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Lecture 2 outline
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1) Recap/questions from Lecture 1 

2) low-energy effective theories (general)

3) chiral EFT for NN and NNN interactions

4) many-body interactions in flow equation 



Questions to think about
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1) What do I mean when I say that the form of low energy
effective theories are “universal” or model-independent ?
(Think of the multipole expansion example)

2) Why do RG transformations only affect short-distance 
pieces of the Hamiltonian? Would you be alarmed if it modified 
long-distance pieces?

3) Last time we saw that using the RG to lower the cutoff
in the nuclear Hamiltonian gives a much “softer” problem
that is amenable to perturbative treatments.  

However, we learned that this transformation “induces” 3-body 
(and higher) forces. What then, have we gained? Have we 
really simplified anything at all? 



e.g., proton EM form factor F (Q) ∼ 1 for Q << 800 MeV
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Principle of Low-Energy Effective Theories

 If a system is probed at low energies, fine details not resolved 
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 If a system is probed at low energies, fine details not resolved
 Use convenient dof to describe low-energy processes
 Complicated short-distance structure replaced by 

something simpler without distorting low-E observables
 Systematically achieved by effective field theories (EFT)

Principle of Low-Energy Effective Theories



Example: Multipole expansion in E&M
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Underlying theory:

φ(R) =
∫

d3r
ρ(r)

|R− r|



Example: Multipole expansion in E&M
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Long distance effective theory:

φ(R) ≈ q

R
+

p · R
R3

+
QijRiRj

R5
+ · · ·

 “Universal form” (same for all localized
     charge distributions) given by symmetry

 Details of ρ(r) encoded a few numbers (q,p, Qij) 
    that can be calculated from “underlying” theory
    or extracted from experiment if ρ(r) unknown.

q =
∫

d3rρ(r) p =
∫

d3r rρ(r) , etc.

Underlying ρ replaced by
pointlike multipoles 



V = VL + VS

Low energy effective theories (QM)
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V = VL + VS

Low energy effective theories (QM)
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Underlying theory 
with cutoff Λ∞ 
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long-distance
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(e.g., ρ,ω-exchange)
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Now suppose we want an low E effective theory that describes
physics up to some  ML <  Λ < MS. 

Λ



V = VL + VS

Veff = VL + δVc.t.(Λ)

Low energy effective theories (QM)
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Underlying theory 
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Λ

Our task is to “integrate out” states above Λ using the RG 

Generic form of 
the effective theory

Underlying theory 
with cutoff Λ∞ 



V = VL + VS

Veff = VL + δVc.t.(Λ)

δVct = C0(Λ)δ3(r) + C2(Λ)∇2δ3(r) + · · ·

Low energy effective theories (QM)
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Underlying theory 
with cutoff Λ∞ 

known
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Λ

Our task is to “integrate out” states above Λ using the RG 

Generic form of 
the effective theory

Underlying theory 
with cutoff Λ∞ 

encodes the
effects of integrated
dof on low-E physics

universal form; depends
only on symmetries
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- main effect of RG evolution is a constant shift (delta function!)
-  tail of deuteron wf doesn’t change 
-  consistent with collapse to “universal” interaction
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3S1 deuteron probability density

Evidence that Veff = VL + δVc.t.(Λ)

symbols: Vlow k Λ = 2 fm-1



Low energy effective theories (QM)
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Veff = VL + δVc.t.(Λ)

δVct = C0(Λ)δ3(r) + C2(Λ)∇2δ3(r) + · · ·

Generic form of 
the effective theory

encodes the
effects of integrated
dof on low-E physics

universal form; depends
only on symmetries

Like the multipole example, the complicated short-distance structure
of the “true” theory is encoded in a few numbers that can be 
calculated from the the underlying theory
                                      OR 
in cases where the short-distance structure is unknown or too 
complicated, can be extracted from low E data

Effective Field Theory (EFT) is based on these ideas (see Lepage reference)
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Construction of nuclear potentials via chiral EFT 
Weinberg, van Kolck, Epelbaum, Machleidt, ...

