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D
IS in the naïve parton m

odel cont’d

com
pare our result

ξ p

to what one obtains with the hadronic tensor (on the quark level)

proton structure functions then obtained by weighting the quark str. fct.
with the parton distribution functions (probability to find a quark with m

om
entum

 ξ)

D
IS m

easures the charged-weighted
sum

 of quarks and antiquarks
“scaling” - no dependence on scale Q

and read off
Callan Gross relation

reflects spin 1/2 nature of quarks
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e

4-vector

(recall light-cone kinem
atics from

 part II)

Lorentz boost

in general 

here: e
' = Q

/(xm
h ) space-tim

e picture of D
IS
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am
ong the partons inside a fast-m

oving hadron:

rest fram
e: 

interactions between 
partons are spread out

inside a fast m
oving hadron

H
ow does this com

pare with the tim
e-scale of the hard scattering?

Breit fram
e:

large

sm
all

world-lines 
of partons

space-tim
e picture of D

IS – cont’d
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foundation of naïve Parton M
odel

Feynm
an;

Bjorken, Paschos

Breit fram
e:

proton m
oves very fast and Q

>>m
h  is big 

space-tim
e picture:interaction localized

to within (x
+ ! 1/Q

struck quark
kicked into 
x

- direction

     
interactions of
partons dilated
     (x

+ !
 Q

/m
2

upshot:
•  partons are free during 
   the hard interaction
•  lepton scatters off free
   partons incoherently
•  convenient to introduce
   m

om
entum

 fractions       

struck quark 
   on-shell 

!p
+ + q

+ = 0 $
 ! = x 
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for the quark distributions in a proton there are several sum
 rules to obey

m
om

entum
 sum

 rule
quarks share proton m

om
entum

flavor sum
 rules

conservation of quantum
 num

bers

isospin sym
m
etry relates a neutron to a proton (just u and d interchanged)

• m
easuring both allows to determ

ine u
p and d

p separately
• note: CC D

IS couples to weak charges and separates quarks and antiquarks
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half of the m
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entum
 is m

issing

gluons !

but they don’t carry electric/weak charge
how can they couple?

-> we need to discuss Q
CD

 radiative corrections to the naïve picture

gluons will enter the gam
e and everything will becom

e scale dependent
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find strong scaling violations

scale Q
2

approxim
ate scaling only

     around x ≃ 0.15

significant rise at sm
all x

decrease at high x
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proved parton m

odel

now we have to study Q
CD

 dynam
ics in D

IS 
               – this leads to sim

ilar problem
s already encountered in e

+e
-  

we got a long way (parton m
odel) without invoking Q

CD

let‘s try to com
pute the O

(!
s ) Q

CD
 corrections to the naive picture

!
S  corrections to the LO

 process
photon-gluon fusion

caveat: have to expect divergencies  (recall 2
nd part)

             related to soft/collinear em
ission or from

 loops

we cannot calculate with infinities !
 introduce a “regulator”

                                                           and rem
ove it in the end 
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general structure of the O
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s ) corrections

LO

 large logarithm
s

(collinear em
ission)

    finite
coefficients

using sm
all (artificial) quark/gluon m

asses as regulator we obtain:

to see what happens to the logs we have to convolute our results with the PD
Fs 
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for the quark part we obtain: 

from

sim
ilarly for 

the gluonic part

f
a,0 (x): unm

easurable “bare” (= infinite) parton densities;
            need to be re-defined (= renorm

alized) to m
ake them

 physical

at order !
s : (can be generalized to all orders)

absorbs all long-distance singularities
   at a factorization scale µ

f  into f
a,0

physical/renorm
alized densities: not calculable in pQ

CD
 but universal
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short-distance ‘‘W
ilson coefficient‘‘

general structure of a factorized cross section

both, pdf‘s and the short-dist. coefficient depend on µ
f

(choice of µ
f : shifting term

s between long- and short-distance parts)

the physical structure fct. is independent of µ
f

(this will lead to the concept of renorm
alization group eqs.)

choice of the factorization schem
e

yet another scale: µ
r

due to the renorm
alization 

of ultraviolet divergencies

putting everything together, keeping only term
s up to !

