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Spectroscopy Tools

• Detector measures four-momenta of particles

• Many discoveries made by plotting invariant 
mass and looking for peaks (“bump hunting”)

• works best for narrow peaks (~10 MeV)

• For light quark mesons want to measure

• mass and width of broad (~200 MeV) 
resonances

• quantum numbers of resonances

• Need more than just magnitude of four-
momentum

• angular distributions also relevant!
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TABLE I: Resolution values from the fits to the ψ′ signal region. The errors are statistical only.

Quantity Fitted value

σMbc
2.6 ± 0.1 MeV

σ∆E(core) 11.6 ± 0.4 MeV

σ∆E(tail) 130 ± 130 MeV

Core fraction 0.965 ± 0.015
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FIG. 2: Signal-band projections of (a) Mbc, (b) Mπ+π−J/ψ and (c) ∆E for the X(3872) →
π+π−J/ψ signal region with the results of the unbinned fit superimposed.

We determine the mass of the signal peak relative to the well measured ψ′ mass:

MX = Mmeas
X − Mmeas

ψ′ + MPDG
ψ′ = 3872.0 ± 0.6 ± 0.5 MeV.

Here the first error is statistical and the second systematic. Since we use the precisely known
value of the ψ′ mass [9] as a reference, the systematic error is small. The Mψ′ measurement,
which is referenced to the J/ψ mass that is 589 MeV away, is −0.5±0.2 MeV from its world-
average value [13]. Variation of the mass scale from Mψ′ to MX requires an extrapolation
of only 186 MeV and, thus, can safely be expected to be less than this amount. We assign
0.5 MeV as the systematic error on the mass.

The measured width of the X(3872) peak is σ = 2.5 ± 0.5 MeV, which is consistent
with the MC-determined resolution and the value obtained from the fit to the ψ′ signal.
To determine an upper limit on the total width, we repeated the fits using a resolution-

TABLE II: Results of the fits to the ψ′ and M = 3872 MeV regions. The errors are statistical only.

Quantity ψ′ region M = 3872 MeV region

Signal events 489 ± 23 35.7 ± 6.8

Mmeas
π+π−J/ψ peak 3685.5 ± 0.2 MeV 3871.5 ± 0.6 MeV

σMπ+π−J/ψ 3.3 ± 0.2 MeV 2.5 ± 0.5 MeV
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PRL 91, 262001 (2003)

(1223 citations as of this morning,
the most cited Belle collaboration
paper by a > 400 citation margin)



M. R. Shepherd 
NNPSS at MIT 

July 2016

An Example:  Measuring Spin

ρ

π

π

θ

Pions are spinless so spin of 
is carried in the orbital angular
momentum of the two pions.

ρ

��Y 00
��2

��Y 01
��2

��Y 02
��2

From data
conclude J = 1

some 
quantization 

axis 

ρ→ππ
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Amplitude Analysis

5

• historically called partial wave analysis (PWA), but only a special subset of 
analyses are really partial wave expansions

• needs two very different but rather complicated ingredients

• Experimental/Technical:  multidimensional unbinned likelihood fit that 
correctly deals with detector acceptance

• high performance computing is essential for practical fits

• Theoretical:  a physics model with free parameters that describes the 
experimental data
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Maximum Likelihood

• Amplitude analysis is built around the (extended) 
maximum likelihood method

• Start with a model that contains free parameters 
(θ) and predicts the probability of having an event 
with a particular set of kinematic variables x (angles, 
invariant mass, etc.)

• Vary the free parameters to maximize the 
probability for the entire data set 
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this choice 
maximizes L
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Experiment Application
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D

d

d

Physical System Under Study
Two Slits: width d, separation D

Probe
Beam of Particles

wavelength λ

Detector
Measures location xi

for each arriving particle

x

LStep 1:  Shoot 
particles at slits

Step 2:  For each particle record 
location x where it was detected

Goal: determine the 
values of d and D
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The Fit Procedure
• Our “theoretical model” that parametrizes the intensity of the 

particles in the detector is given by

• Start with a guess for values for d and D

• Convert I(x) into a properly normalized PDF -- multiple 
techniques are available for evaluating the integral

• Compute the likelihood by taking the product over all detected 
events

• Iterate with a new choice of d and D until the likelihood is 
maximized
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Connecting to Spectroscopy

• Suppose we have πp→ηπp, we can draw two (of many) possible diagrams

• Each of these can be related to an independent quantum mechanical 
amplitude

• Given any single event with fixed kinematic variables we do not know which 
process occurred -- they are indistinguishable

π

p p

π

η
π

p p

π

η
a0(980)

a2(1320)
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decay amplitude

Ai(x)
complex function of

the final state observables,
x is a location in multi-body

phase space

“known”

Amplitude Structure

π

p p

π

η
production amplitude

Vi

unknown complex
fit parameter

magnitude and phase
of amplitude
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Ai(✓GJ ,�GJ) / DJi
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Kinematics

11

ρ

J=1 m=0

initial ρ configuration
in the helicity frame

π

π

θ

spinless pions
each have helicity zero

helicity sum is zero
in this frame:  m’ = 0

Rotation between frames given by

DJ
m0,m(↵,�, �) = e�im0↵dJm0,m(�)e�im�

For the sketch above:  α = γ = 0 and β = θ
d10,0(✓) = cos ✓ d11,0(✓) =

� sin ✓p
2

dJm0,m = (�1)m�m0
dJm,m0 = dJ�m,�m0
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(Simple) Dynamics
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A more complex example…

13

π+

p

π�

X

γ

n

Dynamical Assumptions:

• helicity transfer to X:  λγ=λX 

• exchange, lower vertex is distributed like e-5t

• 1 → 2 decay chain “isobar model”

• resonances described by BreitWigner shapes

I

π+

Factorize amplitude:
Put isospin CJ coefs in here

A /
X

perms.

