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Dualibies and QCD

o The meaning of “du&ti&v” i physics
(Example: The Ising model)

o Quark-Hadron du&ié&y (experimen&at and
theoretical evidence)

o The AAS/CFT correspondence (gauge/gravity
duality, holographic QCD)
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The AAS/CFT Carrespav\d@.mae \V Al
maldacena - 1997 i
Wikktewn,; Gubser,Ki.ebamov,‘PoLvalf’cw - 199%

Perhaps the most surprising of dualities is the
AAS/CFT tarrestmmdewce, which relaktes theories
in different numbers of spacetime dimensions.

1t is a strong-wealk COMPLEMQ duati&v i certain
Limiks of theory parameters.

ik is one of the most active areas of skring
theory research, and has motivated models of
QCD, superconductors, cold atoms, fermi
liquids, ..



The AAS/CFT Corres[zaov\c{emae

The motivation for the correspondence begins
with Black Hole Thermodynamics,

Black holes radiate wikth a &empera&ure Ehak
c{epencis on bthe black hole mass. The relakion
bebweenn mass and &empera&ur@. debermines an
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The AAS/CFT Corres[zmv\c{ev\ce

The motivation for the correspondence begins
with Black Hole Thermodynamics,

Black holes radiate wikth a &empera&ure Ehak
c{&pev\ds on bthe black hole mass. The relakion
bebweenn mass and &empera&ure debermines an

QM&T’OP?? 2 Ak//f;l HGO;,&OM area
— 4Af

Em&rcv[zaj is usually an exktensive qu&s«&i&jt Lk
grows with Volume, With gr&viﬁv, the mwaxinaum
entropy of a system grows with Area!



The AAS/CFT Corres[zaov\c{emae

it is as f a nongravitational theory contains
the same information as a theory with gravity
in one additional dimension. «—“holography”

('t Hooft, Susskind)
Could a weakly-coupled theory with gravity
describe strogly-coupled QCD at low energies
(in the resonance region)?

To explore this possibility we will first explore
what the ALS/CFT aorrespom&emae really means.
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N
5

D3 branes
7\ e 3 spc&mt
| dimensions
Dirichlek
(sktrings end here)

Massless spectrum of
open strings attached to
D3-branes h Type 1IB
String Theory i3
described by’ N=4 SUSY
SU(N) Yang-Mills theory

@ N— oo with fixed larqge
Qs N: A

Closed skrings describe
Tvge 113 SUGKA in a
bdekground with near-

horizon geome&rv
AdS{g h. & 55



Anki-dA
e ®
Sitter Space ( '

e

S

t2
1+t%—x2
1—$2
2—x2
3—x2_
e T

2 + dt3
2 —
Foye 2



Anki-de . Sikter SE?-QC?. . (.ACiSs)

ds? = di? + dt} — dX? — dX3 — dX2 — dX}
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Anti-de Sitter Spc

o
X P
e

t9+t5 — X2 — X2 - X2 - X?2=R?
ds? = dt? + dt3 — dX? — dX3 — dX2 — dX;

sz:Xéz X4:%(22_R2+X2_t2)

- (@2 —da? — da? =da? — dz?)



X "

Anti-de Sitter Space (AdS,)

t9+t5 — X2 — X2 - X2 - X?2=R?
ds? = dt? + dt3 — dX? — dX3 — dX2 — dX;

R Xy =L (22— R?+x%—#2)

Ly — R

ds? = & (di? — da? — da? — dxd — d2?)

2z

=250 covers half of the spacetime



Hints of a Conformal Theory

t9 +t5 — x5 — x5 — x5 — 14 = R?

ds? = dt2 + dt2 — dX? — dX2 — dX2 — dX?



Hinks of a Comﬁfor_mat T k@_g’rv |
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Hints of a Conformal Theory

t9 +t5 — x4 — x5 — x5 — 15 = R?

ds? = dt? + dt5 — dX? — dX2 — dX3 — dXZ

Isometries of AdS,: SOZ,)

SO(2,4) is also the group of conformal
symmetry transformations in 4D

(Poincare symmetry, dilations, Uaversions)



The AAS/CFT m&mmarj

ds? = & (di? — da? — da? — dad — d2?)