s :

this result is readily extended to hadron-hadron collisions



lesson: theorists are not afraid of infinities
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e = “m
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al” subtraction where all
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s ) corrections in D

IS are absorbed into PD
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IS but a bit awkward for other processes) 
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Fs through their 

M
ellin m

om
ents in W

ilson-Zim
m

erm
ann‘s operator product expansion (O

PE)

Bardeen, Buras,
D

uke, M
uta
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ber operator only in ‘‘A

+= 0 gauge‘‘

•  turn into local operators (!
 lattice Q

CD
) if taking m
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0 1 d
) )

n

•  in general we need a ‘‘gauge link‘‘ for a gauge invariant definition:
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suppose we could take a snapshot of a nucleon with positive helicity

question:  how m
any constituents

(quark, anti-quarks, gluons) have m
om

enta
between xP and (x+dx)P and how m

any
have the sam

e/opposite helicity?

(q(x) ´

(g(x) =

helicity-dep. PD
Fs

!
  spin of the nucleon

q(x) ´

g(x) =

helicity

unpolarized PD
Fs

!
  LH

C phenom
enology, etc.



tow
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so far: infinities related to long-tim
e/distance physics (soft/collinear em

issions)

these singularities cancel for infrared safe observables
or can be system

atically rem
oved (factorization) by “hiding” them

in som
e non-perturbative parton or fragm

entation functions

but: class of ultraviolet infinities  related to the sm
allest tim

e scales/distances:

we can insert perturbative corrections 
to vertices and propagators (‘‘loops‘‘)

loop m
om

enta can be very large (=infinite)
leading to virtual fluctuations on very
short tim

e scales/distances 

again, we need a suitable regulator for 
divergent loop integrations:
U
V cut-off vs. dim

. regularization
intuitive; 
not beyond N

LO
involved; 
works to all orders



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales

   10
19 GeV

(Planck scale)
   10

-20 fm

       M
eV

(N
uclear scale)

     few fm



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales

   10
19 GeV

(Planck scale)
   10

-20 fm

       M
eV

(N
uclear scale)

     few fm

O
(1 GeV)

a few TeV
range of interest



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales

   10
19 GeV

(Planck scale)
   10

-20 fm

       M
eV

(N
uclear scale)

     few fm

O
(1 GeV)

a few TeV
range of interest

  M(huge)
       O

(!
Q

CD )
(soft/confinem

ent)
  !

" #$!
% # Q

(large/hard)
scales:



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales

   10
19 GeV

(Planck scale)
   10

-20 fm

       M
eV

(N
uclear scale)

     few fm

O
(1 GeV)

a few TeV
range of interest

  M(huge)
       O

(!
Q

CD )
(soft/confinem

ent)
  !

" #$!
% # Q

(large/hard)
scales:

renorm
alization group equations (RGE) relate physics at diff. scales



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales

   10
19 GeV

(Planck scale)
   10

-20 fm

       M
eV

(N
uclear scale)

     few fm

O
(1 GeV)

a few TeV
range of interest

  M(huge)
       O

(!
Q

CD )
(soft/confinem

ent)
  !

" #$!
% # Q

(large/hard)
scales:

renorm
alization group equations (RGE) relate physics at diff. scales

 U
V renorm

alization
 hides our ignorance of 
physics at huge scales in
      !

s (µ
r ), m

(µ
r ), …



factorization and renorm
alization play sim

ilar roles
   at opposite ends of the energy range of pQ

CD

the im
portance of scales

   10
19 GeV

(Planck scale)
   10

-20 fm

       M
eV

(N
uclear scale)

     few fm

O
(1 GeV)

a few TeV
range of interest

  M(huge)
       O

(!
Q

CD )
(soft/confinem

ent)
  !

