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1. Overview and Motivation

1.1.Unique features of QCD

1.2. Why use spectroscopy as a tool to study QCD?

1.3. How do we classify mesons?

1.4. Introduction to experiment

2. Spectroscopy of Heavy Quark Systems

3. Spectroscopy of Light Quark Systems

4. Summary and Outlook:  Present and Future Facilities
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QCD in the Standard Model
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Mesons
(e.g., π, K, D)

Baryons
(e.g., proton and 

neutron)

• Three quark colors

• Color singlets apparently required

• Two typical arrangements:  mesons 
and baryons

Higgs Boson
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Evidence of Color
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More Evidence of 3 Colors

• Probes the ratio of quark to lepton couplings in QED: Qq2 / Qµ2

5
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Homework:  Compute the expected value of 
R below and above charm (and bottom) 

thresholds under the assumptions that there 
are 1 and 3 colors of quarks.  Compare with 

experimental data from the PDG.
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Interactions in QED

6

Want:  “physics” to remain 
invariant under local phase 

transformations

Have:  freely propagating 
spin-1/2 particle

Doing so requires introduction of a freely propagating massless gauge field 
(the photon) and the interaction of this field with spin-1/2 particles

L = i(~c) ̄�µ@µ � (mc2) ̄  ! ei✓(x) 

� 1

16⇡
Fµ⌫Fµ⌫ �Q( ̄�µ )Aµ
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Interactions in QCD

7

Want:  “physics” to remain invariant 
under unitary color transformationsHave:  freely propagating 

spin-1/2 quark in rgb space

This requires the introduction of eight massless gauge fields (the gluons) 
and several interaction terms -- note that gluons interact with each other!

gluons
quark-gluon vertex three-gluon vertex four-gluon vertex
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Higher Order Corrections

• In QED, vacuum polarization acts to “screen” the charges of interacting 
particles resulting in weaker force at large distance.

8

• In QCD quark loops continue to screen the QCD force, but gluon loops provide 
an “anti-screening” effect that dominates, resulting in a stronger force at large 
distances.

scale of corrections set by 
α = 1/137

scale of QCD corrections set by αs > 0.1
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The Forces that Bind Hydrogen and Mesons

9

The Electromagnetic Force and 
Quantum Electrodynamics (QED)

(Hydrogen Atom)

The Strong Force and 
Quantum Chromodynamics (QCD) 

(Meson)
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Gluon Interactions in QCD

• QCD has interesting 
properties

• gluon-gluon interactions

• confinement

• Nonpurturbative in the 
interesting domain

• Study QCD using hadrons

10

S. Bethke
hep-ex/0606035
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Studying Forces with Spectroscopy

11

CharmoniumHydrogen

Electromagnetic Force Strong Force
cc̄
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Spectroscopy and QCD

• Studying the spectrum of hadrons motivated the quark model 
and led to development of QCD

• QCD has interesting properties

• confinement:  force is strong at large distances

• color neutral hadrons, which can be made with any 
number of quarks

• gluon-gluon interactions

• How do these properties exhibit themselves in experimental data?

• Why is the spectrum of hadrons observed in nature so simple?

12

Same fundamental questions exist for mesons and baryons.  
Our discussion will focus on mesons.
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Other Unique States of Matter
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Not forbidden by QCD -
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Classifying Mesons
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Properties of Mesons

• mass

• width or lifetime

• total angular momentum

• parity

• charge conjugation

• charge and isospin

15
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Constituent Quark Model

• Assemble mesons from spin 1/2 
constituent quarks with effective 
masses

• a model:  not the quark fields 
in the QCD Lagrangian

16
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JPC

• P:  inverts coordinates 

• quark wave function is odd 
under spatial inversion for 
L odd:  (-1)L

• Intrinsic party of quark 
anti-quark:  1 x -1 = -1

• C:  particle ➞ anti-particle

• neutral eigenstates

• spatial inversion:  (-1)L

• fermion ➞ anti-fermion: -1

• opposite spins: -1S+1

17

q
q

J = L + S   P = (-1)L+1    C = (-1)L+S

color singlet 
quark anti-quark

S = 0 or 1, and L = 0, 1, 2, …
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Charmonium Spectrum

