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hypernuclear physics 

S=0  S=‐1  S=‐2 
... 

hyperons in nuclei: 

 distinguishible from nucleons 
 glue-like role 
 new spectroscopy 
 source of information about the strong  
and weak                   interactions 

 there are no stable hyperon beams  
       –unstable against the weak interaction- 

€ 

ΛN→ΛN

motivation 

€ 

ΛN→ NN
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© Alicia Sánchez Lorente!

PANDA detector @ FAIR!
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dominant for A ≥ 5 
WHY? 
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If we want to use extract information about the |ΔS|=1                        from hypernuclear  
decay, we will need to have some control of the strong interaction among hadrons 

€ 

ΛN→ NN

WEAK 

STRONG 

STRONG 

how well is this known? 



u   d   s 

Strangeness 

Confined 

Σ, Λ, Κ


more motivation 

Ambartsumyan, Saakyan, 1960 

“The core of a neutron star is a fluid 
of neutron rich maKer in equilibrium 
with respect to the weak interacPons 

(β stable maKer)” 

€ 

n↔ pe−ν e (µn = µp + µ
e −

)
nn↔ pΣ−     or    e−n↔Σ−ν e (µ

e −
+ µn = µ

Σ−
)

nn↔ nΛ     or    e−p↔Λν e (µn = µΛ )
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The composition of a neutron star depends  
on the hyperon properties in the medium  

(i.e. on the YN and YY interactions) 
©
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Need for extra pressure at high density:   
 Improved YN, YY two-body interaction 
Three-body forces: NNY, NYY, YYY 

Microscopic EOS  
for hyperonic  

matter are “too” soft! 

Influence of hyperons: 
lower maximum masses 
higher central densities 
more compact (smaller radius) 



NN abundance plot 

Tlab (MeV) 

neutron-proton proton-proton 

Tlab (MeV) 

How well do we know these (strong) interactions among hadrons? 
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The low-energy YN “database” 

~ 35 data points (many pre-1971) with large errors 

Λ p        # = 12  6.5 MeV < Tlab < 50 MeV  
Σ- p → Σ- p  # = 6 

 Λ n  # = 6   9 MeV < Tlab < 12 MeV 
 Σ0 n  # = 6  

Σ+ p        # = 4  9 MeV < Tlab < 13 MeV 
   + 3 data from KEK-E289 

“Ratio at rest” (inelastic capture ratio)  
of stopped Σ- by protons: 

 rR = # Σ0 / (#Σ0 + #Λ) = 0.468(10) 

Some differential cross sections  
of low quality 

Additional information: 

 YN → Light hypernuclei:   
  3HΛ, 4HeΛ, 4HΛ, 5HeΛ  
 YY → 6HeΛΛ, 10BeΛΛ, 13BΛΛ  …


Acknowledges go to Rob Timmermans 

39  Λ 
1 Σ 

3 ΛΛ 
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 scattering events… 

nucleon-nucleon!

hyperon-nucleon!

© 
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PANDA at FAIR 
•  Anti-proton beam 
•  Double Λ-hypernuclei 
•  γ-ray spectroscopy 

MAMI C 
•  Electro-production 
•  Single Λ-hypernuclei 
•  Λ-wavefunction 

Jlab 
•  Electro-production 
•  Single Λ-hypernuclei 
•  Λ-wavefunction 

FINUDA at DAΦNE 
•  e+e- collider 
•  Stopped-K- reaction 
•  Single Λ- and Σ-
hypernuclei 
•  γ-ray spectroscopy  

J-PARC 
•  Intense K- beam 
•  Single and double Λ-hypernuclei 
•  γ-ray spectroscopy for single Λ 
•  Production of Σ-hypernuclei


HypHI at GSI/FAIR 
•  Heavy ion beams 
•  Single Λ-hypernuclei at 
extreme isospins 
•  Magnetic moments 

SPHERE at JINR 
•  Heavy ion beams 
•  Single Λ-hypernuclei 

BNL 
•  Heavy ion beams 
•  AnP‐hypernuclei  
•  Single Λ‐hypernuclei 
•  Double Λ‐hypernuclei 

very active field! 