" #$!
% # Q

(large/hard)
scales:

renorm
alization group equations (RGE) relate physics at diff. scales

 U
V renorm

alization
 hides our ignorance of 
physics at huge scales in
      !

s (µ
r ), m

(µ
r ), …

IR/collinear factorization
 hides non-perturbative Q

CD
 

    at confinem
ent scale in

f
a (x,µ

f ), (f
a (x,µ

f ), D
a H(z,µ

f ), …
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V (IR) divergencies

however, a key prediction of pQ
CD

 is their scale variation

the physical idea behind this is beautiful & sim
ple:

both scale param
eters µ

f  and µ
r  are not intrinsic to Q

CD
!
  a m

easurable cross section d
* m

ust be independent of µ
r  and µ

f  

renorm
alization

group equations

all we need is a reference m
easurem

ent at som
e scale µ

0
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factorization !
 evolution !

 resum
m

ation
physical interpretation of the evolution eqs.:

RGE resum
s collinear em

issions to all orders

•  to see this expand the solution in !
s :

P
ij (x) : probability that a parton j splits collinearly

           into a parton i (and som
ething) carrying a 

           m
om

entum
 fraction x

•  the physical m
eaning of the splitting functions is easy:

P
qq

P
gq

P
qg

P
gg

•  the splitting functions P
ij (n) or P

ij (x) m
ultiplying the log‘s 

   are universal and calculable in pQ
CD

 order by order in !
s
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factorization recap: final-state vs initial-state

recall what we learned for final-state radiation

and rewrite in term
s of new variable k

T

where we have used

KLN
: if we avoid distinguishing quark and collinear quark-gluon final-states

         (like for jets) divergencies cancel against virtual corrections

!
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initial-state radiation: crucial difference – hard scattering happens after splitting
m

om
entum

 
gets m

odified

but for the virtual piece the m
om

entum
 is unchanged

hence, the sum
 receives two contributions with different m

om
enta

disclaim
er: we assum

e that k
T  << Q

 (large) to ignore other transverse m
om

enta

leads to uncanceled
collinear singularity
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factorization revisited: collinear singularity

• z=1: soft divergence cancels (KLN
) as

• arbitrary z:                                    but  z integration is finite 

•  but k
T  integration always diverges (at lower lim

it)   

reflects collinear singularity
cross sections with incom

ing partons not collinear safe

factorization = collinear “cut-off”
•  absorb divergent sm

all k
T region in non-perturbative PD

Fs    
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anatom
y of splitting functions

splitting functions m
ay receive two kinds of contributions:

virtual em
ission

“nothing happens”

 com
bine !

involves “plus distribution”

condition: f(z) sufficiently sm
ooth for z!

 1

   real em
ission

“som
ething happens”

 x is fixed by
hard scattering
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properties of L
O

 splitting functions

in general, quarks and gluons can split into quarks and gluons -> 4 functions 

sym
m

etric under 
z -> (1-z)

except virtuals

soft gluon divergence (z=1)
regulated by plus distribution

soft gluon divergence (z=1)
regulated by plus distribution

in higher orders m
ore com

plicated, as                   arise 
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reaching for precision

LO
: 1973  

N
LO

: 1980  
Curci, Furm

anski, Petronzio;
Floratos et al., …
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L
O

: a landm
ark calculation

10000 diagram
s, 10

5 integrals, 10 m
an years, and several CPU

 years later:

M
och, Verm

aseren, Vogt

N
N
LO

 the new em
erging standard in Q

CD
 – essential for precision physics
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P evolution in full glory

taking quarks and gluons together: coupled integro-differential equations

best solved in M
ellin m

om
ent space: set of ordinary differential eqs.; 

            no closed solution in exp. form
 beyond LO

 (com
m

utators of P m
atrices!)

m
ain effect/prediction of evolution:

•  large x depletion
•  sm

all x increase

partons loose energy by evolution!

exactly as observed in experim
ent

       huge success of pQ
CD
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P evolution seen in D
IS data

• use one of the global fits
  of PD

Fs to data by CTEQ

•  steep rise of F
2  at sm

all x
  (due to gluon evolution)

m
ajor success of pQ

CD
and D

GLA
P evolution

taken from
 G. Salam
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factorization in hadron-hadron collisions
W

hat happens when two hadrons collide ?

straightforward generalization of the concepts discussed so far: 
jets, hadrons, 
heavy quarks, ...

 non-perturbative
but universal PD

Fs
  hard scattering of
two partons !

 pQ
CD

linked
 by µ
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factorization: so far a success story

two recent exam
ples from

 the LH
C:

1-jet and di-jet cross sections
      m

any other final-states available 

results now start to being used
in global fits to constrain PD

Fs
particularly sensitive to gluons 
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proofs of factorization

•  to prove the validity of factorization to all orders of pQ
CD

   is a highly theoretical and technical m
atter

•  serious proofs exist only for a lim
ited num

ber of processes
   such as D

IS and D
rell-Yan

Libby, Sterm
an; Ellis et al.; A

m
ati et al.; Collins et al.;...

issues: factorization does not hold graph-by-graph; 
            saved by the interplay between graphs,
            unitarity, causality, and gauge invariance

•  factorization good up to powers of hard scale Q
: O

(#
Q

CD /Q
) n

faith in factorization rests on existing calculations and the
      trem

endous success of pQ
CD

 in explaining data

recall: the renorm
alizibility of a non-abelian gauge theory like Q

CD
           was dem

onstrated by ‘t H
ooft and Veltm

an
1999
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recap: salient features of pQ
CD

now we have studied all relevant
concepts of perturbative Q

CD
 !!

•  strong interactions, yet perturbative m
ethods are applicable

•  confined quarks, yet calculations based on free partons can
  describe large classes of processes 

keys to resolve the apparent dilem
m

a:

•  asym
ptotic freedom

•  infrared safety
•  factorization theorem

s & renorm
alizibility



to take hom
e from

 this 
  part of the lectures

!  factorization = isolating and absorbing long-distance singularities
               accom

panying identified hadrons into parton densities 
               (initial state) and fragm

entation fcts. (final state)

!  hard hadron-hadron interactions factorize as well: f!
    f!
 d
*

!  factorization and renorm
alization introduce arbitrary scales

  !
 powerful concept of renorm

alization group equations
  !

 !
s , PD

Fs, frag. fcts. depend on energy/resolution

!  strict proofs of factorization only for lim
ited class of processes 

!  PD
Fs (and frag. fcts) have definitions as bilocal operators
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high-p
T  jet: factorization!

pQ
C

D
: a tool for the m

ost violent collisions

“soft stuff”: difficult!

“underlying event”: m
ore than difficult



Part IV
          som

e applications & advanced topics
            scales and theoretical uncertainties; D

rell-Yan process
                sm

all-x physics; global Q
CD

 analysis; resum
m

ations

unofficial



"
the W

hys and H
ows of

N
LO

 Calculations & Beyond
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w
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O
 (and even N

L
O

)?

 non-perturbative
but universal PD

Fs
  hard scattering of
two partons !

 pQ
CD

linked
 by µ

recall factorization theorem
 for hadronic processes:

  independence of physical d
* on µ (and µ

r ) has led us to powerful RGEs

caveat: we work with a perturbative series truncated at LO
, N

LO
, N

N
LO

, …
             !

 at any fixed order N
 there will be a residual scale dependence

                  in our theoretical prediction
             !

 since µ is com
pletely arbitrary this lim

its the precision of our results

  sim
plest exam

ple:
     e

+e
- !

 hadrons

applies in general also for µ
f

 uncertainty is form
ally of higher order 

-> gets sm
aller if higher orders are known
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explicit exam
ple: scale dependence of e

+e
- --> jets 

recall: at N
LO

 we have

  LO
result

N
LO

 coefficient
independent of scale

all scale uncertainty
from

 strong coupling

suppose we want to choose a different scale Q
 – what do we need to do?

α
s (µ

2r )
=

α
s (Q

2)
1

+
2b

0 α
s (Q

2)ln(µ
r /Q

)
recall:

coupling sm
all

 expand 

plug back into σ
N

LO 

variation of scale 
introduces N

N
LO

 piece

LO
 is a pure el-m

ag process, no #
s  , no scales
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explicit exam
ple - cont’d 

next calculate full N
N

LO
 result:N

N
LO

 term
 starts to 

depend on the scale 

in fact c
2 m

ust (and will !) cancel the scale am
biguity found at N

LO
:

such that the residual scale dependence is now O
(α

s 3)

at all orders the scale dependence would disappear

scale “am
biguity” is a blessing in disguise:

varying the renorm
alization [factorization] scale µ

r  [µ
f ]  is

a way of guessing the uncalculated higher order contributions



exam
ple from

 hadronic collisions

take the “classic” D
rell Yan process

• dom
inated by quarks in the initial-state

• at LO
 no colored particles in the final-state

• clean experim
ental signature

• at LO
 an electrom

agnetic process (low rate)
• one of the best studied processes (known to N

N
LO

)

as ‘’clean’’ as it can get at a hadron collider
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uncertainties for the D
rell Yan process – cont’d

at N
LO

:

• no α
s  at LO

 but μ
F appears in PD

Fs

•  α
s  enters at N

LO
 and hence μ

R

•  N
LO

 term
s reduce dep. on  μ

F

•  one often varies μ
F and μ

R  together
  (but that can underestim

ate uncertainties)

• N
LO

 corrections large but
  scale dependence is reduced

• even better at N
N

LO

perturbative accuracy of O
(percent) achieved

LO
 piece
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changing scales in D
G

L
A

P evolution

estim
ate by G. Salam

: vary the scale of α
s  in the D

GLA
P kernel

• about 30%
 in LO

• down to about 5%
 in N

LO

• N
N

LO
 brings it down to 2%

which is about the precision
of the H

ERA
 D

IS data



A
natom

y of a
Global Q

CD
 A

nalysis
$
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how
 to determ

ine PD
Fs from

 data?

D
IS

hadron-hadron
hard scale Q

hard scale p
T

task: extract PD
Fs and their uncertainties (assum

e factorization)

!
%each reaction provides insights into different aspects and kinem

atics

!
%all processes tied together: universality of pdfs & Q

2 - evolution

!
%need at least N

LO
 accuracy for quantitative analyses

!  inform
ation on PD

Fs “hidden” inside com
plicated (m

ulti-)convolutions

probes:

PD
Fs universal

parton cross section
      calculable
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•  one has to deal with O
(2800) data points from
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any processes and experim

ents 

•  N
LO

 expressions often very com
plicated !

 com
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e becom
es excessive

  !
 develop sophisticated algorithm

s & techniques, e.g., based on M
ellin m

om
ents 

•  need to determ
ine O

(20-30) param
eters describing PD

Fs at µ
0  

Kosower; Vogt; Vogelsang, M
S



•  one has to deal with O
(2800) data points from

 m
any processes and experim

ents 

•  N
LO

 expressions often very com
plicated !
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e becom
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  !
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s & techniques, e.g., based on M
ellin m

om
ents 

•  need to determ
ine O

(20-30) param
eters describing PD

Fs at µ
0  

Kosower; Vogt; Vogelsang, M
S

data sets & (x,Q
2) coverage used in M

STW
 fit

M
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M
artin, Stirling, Thorne, W

att, arX
iv:0901.0002

N
LO

 fit, 68%
 C.L.

•  notice the huge gluon distribution
•  quality of the fit:• 2543/2699 N

LO
• 3066/2598 LO

interplay of m
any data sets crucial

+
2/ #data pts.
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when there is not enough room

:
gluons at sm

all x 
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0
≈
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F
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P

g
g (x) ��x→

0
≈

2C
A

x

w
hat drives the grow

th of the gluon density

observe that only 2 splitting fcts are singular at sm
all x

-> sm
all x region dom

inated by gluons

x
g(x

,Q
2)∼

exp

�
2 �

α
S
C

A

π
log(1/x)log(Q

2/Q
20 ) �

•  for fixed coupling this leads to
“double logarithm

ic approxim
ation”

predicts rise that is faster than log
a(1/x) but slower than (1/x) a

dg(x
,µ

2)
d

log
µ

2
=

α
s

2π

�
1

x

dzz

2C
A

z
g(x

/z,µ
2)

•  write down “gluon-only” D
GLA

P equation
only valid for sm

all x and large Q
2



gluon occupancy

•  D
GLA

P predicts an increase of gluons at sm
all x

   but proton becom
es m

ore dilute as Q
2 increases

transverse size of partons " 1/Q



gluon occupancy

•  D
GLA

P predicts an increase of gluons at sm
all x

   but proton becom
es m

ore dilute as Q
2 increases

transverse size of partons " 1/Q

but what happens at sm
all x

for not so large (fixed) Q
2 ?



gluon occupancy

•  D
GLA

P predicts an increase of gluons at sm
all x

   but proton becom
es m

ore dilute as Q
2 increases

transverse size of partons " 1/Q

but what happens at sm
all x

for not so large (fixed) Q
2 ?