BW
X

(M
X

, k)BW
I

(M
I

, q)F
x,y

(✓
X

,�
X

, ✓
I

,�
I

, k, q)

subscript denotes 
polarization of initial photon

(permute the two 
identical pions) k and q are breakup momenta of 

resonance and isobar, respectively
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… “just kinematics” 
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hJI�ILXmX |JX��ih1Q01Q1|II(Q0 +Q1)ihII(Q0 +Q1)1Q2|IX(Q0 +Q1 +Q2)i⇥

angular mom. CJ
for resonance decay

isospin CJ for 
isobar decay

isospin CJ for 
resonance decay

in general, this is λX and there is a sum over λX, 
but we assume pure helicity transfer

angles

⇣
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PX is the parity of the resonance

...rewrite in linear polarization basis:

F
x

(✓
X

,�
X

, ✓
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�

Qi are charges of 
particles 0,1,2



M. R. Shepherd 
NNPSS at MIT 

July 2016

In Practice

• Fake data:  
π-p → ηπ-p

• How many 
resonances?

• What are their spins?
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]2 Invariant Mass [GeV/c0πη
0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

G
J

θ
co

s 

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0

50

100

150

200

250

300

Incorporating Mass Dependence
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s: invariant mass squared of ηπ

π

p p

π

η

V (s) =
V0

s�M2 + iM�

Assume L = 0, 2, or 4
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Partial Wave Decomposition
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Another Example

18

from pion production:  π−p → π−π−π+p at 18 GeV/c

π� π+

p p

π�

π�

X
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C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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3000

FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

TOWARD THE EXCITED ISOSCALAR MESON SPECTRUM . . . PHYSICAL REVIEW D 88, 094505 (2013)

094505-11

Compare with LQCD
Dudek, Edwards, Guo,  and Thomas, PRD 88, 094505 (2013)
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Practical Problems
• Features of real detectors:

• Gaps in acceptance which could make it hard to 
distinguish between amplitudes

• Poorly understood efficiencies which could mimic 
variations in intensity

• Need a complete set of amplitudes that is suitable for 
“projecting” the dominant/interesting physics

20
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Light Quark Mesons from Lattice QCD

22

C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

TOWARD THE EXCITED ISOSCALAR MESON SPECTRUM . . . PHYSICAL REVIEW D 88, 094505 (2013)

094505-11

negative parity positive parity exotic

Dudek, Edwards, Guo,  and Thomas, PRD 88, 094505 (2013)
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Access to Light Quark Mesons
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BESIII, PLB 710, 594 (2012)
VOLUME 53, NUMBER 8 PHYSICAL REVIEW LETTERS 20 AUGUST 1984
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FIG. 1. The vr +m invariant mass distribution
corrected for all losses. The solid curve is the prediction
of the Soding model with only the p(770) resonance.
The dashed curve shows the effect of adding a second
resonance of mass 1.55 GeVe and width 0.28 GeV/e .

cept those in a narrow forward region dominated by
e+e conversions) triggered the recording of

hadronic interactions. A kinematic fit with three
constraints was used to select the yp m+m p
events. Backgrounds were studied and found to be
negligible after rejection of the events (1.4%) which
had a better fit to yp m+m m p, K+K p, or
ppp. The data were corrected for experimental
detection and selection losses as a function of the
production and decay variables of the m+m sys-
tem. An important feature of the experiment is
that it has good acceptance for all decay angles of
m+ m pairs with masses between 0.4 and 2.5
GeV/c2.
The final data sample consists of 20908

yp 7r+m p interactions. This represents a cross
section of 11.1+0.9 p, b. A small, well-isolated sig-
nal of 5(1232) production was observed and re-
moved by rejecting 133 events with m + & 1.4P7T
GeV/c2 The m+m mass distribution of the
remaining events, presented in Fig. 1, shows that
this channel is dominated by p(770) production.
The experimental mass resolution varies from 0.008
to 0.013 GeV/c standard deviation for m+m
masses between that of the p and 2.0 GeV/c . This
is much smaller than the natural widths of the reso-
nances studied in this experiment. We will briefly
discuss the production and decay characteristics of
the p(770) and then show that a second resonance
at a 7r+7r mass of 1.55 GeV/c is required to
describe the data.
The cross section for the reaction yp pp is

known to vary slowly with center-of-mass energy

752

I.O 2.0
rn „(GeV/c')

3.0

FIG. 2. Variation of the four-momentum slope param-
eter, b, with m-+m mass. The curves are Soding model
predictions with one (solid curve) and two (dashed
curve) resonances as described in the text.

and rapidly with the square of the four-momentum
transferred (t' = t —t;„)from the photon to the p.
The variation with m+ m mass of the slope param-
eter, b, from fits of the form Ae ' to the experi-
mental distribution drr/dt', is shown in Fig. 2. We
will return to a discussion of the dependence of b
on the m-+sr mass, but note here that the slope is
7.5 + 0.2 (GeV/c) 2 at the p mass peak. This
value is typical of elastic processes, and suggests
that the p is produced by the diffractive, vector-
meson dominance mechanism shown in Fig. 3(a).

/7T
/

7T

/7T
/

FIG. 3. (a) Diffractive production of the p(770). (b)
Nonresonant ~+m production via a Drell amplitude as
suggested by Soding. (c),(d) Diffractive p' production
amplitudes.

J/ψ

Abe et al., PRL 53, 751 (1984)
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“Features” of the Light Quark States

24

where a clear hc ! !"c signal is observed. To extract the
number of #þ#"hc signal events, the !"c mass spectrum
is fitted by using the MC simulated signal shape convolved
with a Gaussian function to reflect the mass resolution
difference (around 10%) between the data and MC simu-
lation, together with a linear background. The fit to the
4.26 GeV data is shown in Fig. 1. The tail in the high mass
side is due to the events with initial state radiation (ISR),
which is simulated well in MC, and its fraction is fixed in
the fit. At the energy points with large statistics (4.23, 4.26,
and 4.36 GeV), the fit is applied to the 16 "c decay modes
simultaneously, while, at the other energy points, we fit the
mass spectrum summed over all the "c decay modes. The
number of signal events (nobshc

) and the measured Born cross

section at each energy are listed in Table I. The #þ#"hc
cross section appears to be constant above 4.2 GeV with a
possible local maximum at around 4.23 GeV. This is in
contrast to the observed energy dependence in the eþe" !
#þ#"J=c channel which revealed a decrease of cross
sections at higher energies [2,17].