1) Identify the relevant degrees of freedom for the resolution scale of 
nuclei (nucleons and pions)

2) Identify relevant symmetries of low-E QCD (spontaneously broken
chiral symmetry)

3) Write the most general Lagrangian consistent with the symmetries (infinite
number of interactions; non-normalizeable)

4) Design an organizational scheme  that can distinguish between more or
less important contributions. (low-momentum expansion; power counting)

5) Calculate finite # of Feynman diagrams to the desired accuracy dictated
by the power counting. 
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1. Identify relevant dof/separation of scales



2. Identify low E symmetries of QCD
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 Besides space-time symmetries and parity, what else? 
 Is SU(3) color gauge symmetry encoded in the EFT?
 Consider chiral symmetry:

 mu and md are small compared to typical Hadrons
    (~ 5 and 9 MeV at 1 GeV renormalization scale versus about 1 GeV)



2. Identify low E symmetries of QCD
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  What happens if we have a symmetry of the Hamiltonian?
  Could have a multiplet of ~ degenerate states (masses)
  Could be a spontaneously broken (hidden) symmetry

 Experimentally we notice:
 Isospin multiplets like (p,n) or (Σ+, Σ-, Σ0), etc.
 But we don’t find opposite parity partners for these states

          with close to the same mass. Axial part spontaneously broken.

 Pions are “pseudo Goldstone bosons.”  Explicit symmetry breaking
    of quark masses (u ≠ d ≠ 0) implies mπ << MQCD  but non-zero.



Left = Lππ + LπN + LNN
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3) Write down the most general Lagrangian consistent
with symmetries; hierarchy of terms => Power counting

(Weinberg counting)

N = # external nucleons       di = # derivatives or mπ at ith vertex
L  = # loops                          ni = # nucleons at ith vertex
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5) Calculate to the desired order
 LO time-ordered diagrams

 zero-range contact term at LO

 regularize (WHY?)

one pion
exchange
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Chiral EFT for two-nucleon potential

Approaches level of accuracy (and fit parameters via the LECs)
of “conventional” models at N3LO



T (k, k) = V (k, k) +
2
!

∫
q2dq

V (k, q)T (q, k)
k2 − q2

where tan " (k) = −kT (k, k)

Why the cutoff Λ?
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 Need to match unknown LECs to data (e.g., phaseshifts). Solve LS eqn: 

 NN loop integral UV divergent => regularization and renormalization
  details of cutoff (sharp, smooth, etc.) don’t matter to low E physics
  LECs now “run” with Λ

 
 No such thing as “the” chiral potential of a given order. Infinitely many

    regularization/renormalization schemes => any differences should be 
    higher order effects.

 Truncation errors of observables go as 
 “theoretical error bars” from varying Λ

O
(Qν

Λν

)
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Error bands thru N3LO (Epelbaum et al., nucl-th/0509032)
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jealousy is like a 3-body force



Evidence for 3N in light nuclei: overall binding & level ordering
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Eliminating DOF leads to 3-body forces

π, ρ, ω
∆,N∗

π, ρ, ω

π, ρ, ω

π, ρ, ω

N
=⇒

π π π

c1, c3, c4 cD cE

 integrating out non-nucleonic DOF and/or high-momentum states 
   renormalizes the strength of 3N (and higher) interactions.

 artificial to speak of “true” 3N and “induced” 3N forces! 

And at what resolution scale?Text
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Few-body forces from Chiral EFT
Separation of scales: low momenta Q << Λb breakdown scale

 Explains 2N > 3N > 4N
 
 Formal Consistency
   NN and NNN from same Lagrangian
   ππ and πN, electroweak
   Broken chiral symmetry of QCD

 Error estimates from Λ variation

Weinberg, van Kolck, Epelbaum, Meissner, Machleidt, …
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Extras
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(local potentials only)
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Coupled Cluster (CC) Calculations (figures from G. Hagen)

• Size extensive, based on the Linked Cluster theorem
• Softer polynomial scaling with # of orbitals
• Extended to include 3NF’s (Dean, Hagen, Papenbrock…) 