J. Pochodzalla, IJMP E, Vol 16, no. 3 (2007) 925 

+ Lattice QCD 
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Now, suposse you can write down the effective theory for the low energy ΛN interaction, 
very low energy, below inelastic thresholds 

LO & NLO diagrams? 
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Now, suposse you can write down the effective theory for the low energy ΛN interaction 

€ 

L(LO ) =ΛΛ C0
(1S0 )(ΛTP(1S0 )N) (ΛTP(1S0 )N) +ΛΛ C0

(3S1 )(ΛTP(3S1 )N) (ΛTP(3S1 )N)    

L(NLO ) =ΣΛ C0
(1S0 )(ΣT (iτ 2)P(1S0 )N) (ΛT (iτ 2)P(1S0 )N) +ΣΛ C0

(3S1 )(ΣT (iτ 2)P(3S1 )N) (ΛT (iτ 2)P(3S1 )N) 

  with P(1S0 ) =
1
2

 

 
 

 

 
 iσ 2 P(3S1 ) =

1
2

 

 
 

 

 
 iσ 2σ

a                     

LO & NLO diagrams 

€ 

2 body diagrams (Weinberg)

ν = 2L + Vi[di +
1
2
ni − 2]

i
∑

power of momenta 
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Now, suposse you can write down the effective theory for the low energy ΛN interaction 

Write the low-energy scattering parameters (scattering length, effective range) in terms of the 
coefficients of the Effective Theory 

For example, 
for the singlet 

channel 
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      Why we should use Lattice QCD for the study of hadronic processes in nuclear 
physics? 

    improve our understanding of low-energy QCD 
                     understanding nuclear processes from the underlying theory of strong   

               interactions 
    first principle calculation 

                     uncertainties can be quantified 

Focus on 
static properties of hadrons: masses 

study of the interactions among hadrons 
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LQCD calculations !
of hadronic interactions!

understanding nuclear processes from the 
underlying theory of the strong   
               interactions 

A. Parreño, University of Barcelona   Hadronic physics with LQCD    NNPSS (TUNL) 6/29 2011 



LQCD calculations !
of hadronic interactions!
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Some facts about QCD at low energies 

8 SUc(3) generators 
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Some facts about QCD at low energies 

For QCD: 

€ 

X p2( ) =
αS µ2( )
12π

ln p2

µ2

 

 
 

 

 
  2N f −11Nc[ ]   

Nf = # flavors of quarks with mass < |p| / 2 
μ = mass of the heaviest quark in the  
    considered energy region 
Nc = # de colors 

€ 

N f = 6, Nc = 3 ⇒ 2N f −11Nc[ ] < 0  

and α p2( ) decreases as p2 increases (small distances)
€ 

α p2( ) =
α(0)

1− X(p2)
   

courtesy of Ross Young!

The force between quarks 
decreases at short 

distances and increases 
when one tries to !

separate them !

asymptotic freedom 

confinement 
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Some facts about QCD at low energies 

At short distances (high energies) we have asymptotic freedom 
and the force between a quark and an anti-quark behaves as the one 
betweeen a e- e+  pair (QED) 

At large distances (low energies ~ hadronic/nuclear physics) and  
as a consequence of the interaction between the gluons we obtain a 
 potential that is linial with the distance and we have confinement. 
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Some facts about QCD at low energies 

QCD vs QED. Bound states. 

Bound states in QCD very different from QED 

For the proton almost  
all the mass is attributed  
to the strong non-linear  

interactions of the gluons.  

QCD 

Binding energy of a hydrogen atom  
= sum of it constituent masses  

(to a good approximation)  
For nuclei: binding energy  ≈ O(MeV) 

QED 
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Some facts about QCD at low energies 

In principle, hadron masses and other hadronic observables can be calculated in QCD, 
although complicated... 

Lattice QCD provides a well-defined approach to calculate  
observables non-perturbatively, starting from the QCD  
Lagrangian. 

One can simulate the theory on a computer, using methods  
analogous to the ones used in Statistical Mechanics. 

These simulations allow us to calculate correlation functions  
of hadronic operators and matrix elements of any operator  
between hadronic states in terms of the fundamental quark and gluon degrees of 
freedom. 
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Overview of LQCD basics 

uantum hromo ynamics 

For numerical calculations in QCD, the theory is formulated on a (Euclidean)  
space-time lattice, as depicted in the right cartoon.   

 



Overview of LQCD basics 

LQCD is a non-perturbative implementation of  
Field Theory, which uses the Feynman  
path-integral approach to evaluate transition matrix 
elements 

It replaces the classical notion of a single, unique 
trajectory for a system with a sum, or functional 
integral, over an infinity of possible trajectories to 
compute a quantum amplitude. 

Study of the temporal evolution of particle states 
and of their interactions. 

courtesy of Ross Young, Adelaide University 
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Young’s double slit experiment 
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Overview of LQCD basics 

Path integrals in one dimension QM 

Study of the temporal evolution of particle states and of  
their interactions. 

