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Lecture 2 outline

1) Effective operators

2) Some results for nuclei/nuclear matter

3) Towards a microscopically-based
Density functional theory (DFT)  for nuclei
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1) Tells you if you’re missing something

2) Tells you how big it is
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SRG-evolved Hamiltonians at the two-body level



5

Now with consistent RG evolution of 2+3 body

• same rapid convergence as the NN-only result
• but now the transformation is unitary at the 3-body level
• should also check A>3 to see if induce 4NF’s are big
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Nuclear matter with NN-only RG-evolved interactions

Perturbative….but
No saturation in sight
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What infinite nuclear matter should look like

V18 + 3N (hard potentials)

NOTE: still saturates with V18 NN-only (but at too high density and overbound)

Q: How do we know it saturates?
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• Reduced cutoff dependence
   (renormalization is working!)

• Hartree-Fock (mean-field theory)
   bound and saturates

• Perturbation theory under control

Like quantum chemistry
Promising for DFT?
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Q: If 3NF’s play such a crucial role in giving saturation for low-k
     effective theories, does that mean it is unnaturally large 

i.e., do we lose the nice hierarchy of terms
(powercounting) in the input chiral EFT?

A: No. We still see the
    kF/Λ suppression as
    predicted by the EFT
    powercounting
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K.Hebeler and A. Schwenk

Theoretical error bands!
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Negligible 4N
forces are 
Induced!

(cutoff dependence as a tool)
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3N forces and neutron-rich nuclei

Nature (2007)

(Holt, Schwenk, Otsuka)
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O
F

The oxygen anomaly
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O
F

The oxygen anomaly
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without 3N forces, NN interac9ons too
a:rac9ve

O
F

The oxygen anomaly - not reproduced without 3N forces

many‐body theory based
on two‐nucleon forces:
drip‐line incorrect at 28O

fit to experiment28O16O 24O
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The oxygen anomaly - impact of 3N forces
include “normal‐ordered” 2‐body part of 3N forces (enhanced by core A)

leads to repulsive interac9ons between valence neutrons
(can understand partly based on Pauli principle)

d3/2 orbital remains unbound from 16O to 28O

first microscopic explana9on of the oxygen anomaly
Otsuka et al., PRL (2010)
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The N! catastrophe.
Specific example: 2 particles in 4 states

Scaling: Number of basis states

Ooops.. These are huge numbers

Problem : How to deal with such large
dimensions
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Limitations of Wave function Methods

• Factorial/exponential growth with increasing A
• Conventional NN…N interactions => Amax ≈ 12
• RG softened NN….N interactions => Amax ≈ 40
• Amax ≈ 100 (??) w/coupled cluster + RG ?
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Density functional theory
 in a nutshell

Solve a single particle equation 
(Kohn-Sham DFT)
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Thermodynamic analogy
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need accurate calculation
of infinite e- gas

With RG-evolved interactions these 
are in reach for the nuclear case!
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Phenomenological Skyrme Functionals

• Solve simple Hartree-like equations
• DFT is exact if the “true” E[ρ] 

t0, t1, W0, α, etc. are fit to infinite nuclear matter properties and to 
Some set of finite nuclei data 
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Phenomenological Skyrme Functionals

• Solve simple Hartree-like equations
• DFT is exact if the “true” E[ρ] 
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Accomplishments of Phenomenological Energy Functionals

2N separation energies, Quadrupole and
BE2 values, Fission energy surfaces,
mass tables in a day, plus many other
impressive feats

BUT...
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Limitations of Existing Energy Functionals (Predictability)

• Uncontrolled extrapolations away from known data!
•  Loss of predictive power
•  Theoretical error-bars?
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What’s missing in phenomenological EDFs ?

• Density dependencies too simplistic (integer powers)

• Isovector components not well constrained (pions!)

• No way to estimate theoretical uncertainties

• What’s the connection to many-body forces?

Turn to microscopic many body theory for guidance,
aided by the simplifications enabled by RG-evolved
interactions

www.unedf.org
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Local Skyrme-like Functionals from RG-evolved Interactions

density matrices
finite range interaction vertex K

Dominant MBPT contributions to bulk properties take the form

K is either free-space interaction (HF)
or resummed in-medium vertex (BHF)

Written in terms of non-local quantities

Connection to E = E[ρ] is not obvious! 
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Density Matrix Expansion Revisited (Negele and Vautherin)

Expand of DM in local operators w/factorized non-locality

Dependence on local densities/currents now manifest

Skyrme-like EDF but with density-dependent couplings
dominated by long-range pion-physics
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Prescriptions for Πn-functions
Phase space averaging (PSA-DME) (Gebremariam et al. arXiv:0910.4979)

