early microscopes the World's most powerful microscopes

Part ITI

inward bound: "femto-spectroscopy”

QCD initial state, partons, DIS, factorization,
renormalization group, hadron-hadron collisions



partons in the initial state: the DIS process

start with the simplest process: deep-inelastic scattering

"(1-y)k”

K q (Q?=-¢)

Xp

P

H\

proton

relevant kinematics:

Q? p-q
I = Yy =
2p - q p-k

Q° = zys

- Q% photon virtuality < resolution r~1/Q
at which the proton is probed

* x: long. momentum fraction of
struck parton in the proton

* y: momentum fraction lost by
electron in the proton rest frame



partons in the initial state: the DIS process

start with the simplest process: deep-inelastic scattering

relevant kinematics:

nn\ﬂ '*\x-
et Q7 p-q
= r — Yy =

k Q«ONHID«C |ME.Q p-k

- Q% photon virtuality < resolution r~1/Q
at which the proton is probed

Xp .
* x: long. momentum fraction of

struck parton in the proton

. P
s

proton

* y: momentum fraction lost by
electron in the proton rest frame

"deep-inelastic": Q2> 1 GeV/? resolution: 7 2 x 10~ 1°m
"scaling limit": Q2—o0, x fixed| | F~1/Q @ Q[GeV]




a typical DIS event

Q? = 25030 GeV?3, y =0.56; x=0.50

- proton

]
Z

. H1 Run 122145 Event 69506
: Date 19/09/1995



analysis of DIS: 15t steps

electroweak theory tells us how the virtual vector boson (here ") couples:
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S s 2|k @ /
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leptonic hadronic tensor
tensor contains information

spin S from QED about hadronic structure



analysis of DIS: 15t steps

electroweak theory tells us how the virtual vector boson (here ") couples:

: , 402 d3k' 1
mf_,‘u_z S K &Q. — - &N\\:\A%f q, .f.u S\.EN\A@Q q. ,Wv
—~ s 2|k|Q /
@ /
leptonic hadronic tensor
. tensor contains information
spin S from QED about hadronic structure

parity & Lorentz inv., hermiticity Ww=Ww~, current conservation q Wi=0 dictate:

| : 5 q q
WHY(P.q.S) = — d'z 1% (P, S| J,(2) J,(0)|P,S)
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analysis of DIS: 15t steps

electroweak theory tells us how the virtual vector boson (here ") couples:

spin's | 4a \w\,\ 1 LV v
w % do = Ab\; (k,q, .J.VS\E\A%,P,mv
~__ S M_#\_ Q £
n /
leptonic hadronic tensor
. tensor contains information
spin S from QED about hadronic structure

parity & Lorentz inv., hermiticity Ww=Ww~, current conservation q Wi=0 dictate:

’ — ; ; > ¢ ) o q q
W Pg,S) = = d*z &%% (P, S| Ju.(2) J..(0) | P, S) T
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analysis of DIS: 15t steps

electroweak theory tells us how the virtual vector boson (here ") couples:

spin s ‘ 4o \w\,\ 1 - LV Y
r_u r &Q. — A,N\ A%._,Qu .f.ud\a\.»:\Aﬁ,Qv.MV
>y s 2|k Q .
n /
leptonic hadronic tensor
. tensor contains information
spin S from QED about hadronic structure

parity & Lorentz inv., hermiticity Ww=Ww~, current conservation q Wi=0 dictate:

N E8 5 _ . (Y > ' . \ Bl q
W Pg,S) = = d*z &%% (P, S| Ju.(2) J..(0) | P, S)
P P
. ( :\ %\‘- .~4 . *v ¥ : \rv ad .ﬂ‘.‘- ..”oﬂ
— — .Q\: , 99 \ { ; )i Pb. : \Qt P \Q \_‘ . «fv( ¥
A\ I * * 00. A\ 2 \\ tooot "00~
unpol. structure fcts. Fi ,
< ..\\- -....loﬁ ~ A \‘v «\ v 5 *VQ A N q\ w ..f‘\ ", ...loﬁ
+ it M VP, | i r, (%) H+ ; . :gola. (Q°
PP ¢ (P-q® =

pol. structure fcts. g, , - measure W(P,q,S) - W(P.q,-S) !



DIS in the naive parton model

\/?

P

: proton



DIS in the naive parton model

let's do a quick calculation: consider electron-quark scattering *

find M M| = 2ege =2

)
7
./Q

k'

{/m_o

P

: proton



DIS in the naive parton model \

K’
let's do a quick calculation: consider electron-quark scattering * 24
&2 2 \ \
ST u with the usual )* m P p

find M M|? = 2eZe” > - - . :
t Mandelstam's ¢ (k — k)2 proton




DIS in the naive parton model \

k'
let's d ick calculation: consider electron-quark scattering ¥ 4
ets 0 a qUICK calculaTion. consider eiectron-quark scarrering >
\&p

a2 A2 ‘L \ 2
ST u with the usual 5 = (K + pg)

find M M|? = 2eZe” > - - . :
t Mandelstam's ¢ (k — k)2 proton

u = (pq k')?

)

next: express by usual DIS variables

Q2 ) -
r = 2 y = £ = Cw = TYSs
2p - q p-k



DIS in the naive parton model

let's do a quick calculation: consider electron-quark scattering

— a2 ~ 2 ) o "

find m .__/\:w = M@M@& U >_ “ ~ with theusual 5 = (k 4 Pq)
t2 Mandelstam's ¢ (k — K')?
i = (pq — kK')?

next: express by usual DIS variables

CM P-q 2
€Tr = = () = rus 1
"= YT ok Y ry find

)
|

EQ?/(xy) =¢s

Aww - ON

ua=s(y—1)

=+
|



DIS in the naive parton model \

k'
let's do a quick calculation: consider electron-quark scattering * 24
— &2 N2 - L \ 2 \
find M M|? = 2e2¢ STEUT withtheusual S = (K4 pg) Py
t2 Mandelstam's ¢ () k’)2 ~proton
: ua=I(p k')?
next: express by usual DIS variables ok
Q° P-qa 2 §=£6Q%/(xy) =¢s
T = y = Q° = zys find . 2 2
2p - q p-k t=q°=—-Q

-~

ua=s(y—1)
and use the massless 2->2 cross section

do 1 ‘
. M|?
dt 16782 M




DIS in the naive parton model

let's do a quick calculation: consider electron-quark scattering

2 +a? |, = (k+ pg)? \Ep

find M /\: ma L with the cmc_o_ w (K _ i p
t Mandelstam's ¢ _ () K')2 —
i = (pq k')?

next: express by usual DIS variables

CM P-q 2
€Tr = = () = rus 1
"= YT ok Y ry find

wm
|

EQ?/(xy) =¢s
: 2

ua=s(y—1)

o™
o

and use the massless 2->2 cross section

do | 1

. 9 9
V|2 do 2T e”
dt 16782

to obtain = = A1+ (1-y)?




DIS in the naive parton model \n

let's do a quick calculation: consider electron-quark scattering * 29
N oW R . .
find M M|? = Nmuma " U piththeusuad 8 = (k+ pg)” \ &P
HN >>QSQN_M._.Dg.m m o .—A o —h\ﬂvw ﬂ—v—.OmOD

next: express by usual DIS variables
CM p-q 5 S = MON_ Xy)=¢S

T = y = Q< = xys . . . .
~ >p Yy bk Y, ry find P— o = Q2

and use the massless 2->2 cross section

do 1
dt 16782

)

M|? to obtain 02 - Od 41+ (1-y)?

next: use on-mass shell constraint
tmw = (Pq q)? = q* 1 2pq -9 = =2p-q(x—=¢§)=0
this implies that € is equal to Bjorken x



DIS in the naive parton model

let's do a quick calculation: consider electron-quark scattering

>N ~2 _ .
find M M|? ma T UT with theusual 8 = (K + pg)”

u

t2 Mandelstam's ¢ (k — k)2

= (pq — K')?

—_
-t

next: express by usual DIS variables

CM P-q 2
€Tr = = () = rus 1
"= YT ok Y ry find

£Q?%/(xy) =¢&s
y 2

ua=s(y—1)

e~ U
|
o

and use the massless 2->2 cross section

do 1 ‘ 1o 2rale?

‘ M2 . C - q 1 o\2
dt 16782 fo obtain dQ2 Q4 1+ (1-y)7

next: use on-mass shell constraint
tmw = (Pq q)? = q* 4 2pq -9 = -2p-qx—¢&)=0
this implies that € is equal to Bjorken x
. do 4ma? ol o
to obtain dxdQZ ~ Qd 1+(1-y) _mOaix - &)



DIS in the naive parton model cont’d

€

compare our result

do ._.»\.,.:u._ 1 _c_h 25 3
— = +(1—-y)?¥ze25(x — €
dxdQ? Q4 . :

to what one obtains with the hadronic tensor (on the quark level)

d2o dra® 1401 21 (x) E.i__m, ) — 25F (%)
dxdQ? Q4 LT Y IELX) - (F2(x) — 2xF;(x))




compare our result

do Ao’ g 1+ (1 ): _ 2,5 £)
dxdQz = Q4 | Y9 %alX

to what one obtains with the hadronic tensor (on the quark level)

do dmo 1+ (1 - y)%|F;(x) E\.i__m (x) — 2xF;(x))
dxdQ? Q* 1x x U2 ke
_ _ 2 S(w ¢ Callan Gross relation
and read of f Fa = 2xFy X€q 0(x — &) reflects spin 1/2 nature of quarks




DIS in the naive parton model cont’d

€

%..
compare our result
do ._.»\.,.:u._ 1 _-c_h 25 3
— = + (1 —y)°|—ed(x — &) -
dxdQ? Q4 ¢ _ 2 a’ proton
to what one obtains with the hadronic tensor (on the quark level)
d?o Adr o | Y . (1—-y) . 5 N
—_— = — [T+ (1 - ¥)5|F1(x) + ——(F2(x) — 2xF;(x))
dxdQ? Q4 . X
- w2 S Callan Gross relation
and read off Fa = 2xF; = xeg0(x —¢) reflects spin 1/2 nature of quarks

proton structure functions then obtained by weighting the quark str. fct.
with the parton distribution functions (probability to find a quark with momentum €)

;/
Fo = 2xF, = MU \ dé q(&) xmw_ d(x — &)
,J O
q.q

DIS measures the charged-weighted
M om x q(x) sum of quarks and antiquarks

a.q9’ “scaling” - no dependence on scale Q



space-time picture of DIS

this can be best understood in a reference frame
where the proton moves very fast and Q>>m, is big

(recall light-cone kinematics from part IT)

4

4-vector hadron rest frame | Breit frame N
-+ - o 1 — 1 ,Q ;;:.m -

Aw» s P ,E\\,v MA:ST:CTOV /\|MAﬂ Q ,0)
(ataar)| =26 | —=(-Q,Q,6)

aTam, @) | JsCm i 0) | 5(-Q.Q.



space-time picture of DIS

this can be best understood in a reference frame

where the proton moves very fast and Q>>m, is big

(recall light-cone kinematics from part IT)