Consider the time evolution of a quantum mechanical  
system: 

€ 

ψ(t f ) = e− iH (t f − ti )ψ(ti)

€ 

(xi,ti)

€ 

(x f ,t f )

€ 

(xi,ti)Evolution of a quantum state              to              : 

€ 

(x f ,t f )

€ 

x f ,t f xi,ti = x f e
− iH (t f − ti ) xi

Divide                 into a large number N of intervals,  
of size Δt = t/N  and insert  

€ 

t ≡ t f − ti

€ 

ˆ 1 = dxi xi xi∫ i =1,2,.... N −1

  

€ 

e−iHt = e−iHΔt dxN−1 xN−1∫ xN−1 e−iHΔt dxN−2 xN−2∫ xN−2 … e−iHΔt dx1 x1∫ x1 e
− iHΔt

For an interacting particle with                             

€ 

ˆ H = ˆ H 0 + ˆ V (x) =
ˆ p 2

2m
+ V ( ˆ x )

€ 

€ 

xk +1 e
−iΔt

ˆ p 2

2m
+V ( ˆ x )

 

 
 

 

 
 

xk
Δt→0 →   

dp
2π∫ xk +1 p e

− iΔt p 2

2m e− iΔtV (xk ) p xk
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Overview of LQCD basics 

€ 

xk +1 e
−iΔt

ˆ p 2

2m
+V ( ˆ x )

 

 
 

 

 
 

xk
Δt→0 →   

dp
2π∫ xk +1 p e

− iΔt p 2

2m e− iΔtV (xk ) p xk

~ dp
2π

ei p(xk+1−xk )∫ e
−iΔt p 2

2m e−iΔtV (xk ) =
2mπ
Δt

e
iΔt m

2
xk+1−xk

Δt
 

 
 

 

 
 

2

−V xk( )
 

 
 
 

 

 
 
 k

∑
+ O(Δt 2)

  

€ 

x f ,t f xi,ti = x f e
− iH (t f − ti ) xi = dxN−1 dxN−2 dx1∫∫∫ e

iΔt m
2

xk+1−xk
Δt

 

 
 

 

 
 

2

−V xk( )
 

 
 
 

 

 
 
 k

∑

                                                 → D x(t)[ ]eiSclassical x( t )[ ]
x(0)= xi

x( t )= x f∫

And the evolution operator is the sum over all paths weighted by the exponential of the 
classical action. 

Lagrangian 

The quantum propagation is expressed as a weighted sum over paths. The weight is a 
complex phase factor given by the exponential of i times the action S. 
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Overview of LQCD basics 

€ 

xk +1 e
−iΔt

ˆ p 2

2m
+V ( ˆ x )

 

 
 

 

 
 

xk
Δt→0 →   

dp
2π∫ xk +1 p e

− iΔt p 2

2m e− iΔtV (xk ) p xk

~ dp
2π

ei p(xk+1−xk )∫ e
−iΔt p 2

2m e−iΔtV (xk ) =
2mπ
Δt

e
iΔt m

2
xk+1−xk

Δt
 

 
 

 

 
 

2

−V xk( )
 

 
 
 

 

 
 
 k

∑
+ O(Δt 2)

  

€ 

x f ,t f xi,ti = x f e
− iH (t f − ti ) xi = dxN−1 dxN−2 dx1∫∫∫ e

iΔt m
2

xk+1−xk
Δt

 

 
 

 

 
 

2

−V xk( )
 

 
 
 

 

 
 
 k

∑

                                                 → D x(t)[ ]eiSclassical x( t )[ ]
x(0)= xi

x( t )= x f∫ Lagrangian 
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€ 

Ai ∝exp i dt L q(t)( )
i

f

∫
 

 
 

 

 
 

each path contributes  
a phase given by the classical  

action 

RULE  

€ 

A = D(q)∫ exp i dt L q(t)( )
i

f

∫
 

 
 

 

 
 

PATH INTEGRAL 
Feynman, 1948 



Overview of LQCD basics 

€ 

xk +1 e
−iΔt

ˆ p 2

2m
+V ( ˆ x )

 

 
 

 

 
 

xk
Δt→0 →   

dp
2π∫ xk +1 p e

− iΔt p 2

2m e− iΔtV (xk ) p xk (1)

~ dp
2π

ei p(xk+1−xk )∫ e
−iΔt p 2

2m e−iΔtV (xk ) =
2mπ
Δt

e
iΔt m

2
xk+1−xk

Δt
 

 
 

 

 
 

2

−V xk( )
 

 
 
 

 

 
 
 k

∑
+ O(Δt 2)

  

€ 

x f ,t f xi,ti = x f e
− iH (t f − ti ) xi = dxN−1 dxN−2 dx1∫∫∫ e

iΔt m
2

xk+1−xk
Δt

 

 
 

 

 
 

2

−V xk( )
 

 
 
 

 

 
 
 k

∑

                                                 → D x(t)[ ]eiSclassical x( t )[ ]
x(0)= xi

x( t )= x f∫

By rotating to Euclidean  
time in (1):  

  