“high-energy (Regge) lim
it of Q

CD
”

•  aim
 to resum

 term
s " F

/ $3&2GHICJ

•  Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation: evolves in x not Q
2

•  BFKL predicts a power-like growth
x
g(x

,Q
2)∼

(1/x)
α

P
−

1

m
uch faster than in D

GLA
P



gluon occupancy

•  D
GLA

P predicts an increase of gluons at sm
all x

   but proton becom
es m

ore dilute as Q
2 increases

transverse size of partons " 1/Q

but what happens at sm
all x

for not so large (fixed) Q
2 ?

“high-energy (Regge) lim
it of Q

CD
”

•  aim
 to resum

 term
s " F

/ $3&2GHICJ

•  Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation: evolves in x not Q
2

•  BFKL predicts a power-like growth
x
g(x

,Q
2)∼

(1/x)
α

P
−

1

m
uch faster than in D

GLA
P

BIG problem
•  proton quickly fills up with gluons (transverse size now fixed !) 
•  hadronic cross sections violate ln

2s  bound
 (Froissart-M

artin) and grow like a power 
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color dipole m
odel

m
ake progress by viewing, e.g., D

IS from
 a “different angle” 

D
IS in the proton rest fram

e can be viewed as the photon
splitting into a quark-antiquark pair (“color dipole”) which
scatters off the proton (= “slow” gluon field) 

•%factorization now in term
s of

probability of photon
fluctuating into qq-pair

probability of dipole
scattering on the target

=
⊗

Q
ED

Q
CD

•%introduces dipole-nucleon scattering am
plitude N

 as fund. building block
•%energy dependence of N

 described by Balitsky-Kovchegov equation

•%energy dependence of N
 described by Balitsky-Kochegov equation

•%non-linear -> includes m
ultiple scatterings for unitarization

•%suited to treat collective phenom
ena (shadowing, diffration)

•%im
pact param

eter dependence

•%generates saturation scale Q
s  



when N
xLO

 is not enough:
all order resum

m
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w
hen a N

xL
O

 calculation is not good enough

observation: fixed N
xLO

 order Q
CD

 calculations are not necessarily reliable
                     this often happens at low energy fixed-target experim

ents 
                     and can be an issue also at colliders, even the LH

C

at partonic threshold / near exclusive boundary:
•  just enough energy to produce, e.g., high-p

T  parton

•  ‘‘inhibited‘‘ radiation (general phenom
enon for gauge theories)

reason: structure of the perturbative series and IR cancellation



w
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 calculation is not good enough

observation: fixed N
xLO

 order Q
CD

 calculations are not necessarily reliable
                     this often happens at low energy fixed-target experim

ents 
                     and can be an issue also at colliders, even the LH

C

at partonic threshold / near exclusive boundary:
•  just enough energy to produce, e.g., high-p

T  parton

•  ‘‘inhibited‘‘ radiation (general phenom
enon for gauge theories)

sim
ple exam

ple:
D
rell-Yan process

“im
balance” of real and virtual contributions: IR cancellation leaves large log’s

reason: structure of the perturbative series and IR cancellation
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 partonic threshold

let’s consider pp scattering:

general structure of partonic cross sections at the k
th order:

“threshold logarithm
s”

where relevant?  … convolution with steeply falling parton lum
inosity L

ab :

   z = 1 em
phasized,

in particular as , !
 1

large at sm
all ,/z

!
  im

portant for fixed target phenom
enology: threshold region m

ore relevant (large τ
)



resum
m

ations – how
 are they done

m
ay spoil perturbative series -

unless taken into account to all orders

resum
m
ation of such term

s has reached a high level of sophistication
Sterm

an; Catani, Trentadue; Laenen, O
derda, Sterm

an;
Catani et al.; Sterm

an, Vogelsang; Kidonakis, O
wens; ...

