
Neutrinos ββ Decay ββ Calculations

Nuclear Structure IV: Application to Double-Beta
Decay

J. Engel

University of North Carolina

June 16, 2005



Neutrinos ββ Decay ββ Calculations

Outline

1 Neutrinos

2 ββ Decay
How it Helps
Experimental stuff

3 ββ Calculations
What to Calculate
Assessing Calculations



Neutrinos ββ Decay ββ Calculations

What We Know About Neutrinos

Come in three “flavors”, none of which have definite mass.(
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 ⇐= mass eigenstates

mi
<∼ 1 eV!!!

U contains three mixing angles (and a few phases).

From recent “oscillation” experiments:

Solar-ν’s: ∆m2
sol ≈ 7× 10−5 eV2 θsol ≈ 33◦

Atmospheric-ν’s: ∆m2
atm ≈ 2× 10−3 eV2 θatm ≈ 45◦

Reactor ν’s: Third mixing angle is small.
Atmospheric νe’s don’t oscillate.
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What We Still Don’t Know

“Hierarchy”:
normal or inverted?

Overall mass scale

Are neutrinos their
own antiparticles?

Oscillation experiments cannot answer these questions.

Neutrinoless double-beta decay can help
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Neutrinoless Double-Beta Decay

If energetics are right (ordinary beta
decay forbidden). . .

and neutrinos are their own
antiparticles. . .

then two neutrons inside a nucleus
can turn into two protons, emitting
two electrons and nothing else

(unlike the already observed
two-neutrino process).
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How It Helps
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Rate proportional to square of “effective
neutrino mass”

meff ≡
∑

i

miU
2
ei

If lightest neutrino is light:

meff ≈
√

∆m2
sol sin

2 θsol (normal)

meff ≈
√

∆m2
atm cos 2θsol (inverted)
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Conclusion

Double-beta decay experiments can
eventually determine whether neutrinos are
their own antiparticles
If they are, the next generation of
double-beta-decay experiments should
confirm or rule out the “inverted” (or
“degenerate”) hierarchy and, if confirming,
determine the effective neutrino mass
provided some crucial nuclear-structure
physics is better understood.
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Seeing Neutrinoless Decay

Need about a ton of material, very good energy resolution.

Summed Electron Energy

2ν

0ν

This is for meff = .1 eV!
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Majorana Overview
0 decay of 76Ge potentially measured at 2039 keVSensitive to effective Majorana mass as low as 0.02-0.07 eVBased on well known 76Gedetector technology plus:– Pulse-shape analysis– Detector segmentation– Ready to begin nowRequires:– Deep underground location– 500 kg enriched 85% 76Ge– many crystals, each segmented– Advanced signal processing• Pulse shape discrimination– Special low bkg materials
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Aspen Winter 2005 Status of double beta decay 12

130Te: CUORICINO and CUORE CUORICINO energy spectrum

CUORICINO: exposure to date = 10.85 kg yr

(~20% of Heidelberg-Moscow) Live time 

~ 75%, so exposure should  surpass H-M soon.

Current result: ‹m › < 0.2 – 1.1 eV

resolution ~ 8 keV

CUORICINO

will become

CUORE

flat backgrounds 

likely surface alphas

CUORE will consist of multiple

CUORICINO-type towers. 

Total mass = 741 kg (34% 130Te)

Neutrino mass sensitivity ~ 30 meV
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Aspen Winter 2005 Status of double beta decay 18

136Xe: EXO 200 kg prototypecopper cryostat
TPC vessel

LXe TPC to be contained in low background vessel, 

surrounded by 50 cm of ultra-pure cryofluid inside

a copper cryostat and shielded by 25 cm of lead.

HFE-7000 cryofluid

Cryostat fabrication begins next month (France).

Design of lead shielding, electronics, and TPC

electrostatics is in advanced stages. 
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Already Observed?
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Fig. 4. The total sum spectrum of all �v e detectors (in total 10.96kg enriched in

76Ge), in the range 2000 - 2060 keV and its �t, for the periods: Top: left - August

1990 toMay 2000 (50.57kg y); right - August 1990 to May 2003 (71.7kg y). Bottom:

left - November 1995 toMay 2003 (56.66kg y); right - scan for lines in the spectrum

shown on the left, with the MLM method (see text). The Bi lines at 2010.7, 2016.7,

2021.8 and 2052.9keV are seen, and in addition a signal at � 2039 keV.

nal at Q� � (see Fig. 6 and Table 2). The time distribution of the events throughout

the measuring time and the distribution among the detectors corresponds to the

expectation for a constant rate, and to the masses of the detectors (see Fig. 7).