• All states below 2 MD observed

• No extra states below 2 MD

• Good agreement with potential 
model calculation

• No missing states - no extra 
states

18
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Isospin

• symmetry from mu ≈ md

• in isospin space:   
u has I = 1/2, Iz = 1/2  
d has I = 1/2, Iz = -1/2

• Combining quark antiquark 
elements from this vector space 
gives four combinations 
(examples for 0-+ given)

19

|ud̄i ! ⇡+

1p
2

�
|uūi � |dd̄i
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|uūi+ |dd̄i

�
! ⌘

triplet:  isovector (I = 1) singlet:  isoscalar (I = 0)

|dūi ! ⇡�

B( (2S) ! ⇡+⇡�J/ ) = 0.34

B( (2S) ! ⌘J/ ) = 0.034

B( (2S) ! ⇡0J/ ) = 0.0013

B( (2S) ! ⇡0⇡0J/ ) = 0.18

Homework:  why are these almost 
exactly a factor of 2 different?

Homework:  why is the first so much 
bigger than the second even though 
there is less phase space available?
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G Parity
• Extension of C to isovectors 

(charged particles):

• apply C

• rotate by π in isospin space:  
u ↔ d

• Multiplicative

• Mostly conserved in strong 
interactions

• general:  G = C(-1)I

20

|ud̄i ! |ūdi ! |d̄ui

|uūi+ |dd̄i ! |dd̄i+ |uūi

|uūi � |dd̄i ! |dd̄i � |uūi

isospin: 0  :  G = C

isospin: 1  :   G = -C

B(⇢0 ! ⇡+⇡�⇡0) = 1⇥ 10�4

B(⇢0 ! ⇡+⇡�) ⇡ 1

B(! ! ⇡+⇡�⇡0) = 0.89

B(! ! ⇡+⇡�) = 0.015
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Light Quark Nonets

21
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Meson Spectrum from Lattice QCD

22

C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

TOWARD THE EXCITED ISOSCALAR MESON SPECTRUM . . . PHYSICAL REVIEW D 88, 094505 (2013)

094505-11

negative parity positive parity exotic

lightest
hybrids

Dudek, Edwards, Guo,  and Thomas, PRD 88, 094505 (2013)

All states have strangeness = 0
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Hybrid Mesons

23

q
q

J = L + S   P = (-1)L+1    C = (-1)L+S

color singlet 
quark anti-quark

Allowed JPC:  0-+, 0++, 1- -, 1+-, 2++, …
Forbidden JPC:   0- -, 0+-, 1-+, 2+-, …

q

q

g

(JPC)g = 1+-

color-octet 
qq pair

Lightest Hybrids

Sqq = 0Sqq = 1

JPC: 0-+, 1-+, 2-+ 1- -

mass ≈ 1.0-1.5 GeV

“gluonic contribution”

“exotic hybrid”
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Recap

• Know how to classify and sort mesons

• Enables identification of states that don’t fit a pattern

• New patterns suggest new degrees of freedom

• QCD predicts new states that should not fit the standard pattern

• How do we produce them?

• How do we detect them?

• How do we measure the properties of mesons that we want 
to use to sort the spectrum?

24



Some Experimental 
Preliminaries
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Meson Spectrum from Lattice QCD

26

C. SUð3ÞF point, m! ¼ 702 MeV, ð16; 20Þ3$128

In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond to
the physical strange quark. Here, because there is an exact
SUð3Þ flavor symmetry, we characterize mesons in terms of
their SUð3ÞF representation, octet (8) or singlet (1), and
compute correlation matrices using the basis in Eq. (5).
The octet correlators feature only connected diagrams
while the singlets receive an additional contribution from
a disconnected diagram. Since the strange quarks are now
no heavier than the ‘‘light’’ quarks, any splitting between
states in the octet and singlet spectra is purely due to the
disconnected diagrams and thus to ‘‘annihilation dynam-
ics.’’ In Fig. 13 we present the spectra extracted on two
lattice volumes.

D. Quark mass and volume dependence

Figures 14–16 show the quark mass and volume depen-
dence of the extracted isoscalar and isovector spectra.