€ 

x0 ≡ t →−ix4 ≡ −iτ
p0 ≡ E → ip4

xE
2 = xi

2 =
 x 2 − t 2 = −xM

2

i=1

4

∑

pE
2 = pi

2 =
 p 2 − E 2 = −pM

2

i=1

4

∑

  

€ 

e−τH → D x1,x2,…,xN−1[ ]e
−Δτ

m
2

xk+1−xk
Δt

 

 
 

 

 
 
2

+V xk( )
 

 
 
 

 

 
 
 k

∑

x(0)= xi

x( t )= x f∫

Lagrangian 

Hamiltonian 

The propagation amplitude is re-expressed in terms of the Euclidean action, SE 
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Overview of LQCD basics 

  

€ 

e−τH → D x1,x2,…,xN−1[ ]e
−Δτ

m
2

xk+1−xk
Δt

 

 
 

 

 
 
2

+V xk( )
 

 
 
 

 

 
 
 k

∑

x(0)= xi

x( t )= x f∫
 basis of numerical simulations 

Euclidean path real  

Analogy with the partition function of a classical statistical mechanics system:   

  

€ 

Z = Tr e−τH( ) = dx x e−Hτ x = D(x1,x2,…,xN )e−S(x1 ,x2 ,…,xN )∫∫

S[x] ≡ dτ
τ i

τ f

∫ L(x, ˙ x ) ≡ dt
m ˙ x τ( )2

2
+ V x τ( )( )

 

 
 
 

 

 
 
 τ i

τ f

∫

The weight of each path is a real positive quantity, looking tlike a Boltzmann factor 

€ 

G[φ] T =

e
−
E [φ ]
kT

φ

∑ G[φ]

e
−
E [φ ]
kT

φ

∑
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Overview of LQCD basics 

Starting point is the QCD partition function in Euclidean space-time 

€ 

Z = DAµ Dψ Dψ exp(−SQCD )∫ = DAµ Dψ Dψ exp − d4x 1
4
Gµν

a Ga
µν + ψ f [Dµγµ + m]ψ f

f
∑

 

 
  

 

 
  ∫

 

 
 
 

 

 
 
 ∫

real, positive weight    PROBABILITY  

gluons 
(8) 

anti-quarks 
(6)  quarks 

(6) 

€ 

DAµ ≡ dAµ (x)
x
∏

functional integration 

espin (4) x color (3) 

dimension = 8 x 4 x 6 x 12 x 6 x 12 x # space points ~ 8 x 4 x 6 x 12 x 6 x 12 x 324 ~  1.7 1011 

large # of degrees of freedom 

integrate the fermion fields (by gaussian integration) 

€ 

Z = DAµ det Mf (A)[ ] exp(−Sgluon )∫ = DAµ exp(−S)∫     with S = d4x 1
4
Gµν

a Ga
µν 

 
 

 

 
 − log det Mf (A)[ ]( )

flavors
∑∫

€ 

O =
1
Z

DAµ O∫ e−S
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Overview of LQCD basics 

Lattice formulation:   Discrete space-time         &     Use a discrete action  

space-time lattice 

Quarks 

Gluons 

Evaluate a path ordered 
exponential between 

neighbor sites 

Ns x Ns x Ns x Nt 

€ 

mπL >>2π b <<1 fm
1
mπ

≈1.4 fm                  1 fm =  10−15m

periodic (anti-periodic) boundary conditions 

< | | >          time-ordered correlation functions 

The quark fields in O are re-expressed in terms of quark  
propagators using Wick’s Theorem for contracting fields  
(removing the dependence of quarks as dynamical fields) 

Basic building block for fermionic quantities: 

 Feynman propagator                                                                                                          

          inverse of the Dirac operator calculated on a given background field  

€ 

SF (y, j,b;x,i,a) = M−1( )x,i,a
y, j ,b

site, spin, color 



Overview of LQCD basics 

€ 

S f =ψ Mf (A)ψ

Nowadays many simulations are dynamical, but until a few years ago there were: 

quenched 

partially quenched 

€ 

det Mf A( )[ ] = constant

€ 

in the determinant :  det M f A( )[ ] ≡ det / D A[ ] + msea( )
in the quark propagator :       S A[ ] ≡ / D A[ ] + mval( )−1

 
 
 

  
with  msea ≠ mval

very demanding 

one needs to develop effective theories that take into account this mixing in order to extrapolate to 
physical results 

€ 

Z = DAµ det Mf (A)[ ] exp(−Sgluon )∫ = DAµ exp(−S)∫     

€ 

(S = Sgluon + S f )
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Overview of LQCD basics 

Define parallel transporters on links between neighboring sites in the lattice 

b 

€ 

Uµ (x) ≡ e
ig Aµ dx

µ

x

x+bµ

∫
≅1+ igbAµ (x + b ˆ µ /2)