Systematic errors in the cross section measurement
mainly come from the luminosity measurement, the
branching fraction of hc ! !"c, the branching fraction
of "c ! Xi, the detection efficiency, the ISR correction
factor, and the fit. The integrated luminosity at each energy
point is measured by using large angle Bhabha events, and
it has an estimated uncertainty of 1.2%. The branching
fractions of hc ! !"c and "c ! Xi are taken from
Refs. [11,13]. The uncertainties in the detection efficiency
are estimated in the same way as described in
Refs. [13,16], and the error in the ISR correction is esti-
mated as described in Ref. [1]. Uncertainties due to the
choice of the signal shape, the background shape, the mass
resolution, and the fit range are estimated by varying the hc

and "c resonant parameters and line shapes in the MC
simulation, varying the background function from linear to
a second-order polynomial, varying the mass resolution
difference between data and MC simulation by one stan-
dard deviation, and by extending the fit range. Assuming
all of the sources are independent, the total systematic error
in the#þ#"hc cross section measurement is determined to
be between 7% and 9% depending on the energy, and to be
conservative we take 9% for all the energy points. The
uncertainty in Bðhc ! !"cÞ is 15.7% [14], common to all
energy points, and quoted separately in the cross section
measurement. Altogether, about 95% of the total system-
atic errors are common to all the energy points.
Intermediate states are studied by examining the

Dalitz plot of the selected #þ#"hc candidate events.
The hc signal is selected by using 3:518<M!"c

<
3:538 GeV=c2 and the sideband by using 3:490<M!"c

<
3:510 GeV=c2 or 3:560<M!"c

< 3:580 GeV=c2, which
is twice as wide as the signal region. Figure 2 shows the
Dalitz plot of the #þ#"hc candidate events summed over
all energies. While there are no clear structures in the
#þ#" system, there is clear evidence for an exotic char-
moniumlike structure in the #%hc system. Figure 3 shows
the projection of the M#%hc (two entries per event) distri-

bution for the signal events, as well as the background
events estimated from normalized hc mass sidebands.
There is a significant peak at around 4:02 GeV=c2 [the
Zcð4020Þ], and the wider peak at low masses is the reflec-
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M#%hc distribution summed over the 16 "c decay modes.

The data at 4.23, 4.26, and 4.36 GeV are fitted simulta-
neously with the same signal function with common mass
and width. The signal shape is parametrized as a constant
width relativistic Breit-Wigner function convolved with a
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C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.
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B. Global fit analysis

We now turn to the global fit to the J/!→"K!K" and
J/!→"KS

0KS
0 data. Each sample is analyzed independently,

and the fit results shown below are for their averaged values.
This fit has the merit of constraining phase variations as a
function of mass to simple Breit-Wigner forms. It also per-
forms the optimum averaging of helicity amplitudes and
their phases over resonances. Partial waves are fitted to the
data for the same components described in the bin-by-bin fit.
The broad 0!! component improves the fit significantly;
removing it causes the log likelihood value to become worse
by 221. For the f 2(1270) and f 0(1500), we use PDG values
of masses and widths, but allow the amplitudes to vary in the
fit. For the f 2!(1525), relative phases are consistent with zero
within experimental errors. It is expected theoretically that
relative phases should be very small, on order of #!1/137
for the electromagnetic transitions J/!→"!2!. In view of
the agreement with expectation, these relative phases are set
to zero in the final fit, so as to constrain intensities further.
A free fit to f 2!(1525) gives a fitted mass of 1519#2 MeV

and a width of 75#4 MeV. The fitted mass and width of the
f 0(1710) are M$1740#4 MeV and $$166"8

!5 MeV, re-
spectively. The fitted intensities are illustrated in Fig. 4. For
the f 2!(1525), we find the ratios of helicity amplitudes x2

$1.00#0.28 and y2$0.44#0.08. In this fit, we allow some
0! contribution under the f 2!(1525) peak, while previous
analyses by DM2 and Mark III %10,11& ignored the small 0!

contributions. The branching fractions of the f 2!(1525) and
the f 0(1710) determined by the global fit are B%J/!
→" f 2!(1525)→"KK̄&$(3.42#0.15)%10"4 and B%J/!
→" f 0(1710)→"KK̄&$(9.62#0.29)%10"4 respectively.
The errors shown here are also statistical. An alternative fit to
f J(1710) with JP$2! is worse by 258 in log likelihood
relative to 0! for "K!K" data and by 67 for "KS

0KS
0 . Re-

membering that three helicity amplitudes are fitted for spin 2
but only one for spin 0, the fit with JP$0! is preferred by
&10' after considering the two data samples together.
The separation between spin 0 and 2 is illustrated in Fig.

5, taking the J/!→"K!K" data as the example. Let us
denote the polar angle of the kaon in the KK̄ rest frame by
(K , and the polar angle of the photon in the J/! rest frame
by (" . The data are fitted simultaneously including impor-
tant correlations between (K and (" . The left panels show
resulting fits to cos (K for J$0 and 2. There is no significant
difference between the two fits. The distributions should be
flat for 0!, but the interference with the tail of f 2!(1525) has
a large effect. The right panels show the fits to cos (" ; the
optimum fit is visibly better for J$0 than for J$2. )If one
fits only the cos (" distribution, it is possible to fit equally
well with J$0 or 2, but then the fit to cos (K gets much
worse.*
If the f 0(1500) is removed from the fit, the log likelihood

is worse by 1.65 )3.58* for K!K" (KS
0KS

0), corresponding to
about 1.3' (2.2'). If the f 2(1270) is removed, the likeli-
hood is worse by 57.5 )13.6* for K!K" (KS

0KS
0), corre-

sponding to &5' (3.8').

V. SYSTEMATIC ERROR

The systematic error for the global fit is estimated by
adding or removing small components used in the fit, replac-
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FIG. 2. The intensities for the (a) 0++, (b) 2++ E1, (c) 2++ M2 and (d) 2++ E3 amplitudes as a function of Mπ0π0 for the
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(see Appendix B). Only statistical errors are presented.