.-::0: bou,sr\darv of the spaae&ime

Grauge

Graviﬁj

Opem&or

Field

Scaling dimension of operator

Mass of field

Source for operator

non-normalizable background
F?rofile. for field near A4S
boundary

Grenerating functional for
connected correlation functions

Action with background profiles
for fields near ALS bc:»u,v\c'\carv




Adding Flavor to AAS/CFT
(Karch, Kakz)

Strings from N D3-
branes to D7-branes
are fundamentals

under SU(N)

With N¢ D7-branes, f
SU(N )gauqe fields couple
to the flavor current.

The spectrum of those gauge
fields corresponds to the
spectrum of vector mesons.



Confinement and AAS/CFT

There is o mass gap in a conformal
theory., To mimic QCD we need to break
the conformal invariance and qenerate a
mMass gap.

Oine way to do this s ko inkroduce a hard
wall ko the geame&rv

(Polchinski-Strassler).

= f—; (dt? — dxf — dz3 — dzj — d2?)

2 € (€,21R)




Particles in Exkra Dimensions

Suppose every Fro&on had the same
momentum P 1 Q flabk extra dimension -
like a certavn mode of a particle in a box

F’ = pid v



Particles in Exkra Dimensions

Suppose every Fro&on had the same
momentum P 1 Q flabk extra dimension -
like a certavn mode of a particle in a box

F’ = pid v

X looks Lilke a mass

from the 3+1 dim'l
F@.rs?e«c&va



Kaluza-Klein Modes

Examyte

Vector field in slice of sD
Minkowski space 2 € {0,L}

1
e 1 /d4a:* dz (F,; et s )
ne{0,1,2, 3}

Flao =gy \ il
Foo— oA T e



Kaluza-Klein Modes

Examyte

Vector field in slice of sD
Minkowski space 2 € {0,L}

AEOM:  8,(8MA” — 8V A*) + 8,(8°A” — 8 A*) = 0

ALEOM:  0,(0MA% — 97A") =0
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Kaluza-Klein Modes

Examyte

Vector field in slice of sD
Minkowski space 2 € {0,L}

A EOM:;

A, =0 gauqe, choose 0,4" =0



Kaluza-Klein Modes

Examyte

Vector field in slice of sD
Minkowski space 2 € {0,L}

0% AV
=)
0z?

A EOM: 0,,0F A”



Kaluza-Klein Modes

Examyi.e

Vector field in slice of sD
Minkowski space 2 € {0,L}
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Kaluza-Klein Modes

Examyi.e

Vector field in slice of sD
Minkowski space 2 € {0,L}

0% AV
=)
0z?

SQF&?&%&OM O“f Variables: AY(z,z) = AY(z)y(2)
3, OF A By =" A%
Y'(2) = —¢" P(2)

A EOM: 0,,0F A”




Kaluza-Klein Modes

Examyi.@.

Vector field in slice of sD
Minkowski space 2 € {0,L}

L mass® of 4D field AY (z)
_q2 AI/ (5[7)
—q" ¥(2)

0, 0" A (x)
P"(2)

Baumdarv tomd&mms on ¥(z) dekermine
eigenvalues of ¢



Kaluza-Klein Modes

Example
Vector field in slice of sD
Minkowski space 2 € {0,L}
0, 0FAY () = —q? A Fl;(0) — (L) —0
PE =" (28 \ ' (0

Yn(2) = cos(nmz/L)

TL27T2

g2 = &«— Kaluza-Klein wasses
n LQ

R




Kaluza-Klein Modes in ALS

£ xan PL@.

Vector field in slice of sD
AciS SF’&&Q 2 = {6, Z[R}

ds? = & (dt? — da? — da? — dz? — d2?)