The spectra have been analyzed by di�er ent methods: Least Squares Method, Max-
imum Likelihood Method (MLM) and Feldman-Cousins Method. The analysis is

performed without subtraction of any background.
We always process background-

plus-signal data since the di�erence between two Poissonian variables does not pro-

duce a Poissonian distribution [17]. This point is sometimes overlooked. So, e.g., in

[18] a formula is developed making use of such subtraction and as a consequence

the analysis given in [18] provides overestimated standard errors.

We have performed �rst a simultaneous �t of the range 2000 - 2060 keV of the

measured spectra by the nonlinear least squares method, using the Levenberg-
Marquardt algorithm [19]. It is applicable in any statistics [20] under the following

conditions: 1) relative errors asymptotic to zero, 2) ratio of signal to background

asymptotic constant. It does not require exact knowledge of the probability density

function of the data.

9

Heidelberg-Moscow 76Ge
collaboration has 71.7 kg y
data.

Claims to see peak right at
endpoint. Corresponds to
meff = 0.4eV ± 0.3eV or so.
Takes advantage of
(exaggerates?) nuclear
uncertainty (to be discussed).

Community is skeptical , but
result contributes to plan for
“phased approach” to larger
detectors.



Neutrinos ββ Decay ββ Calculations What to Calculate Assessing Calculations

Fly in the Ointment: The Nuclear Factor

Rate is also proportional to square of a nuclear matrix element:

Mfi ≈ 〈f |
∑
j,k

[
g2
V − g2

Aσj · σk

|rj − rk|

]
τ+
j τ+

k |i〉

This is hard to calculate because

Relevant nuclei are heavy (e.g. 136Xe −→136Te) and/or
complicated (e.g. 76Ge −→76Se).
No controlled approximation schemes for nuclei with A > 12

No measured neutrinoless decays with which to calibrate.

Mfi sensitive to delicate two-body space/spin correlations.

Most of the operator’s strength is to excited states in the final
nucleus.

...
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Existing Calculations

Lots done since 1987

Most in neutron-proton QRPA (quasiparticle random-phase
approximation).

A few in the shell model

QRPA vs. Shell Model:
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Existing Calculations

Lots done since 1987

Most in neutron-proton QRPA (quasiparticle random-phase
approximation).

A few in the shell model

QRPA vs. Shell Model:

protons neutrons

QRPA

Shell
Model

Large single-particle space;
simple correlations within
it.
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Existing Calculations

Lots done since 1987

Most in neutron-proton QRPA (quasiparticle random-phase
approximation).

A few in the shell model

QRPA vs. Shell Model:

protons neutrons

QRPA

Shell
Model
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Large single-particle space;
simple correlations within
it.
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Existing Calculations

Lots done since 1987

Most in neutron-proton QRPA (quasiparticle random-phase
approximation).

A few in the shell model

QRPA vs. Shell Model:

protons neutrons

QRPA

Shell
Model

Small single-particle space;
arbitrarily complex correla-
tions within it.
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More on Existing Calculations

QRPA uses “G-matrix” interaction,
fiddles with strengths to reproduce
single-beta decay and strength
functions.

Shell model tweaks microscopically
derived interaction to fit binding
energies, spectra.

Both require empirical renormalization
of single-beta decay two-neutrino
double-beta operators.
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FIG. 1: GT response functions for 48Ca, 90Zr and 208Pb. The GT strengths are calculated in the

relativistic RPA with the parameter set NL3. The solid and dashed curves correspond to the RPA and

Hartree strengths, respectively. Experimental energies are shown by the arrows.

residual interaction. It results in an upward shift of the strength. The centroid energies of the

main peaks in Hartree and in RPA are listed in Table 1. A good agreement with the experimental

data is observed when g′ = 0.6 is chosen. The total strengths up to 60 MeV exhaust the Ikeda

sum rule by about 92-94 %. From Table 1 it can also be seen that the total GT strength below

60 MeV is similar in Hartree and in RPA. In ref.[17] it was also found that the GT quenching

is about 12% in infinite matter and 6% in nuclei calculated in Hartree approximation. The

rest of the strength is connected with the effects of the Dirac sea states. NN̄ pairs involving

states in the Fermi sea and negative energy states can also carry GT strength, if one considers

backward-going graphs and the no-sea approximation.