In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3þ$, that are not cleanly extracted at the
lowest pion mass.

We refrain from performing extrapolations of the masses
to the limit of the physical quark masses, since, as we have
already pointed out, we expect most excited states to be
unstable resonances. A suitable quantity for extrapolation

might be the complex resonance pole position, but we do
not obtain this in our simple calculations using only single-
hadron operators.
We discuss the specific case of the 0$þ and 1$$ systems

in the next subsections.

E. The low-lying pseudoscalars: !, ", "0

In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the ! and " mesons are exactly stable and
"0 is rendered stable since its isospin conserving "!!
decay mode is kinematically closed. Because of this,
many of the caveats presented in Sec. III B do not apply.
Figure 17 shows the quality of the principal correlators
from which we extract the meson masses, in the form of
an effective mass,

meff ¼
1

#t
log

$ðtÞ
$ðtþ #tÞ ; (16)

for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and volume

dependence of the " and "0 mesons. We have already
commented on the unexplained sensitivity of the "0 mass
to the spatial volume at m! ¼ 391 MeV, and we note that
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FIG. 11 (color online). Isoscalar (green and black) and isovector (blue) meson spectrum on the m! ¼ 391 MeV, 243 & 128 lattice.
The vertical height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-
lying states having dominant overlap with operators featuring a chromomagnetic construction—their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.

TOWARD THE EXCITED ISOSCALAR MESON SPECTRUM . . . PHYSICAL REVIEW D 88, 094505 (2013)

094505-11

negative parity positive parity exotic

lightest
hybrids

Dudek, Edwards, Guo,  and Thomas, PRD 88, 094505 (2013)

All states have strangeness = 0
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Decays and Conservation Laws

• Conservation laws that apply to all decays

• angular momentum

• four-momentum

• charge

• Symmetries/conservations laws of strong interactions

• C

• P

• isospin (mostly)

• quark flavor:  strangeness or charmness

• Measuring these properties for decay products directly informs us of 
the properties of the parent particle

27
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Production and Detection

28
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Detection:  Observables

• Long lived particles

• charged:  p, π, K

• neutral:  n, γ, KL 

• Types of detectors:

• tracking:  measure 
momentum

• calorimetry:  measure energy

• particle ID:  measure velocity

• Assemble pieces to get four-
momentum

29
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Histograms: Invariant Mass

30
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Branching Fractions and Widths
• Experimentally accessible:

• Theoretically interesting:

31
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VII. BRANCHING FRACTIONS

A. Branching fractions of !cJ ! p !n"!

The branching fractions of !cJ ! p !n"! are calculated
according to

B ð!cJ ! p !n"!Þ ¼ Nsig

Nc 0 %Bðc 0 ! #!cJÞ % "cJ
; (3)

where Nsig is the number of signal events extracted from
the fit to the invariant mass distribution, Nc 0 is the number
of c 0 events, Bðc 0 ! #!cJÞ is the branching fraction of
c 0 ! #!cJ as quoted in the PDG [1], and "cJ is the
detection efficiency. The results are summarized in the
left column in Table I. The same calculation for the charge

conjugate channel is performed, and the results are sum-
marized in the right column.

B. Branching fractions of !cJ ! p !n"!"0

Considering the branching fraction of "0 ! ##, the
branching fraction of!cJ ! p !n"!"0 is calculated accord-
ing to

Bð!cJ!p !n"!"0Þ

¼ Nsig

Nc 0 %Bðc 0 !#!cJÞ%Bð"0!##Þ%"cJ
: (4)

The results are summarized in the left column in Table II.
The corresponding results for the charge conjugate channel
are also shown in the right column.

TABLE I. The number of signal events Nsig, the detection efficiency "cJ, and the branching fractions of !cJ ! p !n"!, where the
errors are statistical only.