4-vector hadron rest frame | Breit frame
. 1 - m;:w
val_luwv qux\..v MA.-~.\~J.:::OV /\|M — Q\ .Ov
t g dr) | —scma 26 | 5=(-Q.Q.0)
(¢, q7,dr) V2 .:._.,‘E_?s.. V2 Y
L —
Lorentz boost
in general (at,a",d@r) — (¥aT, e “a™,dr

here: ev = Q/(xm,)

j



space-time picture of DIS — cont’d

simple estimate for typical time-scale of interactions
among the partons inside a fast-moving hadron:

_ 1
rest frame: DH+ ~ Ar ~ —
m
-

1Q Q

Breit frame: Azt ~ =2 = —= large
mm m
1m 1

Ar ~ ——= — smdll

mQ@ Q

of partons

world-lines



space-time picture of DIS — cont’d

simple estimate for typical time-scale of interactions

among the partons inside a fast-moving hadron: ;_I
4+ _ 1
rest frame: Az ~ Ax~ ~ —
m
X~ Xt
1Q Q
Breit frame: Az ~ —X = —5 large
mm  m
1m 1
Ar~ ~ ——=— smadll
me  Q

interactions between
partons are spread out
inside a fast moving hadron

world-lines
of partons




space-time picture of DIS — cont’d

simple estimate for typical time-scale of interactions

among the partons inside a fast-moving hadron: ‘_I
4+ _ 1
rest frame: Az ~ Ax ~ —
m
X~ X+
10 Q
Breit frame: Az ~ —X = —5 large
mm  m
1m 1
Ar~ ~ ——=— smadll
meQ  Q

interactions between
partons are spread out
inside a fast moving hadron

world-lines
of partons

How does this compare with the time-scale of the hard scattering?



foundation of naive Parton Model /"™

Bjorken, Paschos

Breit frame: struck quark
proton moves very fast and Q>>m, is big on-shell

2

1 Q) ams

(o, 0", 5r) = —=(=,—2,0) (¢",q7,dr) = HL;Q.C.S /; v\
247 i T V2 \ /

m_u++n+nOA|vm.nX



foundation of naive Parton Model  [*"m"

Bjorken, Paschos

Breit frame: struck quark

proton moves very fast and Q>>m, is big - on-shell
1 2, zm? - skl 1 -
tp7,5r) = —=(=,—2,0) (¢%,q7,d1) = =(-Q,Q,0
LRy e (¢".q7.qr) /_.__.MA 2,Q.0)

space-time picture:




foundation of naive Parton Model  [*"m"

Bjorken, Paschos

Breit frame: struck quark

proton moves very fast and Q>>m, is big ~ on-shell
1 2, zm? - skl 1 -
t.p7,9r) = —=(=, 1t *.47,dr) = =(-Q,Q,0
LRy e (¢".q7.qr) /_.__.MA 2,Q.0)
space-time picture: interactions of PrrarE0eEsx
X=  \ . W + partons Q__awa

1 £t



foundation of naive Parton Model  [*"m"

Bjorken, Paschos

Breit frame: struck quark

proton moves very fast and Q>>m, is big - on-shell
] rm?2 .. e i | 5
T PT) = —— ; r. + ar) = —(—-0. Q).
LRy e (¢".q7.qr) /_.__.MA 2,Q.0)
space-time picture: interactions of PrgE0egEx
= o + partons Q__ﬁma
AX+ = Q/m

| ...,I. :
.4

1 ‘ -

interaction localized
to within Ax" = 1/Q

N




foundation of naive Parton Model  [*"m"

Bjorken, Paschos

Breit frame: struck quark

proton moves very fast and Q>>m, is big on-shell
] rm?2 .. e i | 5
+ 07, Pr) = ,—h +.¢7,dr) = —=(-Q,Q,0
(705 Pr) = (= 0 0) (¢",q7.4q7) /_____NA 2,Q.0)
mvnnml.—-mam vmn.—-:ﬂ-mu interactions O.ﬁ m_u+ * Q+ =0« N =X
- 4 + | partons dilated
X \\ | struck quark X AX* = Q/m?2
A\ | kicked into
SO\ x” direction
\\ 1

) /
/.f _._...,
/.f _...

R/ JEe2 2 .
\\ 75(-@.Q.0)

interaction localized
to within Ax" = 1/Q

N




foundation of naive Parton Model  [*"m"

Bjorken, Paschos

Breit frame: struck quark

proton moves very fast and Q>>m, is big on-shell
) 1 ,Q xm? e 1 -
T o~ o) = —=(-<, h G +.~ qr) = —=(—-Q,Q,0
(»™.p",PT) (_____wf_ 0 ) (¢7,9,4r) /\_._MA 2,Q.0)
mvnnml.—-mam vmn.—-:ﬂ-wu interactions O.ﬁ m_u+ * Q+ =0« N =X
= 4+ | partons dilated
A \\ | struck quark X Ax+ = Q/m?
“ A\ | kicked into
N\ x° o_:.mnjo: /

N\ \ upshot:
* partons are free during
the hard interaction
A Q,Q,0)

* lepton scatters of f free
partons incoherently

interaction localized - convenient to introduce
to within Ax" = 1/Q momentum fractions

/ AN T — sﬂ..\..\t.f o




sum rules and isospin

for the quark distributions in a proton there are several sum rules to obey

momentum sum rule
quarks share proton momentum

flavor sum rules
conservation of quantum numbers




sum rules and isospin

for the quark distributions in a proton there are several sum rules to obey

momentum sum rule
quarks share proton momentum

flavor sum rules
conservation of quantum numbers

isospin symmetry relates a neutron to a proton (just u and d interchanged)

Fl(z)==x W&:E + w::?v =1 mmw?v + W@wﬁav

* measuring both allows to determine uP and dP separately
* hote: CC DIS couples to weak charges and separates quarks and antiquarks




momentum sum rule in the naive parton model

- Uy 0.267

1 d. o.111
\ RHMUH.@Q&A&V =1 us 0.066
0 i ds 0.053
. 0.033

c. 0.016

total 0.546

half of the momentum is missing

0.6
__ Q? =10 GeV?
05 1 CTEQEDfit

0.4
03 | \ Q< C(
)
o1f \%
Sg N u
o om 1 S 'ﬁ ——

quarks: xq(x)
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02 04 06 08
X




momentum sum rule in the naive parton model

\ﬁaaMUabiﬁav =1
0 i

Uy

0.267

d,

o1

Uy

0.066

ds

0.053

Ss

0.033

Ce

0.016

total

0.546

half of the momentum is missing

gluons !
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05

04

03}

02}

0.1}

0

quarks: xq(x)

T

__ Q? =10 GeV?
| CTEQ6Dfit |
dy Uy
\ds
Cgo, 8

0

02 04 06 08
X




momentum sum rule in the naive parton model

- Uy

0.267

o1l

0.066

\uaaMUabgﬁavHH u.
0 i

d.

0.053

Ss

0.033

Ce

0.016

total

AU . w 46

half of the momentum is missing

gluons !

but they don't carry electric/weak charge

how can they couple?

06

05

04

03

02}

0.1}

quarks: xq(x)

Q° =10 GeV*
CTEQS6D fit 1
dy Uy
dg
Sa )
om w L CMJ- A —
02 04 0868 08



momentum sum rule in the naive parton model

\H&aMuabcﬁev =1
0 i

Uy

0.267

d,

o1l

Us

0.066

d.

0.053

S

0.033

Ce

0016

total

A.V m.v 46

half of the momentum is missing

gluons !

but they don't carry electric/weak charge

how can they couple?

06

05

04

03

02}

quarks: xq(x)
Q? =10 GeV?
CTEQS6D fit
dy Uy
dg
Ss Ug

-> we need to discuss QCD radiative corrections to the ndive picture



momentum sum rule in the naive parton model

Uy

0.267

d,

o1l

Us

0.066

‘\_&HMabﬁsAHv =1
0 i

d.

0.053

S

0.033

Ce

0016

total

0.546

half of the momentum is missing

gluons !

but they don't carry electric/weak charge

how can they couple?

06

05

04

03

0.2

quarks: xq(x)
Q’ =10 GeV?
CTEQ6Dfit |
dy Uy
ds
Ss Ug

-> we need to discuss QCD radiative corrections to the ndive picture

gluons will enter the game and everything will become scale dependent




Naive parton model vs. experiment

HERA F,

*632E-S ve0.000002
x=0.000161
x=0.000253

I‘; -log,(x)

=3 ZEUS NLO QCD fit
Y,
/  x=0.0004 H1 PDF 2000 fit

find strong scaling violations

H1 (prel.) 9990
s ZEUS 9697

» BCDMS

"~
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Naive parton model vs. experiment

HERA F,

i x=6.32E-5 x=0.000102
x=0.000161
x=0.000252

&

E=3 ZEUS NLO QCD fir

H1 PDF 2000 fit

* H1 9400

s ZEUS 9697

BCDAMNIS

find strong scaling violations

significant rise at small x
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Naive parton model vs. experiment

HERA F,

E=3 ZEUS NLO QCD fit
H1 PDF 2000 fit

* H1 9400
& HIl (pre
s ZEUS 9697

BCDMIS

find strong scaling violations

significant rise at small x

— decrease at high x




Naive parton model vs. experiment

find strong scaling violations

significant rise at small x

\ approximate scaling only

around x = 0.15

— decrease at high x

HERA F,
z L 6325 120.000102 .
= x=0.000161 E=3 ZEUS NLO QCD fir
L x=0.000253
. H1 PDF 2000 fit
L]
- S o H1 94.00
s HIl (pre
® ZEUS 9697
BCDMS
4
3
2
gty gty al g § g x=0.08
1 . 1
s 3
T L} I = l x=0.4
e comg O‘,"'<I|v.u¢.am
0 s aasannl a s aasaul aaaaaaaal aa saaanal szl
2 ] 4 g
1 10 10 10 10 10

> QY (GeV?)