2. Discussion

The results of the mass independent analysis exhibit
significant structures in the 0++ amplitude just below
1.5 GeV/c2 and near 1.7 GeV/c2. This region is where
one might expect to observe the the states f0(1370),
f0(1500), and f0(1710) which are often cited as being
mixtures of two scalar light quark states and a scalar
glueball [35, 36]. A definitive statement on the number
and properties of the scattering amplitude poles in this
region of the spectrum requires model-dependent fits to
the data. The effectiveness of any such model-dependent
study could be greatly enhanced by including similar
data from the decay J/ψ → γKK in an attempt to iso-
late production features from partial widths to KK and
ππ final states.

Additional structures are present in the 0++ amplitude
below 0.6 GeV/c2 and near 2.0 GeV/c2. It seems reason-
able to interpret the former as the σ (f0(500)). The latter
could be attributed to the f0(2020). The presence of the
four states below 2.1 GeV/c2 would be consistent with
the previous study of radiative J/ψ decays to ππ by BE-
SII [20]. Finally, the results presented here also suggest
two possible additional structures in the 0++ spectrum
that were not observed in Ref. [20]. These include a struc-
ture just below 1 GeV/c2, which may indicate an f0(980),
but the enhancement in this region is quite small. There

also appears to be some structure in the 0++ spectrum
around 2.4 GeV/c2.

In the 2++ amplitude, the results of this analysis in-
dicate a dominant contribution from what appears to
be the f2(1270), consistent with previous results [20].
However, the remaining structure in the 2++ amplitude
appears significantly different than that assumed in the
model used to obtain the BESII results [20]. In particu-
lar, the region between 1.5 and 2.0 GeV/c2 was described
in the BESII analysis with a relatively narrow f2(1810).
One permutation of the nominal results (the red markers
in Fig. 2) indicates that the structures in this region are
much broader, while the other permutation (the black
markers in Fig. 2) suggests that there is very little con-
tribution from any 2++ states in this region.

The tensor spectrum near 2 GeV/c2 is of interest in
the search for a tensor glueball. Previous investiga-
tions of the J/ψ → γπ0π0 channel reported evidence
for a narrow (Γ ≈ 20 MeV) tensor glueball candidate,
fJ(2230) [25]. While a model-dependent fit is required
to place a limit on the production of such a state us-
ing these data, we note that based on the reported ra-
tio B(J/ψ → γfJ(2230))/B(J/ψ → γf2(1270)) [1], one
would naively expect to observe a peak for the fJ (2230)
in the present data with an integral that is of order sev-
eral percent of that of the f2(1270) but concentrated only
in a few bins ofM(π0π0). Such a structure seems difficult
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q
q

J = L + S   P = (-1)L+1    C = (-1)L+S

color singlet 
quark anti-quark

Allowed JPC:  0-+, 0++, 1- -, 1+-, 2++, …
Forbidden JPC:   0- -, 0+-, 1-+, 2+-, …

q

q

g

(JPC)g = 1+-

color-octet 
qq pair

Lightest Hybrids

Sqq = 0Sqq = 1

JPC: 0-+, 1-+, 2-+ 1- -

mass ≈ 1.0-1.5 GeV

“constituent gluon”

“exotic hybrid”
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• Production of a heavy quark 
system with exotic JPC seems 
challenging

• No evidence of exotic JPC states in 
charmonium or bottomonium

• What about light quarks?
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C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.
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hybrid meson supermultiplet will be discussed later.
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• Data collected by COMPASS using 
a 190 GeV pion beam

• η’π- in a P-wave: L=1

• parity:  - 

• G: -

• isospin: 1

• JPC of neutral isovector is 1-+ 
(exotic!)

30
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Fig. 1. Invariant mass spectra (not acceptance corrected) for (a) ηπ− and (b) η′π− . Acceptances (continuous lines) refer to the kinematic ranges of the present analysis.

Fig. 2. Data (not acceptance corrected) as a function of the invariant ηπ− (a) and η′π− (b) masses and of the cosine of the decay angle in the respective Gottfried–Jackson 
frames where cosϑGJ = 1 corresponds η(′) emission in the beam direction. Two-dimensional acceptances can be found in Ref. [20].

indicates coherent contributions from larger angular momenta. 
Forward/backward asymmetries (only weakly affected by accep-
tance) occur for all masses in both channels, which indicates 
interference of odd and even partial waves. In the η′π− data, the 
a2(1320) is close to the threshold energy of this channel (1.1 GeV), 
and the signal is not dominant, see also Fig. 1 (b). A forward/back-
ward asymmetric interference pattern, indicating coherent D- and 
P -wave contributions with mass-dependent relative phase, gov-
erns the η′π− mass range up to 2 GeV/c2. In the a4(2040) region, 
well-localised interference is recognised. As for ηπ− , narrow for-
ward/backward peaking occurs at higher mass, but in this case the 
forward/backward asymmetry is visibly larger over the whole mass 
range of η′π− .

The data were subjected to a partial-wave analysis (PWA) using 
a program developed at Illinois and VES [21–23]. Independent fits 
were carried out in 40 MeV/c2 wide bins of the four-body mass 
from threshold up to 3 GeV/c2 (so-called mass-independent PWA). 
Momentum transfers were limited to the range given above.

An η(′)π− partial-wave is characterised by the angular mo-
mentum L, the absolute value of the magnetic quantum number 
M = |m| and the reflectivity ϵ = ±1, which is the eigenvalue of re-
flection about the production plane. Positive (negative) ϵ is chosen 
to correspond to natural (unnatural) spin-parity of the exchanged 
Reggeon with J P

tr = 1− or 2+ or 3− . . . (0− or 1+ or 2− . . . ) trans-
fer to the beam particle [18,24]. These two classes are incoherent.