!cJ ! p !n"! !cJ ! !pn"þ

!c0 !c1 !c2 !c0 !c1 !c2

Nsig 5150' 102 1412' 58 3309' 79 5808' 121 1625' 73 3732' 89
"cJ (%) 38:6' 0:2 35:9' 0:3 39:2' 0:2 40:9' 0:2 40:7' 0:3 41:2' 0:2
B (10!3) 1:30' 0:03 0:40' 0:02 0:91' 0:02 1:38' 0:03 0:41' 0:02 0:98' 0:02

TABLE II. The number of signal events Nsig, the detection efficiency "cJ , and the branching fractions of !cJ ! p !n"!"0, where the
errors are statistical only.

!cJ ! p !n"!"0 !cJ ! !pn"þ"0

!c0 !c1 !c2 !c0 !c1 !c2

Nsig 2480' 85 1082' 52 2128' 62 2757' 94 1261' 60 2352' 69
"cJ (%) 10:4' 0:1 10:4' 0:2 9:8' 0:1 12:2' 0:1 12:3' 0:2 11:2' 0:1
B ð10!3Þ 2:36' 0:08 1:08' 0:05 2:38' 0:07 2:23' 0:08 1:06' 0:05 2:30' 0:07
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FIG. 8. Upper plot: The fit to the invariant mass distributions of (a) p !n"!"0 and (b) the charge conjugate state !pn"þ"0. Dots with
error bars are data, the solid curve is showing the fit to signal events, and the dashed line is the fitted background distribution. Lower
plot: The distribution of NData!NFitffiffiffiffiffiffiffiffi

NData
p from the fit.

M. ABLIKIM et al. PHYSICAL REVIEW D 86, 052011 (2012)

052011-8

physics induced:
χc0 is more likely to decay

�(⇡0) = 8 eV

PRD 86, 052011

�(�c0) = 10 MeV

�(�c1) = 0.8 MeV

�(�c2) = 1.9 MeV
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Decays:  The OZI Rule
(S. Okubo, G. Zweig, and J. Iizuka)

32

OZI Favored

B(� ! KK) = 0.83 B(� ! ⇡+⇡�⇡0) = 0.15

Helps one infer “hidden” quark flavor of mesons.

OZI Suppressed
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OZI Rule and Widths

33

E [GeV]

R

2

3

4

5

6

7

3 3.5 4 4.5 5

Mark-I
Mark-I + LGW
Mark-II
PLUTO
DASP
Crystal Ball
BES

J/ψ ψ’

ψ 3770

ψ 4040

ψ 4160 ψ 4415

c

c

c
u

u

D

D

c



M. R. Shepherd 
NNPSS at MIT 

July 2016

Dalitz Plots

• spinless particle ➞ 3 spinless 
particles:  X ➞ 1 2 3

• MX2 = M122 + M232 + M132 

• for an X, dynamics is a 
function of two variables:  
M12 and M23

• All information about decay can 
be learned by studying a Dalitz 
plot of M122 vs. M232

• phase space is uniform on 
this plot

34

Ds+ ➞K+K-π+

Finally, we remove the Dþ
s candidates that share one or

two daughters with another Dþ
s candidate; this reduces the

number of candidates by 1.8%, corresponding to 0.9% of
events. We allow there to be two or more nonoverlapping
multiple candidates in the same event. The resulting
KþK"!þ mass distribution is shown in Fig. 2(a). This
distribution is fitted with a double-Gaussian function for
the signal, and a linear background. The fit gives a Dþ

s

mass of 1968:70# 0:02stat MeV=c2, "1 ¼ 4:96#
0:06stat MeV=c2, "2="1 ¼ 1:91# 0:06stat where "1 ("2)
is the standard deviation of the first (second) Gaussian,
and errors are statistical only. The fractions of the two
Gaussians are f"1

¼ 0:80# 0:02 and f"2
¼ 0:20# 0:02.

The signal region is defined to be within #2"Dþ
s

of

the fitted mass value, where "Dþ
s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f"1

"2
1 þ f"2

"2
2

q
¼

6:1 MeV=c2 is the observed mass resolution (the simulated
mass resolution is 6 MeV=c2). The number of signal
events in this region (Signal), and the corresponding
purity [defined as Signal/ðSignalþ BackgroundÞ], are
given in Table I.