DIS in the QCD improved parton model

we got a long way (parton model) without invoking QCD \\|v’

now we have to study QCD dynamics in DIS
- this leads to similar problems already encountered in e*e



DIS in the QCD improved parton model

we got a long way (parton model) without invoking QCD \\|v’

now we have to study QCD dynamics in DIS
- this leads to similar problems already encountered in e*e

let's try to compute the O(c,) QCD corrections to the naive picture

7
AN
e
(9

ag corrections to the LO process photon-gluon fusion



DIS in the QCD improved parton model

we got a long way (parton model) without invoking QCD \\|I

now we have to study QCD dynamics in DIS
- this leads to similar problems already encountered in e*e

let's try to compute the O(c,) QCD corrections to the naive picture

o

4 Q
N

ag corrections to the LO process photon-gluon fusion

caveat: have to expect divergencies (recall 2" part)
related to soft/collinear emission or from loops

we cannot calculate with infinities — introduce a "regulator”
and remove it in the end



general structure of the O(o,) corrections

using small (artificial) quark/gluon masses as regulator we obtain:

me.w (]
— = F

dxdQ? ' F> 2

( 2

— ﬁw.ﬁ &AH — ~v |_l il AA.\:v NVQQA v_D N .QA v
T :~.e
M)

d<o ~g

dxdQ? ' F>
2
e Mﬁwﬁ O.TWI.,.WMWnN QQA V_JMwlluTm.eA v *HH

T
k 47 ::



general structure of the O(o,) corrections

using small (artificial) quark/gluon masses as regulator we obtain:

d?5 ~q
—_— = F
dxdQ? ' F> “

2 LO Qs C:v ﬁww 4
= €3z |6(1 —x) + —— | Fyq(z) In = + C5(=)
47 :~.e
M)
d<o ~g

dxdQ? ' F>
pr— ) LT mww v{
e w «."M;_.. O l_l ~||~ CN v QQA v _3 y + ﬁ \A v *H

C
J 4 n2 q



general structure of the O(o,) corrections

using small (artificial) quark/gluon masses as regulator we obtain:

d?5 Y
drdQ2'F> — 2
2 L0 as(pr) .e
— ﬂ.wQ._ﬁ «JAH — ~v + hv J\QANJV
yan
large logarithms
(collinear emission)
d?G ~g
= F-
dzdQ2'F> 2
WO - 1 avs(ir) G ( | ﬂ
— N\ ﬂ.‘Q.N. O I_I. IIM@A.' NUQQA~ ﬁMAk v ,.....,,,.



general structure of the O(o,) corrections

using small (artificial) quark/gluon masses as regulator we obtain:

d25
dxdQ? ' F>

large logarithms finite
(collinear emission)  coefficients

«NM«\W | 0
= F-
dxdQ? ' F> =
s B GR T .



general structure of the O(o,) corrections
using small (artificial) quark/gluon masses as regulator we obtain:

d2G

— i
= F3

drdQ) ) LO Al
= egx 0(l —z)+ ——= e Pyq()
vy

large logarithms finite
(collinear emission)  coefficients

d?G ~g

= F-

dzdQ2'F> 2
g |0+ i Pyg(x %

to see what happens to the logs we have to convolute our results with the PDFs

N
S~



factorization of collinear singularities

for the quark part we obtain: -

Fo(z, Q%)

- P as [ld€
3N a_w,.?.:?v.*. \ =

fa,0(z))|

-

M\\lp . <
2 : .
= it Q q

s In == + C4

a=q.,q

similarly for
the gluonic part
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f. o(x): unmeasurable "bare” (= infinite) parton densities;
need to be re-defined (= renormalized) to make them physical

at order 0.+ (can be generalized to all orders)
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factorization of collinear singularities

for the quark part we obtain: -
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factorization of collinear singularities

for the quark part we obtain: -
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from ~

f. o(x): unmeasurable "bare” (= infinite) parton densities;
need to be re-defined (= renormalized) to make them physical

at order 0.+ (can be generalized to all orders)
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absorbs all long-distance singularities
at a factorization scale y into f_,

physical/renormalized densities: not calculable in pQCD but universal
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general structure of a factorized cross section
putting everything tfogether, keeping only terms up to o

the physical structure fct. is independent of
(this will lead to the concept of renormalization group egs.)

both, pdf's and the short-dist. coefficient depend on .
(choice of ug: shifting terms between long- and short-distance parts)
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yet another scale: u, short-distance "Wilson ¢oefficient”
due to the renormalization
of ultraviolet divergencies choice of the factorization scheme

this result is readily extended to hadron-hadron collisions



lesson: theorists are not afraid of infinities
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universal PDFs — Key to predictive power of pQCD

once PDFs are extracted from one set of experiments, e.g. DIS, we can
use them to predict cross sections in, say, hadron-hadron collisions

parton densities are universal
— there must be a process-independent precise definition
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O(a,) corrections in DIS are absorbed into PDFs
(nice for DIS but a bit awkward for other processes)
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once PDFs are extracted from one set of experiments, e.g. DIS, we can
use them to predict cross sections in, say, hadron-hadron collisions

parton densities are universal
— there must be a process-independent precise definition

small print: we need to specify a common factorization scheme for
short- and long-distance physics (= choice of z; in our result for F,)

standard choice: modified minimal subtraction (MS) scheme
(closely linked to dim. regularization; used in all PDF fits)

less often used: DIS scheme = "maximal” subtraction where all

O(a,) corrections in DIS are absorbed into PDFs
(nice for DIS but a bit awkward for other processes)

Bardeen, Buras,
classic (but old-fashioned) definition of PDFs through their Duke, Muta

Mellin moments in Wilson-Zimmermann's operator product expansion (OPE)



PDFs as bi-local Q@@Hﬁﬂcﬂm Curci, Furmanski,

Petronzio; Collins, Soper

. . . . see, e.g., D. Soper,
more physical formulation in Bjorken-x space: hep-lat/9609018

matrix elements of bi-local operators on the light-cone

for quarks: (similar for gluons: easy to include spin y*— v*ys)
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PDFs as bi-local Q@@HNHQH@ Curci, Furmanski,

Petronzio; Collins, Soper
. L ) see, e.g., D. Soper,
more physical formulation in Bjorken-x space: hep-lat/9609018

matrix elements of bi-local operators on the light-cone

for quarks: (similar for gluons: easy to include spin y*— v*ys)

1 rdy™ _iepty,—, —- =
fal6onp) =5 [ S T BIVa(0,57, 00 F V(O by

/ N |
Fourier transform recreates quark  annihilates
— momentum § p* at x'=0 and x=y~ quark at x:=0

n

» in general we need a "gauge link" for a gauge invariant definition:

y 4 e
F =Pexp|—ig \o dz— A (0,27,0)T¢

crucial role for a special class of “transverse-momentum dep. PDFs”  /
describing phenomena with transverse polarization ("Sivers function”, ..)

* interpretation as humber operator only in "A*= O gauge”

- turn into local operators (— lattice QCD) if taking moments [,! dE &"
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suppose we could take a snapshot of a nucleon with positive helicity

Qcmm._.mo:" how many constituents

(quark, anti-quarks, gluons) have momenta
between xP and (x+dx)P and how many
have the same/opposite helicity?



pictorial representation of PDF's

suppose we could take a shapshot of a nucleon with positive helicity
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— LHC phenomenology, etc.
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between xP and (x+dx)P and how many
have the same/opposite helicity?
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pictorial representation of PDF's

suppose we could take a shapshot of a nucleon with positive helicity

R question: how many constituents
«0co0 . (quark, anti-quarks, gluons) have momenta
P > > q q g
3 between xP and (x+dx)P and how many
= have the same/opposite helicity?
- helicity
qx)=/ o, A=
p : l- - " P “l. i P zP - = p zP
= | vx o O “/ e | _: St 7
g(x) = . , N 5 DQAXV_.W o 7 ) )
Pt g Pt oS PE e Pt g
= =1X| + = =X > x| = ey | 7
unpolarized PDFs helicity-dep. PDFs

— LHC phenomenology, etc. — spin of the nucleon
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towards renormalization group equations

so far: infinities related to long-time/distance physics (soft/collinear emissions)

these singularities cancel for infrared safe observables
or can be systematically removed (factorization) by “hiding" them
in some non-perturbative parton or fragmentation functions

but: class of ultraviolet infinities related to the smallest time scales/distances:

we can insert perturbative corrections

to vertices and propagators ("loops")

loop momenta can be very large (zinfinite)
leading to virtual fluctuations on very
short time scales/distances

again, we need a suitable regulator for
divergent loop integrations:

' OX
UV cut-off vs. dim. regularization | \ n ¢ [ 4 {q

intuitive; involved;
not beyond NLO works to all orders
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the importance of scales

factorization and renormalization play similar roles
at opposite ends of the energy range of pQCD

a few TeV O(1 GeV)

range of interest

10 GeV x > MeV
(Planck scale) (Nuclear scale)
10%° fm few fm
. M Mf, My D OA>DGUV
scales: (huge) (large/hard) (soft/confinement)
< > < >

renormalization group equations (RGE) relate physics at diff. scales

UV renormalization
hides our ignorance of

ag(u,.), m(u,), .

physics at huge scales in

IR/collinear factorization
hides non-perturbative QCD
at confinement scale in

.ﬁoﬁx\t*v\ D.ﬁDAX\Tﬁy UQIAN;?L\
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RGE: the swiss army knife of pQCD

we use o, (and f_, D_") to absorb UV (IR) divergencies
— we cannot predict their values within pQCD

however, a key prediction of pQCD is their scale variation

the physical idea behind this is beautiful & simple:

both scale parameters u; and u. are not infrinsic to QCD
— a measurable cross section do must be independent of u. and

do do

— 0 w=mmp renormalization

f du dfsy f ~ din K, f group equations

all we need is a reference measurement at some scale u,



scale evolution of o, and parton densities

simplest example of RGE: running coupling o derived from -

. recall das

4
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do
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scale evolution of o, and parton densities

: . : do
simplest example of RGE: running coupling o, derived from T 0
lag g
— 1N0Q__ %M‘ — M —_ w — [ b —_ m A T — ‘\..H
part I 1 1.2 Boas — ra; — Pra; — B3a; + as = An
scale dependence of PDFs: more complicated
. Ny “ ‘ e M E— - - Bl - @
simplified example Fy(z,Q%) = q(z, ug) @ Fo(z, )
F, for one quark flavor I f
physical quark pdf  hard cross section

..H
versatile tool: Mellin moments | f(n) = \ dzz" 1 f(2)
JO

turns nasty convolution ® into ordinary product

N\

\oH doa™1 | \_,_ ¥ £ )0 A _ -

|Jz Yy \Y/ |
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simplest example of DGLAP evolution

Dokshitzer; Gribov, Lipatov; Altarelli, Parisi

1F5(z, Q2
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N\Z T M
now we can compute : W_AL @) =0
din g
- Q
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f f / splitting
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1F5(z, Q2
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simplest example of DGLAP evolution

Dokshitzer; Gribov, Lipatov; Altarelli, Parisi

1F5(x, Q2
now we can compute dF(z, Q") =0
dlIn K f
” Q
dg(n, pus) - Q dE>(n, =)
D fn ) 4 ) =0
g d d splitting
function
dIn Fy(n ::av &_BQAS pr) o
— - = 29(7)
dlnpr dlnpr T o7
DGLAP evolution equation
so\WVe )

q(n,pr) = q(n, po) €Xp

s 7
%gq(n) In ~L
27 IO

disclaimer:

kept a s constant for simplicity

— once we know the PDFs at a scale u, we can predict them at u > yu,
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factorization — evolution — resummation

physical interpretation of the evolution egs.:

RGE resums collinear emissions to all orders

- to see this expand the solution in o % Rﬁ%ﬂﬁaﬁ

t\
n)ln
27 EA v 10

Xg

2
expl. . _IT_, S?::E+ +.

- the splitting functions P, i(n) or P;(x) multiplying the log's
are universal and no_nc_o_u_m in UOGU order by order in a,

* the physical meaning of the splitting functions is easy:

P.j(x) : probability that a parton j splits collinearly
into a parton i (and something) carrying a
momentum fraction x

SN A

(1-x)
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0. Cr dE d6?
T E 62

Oh+g = Oh

and rewrite in ferms of new variable k;

2
D,mﬁ.ﬁ dz Q»~ E=(1-2z)p

12 »w where we have used kr — Bsing ~ Ef




factorization recap: final-state vs initial-state

recall what we learned for final-state radiation N ,

. Cr dE db?
T E 62

Oh+g = Oh

and rewrite in ferms of new variable k;

2
Dmﬁ.ﬁ dz D.»n E=(1—-2z)p

where we have used o
T 1—2z »w ko = Esinf ~ Ef

KLN: if we avoid distinguishing quark and collinear quark-gluon final-states
(like for jets) divergencies cancel against virtual corrections

p p asCr dz dk?