In each mass bin, the differential cross section as a function of 
four-body kinematic variables τ is taken to be proportional to a 
model intensity I(τ ) which is expressed in terms of partial-wave 
amplitudes ψϵ

LM(τ ),

I(τ ) =
∑

ϵ

∣∣∣∣
∑

L,M

Aϵ
LMψϵ

LM(τ )

∣∣∣∣
2

+ non-η(′) background. (1)

The magnitudes and phases of the complex numbers Aϵ
LM consti-

tute the free parameters of the fit. The expected number of events 
in a bin is

N̄ ∝
∫

I(τ )a(τ )dτ , (2)

where dτ is the four-body phase space element and a(τ ) desig-
nates the efficiency of detector and selection. Following the ex-
tended likelihood approach [25,24], fits are carried out maximis-
ing

ln L ∼ −N̄ +
n∑

k=1

ln I(τk), (3)

where the sum runs over all observed events in the mass bin. 
In this way, the acceptance-corrected model intensity is fit to the 
data.

The partial-wave amplitudes are composed of two parts: a fac-
tor fη ( fη′ ) that describes both the Dalitz plot distribution of the 
successive η (η′) decay [26] and the experimental peak shape, 
and a two-body partial-wave factor that depends on the primary 
η(′)π− decay angles. In this way, the four-body analysis is re-
duced to quasi-two-body. The partial-wave factor for the two spin-
less mesons is expressed by spherical harmonics. Thus, the full 
η(π−π+π0)π− partial-wave amplitudes read

ψϵ
LM(τ ) = fη(pπ− , pπ+ , pπ0) × Y M

L (ϑGJ,0)

×
{

sin MϕGJ for ϵ = +1

cos MϕGJ for ϵ = −1
(4)

and analogously for η′(π−π+η)π− . There are no M = 0, and 
therefore no L = 0 waves for ϵ = +1. The fits require a weak 
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Fig. 4. Intensities of the L = 1–6, M = 1 partial waves from the partial-wave analysis of the η′π− data in mass bins of 40 MeV/c2 width (circles). Shown for comparison 
(triangles) are the ηπ− results scaled by the relative kinematical factor given in Eq. (7).

For a detailed comparison of the results from the mass-
independent PWA of both channels, their different phase spaces 
and angular-momentum barriers are taken into account. For the 
decay of pointlike particles, transition rates are expected to be 
proportional to

g(m, L) = q(m) × q(m)2L (6)

with break-up momentum q(m) [30–32]. Overlaid on the PWA re-
sults for η′π− in Fig. 4 are those for ηπ− , multiplied in each bin 
by the relative kinematical factor

c(m, L) = b × g′(m, L)

g(m, L)
, (7)

where g(′) refers to η(′)π− with break-up momentum q(′) , and the 
factor b = 0.746 accounts for the decay branchings of η and η′ into 
π−π+γ γ [26].

By integrating the invariant mass spectra of each partial wave, 
scaled by [g(′)(m, L)]−1, from the η′π− threshold up to 3 GeV/c2, 
we obtain scaled yields I(′)L and derive the ratios

R L = b × I L/I ′L . (8)

As an alternative to the angular-momentum barrier factors q(m)2L

of Eq. (6), we have also used Blatt–Weisskopf barrier factors [33]. 
For the range parameter involved there, an upper limit of r =
0.4 fm was deduced from systematic studies of tensor meson de-
cays, including the present channels [30,31], whereas for r = 0 fm
Eq. (6) is recovered. To demonstrate the sensitivity of R L on the 
barrier model, the range of values corresponding to these upper 
and lower limits is given in Table 1.

The comparison in Fig. 4 reveals a conspicuous resemblance of 
the even-L partial waves of both channels. This feature remains if 
r = 0.4 fm, but the values of R L increase with increasing r (Ta-
ble 1). This similarity is corroborated by the relative phases as 
observed in Figs. 5 (d) and (f). The observed behaviour is expected 
from a quark-line picture where only the non-strange components 
nn̄ (n = u, d) of the incoming π− and the outgoing system are in-
volved. The similar values of R L for L = 2, 4, 6 suggest that the 
respective intermediate states couple to the same flavour content 
of the outgoing system.

COMPASS Collab., PLB 740, 303 (2015)
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C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

TOWARD THE EXCITED ISOSCALAR MESON SPECTRUM . . . PHYSICAL REVIEW D 88, 094505 (2013)

094505-11

negative parity positive parity exotic

Dudek, Edwards, Guo,  and Thomas, PRD 88, 094505 (2013)



M. R. Shepherd 
NNPSS at MIT 

July 2016

χc1→η’ππ

33

TABLE II. A list of �c1 decay modes for all possible isobars with J  4.

�c1 Decay Mode L Isobar JPC

a0⇡; a0 ! ⌘(0)⇡ P 0++

⇡1⇡; ⇡1 ! ⌘(0)⇡ S,D 1�+

a2⇡; a2 ! ⌘(0)⇡ P, F 2++

a4⇡; a4 ! ⌘(0)⇡ F,H 4++

f0⌘
(0); f0 ! ⇡⇡ P 0++

f2⌘
(0); f2 ! ⇡⇡ P, F 2++

f4⌘
(0); f4 ! ⇡⇡ F,H 4++

unit phase space, as

I(x) =
X

M ,��

�����
X

↵

V

↵
M ,��

A

↵
M ,��

(x)

�����

2

, (1)

where ↵ indexes the �c1 decay amplitudes and M and �� index the polarization of the
 (2S) and the helicity of the photon, respectively. We use x to denote a set of kinematic
variables, e.g., angles and invariant masses, that provide a complete description of the event.
The value of the decay amplitude at a location x in this multi-dimensional space is given
by A

↵
M ,��

(x). The real fit parameters V

↵
M ,��

determine the relative strengths of each �c1

decay amplitude.
Section IIIA discusses the construction of the decay amplitudes used in the fit. Sec-

tion III B discusses the application of the extended maximum likelihood technique to this
analysis in order to determine the optimal values of V ↵

M ,��
that describe the data.

A. Amplitude construction

1. General amplitude structure

The amplitude for a given �c1 decay mode ↵ depends on the set of observed final state
event kinematics x, the assumed polarization of the initial state  (2S), denoted M , and
the helicity of the final state photon ��. The general form is given by

A

↵
M ,��

(x) =
X

��=±1,0

C(M ,��,��)
X

M 0
�=±1,0

D

1⇤
M 0
�,���(��, ✓�, 0)⇥

X

M 0
L,M

0
J

h1M 0
�|LM 0

L, JM
0
JiY

M 0
L⇤

L (✓0I ,�
0
I)Y

M 0
J⇤

J (✓0h,�
0
h)p

L
q

J
T↵(s), (2)

where summations in the second line are performed over all possible values M 0
L and M

0
J , the

projections of L and J , respectively. We briefly provide a term-by-term description of this
expression.