For events in the Dþ
s ! KþK"!þ signal region, we

obtain the Dalitz plot shown in Fig. 2(b). For this distribu-
tion, and for the Dalitz plot analysis (Sec. VI), we use the
track parameters obtained from the Dþ

s mass-constrained
fit, since this yields a unique Dalitz plot boundary.

In the KþK" threshold region, a strong #ð1020Þ signal
is observed, together with a rather broad structure. The
f0ð980Þ and a0ð980Þ S-wave resonances are, in fact,
close to the KþK" threshold, and might be expected to

contribute in the vicinity of the #ð1020Þ. A strong
!K'ð892Þ0 signal can also be seen in the K"!þ system,
but there is no evidence of structure in the Kþ!þ mass.

IV. EFFICIENCY

The selection efficiency for each Dþ
s decay mode ana-

lyzed is determined from a sample of Monte Carlo (MC)
events in which the Dþ

s decay is generated according to
phase space (i.e. such that the Dalitz plot is uniformly
populated). The generated events are passed through a
detector simulation based on the GEANT4 toolkit [14], and
subjected to the same reconstruction and event selection
procedure as that applied to the data. The distribution of the
selected events in each Dalitz plot is then used to determine
the reconstruction efficiency. The MC samples used to
compute these efficiencies consist of 4:2( 106 generated
events for Dþ

s ! KþK"!þ and Dþ
s ! KþKþ!", and

0:7( 106 for Dþ
s ! KþK"Kþ.

ForDþ
s ! KþK"!þ, the efficiency distribution is fitted

to a third-order polynomial in two dimensions using the
expression,

$ðx; yÞ ¼ a0 þ a1x
0 þ a3x

02 þ a4y
02 þ a5x

0y0

þ a6x
03 þ a7y

03; (6)

where x ¼ m2ðKþK"Þ, y ¼ m2ðK"!þÞ, x0 ¼ x" 2,
and y0 ¼ y" 1:25. Coefficients consistent with zero
have been omitted. We obtain a good description of
the efficiency with %2=NDF ¼ 1133=ð1147" 7Þ ¼ 0:994
(where NDF refers to the number of degrees of freedom).
The efficiency is found to be almost uniform in K"!þ and
KþK" mass, with an average value of ) 3:3% (Fig. 3).

V. PARTIAL-WAVE ANALYSIS OF THE KþK"

AND K"!þ THRESHOLD REGIONS

In the KþK" threshold region both a0ð980Þ and f0ð980Þ
can be present, and both resonances have very similar
parameters which suffer from large uncertainties. In this
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FIG. 2 (color online). (a) KþK"!þ mass distribution for the Dþ
s analysis sample; the signal region is as indicated;

(b) Dþ
s ! KþK"!þ Dalitz plot.

TABLE I. Yields and purities for the different Dþ
s decay

modes. Quoted uncertainties are statistical only.

Dþ
s decay mode Signal yield Purity (%)

KþK"!þ 96307# 369 95
KþK"Kþ 748# 60 28
KþKþ!" 356# 52 23

P. DEL AMO SANCHEZ et al. PHYSICAL REVIEW D 83, 052001 (2011)

052001-6

Φ ➞K+K-π+

K* ➞K-π+

PRD 83, 052001
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Dalitz Plots
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Finally, we remove the Dþ
s candidates that share one or

two daughters with another Dþ
s candidate; this reduces the

number of candidates by 1.8%, corresponding to 0.9% of
events. We allow there to be two or more nonoverlapping
multiple candidates in the same event. The resulting
KþK"!þ mass distribution is shown in Fig. 2(a). This
distribution is fitted with a double-Gaussian function for
the signal, and a linear background. The fit gives a Dþ

s

mass of 1968:70# 0:02stat MeV=c2, "1 ¼ 4:96#
0:06stat MeV=c2, "2="1 ¼ 1:91# 0:06stat where "1 ("2)
is the standard deviation of the first (second) Gaussian,
and errors are statistical only. The fractions of the two
Gaussians are f"1

¼ 0:80# 0:02 and f"2
¼ 0:20# 0:02.