(o] = — ~
h 0 i a
p i +V h le»m




factorization recap: initial-state peculiarities

initial-state radiation: crucial difference - hard scattering happens after splitting
momentum / s’
gets modified

asCrp dz Q»w
T 1—2z k?

p

0g+h(P) = on(zp)
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initial-state radiation: crucial difference - hard scattering happens after splitting
momentum / s’
gets modified

asCr dz Q»w
T 1—2z k?

p

0g+h(P) = on(zp)

but for the virtual piece the momentum is unchanged

p p asCeg dz Q»m

MC&M\V Oh ovin(p) = —oh(p)— 1 — 2 K2
~ /" — t




factorization recap: initial-state peculiarities

initial-state radiation: crucial difference - hard scattering happens after splitting
momentum / s’
gets modified

asCr dz Q»w
T 1—2z k?

p

0g+h(P) = on(zp)

(1-z)p !

but for the virtual piece the momentum is unchanged

p p asCeg dz Q»m

mc.vﬂv Oh ovin(p) = —oh(p)— 1 — 2 K2
~ /" - t

hence, the sum receives two contributions with different momenta

asCr [ dk? dz /N

I 21—z [on(zp) — on(p)]

Og+h T OV4h =

disclaimer: we assume that k; << Q (large) to ignore other fransverse momenta



factorization recap: initial-state peculiarities

initial-state radiation: crucial difference - hard scattering happens after splitting
momentum / s’
gets modified

asCrp dz Q_»w
T 1—2z k?

og+h(p) > on(zp)

(1-z)p !

but for the virtual piece the momentum is unchanged

p p asCeg dz Q»w

Mgvm\v Oh ovin(p) = —oh(p)— 1 — 2 K2
~ /" - t

hence, the sum receives two contributions with different momenta

leads to uncanceled
(e m.;T. Q\AW dz collinear singularity

T 21—z [on(zp) — on(p)]

Og+h T OV4h =

disclaimer: we assume that k; << Q (large) to ignore other fransverse momenta



factorization revisited: collinear singularity

osCr (9 dk?
Og4+h +OV4h =™ h\ \HINT:ANE on(p)]

{

_:::;m finite
* z=1: soft divergence cancels (KLN) as o, (zp) — on(p) — 0
* arbitrary z: on(zp) — on(p) # 0 but zintegration is finite

« but k; integration always diverges (at lower limit)



factorization revisited: collinear singularity

a.Cr [ dk?
Og+h + OVih ™ — n\ \le?iwnv an(p)]

{

::"_:;m finite
* z=1: soft divergence cancels (KLN) as o, (zp) — on(p) — 0
* arbitrary z: on(zp) — on(p) # 0 but zintegration is finite

« but k; integration always diverges (at lower limit)

reflects collinear singularity
cross sections with incoming partons not collinear safe



factorization revisited: collinear singularity

aCe [Q dk?
Og+h + OV4h 2 — i \ \. 1 NT:ANE — an(p)]
{

_:::;m finite
* z=1: soft divergence cancels (KLN) as o, (zp) — on(p) — 0
* arbitrary z: on(zp) — on(p) # 0 but zintegration is finite

« but k; integration always diverges (at lower limit)

reflects collinear singularity
cross sections with incoming partons not collinear safe

factorization = collinear “cut-off” \
« absorb divergent small k;region in non-perturbative PDFs . e .

asCr [@ %w dx dz "
o1 =~ m\ \ [on(zxp) — an(xp)] q(x, 1°)

| R4

~

::_8 (large) finite




anatomy of splitting functions

splitting functions may receive two kinds of contributions:
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anatomy of splitting functions

splitting functions may receive two kinds of contributions:

x is fixed by
hard scattering

NW

real emission virtual emission
“something happens” “nothing happens”

. M . , M -_ .

QALN_..N, 2_..H A.ﬁc& :.J.H

\A me “]f \ dzPgq(2) \A\_\vl \ QNIETVQAH.t_mV
dIn p 27 Jx 2 2T JO

-




anatomy of splitting functions

splitting functions may receive two kinds of contributions:

x is fixed by
hard scattering

NW

real emission virtual emission
“something happens” “nothing happens”

dq(x, u? Qs [ ( g F
lq(x, v“.\.plm g VNA \ vl \ dzPyq(2)q(z, i v

&_Dtm 27 Ja 27 .

combine !

g v g E 2 »2
;QA;.,\N v“ f:\ E7 \:A vQA \(.T v V\QA)v = AFV :

( oy N
dIn p? 27 2 i

N A v

.3, )



anatomy of splitting functions

splitting functions may receive two kinds of contributions:

x is fixed by
hard scattering

NW

real emission virtual emission
“something happens” “nothing happens”

dq(x, p? as 1 al |
e v” i \ dzPgq(2 VNA \ vl \ dz SQA\”VQAH.?MV

dIn p? 27 Ja 27 JO

combine !

e S o T e 2%
LQA.Tt vl. Y \ 3 \:A VQA \a;: v VEA)V — (7 AFV+

— ¢ z) = UL
dIn p? 27 2 i

A o

q? q
.H : ﬂ . .
involves “plus distribution” \o dz [g(2)]4 f(2) = \o dz g(z) [f(z) — f(1)]

condition: f(z) sufficiently smooth for z— 1



properties of LO splitting functions

in general, quarks and gluons can split into quarks and gluons -> 4 functions

" | 1+2z2 3 | |-z
PO — p _ onl =2 4£25(1 -2 W

qq qq ¢ (1 - 2z) T+w; ) > y
NUAOV |NUHOV |M1 A)N H -

20 =Fag =Tr (2" +( - 2))

0 _ pO) _~ 1+(1- 2)”
P = Py = Cp——

_ | 1 -2 | . ,

Py =2C4 |2 — ) t—— 1 2(1 —2)+bpo(1—2) m

in higher orders more complicated, as P, # 0 arise

qj



properties of LO splitting functions

in general, quarks and gluons can split into quarks and gluons -> 4 functions

soft gluon divergence (z=1)
\ regulated by plus distribution

1+2z% 3 |-z
PO — P — Cpl ———— +26(1 -2 m

qq 99 I (1-12), w; ) 1 .

- | |

P{) = Py’ =Tr (2*+ (1 -2)) *

0) _ p(0) _ ~ H._.:lu.uw
w% IwE = CF ,
PO =90, |2 F _ F 2(1 —2)+bod(l —2

gg — “YA |~ 1— T + 2( 2) + oo ( 2)

/ soft gluon divergence (z=1)

regulated by plus distribution

in higher orders more complicated, as P, # 0 arise

qj



properties of LO splitting functions

in general, quarks and gluons can split into quarks and gluons -> 4 functions

soft gluon divergence (z=1)
\ regulated by plus distribution

s G 1+2z% 3 |-z
PY) — h_.u: = Cp| ———— +-=90(1 -2 m
qq 99 I (1-2), w; ) 1 ,

(0)

&m,“ﬁé Hm?.w.fﬁlu_: \

symmeftric under
5 z->(1-2)

- 1 + : — uv except virtuals
NU_D_ _ NU_F]: _ m.ﬁ
99 99 2
\uiﬁ.|¢ﬁi N F L|H+)AH|)V*® V.AH[)V
g9 — “HA T\ 1, 2 ART A TR

/ soft gluon divergence (z=1)

regulated by plus distribution

in higher orders more complicated, as P, # 0 arise

qj



reaching for precision

PL(x) = Cr(2pe(x)+38(1 —x
= : |
.U-“.f._....._ = 0
ko./.m.. X) = 2MyPeglX
.Un.n.._ x) = 2Crpp(X)
- LR Y
%) ~ I —— u .
mvu"_,._ - «‘A._.wn‘..._. =o(1 — X q ‘w.._..?_ X)
) » l} J

LO: 1973



reaching for precision

S(x) = Cr(2pg(x)+35(1-x)) PR (x) = 4C,G; P&:T« €+|=° +:oo_¢.§& .~,~—n,+wm 10 :ob_
By(x) = 0 +ﬂ::5+m: :—|+|_£|u£_ .un,_nz\ hﬂﬁs_o lmo_ IZ -X)
”H”E = 2npu() +8(1 |:_m+wt_v+,5-A.u38_=z-u:o +Hy -Nmz.w-,_;ﬁ,f&-z
POx) = 2G ppix) : , -Eo_-:-i_-wm._-E-:t?.?%L.”__w-wf@c

PE(x) = DTP.QT.WS :v 3 8(1-x) 3 c

S (x) = P (x) +16C+ (G — ) (P Lc_ﬁ +2H - zg_ -2(1-x)

LO: 1973 %

%k.?. = ..h.wa\Awwnm..lu+Ql.umo+au—.ww. IW_ +.”~+i—wmo..nmo.o:

201 )
Pg'(x) = .R...a\Aﬁwng+d»u..ucT:m Zn-herv:-;a._l n%

+4(1 L.;m: u.moi:,_ ~45x — 6Ho o +9Ho ) +4Cen, ( ﬁ.:., _m_ o+Hyy +H
uﬂ_+a1—mo+moo+ v_ +2(1 uc—mofmoougu +|._ - |moo||mov

PO(x) = BnAmt?Q;? b+m,.u+:~-lz__ Ln:?l_ +40 =2

37
THo +2Ho ~ 2Hyx+ ( T:T:S SHo+ |~ 22m xH.10) 3\iw~

-?S_wm.- ov +4G; n...ETm_-.::_+:L._E°--+-=o_ ~3Hpp
+1 mo qz;

.o__.S..,.n.i_ X %nai _m.ﬁ ?) w:.:mo mm: X)) +4¢3(27
H1+nY mozzg-l_t?.-:_? M 1p-G) -5 (3-2) - 12H,

H“H,
Curci, Furmanski, Petronzio: 3% Ho + 2a(0)[ T - o + Hao + 2o 4 2] + (1 :T&z_ ) +4Cpny (280

Floratos et al., ... +35+3 ~ 12+(1+3)[4 - SHo - 2Hag] - 581 -
o NLO: 1980



P;; @ NNLO: a landmark calculation

10000 diagrams, 10° integrals, 10 man years, and several CPU years later:
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DGLAP evolution in full glory

taking quarks and gluons together: coupled integro-differential equations

\ /

A»ero\ «4 L
d QAH, :v — \.H dz \\NE \\NE QA ~.\t. v
dIn pu g(x, p) Jr Z qu...ee ﬁ.@ (z,08) g(z/z), 1)

best solved in Mellin moment space: set of ordinary differential egs.;
no closed solution in exp. form beyond LO (commutators of P matrices!)

e “wos

09 0.0

Increase Q7

phe,)
l.G

Increase QF

“

Q°
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DGLAP evolution in full glory

taking quarks and gluons together: coupled integro-differential equations

d q(x, 1) _ \.H dz \\NE wu..:.e [ q(x/z, 1)
A:Dt QAH,?v r 2 \\U_..QQ \NU.QQ (z,05) .QA_..N..,\MV,t_v

best solved in Mellin moment space: set of ordinary differential egs.:
no closed solution in exp. form beyond LO (commutators of P matrices!)

main effect/prediction of evolution: 1 .:.IO ef 0o

&

00 —>0., >'°.8¢

\
\Q, > Q,
\

5 0
Increase Q7 Increase QF -

partons loose energy by evolution!