The first factor in Eq. (2), C(M ,��,��), is used to transform the helicity amplitude
for the radiative decay into the multipole basis. The  (2S) ! ��c1 radiative transition

8
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In order to shed new light on these questions, the
COMPASS Collaboration, operating a large-acceptance
and high-resolution spectrometer [17] situated at the
CERN Super Proton Synchrotron (SPS), is gathering
high-statistics event samples of diffractive reactions of
hadronic probes into final states containing both charged
and neutral particles. Diffractive dissociation is a reaction
of the type aþ b ! cþ d with c ! 1þ 2þ " " " þ n,
where a is the incoming beam particle, b the target, c the
diffractively produced object decaying into n particles, and
d the target recoil particle, with 4-momenta pa . . .pd,
respectively. The production kinematics is described by
two variables: s and t0 ¼ jtj$ jtjmin, where s ¼
ðpa þ pbÞ2 is the square of the total center of mass energy,
t ¼ ðpa $ pcÞ2 is the square of the four momentum trans-
ferred from the incoming beam to the outgoing system c,
and jtjmin is the minimum value of jtj which is allowed by
kinematics for a given mass mc.

First studies of diffractive reactions of 190 GeV=c !$

on a 3 mm lead target were carried out by COMPASS in
2004. The !$!$!þ final state was chosen because the
disputed !1ð1600Þ meson with exotic JPC had previously
been reported in this channel. The trigger selected events
with one incoming particle and at least two outgoing
charged particles. In the offline analysis, a primary vertex
inside the target with 3 outgoing charged particles is re-
quired. Since the recoil particle was not detected, the
following procedure is applied in order to select exclusive
events. The beam energy Ea is very well approximated by
the measured total energy Ec of the 3! system with a small
correction arising from the target recoil, which can be
calculated from the measured scattering angle " ¼
ffð ~pa; ~pcÞ, assuming that the target particle remained intact
throughout the scattering process. Then an exclusivity cut
is applied, requiring Ea to be within (4 GeV of the mean
beam energy. Events with a wide range of t0 from zero up to
a few GeV2=c2 were recorded. For the analysis presented
in this letter we restrict ourselves to the range where
candidates for spin-exotic states have been reported in
the past: 0:1 GeV2=c2 < t0 < 1:0 GeV2=c2, far beyond
the region of coherent scattering on the Pb nucleus.
Figure 1 shows the invariant mass of the corresponding
events. In our sample of 420 000 events in the mass range
between 0.5 and 2:5 GeV=c2, the well-known resonances
a1ð1260Þ, a2ð1320Þ, and !2ð1670Þ are clearly visible in the
3! mass spectrum.

A partial wave analysis (PWA) of this data set was
performed using a program which was originally devel-
oped at Illinois [18], and later modified at Protvino and
Munich. An independent cross-check of the results was
performed using a different PWA program developed at
Brookhaven [19] and adapted for COMPASS [20]. At highffiffiffi
s

p
, the reaction can be assumed to proceed via t-channel

Reggeon exchange, thus justifying the factorization of the
total cross section into a resonance and a recoil vertex

without final state interaction. The exchanged Reggeon
may excite the incident pion (JP ¼ 0$) to a state X with
different JP, limited only by conservation laws for strong
interactions. For the ð3!Þ$ final state I ) 1; we assume
I ¼ 1 since no flavor-exotic mesons have been found.
Since in additionG ¼ $1 for a system with an odd number
of pions, C ¼ þ1 follows from Eq. (1). We take the
phenomenological approach of the isobar model, in which
all multiparticle final states can be described by sequential
two-body decays into intermediate resonances (isobars),
which eventually decay into the final state observed in the
experiment. All known isovector and isoscalar !! reso-
nances have been included in our fit: ð!!ÞS [comprising
the broad #ð600Þ and f0ð1370Þ], $ð770Þ, f0ð980Þ,
f2ð1270Þ, and $3ð1690Þ [8]. It is possible that there exists
a direct three-body decay into ð3!Þ$ without an intermedi-
ate di-pion resonance; in the isobar model, such a decay
mode without angular correlations is represented by
#ð600Þ þ !$ with L ¼ 0 and JP ¼ 0$. Possible compli-
cations to the isobar model from unitarity constraints are
not an issue here; such effects enter in the formulation of
the model only when all possible decay modes are simul-
taneously fit, which may include the final states containing
!0, %, %0, !, K !K, or N !N. The spin-parity composition of
the excited state X is studied in the Gottfried-Jackson
frame, which is the center of mass frame of X with the
z axis along the beam direction, and the y axis perpendicu-
lar to the production plane, formed by the momentum
vectors of the target and the recoil particle.
The PWA is done in two steps. In the first step, a fit of the

probability density in 3! phase space is performed in
40 MeV=c2 bins of the 3! invariant mass m (fit in mass
bins). No dependence of the production strength for a given
wave on the mass of the 3! system is introduced at this
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FIG. 1 (color online). Invariant mass of the 3! system for
0:1 GeV2=c2 < t0 < 1:0 GeV2=c2 (histogram), and intensity of
the background wave with a flat distribution in three-body phase
space (triangles), obtained from a partial wave analysis in
40 MeV=c2 bins of the 3! mass and rescaled to the binning of
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ground distribution are not acceptance corrected.
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1. The COMPASS experiment

COMPASS, a multi-purpose fixed-target experiment, is located at CERN’s Prevessin-area and
supplied with various hadron and muon beams by the Super Proton Synchrotron. Is is a two-stage
high-resolution spectrometer with large acceptance that covers a wide kinematic range. Beam and
final-state particle are identified via Chenenkov-detectors (CEDARs and RICH).
For the analysis presented here, data taken in 2008 are used. During this run, a 190GeV negative
secondary-hadron beam was used with a hydrogen tagret. This beam consists to 97% of p�. The
remaining part is mainly K

� and some p̄.