: e
S = = /d4x dz/9FunFag g tg" "

,\ deberminant ’\ thhverse
of metric of metric
1

R
o /d4$ dz = FynFapn™4n™ P
2



Kaluza-Klein Modes in AdS

$1(2) Example _
Vector field in ALS




Kaluza-Klein Modes in AdS

Vector field in AdS




Kaluza-Klein Modes in ALS

b1 (2) EX&MFLQ
Vector field in ALS

Exercise 1: Write ¥(z) = 2"Y(2) , choose p so that
the equ&&iom for U(2) becomes Bessel’s egn.



Kaluza-Klein Modes in AdS

1 (2) ExamFoL@_
Vector field in ALS




Kaluza-Klein Modes in ALS

b1 (2) EX&MPLQ 2y
Vector field in ALS

Exercise 2: Show that as ¢ —» 0 the eigenvalues
SQEES{:v J()(ng]R) =415



AQS/CFT: o
Kaluza-Klein Modes «—» Bound Skakes

ALS/CFT:
Current «—> Vector field

Kaluza-Klein modes of vector field are rho
mesons, and eigenvalues of g2 determine
rho meson masses!




Statement of the AAS/CFT

Corres Ponc{emcte
<€"?fd4zv p(= )i Mkl (r)

T

source for generating functional for
OF@_,»Q&Q.T- O connecked correlators

AdS/CF:T: SBD [¢(QZ, Z)]gb(a:,e)rvp(a:) e W[,O(QZ’)]



Statement of the AAS/CFT
Correspondence

<€z’fd4x Au(az)J“(:U)> — eiW[Au(x)]

1

source for &SQ“Q"“&‘*V\S functional for
currenk 3 comnnected correlators

AQS/CFT: Ssp [A,(z, WA,z A dle) = [Au(z)]



Vector Current Correlators

We need the 5D action on a solubion bto khe

EO0M that approaches the (transverse) source
V(x) at the AdS boundary,

£D action vanishes on solution to EOM excep&
for a bouvxd&rv term:

1 1
bh /d4az (;V;(x,z)ﬁz‘/“a(x,zﬂ

2g2

Z=€



Veckor Current Correlakbors

Fourler transform in 3+1 dim's:

S / o Gva(x,z)aZVW(x,z))

292 oA

Z—=¢€

1 d*q (8 ey £
e 29%/(27‘(‘)4 (;V,u (_QVZ)azv (Q7Z)>Z€



Veckor Current Correlakbors

Fourier transform in 3+1 dim'’s:

S / o Gv;(x,z)aZVW(x,z))

29% z

Z—=¢€

1 d*q (8 ey £
e 29&/(27‘_)4 (;V,u (_QVZ)azv (Q7Z)>Z€

“Buli«f‘*%owboumda\rv
Write Vi(q,2)=V(q,2)V(q) propagator”

Vig,e) =1



Veckor Current Correlakbors

5=~y [ Lyt (30.V(02))

< =€

Vector currenb-current correlator:

[ et (2@ 0 = 8 (0 ~ ) T (—
Lt 5
" 543(—q) 4L (g

e i (1@‘/((1,7&))“

2 \x

S

ALS/CFT —>




Vector Current Correlakors

where




Veckor Current Correlakbors

Can expand solutions at large -g?:

1
HV(_QQ) pe s 292 lﬂ(—q2) S
5)

Omemtoop perﬁurba&ve QCD calculakion:




Quark-Hadron ﬁuat&&v

Can expand in resonances (Kaluza-Klein modes)

Buiw‘%a*@ouhdarj Pro pago&or
0, (—5’ZV(q,z)> =0 |

; Vig,e) =1 0.V ( >

Dirichlet Green funckion: = &8~

;: 1
0> (_8ZG(Q7 2 Zl)) " q_G(q7 < Z/) e 5(’2 o Z/) ;'

G(g,€ 2 {

/ o
ol Z) ‘ZZI R O -

TORLEIY




Quark-Hadron ﬁuat&&v

Can expand in resonances (Kaluza-Klein modes)