U−µ (x) ≡ e
ig Aµ dx

µ

x

x−bµ

∫
≅Uµ (x − b ˆ µ )

                             ≅1− igbAµ (x − b ˆ µ /2)

SU(3) matrices, “links” 

€ 

qα
i (x)

α: spin index 
i: color index 

Basic discretized operators: 

  Ordinary derivative: 

  Covariant derivative: 

€ 

∂µq(x) ≡ 1
2b

q(x + b ˆ µ ) − q(x − b ˆ µ )[ ]

€ 

Dµq(x) ≡ 1
2b

Uµ (x)q(x + b ˆ µ ) −U−µ (x)q(x − b ˆ µ )[ ]
Exercise: Check that in the continuum limit we recover the QCD covariant derivative 
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Overview of LQCD basics 

o  Produce N gauge field configurations {U} with probability distribution P(U) 

o  Calculate expectation value for this distribution (Monte Carlo estimator) 

o  Results have statistical errors 

Basic Monte Carlo algorithm 
(Metropolis, heatbath, …) 

€ 

U i[ ]{ },
each configuration is created by the preceding one :
P U i−1[ ] →U i[ ]( ) P U i−1[ ]( ) = P U i[ ] →U i−1[ ]( ) P U i[ ]( )

(Markov process) 

€ 

0O(...) 0 latt
≅
1
N

O ... U [i][ ]( )
i
∑

Average over the ensemble of configurations 

€ 

~ 1
N

number of uncorrelated gauge configurations 

€ 

P U[ ]∝e−S[U ]( )

€ 

Γ[U] ≈ Γ ≡
1
Ncf

Γ[U]
Ncf

∑

o  Repeat this process very many times (changing randomly the location of the source 
propagator for instance) and average over the results 

€ 

σΓ 
2 ≈

1
Ncf

1
Ncf

Γ2 [x(α )]
α=1

Ncf

∑ −Γ 2
 
 
 

  

 
 
 

  
Ncf >>1 →   

Γ2 − Γ
2

Ncf
(Monte Carlo uncertainty)  

For an arbitrary functional           , we write the weighted 
average over paths with weight             as: 

€ 

e−S[x ]

€ 

Γ(x)

€ 

Γ[x] =
Dx(t)Γ[x]e−S[x ]∫
Dx(t)e−S[x ]∫
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o  Produce N gauge field configurations {U} with probability distribution P(U). 
o  Calculate expectation value for this distribution. 
o  Repeat this process very many times. 
o  Average over results. 
o  Results have statistical errors.  

Configurations Compute  
propagators 

Compute  
correlators 

€ 

D+(U)[m]D(U)[m] χ = φSolve a linear system of equations: 

Condition number ≈ 1/m 

Extrapolations to connect with real life 

€ 

L→∞

€ 

b→ 0

€ 

mq → mq
physical

Procedure 

source of systematic errors 
in lattice QCD simulations 

Published works have L ≤ 4 fm (~6 fm), b < ~ 0.1 fm and mπ ≥ 400 MeV (200 MeV) 
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Overview of LQCD basics 

Systematic errors: 

Finite volume   For enough large lattices , the finite volume corrections to the 
     mass of a given state fall off as      (Lüscher’88) 

    Ex. take the pion 

  i.e. quantum mechanical properties of the pion (size ~1 fm) are unaltered if 
  the box size is of the order of 9 fm (expensive!) 

  Due to the required periodic/anti-periodic boundary conditions, each observable 
  computed in the lattice suffers from unphysical contribution from mirrow states. 

€ 

e−ML

€ 

mπL >~ 2π ⇒ mπ ~ 140MeV ⇒ L ~ 9 fm

Lattice spacing   Introduces discretization errors 
     One tries to reduce their size by improving the lattice action and 
     the operators 
     The difference between the computed correlation function and their 
     continuum limit is of the order of b (b2 in improved lattice actions)  
     Present calculations typically have b ~ 0.1 fm 

Light quark masses         Physical u and d masses are too light to simulate on 
      current lattices 
      Usually mu=md >> physical values  and then, perform a chiral  
      extrapolation     
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Overview of LQCD basics 

Hadron masses are two-point correlation functions 

  

€ 

C(Γν ,  p ,t) = e− i
 
p 
 
x 2

 
x 2

∑ Γν J( x 2,t2)J (  x 0,t0)