2. The p�p+p� final state

The work presented here analyzes the channel with three diffractively produced charged pions
in the final state. During the 2008 run, about 50 million exclusive p�p+p� events were recorded,
which constitutes at the moment by far the world’s largest data sample for this particular channel.

2.1 Mass spectra

The three-pion invariant mass spectrum (Fig.1) of the selected events already shows a detailed
structure due to several intermediate states. The most prominent features correspond to the well-
established resonances a1(1260), a2(1320) and p2(1690).[1]
Looking at Dalitz plots for different three-pion masses m3p also gives a first insight into the mass

spectrum of the two-pion subsystem. Doing this at m3p around 1.320GeV and 1.670GeV, which
corresponds to the a2(1320) and the p2(1670), respectively, reveals already a rich structure in the

2

F. Krinner, POS (Bormio 2014), 031

π-π-π+ from 190 GeV π on Pb π-π-π+ from 190 GeV π on p
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!2ð1670Þ, with very similar masses and widths, causing the
relative phase difference to be almost constant. In contrast
to this the phase difference to the 1þþ wave, shown in
Fig. 3(a), clearly shows an increase around 1:7 GeV=c2. As
the a1ð1260Þ is no longer resonating at this mass, this
observation can be regarded as an independent verification
of the resonating nature of the 1$þ wave.

The solid lines in Fig. 2 show the total intensity from the
mass-dependent fit for the corresponding waves. For the
1þþ0þ"!S wave shown in Fig. 2(a) it is well known that
there is a significant contribution of nonresonant produc-
tion through the Deck effect [24], indicated by the dotted
line. Its interference with the a1ð1260Þ (dashed line) shifts
the peak in the data to a slightly lower value than the peak

position of the resonance. The 2$þ0þf2!Swave shown in
Fig. 2(b) is well described by a single resonance, the
!2ð1670Þ. The 2þþ1þ"!D wave displayed in Fig. 2(c) is
dominated by the a2ð1320Þ with a small contribution from
the a2ð1700Þ, whose parameters have been fixed to Particle
Data Group (PDG) values [25] because of the limited
statistics. The intensity of the exotic 1$þ1þ"!P wave,
shown in Fig. 2(d), is well described by a Breit-Wigner
resonance with constant width at 1:66 GeV=c2 (dashed
line), which we interpret as the !1ð1600Þ, and a nonreso-
nant background (dotted line) at lower masses. The reso-
nant component of the exotic wave is strongly constrained
by the mass-dependent phase differences to the
1þþ0þ"!S and the 2$þ0þf2!S waves, which are well
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FIG. 3 (color online). Phase differences of the exotic 1$þ1þ"!P wave to the 1þþ0þ"!S (a) and the 2$þ0þf2!S (b) waves. The
data points represent the result of the fit in mass bins; the lines are the result of the mass-dependent fit.
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C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that

500

1000

1500

2000

2500

3000

FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.
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!2ð1670Þ, with very similar masses and widths, causing the
relative phase difference to be almost constant. In contrast
to this the phase difference to the 1þþ wave, shown in
Fig. 3(a), clearly shows an increase around 1:7 GeV=c2. As
the a1ð1260Þ is no longer resonating at this mass, this
observation can be regarded as an independent verification
of the resonating nature of the 1$þ wave.

The solid lines in Fig. 2 show the total intensity from the
mass-dependent fit for the corresponding waves. For the
1þþ0þ"!S wave shown in Fig. 2(a) it is well known that
there is a significant contribution of nonresonant produc-
tion through the Deck effect [24], indicated by the dotted
line. Its interference with the a1ð1260Þ (dashed line) shifts
the peak in the data to a slightly lower value than the peak

position of the resonance. The 2$þ0þf2!Swave shown in
Fig. 2(b) is well described by a single resonance, the
!2ð1670Þ. The 2þþ1þ"!D wave displayed in Fig. 2(c) is
dominated by the a2ð1320Þ with a small contribution from
the a2ð1700Þ, whose parameters have been fixed to Particle
Data Group (PDG) values [25] because of the limited
statistics. The intensity of the exotic 1$þ1þ"!P wave,
shown in Fig. 2(d), is well described by a Breit-Wigner
resonance with constant width at 1:66 GeV=c2 (dashed
line), which we interpret as the !1ð1600Þ, and a nonreso-
nant background (dotted line) at lower masses. The reso-
nant component of the exotic wave is strongly constrained
by the mass-dependent phase differences to the
1þþ0þ"!S and the 2$þ0þf2!S waves, which are well
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FIG. 3 (color online). Phase differences of the exotic 1$þ1þ"!P wave to the 1þþ0þ"!S (a) and the 2$þ0þf2!S (b) waves. The
data points represent the result of the fit in mass bins; the lines are the result of the mass-dependent fit.
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FIG. 2 (color online). Intensities of major waves 1þþ0þ"!S (a), 2$þ0þf2!S (b), and 2þþ1þ"!D (c), as well as the intensity of the
exotic wave 1$þ1þ"!P (d), as determined in the fit in mass bins (data points with error bars). The lines represent the result of the
mass-dependent fit (see text).
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!2ð1670Þ, with very similar masses and widths, causing the
relative phase difference to be almost constant. In contrast
to this the phase difference to the 1þþ wave, shown in
Fig. 3(a), clearly shows an increase around 1:7 GeV=c2. As
the a1ð1260Þ is no longer resonating at this mass, this
observation can be regarded as an independent verification
of the resonating nature of the 1$þ wave.