Average the non-locality operator over local momentum
distribution g(R,k) and expand exponentiated gradients

Easy to build in physics associated with surface effects in
finite fermi systems (spin-orbit physics)

Exact in homogenous infinite matter limit  
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Each EDF coupling function at HF-level splits into 2 terms

1) Λ-dependent Skyrme-like coupling constants (short-distance)
2) Λ-independent  coupling functions from “universal” pion physics

Including Long Range Chiral EFT in Skyrme-like EDFs

Etc…

From contact terms in
EFT/RG V’s

From pion exchanges

Suggests a microscopically-improved Skyrme phenomenology

Add pion-exchange couplings to existing Skyrmes and refit 
constants using guidance from EFT (naturalness, etc.)
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Gameplan - Include pion physics in Skyrme EDFs and refit

• Include DME coupling functions 
  from finite-range NN and NNN 
  chiral EFT thru N2LO

• Refit the contact coupling 
  constants (EFT constraints => 
  naturalness)

• Look for improved observables
  and for sensitivities 

• Can we “see” the pion as 
  in NN phase shift analyses ? 

Expect interesting spin-orbit
consequences (NN vs NNN)

in progress w/ORNL group (Stoitsov et al.)
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New development: DME for chiral NNN force (N2LO)

• Expect interesting spin-orbit/tensor couplings from TPE 

Empirical EDFs (Skyrme, Gogny,...) spin-orbit coupling is density
independent => appropriate for NN spin-orbit forces (short range)

This is a mismatch since microscopic NNN interactions are long-range
(DME ==>  strong density dependent J⋅∇ρ couplings)
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Looks ugly (or beautiful, depending on your view), but a regular structure
emerges:

+ 4 other classes of similar terms

(note: u is NOT small)
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Including NN and NNN Including NN and NNN pion-exchanges pion-exchanges inin  Skyrme EDFsSkyrme EDFs
Pre-optimization (test if we can calculate with the new EDF)

• non-derivative contacts
fixed to infinite nuclear 
matter saturation

• gradient contacts
fixed to finite nuclei data

• SLY4 and SLY’4 are 
Conventional Skyrme results

• Small but robust reduction
In RMS errors when include
pion physics via DME
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Including NN and NNN Including NN and NNN pion-exchanges pion-exchanges inin  Skyrme EDFsSkyrme EDFs
Pre-optimization (test if we can calculate with the new EDF)

Didn’t expect to improve
Bulk properties, but we did

Hope to see big improvements
for single particle spectra
(spectroscopy)

next step: Large scale 
optimization and calculations
across the mass table
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Neutron drops and DFT

Challenge: 

Given some microscopic NN potential, can one microscopically
construct the energy functional (EDF)? 

How close can the microscopic DFT calculation come to the
exact result from many-body diagonalization ?

Use as “pseudodata” for poorly constrained
Isovector (n >> p)  part of nuclear functionals

1st proof-of-principle results in 1106.3557 [nucl-th]
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(energies scaled by Thomas-Fermi to remove “fast” hΩ and N dependence)

Harmonic oscillator hΩ =  20, 15, 5 MeV (left-to-right)

N = 20 (top row) , N = 8 (bottom row)

1106.3557 [nucl-th]
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NCFC = exact diagonalization of H
HF  = Hartree-Fock using the finite-range VNN (“non-local EDF”)
PSA = DME functional calculated at the level of HF in perturbation theory
BHF = DME functional at the level of Brueckner-HF in perturbation theory
FIT  = DME functional at HF level + fitted contact terms

(energies scaled by Thomas-Fermi to remove “fast” hΩ and N dependence)
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Expected pattern • Good agreement with exact results
• Systematic improvement at different
  levels of building the EDF
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Densities agree within error bars of exact result

• external trap allows exploration of wide range of density regimes
• next steps

• chiral EFT interactions, larger N (no problem for DFT) 
• open shell systems (probe pairing correlations)
• see if “real” neutron-rich nuclei can be improved
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Lecture 3 take-away points

• Cutoff-dependence is a tool
• tells you when something is missing (e.g., 3N)
• tells you how important it is
• theoretical errors

• RG generates 3N forces…is this a bad thing?
• They’re there to begin with, even with “hard” interactions 
• Might as well make them soft and easy to use in MB calcs.

• Density functional theory evades the N! wall of wave function methods
• can in principle cover the entire mass table
• suffers from empirical nature (model dependent extrapolations,etc.)
• easiest to draw a microscopic connection to DFT with soft
   RG-evolved interactions
• 1st steps in nuclei and neutron drops look very promising 