Buiw‘%a*@ouhdarj ?ropaga&or

0, (—5’ZV(q,z)> =0 |

1 / q2 : :
82 —8ZG(Q7 Ly & ) 7+ _G(Q7 Ly < ) VI 5(2 skl ) i

P
& o

G(q,€, 2

i,



Quark-Hadron ﬁu&ti&v

Consider the itntegral

IR
[E/ dzV(q, z)
= V{(q, Z/)

8215’2 +
L f

Integrate by parts twice:

f / dz Glgiz, 2)

1
Vg ) ;azG(%

2,2

9 -

q° ,
Z_G(q,z,Z)

a7

8226’2 + — | Vg, 2)

Z—
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IR
[E/ dzV(q, z)
= V{(q, Zl)

g
020l =
0

Integrate by parts twice:

f / dz Glgiz, 2)

1
+Velig ] gé’zG(q,
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Quark-Hadron ﬁu&i&&v

Consider the itntegral

IR
[E/ dzV(q, z)
= V{(q, Z/)

82132 +
L f

Inteqrate bv parts twice:

f / dz Glgiz, 2)

9 -

5

Z—

Glag, 202




Quark-Hadron ﬁu&i&&v

We have derived a relakion bebween bhe bulle-to-
bow\dary propaga&or and khe Dirichlet Green
function:

The Green function can then be expanded in
Fhe Kaluza-Klein modes discussed earlier:

Glan, ¢) =0




Quark-Hadron ﬁu&ti&v

We can now evaluate the expression for the

currenb-current correlator derived earlier as a

sum over "rtho mesons”:

[Ty (—¢%) = 12 G@V(q,Z)>Z:€

g5 q

i (Vr(€)/e)”

ga— Lot

2

/n/ n

+ conbtact bterm



Quark-Hadron ﬁu&t&&v

~-Rho c&e&av
/ constanks
> ¥
()= 2 t@ — il

n




Quark-Hadron ﬁu&t&&v

~-Rho c&e&av
/ constanks
> ¥
()= 2 t@ — il

n

o)~ 5 AT




Quark-Hadron ﬁu&i&&v

Rho c&eaav
/ conskanks




In the deep Euclidean regime —g° > mﬁ, perturbative QCD gives

[ dtx T 200I200) = (a0 — ) 87 5, og(a?)

We can express the correlator as a sum over resonances:

: / dx e (J2(x) JE(0)) = 5

q2_

Agreement of these expressions in the deep Euclidean regime is a
Weinberg sum rule.

S R A SRR XS
PTVOILS oh v PR } =

nal 8‘:"" em maSS L
. o i \
Y e e D v \-~ - ’\
BITRN L L R0 o SV T ot
NI 3 oo

\
\
S v
AT

resfonarfég




Vector Mesons in AAS/CFET

(Kruczenski,Mateos,Myers,Winters)

The large number of D3-
branes warp the spacetime.

The D7-branes minimize
Eheir volume Ua Ehak
spa&e&imeﬂ

Grauqge fields propagate in
the induced geomebry on

the D7-branes, and K
modes are mesons,



What aboubk chiral symmelry?

QCD wikh massless quarks has an enhanced
svmme&r:ﬁ

Lqop = Z Gip 7" (10 — 9AL) GiL + Gy (10, — gAL) 4iR]

1=—1.d

& 1_,75 o 1—|"75
Qi 5 q dr = 5 q




What aboubt chiral Sjmmeﬁrv?

QCD wikh massless quarks has an enhanced
svmme&rj

Lqop = Z @i Y" (10, — 9AL) Gin + QY (10, — gAL) dir)

1=—1.d

& 1_,75 o 1—|"75
qiie 5 q dr = 5 q

Chiral symmetlry: L SUING) generators

09 T 0% T
e T QRtsge Gl 4R

QI el



What aboubk chiral symmelry?

Quark masses explicitly brealke bhe chiral
svmme&ry FOT NMow Fore&end quark masses
wWere equ&t.