The validity of lattice  
QCD can be tested  

through the successful  
calculation of low-lying  

hadron masses 

charge conjugation matrix 
  

€ 

pα (
 x ,t) = ε ijkuα

i (  x ,t) uα
j T

( x ,t)C γ 5 dk ( x ,t)( ) Σα
+ (  x ,t) = ε ijkuα

i (  x ,t) uα
j T

( x ,t)C γ 5 sk ( x ,t)( )
Λα (
 x ,t) = ε ijksα

i (  x ,t) uα
j T

( x ,t)C γ 5 dk ( x ,t)( ) Ξα
0 (  x ,t) = ε ijksα

i (  x ,t) uα
j T

( x ,t)C γ 5 sk ( x ,t)( )

€ 

J π =
1
2
 

 
 
 

 
 

+

interpolating operators spin tensor 
sink 

source 

€ 

Γ± =
1
2
1± γ 0( )

projects onto zero momentum 
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Overview of LQCD basics 

Two-point correlators 

  

€ 

C(Γν ,  p ,t) = e− i
 
p 
 
x 2

 
x 2

∑ Γν J( x 2,t2)J (  x 0,t0)

Three-point correlators 

ex:   masses 

  

€ 

C3
 

O 
(Γν ;  p ′,  p ;,t2,t1) =

e− i
 
p ′
 
x 2e+ i(

 
p ′−
 
p )
 
x 1

 
x 2 ,
 
x 1

∑ Γν J( x 2,t2)
 
O (  x 1,t1)J ( x 0,t0)

ex:  pion form factor 

  

€ 

e− i
 
p 2
 x 2 ei

 
q 
 
x Jπ ( x 2, t2) Vµ (  x 1,t1) Jπ

+ (  x 0, t0)
 
x 2 ,
 
x 
∑

with q the momentum transfer q = ( p2 − p0)

€ 

fπ (q
2) =1− 1

6
r2 q2 +O(q4 )

→ r2 = −6dfπ (q
2)

dq2

  

€ 

e−i
 
p 2
 
x 2

 
x 2

∑ Jπ (
 x 2,t2)J

+
π (  x 0,t0)
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Example:      charged pion propagator 

€ 

π + = d γ 5u

Wick contractions 
(equivalent to the path integral) 

€ 

Gu(y,x) = u(x)u (y)

(connected quark diagram) 
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Example:     neutral pion propagator 

€ 

π 0 =
u u + d d

2

€ 

Gu(y,x) = u(x)u (y)

(connected and disconnected quark diagrams) 
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Overview of LQCD basics 

Masses of (colourless) QCD bound states 

€ 

C(t) = 0 φ(t)φ +(0) 0
φ (t )= e Htφ e − Ht

 →     φ e−Ht φ

Insert a complete set of energy eigenstates: 

€ 

C(t) = φ e−Ht n
n
∑ n φ = φ n

n
∑

2
e−Ent t→∞ →   Z e−E0t

i.e. one can obtain the energy of the state provided we see the large time exponential fall-off of 
the correlation function (Euclidean time evolution suppresses excited states) 

Tracking sub-leading exponential fall-offs can give us excited states 

mass 

20 40 60 80 100 120
t !lu"

!0.4

!0.2

0.0

0.2

0.4

M

€ 

Ξ 1/2( )+

€ 

Ξ 1/2( )−tJ=1 

effective mass plot 

€ 

1
tJ
log CA (t)

CA (t + tJ )
= mA

(locate the source at t=0) 



Tracking sub-leading exponential fall-offs can give us excited states 

NPLQCD, Phys. Rev. D 79, 114502 (2009) 
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Some results for hadronic observables in LQCD 

an example:  Ξ  mass (uss)    nf=2+1    203 x 128  clover fermions  
bs=0.1227±0.0008 fm,   bs/bt = 3.5,  L ~ 2.5 fm,    mπ~390 MeV,   mK~546 MeV  
1195 configs (x 364 sources)                  SS (sink & source) 

€ 

1
tJ
log CA (t)

CA (t + tJ )
= mA Generalized effective plots 

0 10 20 30 40 50 60 70
t !lu"0.22

0.23

0.24

0.25

0.26

0.27

M

tJ=3 
0 10 20 30 40 50 60 70

t !lu"0.22

0.23

0.24

0.25

0.26

0.27

M

tJ=6 

20 40 60 80 100 120
t !lu"

!0.4

!0.2

0.0

0.2

0.4

M

0 10 20 30 40 50 60 70
t !lu"0.22

0.23

0.24

0.25

0.26

0.27

M

€ 

Ξ 1/2( )+

€ 

Ξ 1/2( )−
€ 

Ξ 1/2( )+

tJ=1 
tJ=1 

(statistical noise) 

(excited states) 
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Some results for hadronic observables in LQCD 

Durr et al. (BMW Collaboration) Science 322 (2008) 1224 

Lattice QCD works really well when calculating the static properties of hadrons, as one 
can see from the hadronic mass spectrum representation. 
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mπ~190 MeV 
L ~ 4 mπ