* large x depletion F
* small x increase

N




DGLAP evolution in full glory

taking quarks and gluons together: coupled integro-differential equations

~d (q(z,p) — \.H dz \N,E qu,e.e [ 9(z/z,p)
dinp \9(z, 1) r z \Pgq Pgg (2,0 9(x/z), 1)
& . Am e A

best solved in Mellin moment space: set of ordinary differential egs.:
no closed solution in exp. form beyond LO (commutators of P matrices!)

. o 4. . . 5
main effect/prediction of evolution: :;JO w....P 00 % >
. . (4] Iv o ©
partons loose energy by evolution! : 09 a0/ .\ lao

* large x depletion F,
* small x increase

exactly as observed in experiment
huge success of pQCD




DGLAP evolution at work: toy example

; Xq(x, omv xg(x,Q?)
x@Ax Omv
o5 | Xq + xqbar _
2 P Q2 =12.0GeV? -
15 | .
05 | .
O ) N N \ -
0.01 0.1
X

taken from G. Salam

ﬁ..r..O ﬁrJ Oo i .m-..,.,..._

increase O~ . 7 increase Q?

start of f from just quarks, no gluons

* quarks reduced at large x

* gluons rise quickly at small x
(which, btw, also generates sea quarks)



DGLAP evolution at work: toy example

x£x Dmv Xg(X, Dwv

3
x@Ax Omv
25 L Xq + xgbar
2 Q2 = 15.0 GeV?
15 F
N /
05 +
0 - - e e ,
0.01 0.1
X

taken from G. Salam

ﬂrr..O H:A Oo i .m-,.,.,....

" increase ON increase Q?

start of f from just quarks, no gluons

* quarks reduced at large x

* gluons rise quickly at small x
(which, btw, also generates sea quarks)



DGLAP evolution at work: toy example

.rrr..O fJA O@

. xq(x,Q%), xg(x,Q°%)
Xg(X, va
o5 L X{ + xgbar 1
2 N Q?=27.0 GeV? -
15 | .
1r / |
05 | \
0 -f#-l/-l,/-u R — //[
0.01 0.1
X

taken from G. Salam

increase ON 7 increase Q1 N T

start of f from just quarks, no gluons

* quarks reduced at large x

* gluons rise quickly at small x
(which, btw, also generates sea quarks)



DGLAP evolution at work: toy example

. xq(x,Q°), xg(x.Q)
x@oﬂ Omv
o5 | Xq + xqbar
2 I\ Q” = 46.0 GeV”
165+
1+ ///
0.5 4
0 e
0.01 0.1
X

taken from G. Salam

fo
e.lvo

" increase Q0

) — (0

=~ increase Q1

fJA 00\ i PN

09|

start of f from just quarks, no gluons

* quarks reduced at large x

* gluons rise quickly at small x
(which, btw, also generates sea quarks)



DGLAP evolution at work: toy example

; xq(x,Q°), xg(x,Q°)
xg(xQ?)
25 | Xq + xqgbar
2 PN Q? =90.0 GeV?
1t N
05 |
o . . 1 1/!‘!!"1"' _ //
0.01 0.1
X

taken from G. Salam

.rrr..O fJA 0o\ i @-
00 0.0 2.8

" increase Q1 = increase Q?

start of f from just quarks, no gluons

* quarks reduced at large x

* gluons rise quickly at small x
(which, btw, also generates sea quarks)



1.6 ZEUS |
NMC ——
1.2 Q%2=12.0 GeV?
0.8 - < -
0.4 e S
x
%.,
X/
o ! ] S
0.001 0.01 0.1
X

DGLAP evolution seen in DIS data

= ?owv

Ll LR UL | |l ] T rrEa

DGLAP (CTEQ6D)

taken from G. Salam

* use one of the global fits
of PDFs to data by CTEQ

« steep rise of F, at small x
(due to gluon evolution)



1.6 ZEUS
1.2 Q2 = 15.0 GeV?
08 F .
04 ,.u.-x--xxu-xx
-
”/.ﬂ
0.001 0.01 0.1
X

DGLAP evolution seen in DIS data

Fb (x,Q2)

DGLAP (CTEQSD)

taken from G. Salam

* use one of the global fits
of PDFs to data by CTEQ

« steep rise of F, at small x
(due to gluon evolution)



Fb (x,Q%)
DGLAP (CTEQSD)
16+ ZEUS
NMC ——s——
1.2 Q% =27.0 GeV?
\
\¢
0.8 |
0.4 ey
*
*x
%
pY
N\
0.001 0.01 0.1
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DGLAP evolution seen in DIS data
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* use one of the global fits
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(due to gluon evolution)



DGLAP evolution seen in DIS data

* use one of the global fits
of PDFs to data by CTEQ

« steep rise of F, at small x
(due to gluon evolution)

major success of pQCD
and DGLAP evolution

Fb (x,Q7)
e 'DGLAP (CTEQ6D)

ol ZEUS ]
120\ Q? = 150.0 GeV?
08 | N\ |

//
,,//..
0.4 | .
/////
///
O s 2 2 s euasl £ o i 93340 .
0.001 0.01 0.1

taken from G. Salam
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factorization in hadron-hadron collisions

What happens when two hadrons collide ?

straightforward generalization of the concepts discussed so far:

Jets, hadrons,
heavy quarks, .

\r. .,.,.M.,.,_w_.._.
%\

Q

v
T —

do = Mu\&aiﬁ filwi, 1?) fi(xj, 1) dGi(as(ur), Q% 1%, x4, )
1)

non-perturbative __linked  hard scattering of
but universal PDFs by i two partons — pQCD




factorization at work

key assumption that a cross section factorizes into

* hard (perturbatively calculable) process-dep. partonic subprocesses

* non-perturbative but universal parton distribution functions

has great predictive power and can be challenged experimentally:

e*tq —>¢e* + jet

qx, Q2

|!|.,,

’ -

7

proton

Oep = Teq @ q

qg —> 2 jets

q;(xs, Q)

>

\\

g,(X,, Q2)

v -

L
v -
X

proton 1

proton 2

O pp—2 jets

= Oqg—2jets ¥ q1 D g2 + -+




factorization at work

key assumption that a cross section factorizes into

* hard (perturbatively calculable) process-dep. partonic subprocesses

* non-perturbative but universal parton distribution functions

has great predictive power and can be challenged experimentally:

etq -> e* + jet

qg -> 2 jets

J p b, o
q(x, Q2 q4(x4, Q2 gs(Xp, Q2)
proton proton 1 proton 2

Oep = Teq @ q O pp—2 jets

= Oqg—2 jets R RXg+--



factorization: so far a success story

CMS L =34pb’
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results now start to being used
in global fits to constrain PDFs

particularly sensitive to gluons
gge — g8 89— gq

two recent examples from the LHC:

1-jet and di-jet cross sections
many other final-states available
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proofs of factorization

* to prove the validity of factorization to all orders of pQCD
is a highly theoretical and technical matter

« serious proofs exist only for a limited number of processes
such as DIS and Drell-Yan Libby, Sterman; Ellis et al.; Amati et al.; Collins et al.;...

Pa

issues: factorization does not hold graph-by-graph;
oo saved by the interplay between graphs,
unitarity, causality, and gauge invariance

ST e

L TR

PB

- factorization good up to powers of hard scale Q: O(Agp/Q)"

faith in factorization rests on existing calculations and the
tremendous success of pQCD in explaining data

recall: the renormalizibility of a non-abelian gauge theory like QCD (5. )
was demonstrated by 't Hooft and Veltman V&D
1999
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» confined quarks, yet calculations based on free partons can
describe large classes of processes



now we have studied all relevant
concepts of perturbative QCD !

recap: salient features of pQCD

* strong interactions, yet perturbative methods are applicable

» confined quarks, yet calculations based on free partons can
describe large classes of processes

keys to resolve the apparent dilemma:

* asymptotic freedom
* infrared safety
* factorization theorems & renormalizibility



to take home from this
part of the lectures

= factorization = isolating and absorbing long-distance singularities
accompanying identified hadrons into parton densities
(initial state) and fragmentation fcts. (final state)

= factorization and renormalization introduce arbitrary scales
— powerful concept of renormalization group equations
— ag, PDFs, frag. fcts. depend on energy/resolution

= PDFs (and frag. fcts) have definitions as bilocal operators

= hard hadron-hadron interactions factorize as well: fofxdo

= strict proofs of factorization only for limited class of processes
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high-p; jet: factorization!
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pQCD: a tool for the most violent collisions

“soft stuff”: difficult!




pQCD: a tool for the most violent collisions

“soft stuff”: difficult!

“underlying event”: more than difficult



S Part TV

some applications & advanced topics

scales and theoretical uncertainties; Drell-Yan process
small-x physics; global QCD analysis; resummations



Start your f \
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with Precision

Calculations
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the Whys and Hows of
NLO Calculations & Beyond
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why go beyond LO (and even NLO)?

recall factorization theorem for hadronic processes:

. . 2N ¢ 2\ 3~ 2
do =) \ dx;dx; fi(x;, 1<) fi(xj, 1°) doij(as(pr), Q2, 112, z;, ;)

non-perturbative ¢ linked | hard scattering of
but universal PDFs by i two partons — pQCD

@® independence of physical do on u (and w.) has led us to powerful RGEs

caveat: we work with a perturbative series truncated at LO, NLO, NNLO, ...
— at any fixed order N there will be a residual scale dependence
in our theoretical prediction
—> since w is completely arbitrary this limits the precision of our results

: : L.
simplest example: : Y en(pr)al(pur) ~ O m:..,_/ +HC:.VV
e‘e” — hadrons dinpr =4 \1
applies in general also for u, uncertainty is formally of higher order

-> gets smaller if higher orders are known
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recall: at NLO we have Q./._{o?.mv — Oqg AH — Q DmC:«v v

o/ SN

result NLO coefficient all scale uncertainty
independent of scale  from strong coupling

suppose we want to choose a different scale Q - what do we need to do?

o AQMV coupling maa__ . . | o
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explicit example: scale dependence of e"e” --> jets

recall: at NLO we have /roA

IR) = 0qg5 (1 + ca as(pr))

o/ SN

result NLO coefficient all scale uncertainty
independent of scale  from strong coupling

suppose we want to choose a different scale Q - what do we need to do?