The solid lines in Fig. 2 show the total intensity from the
mass-dependent fit for the corresponding waves. For the
1þþ0þ"!S wave shown in Fig. 2(a) it is well known that
there is a significant contribution of nonresonant produc-
tion through the Deck effect [24], indicated by the dotted
line. Its interference with the a1ð1260Þ (dashed line) shifts
the peak in the data to a slightly lower value than the peak

position of the resonance. The 2$þ0þf2!Swave shown in
Fig. 2(b) is well described by a single resonance, the
!2ð1670Þ. The 2þþ1þ"!D wave displayed in Fig. 2(c) is
dominated by the a2ð1320Þ with a small contribution from
the a2ð1700Þ, whose parameters have been fixed to Particle
Data Group (PDG) values [25] because of the limited
statistics. The intensity of the exotic 1$þ1þ"!P wave,
shown in Fig. 2(d), is well described by a Breit-Wigner
resonance with constant width at 1:66 GeV=c2 (dashed
line), which we interpret as the !1ð1600Þ, and a nonreso-
nant background (dotted line) at lower masses. The reso-
nant component of the exotic wave is strongly constrained
by the mass-dependent phase differences to the
1þþ0þ"!S and the 2$þ0þf2!S waves, which are well
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data points represent the result of the fit in mass bins; the lines are the result of the mass-dependent fit.
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exotic wave 1$þ1þ"!P (d), as determined in the fit in mass bins (data points with error bars). The lines represent the result of the
mass-dependent fit (see text).

PRL 104, 241803 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
18 JUNE 2010

241803-5

!2ð1670Þ, with very similar masses and widths, causing the
relative phase difference to be almost constant. In contrast
to this the phase difference to the 1þþ wave, shown in
Fig. 3(a), clearly shows an increase around 1:7 GeV=c2. As
the a1ð1260Þ is no longer resonating at this mass, this
observation can be regarded as an independent verification
of the resonating nature of the 1$þ wave.

The solid lines in Fig. 2 show the total intensity from the
mass-dependent fit for the corresponding waves. For the
1þþ0þ"!S wave shown in Fig. 2(a) it is well known that
there is a significant contribution of nonresonant produc-
tion through the Deck effect [24], indicated by the dotted
line. Its interference with the a1ð1260Þ (dashed line) shifts
the peak in the data to a slightly lower value than the peak

position of the resonance. The 2$þ0þf2!Swave shown in
Fig. 2(b) is well described by a single resonance, the
!2ð1670Þ. The 2þþ1þ"!D wave displayed in Fig. 2(c) is
dominated by the a2ð1320Þ with a small contribution from
the a2ð1700Þ, whose parameters have been fixed to Particle
Data Group (PDG) values [25] because of the limited
statistics. The intensity of the exotic 1$þ1þ"!P wave,
shown in Fig. 2(d), is well described by a Breit-Wigner
resonance with constant width at 1:66 GeV=c2 (dashed
line), which we interpret as the !1ð1600Þ, and a nonreso-
nant background (dotted line) at lower masses. The reso-
nant component of the exotic wave is strongly constrained
by the mass-dependent phase differences to the
1þþ0þ"!S and the 2$þ0þf2!S waves, which are well
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Comments

• Very interesting results to date in the search for exotic mesons

• Most studied is the lightest isovector hybrid, JPC=1-+ the π1

• Much theoretical discussion about modeling production and final 
state interactions

• Experimental data is now statistically precise enough and 
computational tools are now good enough to systematically 
explore models… and that is where the emphasis is now

• Need a spectrum of states to conclusively establish the existence 
of hybrids (exotic and non-exotic) - patterns are much more 
important than the idea of a single smoking gun

40
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FIG. 1. The vr +m invariant mass distribution
corrected for all losses. The solid curve is the prediction
of the Soding model with only the p(770) resonance.
The dashed curve shows the effect of adding a second
resonance of mass 1.55 GeVe and width 0.28 GeV/e .

cept those in a narrow forward region dominated by
e+e conversions) triggered the recording of

hadronic interactions. A kinematic fit with three
constraints was used to select the yp m+m p
events. Backgrounds were studied and found to be
negligible after rejection of the events (1.4%) which
had a better fit to yp m+m m p, K+K p, or
ppp. The data were corrected for experimental
detection and selection losses as a function of the
production and decay variables of the m+m sys-
tem. An important feature of the experiment is
that it has good acceptance for all decay angles of
m+ m pairs with masses between 0.4 and 2.5
GeV/c2.
The final data sample consists of 20908

yp 7r+m p interactions. This represents a cross
section of 11.1+0.9 p, b. A small, well-isolated sig-
nal of 5(1232) production was observed and re-
moved by rejecting 133 events with m + & 1.4P7T
GeV/c2 The m+m mass distribution of the
remaining events, presented in Fig. 1, shows that
this channel is dominated by p(770) production.
The experimental mass resolution varies from 0.008
to 0.013 GeV/c standard deviation for m+m
masses between that of the p and 2.0 GeV/c . This
is much smaller than the natural widths of the reso-
nances studied in this experiment. We will briefly
discuss the production and decay characteristics of
the p(770) and then show that a second resonance
at a 7r+7r mass of 1.55 GeV/c is required to
describe the data.
The cross section for the reaction yp pp is

known to vary slowly with center-of-mass energy
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FIG. 2. Variation of the four-momentum slope param-
eter, b, with m-+m mass. The curves are Soding model
predictions with one (solid curve) and two (dashed
curve) resonances as described in the text.

and rapidly with the square of the four-momentum
transferred (t' = t —t;„)from the photon to the p.
The variation with m+ m mass of the slope param-
eter, b, from fits of the form Ae ' to the experi-
mental distribution drr/dt', is shown in Fig. 2. We
will return to a discussion of the dependence of b
on the m-+sr mass, but note here that the slope is
7.5 + 0.2 (GeV/c) 2 at the p mass peak. This
value is typical of elastic processes, and suggests
that the p is produced by the diffractive, vector-
meson dominance mechanism shown in Fig. 3(a).
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FIG. 3. (a) Diffractive production of the p(770). (b)
Nonresonant ~+m production via a Drell amplitude as
suggested by Soding. (c),(d) Diffractive p' production
amplitudes.
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Final Thoughts

• Key issue (besides better quantifying our understanding of QCD):  
understand why certain types of hadrons seem to emerge much 
more often from QCD than others

• A very active field:  unresolved puzzles in charmonium that didn’t 
exist three years ago

• A bright outlook:  continued study of the heavy quark spectrum 
and new experiments and data in the light quark sector

• An exciting time for graduate students to get involved in the field
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