-1 ~ 5.7 fm 
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Two-particle correlators    Energy of the interacting 2-particle system 

  

€ 

CHA HB ,Γ
(  p 1,
 p 2,t) = ei

 
p 1
 
x 1ei

 
p 2
 
x 2Γα1α2

β1β 2

 
x 1
 
x 2

∑ JHA ,α1
(  x 1,t)JHB ,α2

(  x 2,t)J HA ,β1
(x0,0)J HB ,β 2

(x0,0)

interpolating operator 
spin tensor 

source located at t=0 away from the source, i.e. at large t  

  

€ 

CHA HB
(  p ,−  p ,t) ~ Zn;AB

(i) (  p ) Zn;AB
( f ) (  p )e−En

AB (
 
0 ) t

n
∑

A. Parreño, University of Barcelona   Hadronic physics with LQCD    NNPSS (TUNL) 6/29 2011 



noise-to-signal 
 
 
 
 
 
 
 
 
 
Lepage, 1989


system of n-pions 

  

€ 

C(t) = π−( x ,t)
x
∑
 

 
 

 

 
 

n

π +(
 
0 ,0)( )n

→ A0 e−n mπ t

Nσ 2 ~ C+(t)C(t) − C(t) 2

= π−(  x ,t)
x
∑
 

 
 

 

 
 

n

π +( y ,t)
y
∑
 

 
  

 

 
  

n

π +(
 
0 ,0)( )

n
π−(
 
0 ,0)( )

n
− π−(  x ,t)

x
∑
 

 
 

 

 
 

n

π +(
 
0 ,0)( )

n
2

→ A2 − A0
2( )e−2n mπ t

€ 

σ(t)
C(t)

~
A2 − A0

2( ) e−n mπ t

N A0 e
−n mπ t

~ 1
N

noise-to-signal independent of time 

NPLQCD, arXiv:1104.4101 [hep-lat] 
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€ 

cosh(Mπ (t −T /2))

€ 

cosh(Mπ (t −T /2))



noise-to-signal 
 
 
 
 
 
 
 
 
 
Lepage, 1989


nucleons 

€ 

σ 2(C) = CC+ − C
2

σ
C
~ exp − MN −

3mπ

2
 

 
 

 

 
 t

 
 
 

 
 
 

σ
C
~ exp −A MN −

3mπ

2
 

 
 

 

 
 t

 
 
 

 
 
 

nucleus with A nucleons NPLQCD, arXiv:1104.4101 [hep-lat] 

exponential grow of noise 
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© W. Detmold 
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Some results for hadronic observables in LQCD 

“Golden window” 
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Some results for hadronic observables in LQCD 

Energy shift:  ΔE = EAB – MA -MB 

But... how can we get the effective parameters for the low energy interaction? 

The Maiani-Testa theorem states that one cannot extract multi-hadron S-matrix 
elements from Euclidean space Green functions at infinite volume except for 
kinematical thresholds. 

Lüscher (1986) circumvented this problem by going to finite volume: extract the 
scattering length from the volume dependence of two-particle energy levels at finite 
volume (up to inelastic thresholds) 

One-hadron correlator: 
  

€ 

CA (t) = A(t,  x ) A (0,
 
0 ) = CA

n e−EA
nt →CA e−M A t

n
∑

 
x 
∑

  

€ 

CAB (t) = A(t,  x ) B(t,  x ) B (0,
 
0 ) A (0,

 
0 ) = CAB

n e−EAB
n t →CAB e−EAB t

n
∑

 
x ,
 
y 
∑

Two-hadron correlator: 
energies 
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Beane, Bedaque, Parreño, Savage, Phys. Lett. B 585,1-2, 106-114 (2004) 

u.v. regulator 

below inelastic thresholds 

obtained from the simulation 

efective range  
expansion 

  

€ 

 p = 2π
 n 

L

non-interacting  
particles 



  

€ 

pcotδ = −
1
a

+
1
2
rp2 +…

  

€ 

pcotδ(p) =
1
π L

S η( )=
1
π L

1
 
j 

2
−η2 

j 

 
j <Λ

∑ −
4Λ
L

with     η =
L

2π
p

  

€ 

ΔE =
p2

M
=

4πa
ML3 1− c1

a
L

+ c2
a
L
 

 
 
 

 
 

2

+…
 

 
 

 

 
 with    c1 =

1
π

1
 
j 

2
 
j ∈Z 3
 
j ≠
 
0 

∑ , c2 = c1
2 −

1
π 2

1
 
j 

4
 
j ≠0

∑

If one retains only the scattering length in the tan(δ) expansion and performing a 
perturbative expansion on the momentum p2 (and playing a bit with the sums...)  