QmA@mV coupling small 2, 5.
recall: ag(p;. ~ as(QF) MT:: (Q7) In(p,/Q)
At )= 1+ 2bgars(Q?) In(per/ Q) mxvosa

: HR 2 3
plug back into aNO =045 |1 + a1 as(Q) — 2c1bo In 0. as(Q) + O (a7)
scale-dep. of g(e'e — hadrons) \
. — variation of scale

1.08 =t z_mw R introduces NNLO piece
¥ 106 ~ ]
3 TTeea
m 104 . . mIIJIIlllllln
m 1.02
o m LO is a pure el-mag process, no as , ho scales
2 o8 conyentional range P gp / S
. rmintbrice .
° 05 <x, <2
0.96 | _ ]
0.1 1 10

pp/Q



explicit example - cont’d

next calculate full NNLO result:

NNLO
o
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NNLO term starts to \
depend on the scale
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next calculate full NNLO result:

a

./../._.OA\&*NV p— QQQ _HH + 1 A,~wAt,va L ﬂNA\\vaJWAxsmNVQ

NNLO term starts to \
depend on the scale

in fact ¢, must (and will ) cancel the scale ambiguity found at NLO:

c(pr) = 2(Q) + 2c1bgIn :dm



explicit example - cont’d

next calculate full NNLO result:

a

./../.—.OA

IR) = 0qq T. + a1 as(pr) + ﬂwﬁ\\mvbwﬁtm:

NNLO term starts to \
depend on the scale

in fact ¢, must (and will 1) cancel the scale ambiguity found at NLO:

ca(pr) = 2(Q) + 2c1 by In t%

such that the residual scale dependence is now O(c_*)

Oee — hadrons loee - qQq

scale-dep. of g(e'e — hadrons)
1.1

vy

Q=M;
,_O@v Zro . -
106 ~ NNLO ===« |
1.04 n....-....u.u..n.?&n S A y
1.02 | | ]
1 | |
conyentional range
098 e
'05<x, <2
0.96 ! ' '
0.1 1 10

np/Q



explicit example - cont’d

next calculate full NNLO result:

./.ZPOA

o 1R) = 0q5 |1 + c1as(ur) + Qcivow?m:

NNLO term starts to \
depend on the scale

in fact ¢, must (and will 1) cancel the scale ambiguity found at NLO:

_ FR
n.wcsbv — GMAQV -+ Mn.u Oo In d. scale-dep. of o(e'e — hadrons)
1.1 SR S
Q=M; L0 —
domv zro . -
% 106 . NNLO ===- |
MN 1.04 nu......”UHWxiih S ALLLEEE ’
such that the residual scale dependence is now O(x_%) m 102 1
5 1 . .
m conventional range
© 098¢ -— .
'05<x, <2
0.96 . .
at all orders the scale dependence would disappear 0.1 i 10
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explicit example - cont’d

next calculate full NNLO result:

./../._.OA

o HR) = 0q5 [1 + c1os(ur) + c2(pr)az(1R) |

NNLO term starts to \
depend on the scale

in fact ¢, must (and will 1) cancel the scale ambiguity found at NLO:

scale “"ambiguity” is a blessing in disguise: hackons)
varying the renormalization [factorization] scale . [u,] is —
a way of guessing the uncalculated higher order contributionsp ---- -

T 106 F—_ e seee
“ IIIII
AR K e e e {
such that the residual scale dependence is now O(>) m 102
T . _
3 conventional range
© 0.98 | —
05<x,<2!
0.96 | | _
at all orders the scale dependence would disappear 0.1 N 10

II\O



example from hadronic collisions

take the “classic” Drell Yan process

* dominated by quarks in the initial-state

* at LO no colored particles in the final-state

* clean experimental signature

* at LO an electromagnetic process (low rate)

* one of the best studied processes (known to NNLO)

as “clean” as it can get at a hadron collider



uncertainties for the Drell Yan process — cont’d

at NLO:
LO piece

o |M \ dxda Fi(x, 12) (32, 12) [Bo.gs 2 (31, X2) 4
+ as(pRr)01.ij—sz(x1, X2, ptF)]

* no os at LO but prappears in PDFs
- o, enters at NLO and hence pj,

* NLO terms reduce dep. on pr



uncertainties for the Drell Yan process — cont’d

at NLO:
LO piece

QMMWVN — MU \ Q.XHQ.XN m.?&..iw@ @.AXN.?W.V —%O,QIVNAXH.XNV +
" + as(1r)01,ij—sz(X1, X2, tF )]

* no os at LO but prappears in PDFs

pp » (Zy")+X

- o, enters at NLO and hence p, wp- T T T

* NLO terms reduce dep. on pg m ool -

5 | “

- one often varies p-and p, fogether = | < H
-

(but that can underestimate uncertainties) T ~

ki “

s : .

o 20— Vs = 14 TeV -

[ K - zu )

M/2 £ pu = 2M )
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uncertainties for the Drell Yan process — cont’d

at NLO:

QwﬁwN = MU \ dxydxa fi(x1, i)
i

* no os at LO but prappears in PDFs
- o, enters at NLO and hence pj,
* NLO terms reduce dep. on pe

- one often varies pgand p, together
(but that can underestimate uncertainties)

* NLO corrections large but
scale dependence is reduced

d®c/dM/dY [pb/GeV]

LO piece

fi (x2, :wv [60,ij—z(x1,x2) +

+ as(1R)01,ij—z(X1, X2, pLF )]

pp = (Z7")+X

L L L T — T A Ll Al ~ L LJ LJ A} — T A Al L) ~ LJ

SO0 000000 -
X KN N O O )
QNN OO OO )
X I O

(OO0 0000000000000000000000000000000000
LN O O )
00.000000000000000004

— ,h._\ Vs = 14 TeV //r —

y- - x = :N R

i \ M/2 % ps2M /“

[ 1 L L L L — 1 1 1 1 L L 1 1 — 1 1 1 | —, L \
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uncertainties for the Drell Yan process — cont’d

at NLO:
LO piece

QWMWVN = MU \ Q.XHQ.XM \._.AXH.EWV @.AXN.?W-V —%O.QIVNAXH.XMV +
" + as(pRr)01,ij—s z(x1, X2, jtF )]

* no os at LO but prappears in PDFs

pp - (Z.7")+X

* o, enters at NLO and hence pj, of- 1 1 T T

* NLO terms reduce dep. on pg 5| NNLO
° "
- one often varies pgand y, together 2 ”
(but that can underestimate uncertainties) M ‘0 wo =
= 1
: d ]

* NLO corrections large but B

. - P (\ = —
scale dependence is reduced A Mo !
i M/2 5 us2M ]
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uncertainties for the Drell Yan process — cont’d

at NLO:
LO piece

QMMMVN = MU \, Q.XHQ.XN mAXH.EWV @.AXN.EWHV —%O.QIVNAXH.XMV +
" + as((r)01.ij—z(x1, X2, pF)]

* no os at LO but prappears in PDFs

pp ~ (Z7")+X

* o, enters at NLO and hence pj, of- 1 1 T T
* NLO terms reduce dep. on pg 5| NNLO

° "

- one often varies Yrand U, together & | “

(but that can underestimate uncertainties) W ‘0 w0 =

= - 1

: < ]

* NLO corrections large but D . ,

. o — Vs = —

scale dependence is reduced © % Mo !

i M/2 5 us2M ]

* even better at NNLO 1 SN S B B B

Y

perturbative accuracy of O(percent) achieved



changing scales in DGLAP evolution
estimate by 6. Salam: vary the scale of o, in the DGLAP kernel

Uncert. on gluon ev. from 2 to 100 GeV
0.5

0.4
0.3
0.2
0.1
0
-0.1
-0.2

-0.3 F Input: CTEQ61 at Q = 2 GeV
Evolution: HOPPET 1.1.1
uOb 2 2 aaaul 2 a2l s

0.0001 0.001 0.01 0.1 1
X

B LO evolution

* about 30% in LO

100 GeV)

uncertainty on g(x, Q




changing scales in DGLAP evolution

estimate by 6. Salam: vary the scale of o, in the DGLAP kernel

Uncert. on gluon ev. from 2 to 100 GeV

05 ——r—rrr———r————ry
0.4 . I | O evolution
03 w 0 NLO evolution « about 30% in LO

0.2
0.1
0
-0.1
-0.2

* down to about 5% in NLO

uncertainty on g(x, Q = 100 GeV)

-0.3 F Input: CTEQ61 at Q =2 GeV
Evolution: HOPPET 1.1.1

0.0001 0.001 0.01 0.1 1
X




changing scales in DGLAP evolution

estimate by 6. Salam: vary the scale of o, in the DGLAP kernel

uncertainty on g(x, Q = 100 GeV)

Uncert. on gluon ev. from 2 to 100 GeV

0.5 |
0.4

B O evolution
0 NLO evolution
0.3 I mmmmm NNLO evolution
0.2

0.1

-0.1
-0.2

-0.3 F Input: CTEQ61 at Q = 2 GeV
Evolution: HOPPET 1.1.1
|o.b o2 s aaaal L3 o3 aaanl P

0.0001  0.001 0.01 0.1
X

* about 30% in LO

* down to about 5% in NLO

* NNLO brings it down to 2%



changing scales in DGLAP evolution

estimate by 6. Salam: vary the scale of o, in the DGLAP kernel

Uncert. on gluon ev. from 2 to 100 GeV

~ . I LO evolution
o 04 e NLO evolut
O] I CYORNIOR A * about 30% in LO
g 03| mmmmm NNLO evolution
W 02
W 0.1 * down to about 5% in NLO
2 -0.1 * NNLO brings it down to 2%
.m -0.2 which is about the precision
€ -0.3 | input: CTEQ61 at Q=2 GeV of the HERA DIS data

04 | EvOUton HOPPET 111

0.0001 0.001  0.01 0.1 1

X



Anatomy of a
Global QCD Analysis
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how to determine PDF's from data?

parton cross section
calculable

PDFs universal

DIS hadron-hadron

hard scale Q hard scale pr

task: extract PDFs and their uncertainties (assume factorization)

" all processes tied together: universality of pdfs & Q? - evolution
" each reaction provides insights into different aspects and kinematics

" need at least NLO accuracy for quantitative analyses

" information on PDFs “hidden" inside complicated (multi-)convolutions



anatomy of global PDF analyses

obtain PDFs
through global x2 optimization

model ansatz for pdfs
with initial set of parameters

j=

evolve pdfs to relevant scale
with DGLAP

Y

calculate observable
and %2

> .|
X-minimum? -

all data points

adjust parameters

set of optimum parameters
for assumed functional form

computational challenge:
* up to O(20-30) parameters
e many sources of uncertainties

* very time-consuming NLO expressions



anatomy of global QCD analyses

obtain PDFs
through global x* optimization

model ansatz for pdfs
with initial set of parameters

j=

evolve pdfs to relevant scale
with DGLAP

Y

calculate observable
and 2

2 . .
X~ minimum? =
ye

all data points
adjust parameters

set of optimum parameters
for assumed functional form

“resolution scale” u



anatomy of global QCD analyses

5 _@M |mb GeV* M
f(/ dp _. ﬁvco
} ‘ ,mv%
PHIENIN &t _ e
T \%
s ‘. 00 H
.r,,../. i s obtain PDFs
REED: /././._U ‘ through global x> optimization

1 model ansatz for pdfs
M with initial set of parameters

0 bttt ettt Mt d
0 . ” E =
evolve pdfs to relevant scale
with DGLAP

Y

calculate observable
and 2

ol

2 A
X minimum =
ye

all data points

adjust parameters

set of optimum parameters
for assumed functional form

“resolution scale” u



anatomy of global QCD analyses

......... e \
. da’ . wad
.x.c _.ﬂt.,- |mb / Ge\ __.ﬁvco
% - N
| ON .
/ 1 %
:ff “ oee obtain PDFs
,././. 1 ‘ through global x2 optimization
o PRI . o

model ansatz for pdfs
with initial set of parameters

0 TSRS TGS SR G SO ume———~"
0 5 i 4 )
Py [GeV] ’ -

evolve pdfs to relevant scale

£ with DGLAP §
pry £
- =
S 4 =4
G calculate observable z
and %2 .
2 ininum?]
X~ minimum? -
Yoe

set of optimum parameters
for assumed functional form

“resolution scale” u

Q: hnz



anatomy of global QCD analyses

lllllllllllll Y - l‘ ‘ﬂ'f . v d LA 1‘
i ELS (mb/Gev?) | = gluon
I_ r:- ‘ ﬂv«o m\( “

% i % - .