•  worked out for m
ost processes of interest at least to N

LL
•  well defined class of higher-order corrections
•  often of m

uch phenom
enological relevance 
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   even for high m
ass particle production at the LH

C

resum
m

ation (= exponentiation) occurs when “right” m
om

ents are taken:

•  fixed order calculations needed to determ
ine “coefficients”

•  the m
ore orders are known, the m

ore subleading logs can be resum
m

ed 

M
ellin m

om
ents for

   threshold logs
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N
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N

N
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N
  LO
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N
N

LO

N
LO
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LO



som
e leading log exponents
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ing fixed !

s  for sim
plicity)

D
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m
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ent, unless x
Bj  large

  unobserved parton
Sudakov ‘‘suppression‘‘

color factors for soft gluon radiation m
atter:
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som
e leading log exponents

(assum
ing fixed !

s  for sim
plicity)

D
IS

m
oderate enhancem

ent, unless x
Bj  large

prom
pt

photons

exponents positive       enhancem
ent

  unobserved parton
Sudakov ‘‘suppression‘‘

inclusive
hadrons

expect m
uch larger enhancem

ent

observed partons
unobserved

e.g.

color factors for soft gluon radiation m
atter:



resum
m

ations: w
indow

 to non-perturbative regim
e 

im
portant technical issue:

resum
m

ations are sensitive to strong coupling regim
e

!
  need som

e “m
inim

al prescription” to avoid Landau pole (where !
s !
 1
 )

Catani, M
angano, N

ason, Trentadue: 
         define resum

m
ed result such that series is asym

ptotic 
         w/o factorial growth associated with power corrections
         [achieved by particular choice of M

ellin contour] 

!
  power corrections m

ay be added afterwards if pheno. needed
      studying power corrections prior to resum

m
ations m

akes no sense
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im
portant technical issue:

resum
m

ations are sensitive to strong coupling regim
e

!
  need som

e “m
inim

al prescription” to avoid Landau pole (where !
s !
 1
 )

Catani, M
angano, N

ason, Trentadue: 
         define resum

m
ed result such that series is asym

ptotic 
         w/o factorial growth associated with power corrections
         [achieved by particular choice of M

ellin contour] 

!
  power corrections m

ay be added afterwards if pheno. needed
      studying power corrections prior to resum

m
ations m

akes no sense

window to the non-perturbative regim
e so far little explored



“convergence” of an asym
ptotic series 

see, “Renorm
alons” review by M

. Beneke, hep-ph/9807443

suppose we keep calculating
higher and higher orders 

factorial
 growth

!
  big trouble: the perturbative series is not convergent but only asym

ptotic



“convergence” of an asym
ptotic series 

see, “Renorm
alons” review by M

. Beneke, hep-ph/9807443

suppose we keep calculating
higher and higher orders 

factorial
 growth

!
  big trouble: the perturbative series is not convergent but only asym

ptotic

taken from
 M

. Cacciari

illustration:

try resum
m

ing

[with !
s = 0.1]

m
inim

al term
  R

m
in  = 1/!

s

asym
ptotic value

  of the sum
:
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pQ
C

D
 – non-perturbative bridge

!  “renorm
alon am

biguity” $
 incom

pleteness of pQ
CD

 series
!
   we can only define what the sum

 of the perturbative series is
                         like truncating it at the m

inim
al term

!  what is m
issing is a genuine am

biguity
!
   eventually lifted by non-perturbative (N

P) corrections:

!  Q
CD

: N
P corrections are power suppressed:

the value of p depends on the process and can som
etim

es be predicted



SU
M

M
A

RY & O
U

TLO
O

K 



sim
ple L

  but rich & com
plex phenom

enology; few param
eters

in principle com
plete up to the Planck scale   

(issue: CP, axions?)

highly non-trivial ground state responsible
for all the structure in the visible universe

em
ergent phenom

ena: confinem
ent,

chiral sym
m

etry breaking, hadrons

asym
ptotic freedom

confinem
ent

  non-perturbative
structure of hadrons

    hard scattering
     cross sections
            and
renorm

alization group

e.g. through lattice Q
CD

 perturbative m
ethods

D. Leinweber

interplay between 
H
igh Energy and

H
adron Physics
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    tip of the iceberg

you are here



     enjoy the other lectures !
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