(recovering Lüscher’s formula, M. Lüscher, Commun. Math. Phys. 105, 153 (1986)) 

  

€ 

p = i κ,               κ = γ +
g1

L
e− γ L + 2e− 2 γ L +…( ) with  γ << mπ

€ 

B.E .∞=
γ 2

M



Some results for hadronic observables in LQCD 

compilation of the NN scattering lengths calculations for the singlet and triplet channels 

exp: - 23.8 fm exp: 5.4 fm 

physical pion mass 
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Some results for hadronic observables in LQCD 

57 

a (1S0) [fm] a (3S1) [fm] 

Beane, Bedaque, Orginos, Savage, PRL97 012001 (2006) 

L=2.5 fm 

@ mπ = 350, 590, 590 MeV 
- 23.8 fm 

5.4 fm 
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Some results for hadronic observables in LQCD 

NPLQCD Collaboration 
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Some results for hadronic observables in LQCD 

A. Parreño, University of Barcelona   Hadronic physics with LQCD    NNPSS (TUNL) 6/29 2011 

!0.2 !0.1 0

1.

0.6

0.2

!q"mΠ#2

!
i
co
t!∆#

€ 

k /mπ( )2

323x256 

243x128 

€ 

B∞
H =16.6 ± 2.1± 4.5 ±1.0 ± 0.6 MeV

€ 

f (Ω) =
1

k cotδ(k) − ik
    →∞  (b.s.)    - i cotδ(k) =1

  

€ 

 κ = γ +
g1

L
e− γ L + 2e− 2 γ L +…( )

€ 

B∞
H =

γ 2

M

physical pion mass 

... more simulations at lighter quark masses (mπ~200-250 MeV) 

Bound states? 
Phys. Rev. Lett. 106 (2011) 162001 

H‐dibaryon (ΛΛ)J=0, I=0 

mπ~390 MeV 



Some results for hadronic observables in LQCD 

But Nuclear Physics mean more than 2 particles... 
Can we handdle this with Lattice QCD? 
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Some results for hadronic observables in LQCD 

But we want to do nuclear physics, i.e., we need to simulate systems with larger  
number of hadrons 

contains the 3-particle interaction 

scattering length 

[Bogoliubov ‘47][Huang,Yang ‘57][Beane, Detmold, Savage PRD76;074507, 2007;   Detmold,Savage PRD77:057502,2008] 

  

€ 

C
nπ + (t) = π +(  x ,t)

x
∑ π−(

 
0 ,0)   large t →       Ae−E t    

  

€ 

 π +(  x ,t) = d (  x ,t)γ 5u( x ,t)

  

€ 

C
nπ + (t) = π +(  x ,t)

x
∑
 

 
 

 

 
 

n

π−(
 
0 ,0)( )

n
  large t →       Ae−Ent     
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Some results for hadronic observables in LQCD 

But we want to do nuclear physics, i.e., we need to simulate systems with larger  
number of hadrons 

contains the 3-particle interaction 

  

€ 

C
nπ + (t) = π +(  x ,t)

x
∑
 

 
 

 

 
 

n

π−(
 
0 ,0)( )

n
  large t →       Ae−Ent               where π +( x ,t) = d ( x ,t)γ 5u(  x ,t)

  

€ 

C3(t) = Tr[Π]3 − 3Tr[Π]Tr[Π2] + 2Tr[Π3]     with   Π = γ 5S(  x ,t;
 
0 ,0)γ 5S

+( x ,t;
 
0 ,0)

x
∑

Ex. 3 pions (maximal isospin, Iz=3) 

scattering length 

[Bogoliubov ‘47][Huang,Yang ‘57][Beane, Detmold, Savage PRD76;074507, 2007;   Detmold,Savage PRD77:057502,2008] 
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incresing complexity of performing contractions with the number of hadrons 
This is the real bootleneck for doing nuclear physics 

© W. Detmold 

Exercise:  for a given number of hadrons, composed by u,d, and s quarks, what would be 
(naively) the number of contractions one would have to perform?  
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Some results for hadronic observables in LQCD 

Something for you to think about... and discuss in the afternoon session 

Make a list with those challenges you think Lattice QCD faces in order to  
impact the field of Nuclear Physics? 
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Some results for hadronic observables in LQCD 

This was a very general presentation of the application of Lattice technology to nuclear 
physics phenomena. 

Many aspects were not covered: 

The interpolating fields create point sources, with little overlap with hadrons, which  
have a size (~ 1 fm). From the simulation point of view, how do we  
optimize the projection onto the state we are interested in? 

Which are the analysis techniques that are being used to isolate the ground state 
from our simulation data? 

Is there a way to deal with the large number of contractions which appear in LQCD 
simulations of many-hadron systems? 

Please, contact me if you want to know more about these (and other related) points.  
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