P e - .

b NIX des 1 ..99 . .

| . & .

! % .

Y . —

. “ oec obtain PDFs g §

//;V 9 x 2 " n " m 9

R e through global x2 optimization r H

LI . o 0 ) .
' 1 b 02 04 06 0x

model ansatz for pdfs
with initial set of parameters

P VLN SR TS VSN WitV
0 5 \ 3 " *‘
P [GeV)

evolve pdfs to relevant scale

£ with DGLAP §
pry E
- =
3 * Z
G calculate observable z
and %2 .
Do
X~ minimum? -
Yoe

set of optimum parameters
for assumed functional form

“resolution scale” u

Q: hnnu



anatomy of global QCD analyses

aaaaaaaaaaaaaa Y ‘ \M.' R B ;
b’ _L_la.u |mb GeV* ‘“ w %——-O—.-n..
l_c dp 1 ﬁVco e 1
% o ~
/// ! % &
| e
My, “ oee obtain PDFs g
—HO0D Ny ) x\N& through global x2 optimization F
MOU.M&!O‘IJTL\TI!OLI&IO‘M Ul‘m O .M\.:
e ; model ansatz for pdfs
b - m with initial set of parameters
v . _ \_: [GeV]™" T
evolve pdfs to relevant scale

£ with DGLAP g

m calculate observable M

and 2 E

XN ::::::_.:..« =
set of optimum parameters
for assumed functional form , e
plus a prescription to .
estimate & propagate
"resolution scale” w uncertainties

Q: hzu



global analysis: computational challenge

* one has to deal with O(2800) data points from many processes and experiments
- need to determine O(20-30) parameters describing PDFs at u,

* NLO expressions often very complicated — computing time becomes excessive

—» develop sophisticated algorithms & techniques, e.g., based on Mellin moments
Kosower; Vogt. Vogelsang, MS



global analysis: computational challenge

* one has to deal with O(2800) data points from many processes and experiments
- need to determine O(20-30) parameters describing PDFs at u,

* NLO expressions often very complicated — computing time becomes excessive
—» develop sophisticated algorithms & techniques, e.g., based on Mellin moments
Kosower: Vogt; Vogelsang, MS

data sets & (x,Q?) coverage used in MSTW fit
Martin, Stirling, Thorne, Watt, arXiv:0901.0002

T Wl wem & m

ata set p & E .

— - ta se " - [ zEus

n_ Hm s nm o ECOMS jip Fa 103 o EED CDFDO Bechtve jon ned?
i R4 ’ BCDMS jud F 151 >

H1 low Q° 96-97 ¢+ p NC 80 NMC pp F 123 107 B3 o0 lachwuwe g

H1 —_-S—_ Ov. 08-99 ¢ P NC 1206 7-?.A, nd \.l.. —um 3 Tized Target Lxperzoeat:

H1 —.:h-... 0 09-00 e P NC 147 NMC pn/up 148 .v CCFR. NMC BCDALS

ZEUS SVX 95 " p NC 30 E665 up Fs 53 S.w

ZEUS 96-97 ¢" p NC 144 E665 ud Fa 53 : SRR

ZEUS 98-99 ¢ p NC 92 SLAC ep F» 37 L

o0 ep (€ 28 NMC/BCDMS/SLAC A | 31 n

£EUS 00-00 ¢7p (C - €866,/ Nudea pp DY | 184 :

H1/ZEUS ¢ | - E866/NuSea pd/pp DY 15 10 |
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DO Il pp incl T.,,. 110 CHORUS N xF 33 nﬂ

COF 11 pp incl. jets 76 CCFR N (X a6 [ —

COF | W — I asym 22 NuTeV N — pipeX 84 10 ._w \\H .

DOIIW lir asym 10 —eeeee ¥y
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which data sets determine which partons

Process Subprocess Partons T range
(x ipon} — (X v'q - q q9.9.9 r 2 0.01
FEnp—=*X vd/u— d/u d/u r 2 0,01
pp— ptpu~ X uit, dd — ~* q 0015 <035
p/pp— ptu~ X (ud)/(uit) — ~* d /i 00155 x5 0.35
() N — El_t+”_ X W' — c. q.q 001 < Sz A 0.5
vN—p p* X W's — ¢ s 001 <r<02
ON <ty X W*'s ¢ ~ 001 Sx 502
e*p— et X v'q— q g.9.q  0.000] ;m r <01
\+T 7 X wt id,s} — {u,c) d, s ~,.W:.:—
ep—e*ee X Y'e— ¢ 4'g— ¢E e.qg 00001 <2 <001
ep — jet + X Vg — qi g 0015 2 M: L
pp— jet + X 99,99.99 — 2 q.q 0015505
pp— (W* = 20X ud - Wiad - W  ud i,d r 2 :4:...
pp—(Z—= )X uudd— Z d r 2 0.05

Martin, Stirling, Thorne, Watt, arXiv:0901.0002

NLO fit, 68% C.L.

1 -qqu-:— rennn

—

Q% =10 GeV? -




which data sets determine which partons

Process ,J.___._._A...A...// Partons I range

Fipn} - =X Y'q— q q.9.9 r = 0.01

Fnfp—*X vd/u— d/u d/u r 2 0,01

p — utpu~ X uil, dd — ~* g 00155 5035 . °

M‘”TE. — ptp~ X (ud)/(uit) — +* d/i 00155 x5 0.35 Z—\O .ﬁ—.—ﬂ @m \O n._\.
viv) N t|:._+u_ X :..Q . .\. Q.Q V.01 \.U ‘ U 0.5 ).— N RILRRLLL LBLLRLLALL | LR LLLL | T rrrrrm
v N —=pp*t X W's — ¢ $ 001SxrS02 o 7 |
ON — u*u~ X W*'s - ¢ 3 001 <xr=<02 Qs |
e“p—et X Y'q—q 9.g.q 00001 Sz=01 X om =10 00<N .
e*p—i X Wt{d, s} — {u,c} ds r 2 0.01 T 1 B
€ 4% — e*ec X Y'e — ¢, 4'g — cC C.q 0000l S r S 0.01

e*p — jet + X Y'g — 4qg g 0015z < 0.1

pp—Jet + X 99,99.99 — 2J 9.9 00152305

mc.. ’ _.,:.h . \hfn. N ud—Wid —- W w.d. . d T wa 0.05

pp—(Z =YX uudd— Z d r 2 0.05

Martin, Stirling, Thorne, Watt, arXiv:0901.0002

* notice the huge gluon distribution
* quality of the fit:

* 2543/2699 NLO

2
x*/ #datapts. | 00 o808 LO

interplay of many data sets crucial
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what drives the growth of the gluon density

@’=106eV" observe that only 2 splitting fcts are singular at small x

2CF

Tm@@:alo ~ - ﬁ%@:alo ~

204
x

-> small x region dominated by gluons



what drives the growth of the gluon density

@’=106eV" observe that only 2 splitting fcts are singular at small x

2CF

Tm@@:alo ~ - ﬁ%@:alo ~

204
x

0.6
04

0.2

-> small x region dominated by gluons

0 L Ll - | - :..y., o T
10* 10

» write down "gluon-only” DGLAP equation  only valid for small x and large Q?

dg(z, pi?)  as \H dz 2C 4

dlogp?2 2w

qu@\m“twv



what drives the growth of the gluon density

g
£ 1 @ =196V observe that only 2 splitting fcts are singular at small x
0.8 Q
| _ 2CF 2C 4
" T\ Tm@@:alo ~ . mumm@:alo ~ -
0.4 .
S/,, /a -> small x region dominated by gluons
o it i TN

10 10° 107 10" 1
x

» write down "gluon-only” DGLAP equation  only valid for small x and large Q?

dg(z,p?) o \H dz 2C 4 5
dlogpu? 27 ), z =z 9(x/z,107)
» for fixed coupling this leads to "double logarithmic approximation”
asCa
rg(x, Q%) ~ exp [ 2 — log(1/x)log(Q?%/Q3)

predicts rise that is faster than log®(1/x) but slower than (1/x)°



In Q2

gluon occupancy

’ ©
7 Qg(x) s ® * DGLAP predicts an increase of gluons at small x
w but proton becomes more dilute as Q? increases
DGLAP : .
' m transverse size of partons # 1/Q
% JIMWLK m
BK /@@)\BFKL m
%)) |
o -
saturation ‘
non-perturbative region ag~1
s

In x



In Q°

gluon occupancy

\ A. /AN
7 Qs(x) 2% ) * DGLAP predicts an increase of gluons at small x
! but proton becomes more dilute as Q? increases
‘ LA transverse size of partons # 1/Q
¢ JIMWLK
: BK ”ﬂoum._ BFKL \_)/ :
Al | ~— -
%°) T le® but what happens at manh_ X
saturation i for not so large (fixed) Q¢ ?
non-perturbative region ag~ 1

In x



In Q°

gluon occupancy

1 ,. \.. /_
7 Qs(x) /.. Y, * DGLAP predicts an increase of gluons at small x
! w but proton becomes more dilute as Q? increases
DELAP transverse size of partons # 1/Q
JIMWLK
R\ BK @@\BFKL /@™
. . _ So— -
@ ,/oo ) \e®) but what happens at small x
saturation i for not so large (fixed) Q% ?
non-perturbative region ag~1

In x
“high-energy (Regge) limit of QCD"
* aim to resum terms ® os log(1/x)
* Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation: evolves in x not Q2

» BFKL predicts a power-like growth xg(z, Q%) ~ (1/z)*r~!
much faster than in DGLAP



In Q°

gluon occupancy

b A
7 Qs(x) __/... V * DGLAP predicts an increase of gluons at small x
! T T but proton becomes more dilute as Q? increases
DELAP transverse size of partons # 1/Q
JIMWLK
R\ BK @@\BFKL /@ )\
. { ) S—| ‘
@ %° ) o® but what happens at small x
saturation i for not so large (fixed) Q% ?
non-perturbative region ag~1

In x
“high-energy (Regge) limit of QCD"
* aim to resum terms ® os log(1/x)
* Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation: evolves in x not Q2

» BFKL predicts a power-like growth xg(z, Q%) ~ (1/z)*r~!
much faster than in DGLAP

BIG problem

. ﬁ1o._.03 ncmnx_v\ fills up with m_cozm (tfransverse size now fixed !)