Lo =m(qrqr + 9t
Under chiral svmmeérvz

L., —m (QLe_w%TG erT" gp + h.c.)

Isospin is still preserved: 07 = 05



What aboubk chiral symmelry?

The up and dowh quark masses (few MeV)
are small compared to the confining scale

(few hundred MeV).

SU(R) chiral symmetry is a pretty good
symmekry for the up and down quarks.



What aboubk chiral symmelry?

The up and dowh quark masses (few MeV)
are small compared to the confining scale

(few hundred MeV).

SU(R) chiral symmetry is a pretty good
symmetry for the up ‘and down quarks.

However, the chiral svmm&rv LS
spontaneously brokeein b3 chiral condensakes.

(@rqr) # 0



Chiral Fermions in AAS/CFT
(Sakai,Sugimoto)

D4-branes wra peci o Q
circle with ankwperiodic
boundary conditions for
fermions —» breaks
SUSY (Wikken)




Chiral Fermions in AAS/CFT
(Sakai,Sugimoto)

D4-branes wra peci o Q
circle with ankwperiodic
boundary conditions for
fermions —» breaks
SUSY (Wikken)

N¢ D¥-branes and D¥-branes
inkersect D4-branes

D4-D¥ strings cowntain
massless chiral fermions



Chiral Svmme&rj Breaking

(Sakai,Sugimoto)

D4-branes warp the geomelry,
D¥-branes minimize their
volume, connect with D¥-
brawnes.

The SU(N{IXSU(N() chiral s mmetry is
broken to the diagonal SU(Ng)

The spectrum of vector fields on the
D¥-branes describes vector and
axial-vector mesons, and pilons,



Bottom-Up AAS/QCD

@ Model tower of resonances as Kaluza-Klein modes in an extra
dimension (Son,Stephanov’'04)

@ Model pattern of chiral symmetry breaking by analogy with AdS/CFT
correspondence

e Optional: Specify details of model (geometry of extra dimension,
couplings) by matching to UV as best possible

(e.g. Brodsky,De Teramond; JE et al.; Da Rold,Pomarol)

AdS




Predictions of Various
AdS/QCD Models

Observable Model A Model B Measured

(0s = 0q) (s # aq)
(MeV) (MeV) (MeV)

92.4
495.7
113+ 1.4

1230 £ 40
433 £13
1272 £ 7

Abdidin and Carlson ‘09



Predictions of Various
AdS/QCD Models

Pion Form Factor

0.6

0.4

0.2

0

0

from Kwee and Lebed, arXiv:0807.4565
Solid black and blue curves: Hard wall model
Dotted red and green curves: Soft wall model

See also Gr&goryav\,f&advuskwm ‘o



Predictions of Various
AdS/QCD Models

G — Gravitational Form Factors and

2mbp”,, soft —-—-- ]

2nbsy soft == | Generalized Parton Distributions

From Abidin and Carlson,
arXiv:0801.3839

Top: p' and charge densities of
S Helicity-0 rho mesons in hard and
2rp'y bard | soft wall models

2nbp”, , soft —-—--
2nbp, , soft - —--— |

Bottom: Same for Helicity-1 rho
mesons

2bp, (fm™)

See also Lyubovitskij, Vega, ..




Predictions of Various
AdS/QCD Models

Can determine meson radii from behavior of form factors near g°> = 0.

Hard wall model:
(r2) charge = 0.33 fm?

(r2) gray = 0.13 fm?

<r3>charge = 0.53 fm2

(r?)grav = 0.21 fm?

(rZ ) charge = 0.39 fm?

(ri}grav = 0.15 fm?

H. Grigoryan and A. Radyushkin; Z. Abidin and C. Carlson '07,’08




Dualities Lecture 2 Summary

The AAS/CFT tarréspm\d@.y\ce relates theories
i different numbers of spatial dimensions.

Higher-dimensional models which confine
with chiral svmmeﬁrv breaking allow for
calculation of hadronic observables, often
with surprising quantitative success,



