and later extended to 1PN order [14, 15]. The
gravitoelectric and gravitomagnetic tidal Love numbers
for higher multipoles were calculated in [16, 17]. The en-
ergy has now been calculated to 2PN order in the tidal
corrections in the e↵ective one body (EOB) formalism,
including ` = 2 and 3 gravitoelectic interactions and the
` = 2 gravitomagnetic interaction, using the e↵ective ac-
tion approach [18], and most terms in the EOB wave-
form are now known to 2.5PN order in the tidal interac-
tions [19]. Finally, the accuracy of the adiabatic approxi-
mation to tidal interactions was calculated using an a�ne
model, and a Love function was found that corrects for
this approximation and asymptotically approaches the
Love number for large binary separations [20, 21].

The measurability of tidal parameters by detectors
with the sensitivity of aLIGO and ET was examined
for BNS inspiral for gravitational wave frequencies below
450Hz [13] using polytropic EOS as well as for theoretical
hadronic and quark matter EOS [11]. The studies found
that tidal interactions were observable during this early
inspiral stage (prior to the last ⇠ 20 gravitational wave
cycles before merger) only for sti↵ EOS and NS masses
below 1.4 M�. On the other hand, using tidal correc-
tions up to 2.5PN order in the EOB approach, it was
found that tidal parameters are in fact observable when
including the extra ⇠ 20 gravitational wave cycles up to
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Tidal polarizability or 
deformability can be 
extracted from the pre-
merger signal.   

Neutron Star Radii From Pre Merger Signal



Summary & Outlook

• Neutron stars are central engines for a large class of 
phenomena and the underlying nuclear and neutrino 
physics is rich, tractable and testable. 


• Observations of accreting neutron stars are providing new 
insights about  neutron star interiors.  


• Intriguing correlations between neutron star radii, GWs 
from mergers, supernovae neutrino spectra, and r-process 
nucleosynthesis are emerging. 


• GWs are here and neutron star mergers are up next. Multi-
messenger astronomy has much more to reveal. 