» hadronic cross sections violate Ins bound (Froissart-Martin) and grow like a power



color dipole model

make progress by viewing, e.g., DIS from a "different angle”
v Iz~ .
AN T. » ,>

splitting into a quark-antiquark pair ("color dipole”) which
scatters of f the proton (= "slow" gluon field) T,



color dipole model

make progress by viewing, e.g., DIS from a "different angle”
Y 1-z

,...,...)._,,.33........,.M..T... - TSN

DIS in the proton rest frame can be viewed as the photon |
splitting into a quark-antiquark pair ("color dipole”) which
scatters off the proton (= "slow" gluon field) y T,
; ‘

* factorization now in terms of
\<<<<</m _  probability of photon ® probability of dipole
~  fluctuating into qq-pair ~ scattering on the target

QED QCD




color dipole model

make progress by viewing, e.g., DIS from a "different angle”
..\ .w-u ) ) .,\

- ——
SYAATAVAV, —ag T. =N
e -

DIS in the proton rest frame can be viewed as the photon
splitting into a quark-antiquark pair ("color dipole”) which
scatters of f the proton (= "slow" gluon field) T

* factorization now in terms of
>\<<<</m _  probability of photon ® probability of dipole
~  fluctuating into qq-pair scattering on the target

QED QCD

* introduces dipole-nucleon scattering amplitude N as fund. building block
* energy dependence of N described by Balitsky-Kovchegov equation



color dipole model

make progress by viewing, e.g., DIS from a "different angle”
..\ .w-u ) ) .,\

- ——
SYAATAVAV, —ag T. =N
e i

DIS in the proton rest frame can be viewed as the photon
splitting into a quark-antiquark pair ("color dipole”) which
scatters of f the proton (= "slow" gluon field) T

 factorization now in terms of

>\<<<</m _  probability of photon ® probability of dipole
. ~  fluctuating into qq-pair scattering on the target
QED QCD

* introduces dipole-nucleon scattering amplitude N as fund. building block
* energy dependence of N described by Balitsky-Kovchegov equation

N

* non-linear -> includes multiple scatterings for unitarization

saturation

* generates saturation scale Qs y
* suited to treat collective phenomena (shadowing, diffration) ._

(g << |

od

* impact parameter dependence

1/Q, A



when N*LO is not enough:
all order resummations



when a N*LO calculation is not good enough

observation: fixed N*LO order QCD calculations are not necessarily reliable
this often happens at low energy fixed-target experiments
and can be an issue also at colliders, even the LHC

reason: structure of the perturbative series and IR cancellation

at partonic threshold / near exclusive boundary:
- just enough energy to produce, e.g., high-p; parton

* "inhibited" radiation (general phenomenon for gauge theories)



when a N*LO calculation is not good enough

observation: fixed N*LO order QCD calculations are not necessarily reliable

this often happens at low energy fixed-target experiments
and can be an issue also at colliders, even the LHC

reason: structure of the perturbative series and IR cancellation

at partonic threshold / near exclusive boundary:
- just enough energy to produce, e.g., high-p; parton

* "inhibited" radiation (general phenomenon for gauge theories)

simple example:
Drell-Yan process

)

Q- i ok In2k=1(1 — 2)

S i l1—2=2

“imbalance” of real and virtual contributions: IR cancellation leaves large log's

o2




all order structure of partonic cross sections

let's consider pp scattering:

x&

2pr

logarithms related to o ==
partonic threshold V5

|| “‘u

general structure of partonic cross sections at the k'™ order:

3 q\q:? 3 A\q:_?.
T egs — ).
P1 dpr P1 dp1q

1 + .\.—_ AP —:.... .\H — w.mv + NJ._ g In AH — mwv

NLO

.v,

+ oot Aol ™ (1-23) + .|+
“threshold logarithms"



all order structure of partonic cross sections

/_I I_‘.

let's consider pp scattering:

-
__ <P1 1

logarithms related to AR o N
partonic threshold vE

I

general structure of partonic cross sections at the k'™ order:

4 dGqp 3 ;Q:w.._.. 2 [ "2 > 297
Nv& «\\\x — NUN-:|\N H J_T u\.ﬂ_ Ad,.: —:. -, H o— .~.N.v |+| NJ_ D..z —- AH — .~..~..v

NLO

s

=N
]

+ ...+ \»..,D_”_. In~’ HHI,.M}L + ...| +
“threshold logarithms"

where relevant? .. convolution with steeply falling parton luminosity Lep:

\ M \; ;\uh ﬁﬂv 154 (
do — | do (2
. B ab N/ z = 1 emphasized,

T ~
a,b ﬁ
in particular ast— 1
large at small t/z

— important for fixed target phenomenology: threshold region more relevant (large 7)



resummations — how are they done

: L oy . . . _
af1n%k(1 — 72) may spoil perturbative series
unless taken into account to all orders

resummation of such terms has reached a high level of sophistication

Sterman; Catani, Trentadue; Laenen, Oderda, Sterman;
Catani et al.; Sterman, Vogelsang: Kidonakis, Owens; .

- worked out for most processes of interest at least to NLL

» well defined class of higher-order corrections

- often of much phenomenological relevance b _
even for high mass particle production at the LHC v 22905



resummations — how are they done

: L oy . . . _
afIn?k(1 — z2) may spoil perturbative series
unless taken into account to all orders

resummation of such terms has reached a high level of sophistication

Sterman; Catani, Trentadue; Laenen, Oderda, Sterman
Catani et al.; Sterman, Vogelsang: Kidonakis, Owens; .

- worked out for most processes of interest at least to NLL

» well defined class of higher-order corrections v TTTTT

- often of much phenomenological relevance b
even for high mass particle production at the LHC v 22905

resummation (= exponentiation) occurs when “right" moments are taken:
Mellin moments for k. 2k/q4 = ol R

- fixed order calculations needed to determine "coefficients”
* the more orders are known, the more subleading logs can be resummed

.
4
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resummations — terminology

Fixed order calculation v
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resummations — terminology

Fixed order calculation v

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

ZH\O ! :UHLN :U—.L (kg 2 @
NNLO & «2L? a? L3 a? L? asl;
o 3714 3713
:w L6 al L° ay L oz s T
y 1715
al LS alL? alL° 2ol D

. v v v k 2k—-3
NKLL.O ot L#" ae Lo el ogl i
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resummations — terminology

Fixed order calculation v
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ZH\O ! :UMLN :Uﬂg :U -+
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o 3714 3713
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resummations — terminology

Fixed order calculation v

U—”LO L.............................m.
NLO | @sL?
NNLO ofL'

IIIIIIIIIIIIIIII

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

g L (Vg op:

a? L3 a? L? oL +

al L5 a’ L4 az ;>
417 4 v 6 4 u.L.w.

o pell ag L (kg T

y ‘ ‘ k1 2k-3
:._f.bﬁnr : :._f.»ﬁur 2 L 2t
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resummations — terminology

Fixed order calculation v

_”LO L.............................m.
NLO | @sL?
NNLO ofL'
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g L (Vg op:

:mﬁ.w :.mbw :mﬁ 28

:wﬁa :wﬁa :wﬁ& 2%
4 Z 2 .\h .alv

«.“ H\.N «—.J.n HL@ «—.J.Hu -+
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resummations — terminology

Fixed order calculation v
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NL.LO | :uﬁm | g L (Vg o
NNLO i oS L* 212 | | 022 | a2L
“ 315 | 374 3713
al L° ol Fli ag L o LY T
| . 115
ag L° a2 L7 alL° ag L +
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some leading log exponents
(assuming fixed o, for simplicity)

color factors for soft gluon radiation matter:
unobserved parton

v\ Sudakov "suppression
Cr ag - Cras 1
s In2(N) — IHMV.I_:NDAV

T T 2

DIS . exp

moderate enhancement, unless x,. large
Bj 9



color factors for soft gluon radiation matter:

DIS

prompt
photons

some leading log exponents

v

Wy . o HI
N \1\

\Ml,f

(assuming fixed o, for simplicity)

unobserved parton
v\ Sudakov "suppression
Cr as Cras 1
exp | —=—= Im3(N) — =£=2 _ n?3(N)

T T 2

moderate enhancement, unless x,. large
Bj 9

1 s
qq a'd * 4 exp ACT; =t CTA - NC»)V «H.. —:NAZVQ

"

(Vg

w

qg — Yq exp AQM + Ca .wﬁum,v _:wﬁzug

-

exponents positive — enhancement



some leading log exponents
(assuming fixed o, for simplicity)

color factors for soft gluon radiation matter:
unobserved parton

v\ mcanxo<__m%_%mmmmo:
Cras 1
n3(N) - =E£=2 — 1n3(N)

T i 2

Cr ag
DIS exp | ———

moderate enhancement, unless Xpg; large

,J.M.,..« o qQq — Vg exp AC_., + Cp — _C>V e _:m:/:H_
prompt po—y ) 2 T
hotons i R
P Y exp AOM + Ca Mva = _:»AZ;
exponents positive — enhancement
inclusive oc§+o:m unobserved
hadrons \\

e.g.

> €8 exp _ AO> + Ca + Caj - O>v = _:NAZL

-
i\

1
2

expect much larger enhancement



resummations: window to non-perturbative regime

important technical issue:

resummations are sensitive to strong coupling regime

— nheed some "minimal prescription” to avoid Landau pole (where o —oc)

Catani, Mangano, Nason, Trentadue:

define resummed result such that series is asymptotic
w/o factorial growth associated with power corrections
[achieved by particular choice of Mellin contour]

— power corrections may be added afterwards if pheno. needed
studying power corrections prior to resummations makes no sense
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important technical issue:

resummations are sensitive to strong coupling regime

— nheed some "minimal prescription” to avoid Landau pole (where o —oc)

Catani, Mangano, Nason, Trentadue:

define resummed result such that series is asymptotic
w/o factorial growth associated with power corrections
[achieved by particular choice of Mellin contour]

— power corrections may be added afterwards if pheno. needed
studying power corrections prior to resummations makes no sense

window to the non-perturbative regime so far little explored




“convergence” of an asymptotic series

see, "Renormalons” review by M. Beneke, hep-ph/9807443

suppose we keep calculating
higher and higher orders

oo

L

7.

- n+1l on factorial
— ag ' T Py n growth

— big trouble: the perturbative series is not convergent but only asymptotic



“convergence” of an asymptotic series

see, "Renormalons” review by M. Beneke, hep-ph/9807443

suppose we keep calculating
higher and higher orders

o -

L

.

factorial

:|_| 1 on
w, o growth

O._ n!

— big trouble: the perturbative series is not convergent but only asymptotic

N . \a:
illustration:

o0

try _,mm:S_‘a:m

O — MU Qg

minimal term
_, R, = 1/ay

[with o= 0.1] sk

LI LD T

asymptotic value
of the m:_.:"

- \w:y.:\:T — M :

:l

=3

taken from M. Cacciari



pQCD — non-perturbative bridge

= "renormalon ambiguity” <> incompleteness of pQCD series

— we can only define what the sum of the perturbative series is
like truncating it at the minimal term
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= what is missing is a genuine ambiguity
— eventually lifted by non-perturbative (NP) corrections:




pQCD — non-perturbative bridge

= “renormalon ambiguity” <+ incompleteness of pQCD series

— we can only define what the sum of the perturbative series is
like truncating it at the minimal term

= what is missing is a genuine ambiguity
— eventually lifted by non-perturbative (NP) corrections:

R — NNEAw CD &N»/ P

= QCD: NP corrections are power suppressed:

RYP = exp (—pin %) = @vat

the value of p depends on the process and can sometimes be predicted
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QCD: the most perfect gauge theory (so far)

simple £ but rich & complex phenomenology; few parameters

in principle complete up to the Planck scale
(issue: CP, axions?) im th.

highly non-trivial ground state responsible
for all the structure in the visible universe D_”./ m_.c_m

emergent phenomena: confinement, 2

chiral symmetry breaking, hadrons MARINA LEWYGKA

confinement asymptotic freedom

hard scattering
cross sections
and
renormalization group

>

D. Leinweber

non-perturbative
structure of hadrons ms._.m1_u_n< between

e.g. through lattice QCD High Energy and perturbative methods

Hadron Physics






we have just explored the
tip of the iceberg




we have just explored the
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enjoy the other lectures !