The signal region is defined to be within #2"Dþ
s

of

the fitted mass value, where "Dþ
s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f"1

"2
1 þ f"2

"2
2

q
¼

6:1 MeV=c2 is the observed mass resolution (the simulated
mass resolution is 6 MeV=c2). The number of signal
events in this region (Signal), and the corresponding
purity [defined as Signal/ðSignalþ BackgroundÞ], are
given in Table I.

For events in the Dþ
s ! KþK"!þ signal region, we

obtain the Dalitz plot shown in Fig. 2(b). For this distribu-
tion, and for the Dalitz plot analysis (Sec. VI), we use the
track parameters obtained from the Dþ

s mass-constrained
fit, since this yields a unique Dalitz plot boundary.

In the KþK" threshold region, a strong #ð1020Þ signal
is observed, together with a rather broad structure. The
f0ð980Þ and a0ð980Þ S-wave resonances are, in fact,
close to the KþK" threshold, and might be expected to

contribute in the vicinity of the #ð1020Þ. A strong
!K'ð892Þ0 signal can also be seen in the K"!þ system,
but there is no evidence of structure in the Kþ!þ mass.

IV. EFFICIENCY

The selection efficiency for each Dþ
s decay mode ana-

lyzed is determined from a sample of Monte Carlo (MC)
events in which the Dþ

s decay is generated according to
phase space (i.e. such that the Dalitz plot is uniformly
populated). The generated events are passed through a
detector simulation based on the GEANT4 toolkit [14], and
subjected to the same reconstruction and event selection
procedure as that applied to the data. The distribution of the
selected events in each Dalitz plot is then used to determine
the reconstruction efficiency. The MC samples used to
compute these efficiencies consist of 4:2( 106 generated
events for Dþ

s ! KþK"!þ and Dþ
s ! KþKþ!", and

0:7( 106 for Dþ
s ! KþK"Kþ.

ForDþ
s ! KþK"!þ, the efficiency distribution is fitted

to a third-order polynomial in two dimensions using the
expression,

$ðx; yÞ ¼ a0 þ a1x
0 þ a3x

02 þ a4y
02 þ a5x

0y0

þ a6x
03 þ a7y

03; (6)

where x ¼ m2ðKþK"Þ, y ¼ m2ðK"!þÞ, x0 ¼ x" 2,
and y0 ¼ y" 1:25. Coefficients consistent with zero
have been omitted. We obtain a good description of
the efficiency with %2=NDF ¼ 1133=ð1147" 7Þ ¼ 0:994
(where NDF refers to the number of degrees of freedom).
The efficiency is found to be almost uniform in K"!þ and
KþK" mass, with an average value of ) 3:3% (Fig. 3).

V. PARTIAL-WAVE ANALYSIS OF THE KþK"

AND K"!þ THRESHOLD REGIONS

In the KþK" threshold region both a0ð980Þ and f0ð980Þ
can be present, and both resonances have very similar
parameters which suffer from large uncertainties. In this
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FIG. 2 (color online). (a) KþK"!þ mass distribution for the Dþ
s analysis sample; the signal region is as indicated;

(b) Dþ
s ! KþK"!þ Dalitz plot.

TABLE I. Yields and purities for the different Dþ
s decay

modes. Quoted uncertainties are statistical only.

Dþ
s decay mode Signal yield Purity (%)

KþK"!þ 96307# 369 95
KþK"Kþ 748# 60 28
KþKþ!" 356# 52 23

P. DEL AMO SANCHEZ et al. PHYSICAL REVIEW D 83, 052001 (2011)

052001-6

Φ ➞K+K-π+

K* ➞K-π+

PRD 83, 052001
Homework:  the decay of a 

spinless particle to 3 spinless 
particles can be described by 3 x 

4-vectors = 12 numbers.

Use symmetry arguments and 
conservation laws to show that 
10 of the 12 unknowns can be 

eliminated leaving only two 
remaining variables to describe 

the physics of the decay.

Any two variables will work, the 
Dalitz plot is a common choice.
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Experimental Strategy

• Search for new particles

• bumps in invariant mass spectra

• unique decay patterns in phase space (more later)

• Measure

• mass and width

• decay modes

• quantum numbers:  JPC

• Use to test predictions of the hadron spectrum from models or 
direct calculations of QCD
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