In summary, we have investigated in finite nuclei the nuclear spin-isospin excitations, espe-
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“Statistical Analysis”
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for 76Ge and a five orbits (d5/2, d3/2, s1/2, g7/2, h11/2) for
130Te and 136Xe. These s.p. sets are free of the spurious
center-of-mass states, but obviously miss a large part of
the GT strength as well as of the strength corresponding
to the higher multipoles. In order to describe GT transi-
tions between low-lying states in the NSM, it is necessary
to quench the corresponding strength. This is most con-
veniently formally achieved by using gA = 1.0 instead of
the free nucleon value of gA = 1.25. We follow this pre-
scription in our attempt to use this smallest s.p. space,
and only there.

It appears that it is impossible to describe the 2νββ

decay in such s.p. space using QRPA or RQRPA, and the
nucleon-nucleon potentials employed in this work. One
would have to renormalize the particle-particle block too
much, with gpp ∼ 2.0, unlike the rather modest renor-
malization shown in Table I. With such large value of
gpp the interaction is too far removed from the G-matrix
used in the rest of this work. Therefore, one cannot ex-
pect to obtain sensible 0ν matrix elements. In fact, we
obtained very small matrix elements in this case for 130Te
and 136Xe, while, perhaps accidentally, for 76Ge they are
in a crude agreement with the NSM result [24].
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FIG. 1. Dependence of the matrix elements M2νββ (left
scale, dashed lines) and M0νββ (right scale, full lines) on the
parameter gpp. Calculations were performed for 9 and 21
s.p. levels for 76Ge as indicated; the Nijmegen potential and
RQRPA method were used. The thin dotted horizontal line
indicates that by fixing gpp to reproduce the experimental
value M2νββ = 0.15 MeV−1 the value of M0νββ is also stabi-
lized.

We list the results with the three larger single-particle
bases in Table II which represents the most significant
part of the present work. As one can see by inspecting
the entries, one can draw two important conclusions:

• The resulting M0ν do not depend noticeably on the
form of the nucleon-nucleon potential used. That
is not an unexpected result.

• Even more importantly, with our choice of gpp the
results are also essentially independent on the size
of the s.p. basis. This is a much less obvious and
rather pleasing conclusion. It can be contrasted
with the result one would get for a constant gpp

independent on the size of the s.p. basis. The val-
ues of M0ν differ then between the small and large
bases by a factor of two or more.

The effect of the gpp adjustment is illustrated in Fig.
1, showing that our procedure leads to almost constant
M0ν matrix elements. On the other hand, by choosing a
fixed value of gpp the resulting M0ν matrix elements for
9 and 21 s.p. levels would differ substantially.

The entries in Table II are relatively close to each
other. To emphasize this feature, each calculated value is
treated as an independent determination and for each nu-
cleus the corresponding average 〈M0ν〉 matrix elements
(averaged over the three potentials and the three choices
of the s.p. space) is evaluated, as well as its variance σ

σ2 =
1

N − 1

N
∑

i=1

(M0ν
i − 〈M0ν〉)2, (N = 9). (5)

These quantities (with the value of σ in paretheses) are
shown in Table III. Not only is the variance substantially
less than the average value, but the results of QRPA, al-
beit slightly larger, are quite close to the RQRPA values.
The averaged nuclear matrix elements for both methods
and their variance are shown in Fig. 2.

Combining the average 〈M0ν〉 with the phase-space
factors listed in Table II the expected half-lives (for
RQRPA and 〈mν〉 = 50 meV, the scale of neutrino masses
suggested by oscillation experiments) are also shown in
Table III. These predicted half-lives are a bit longer (par-
ticularly for the last three nuclei on our list) then vari-
ous QRPA calculations usually predict. They are faster,
however, then the shell model results of Ref. [24].

TABLE III. Averaged 0νββ nuclear matrix elements
〈M0ν〉 and their variance σ (in parentheses) evaluated in the
RQRPA and QRPA. In column 4 the 0νββ half-lives evalu-
ated with the RQRPA average nuclear matrix element and
for the 〈mν〉 = 50 meV are shown.

Nucleus RQRPA QRPA T1/2 (in 1027 y for 〈mν〉 = 50 meV

76Ge 2.40(0.07) 2.68(0.06) 2.3
100Mo 1.16(0.11) 1.28(0.09) 1.4
130Te 1.29(0.11) 1.35(0.13) 1.1
136Xe 0.98(0.09) 1.03(0.08) 1.9

4

Spread among reasonable calculations is about a factor of 3.
Uncertainty in extracted value of meff will be at least as large.

Calculations must be improved
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Improving the Calculations

Going on now: combining virtues of shell model and QRPA

Shell model in larger spaces: Factorization Method
(Papenbrock et al.)
|0〉 =

∑
i,j Ψi,j |pi〉|nj〉 −→

∑
i si|p̃i〉|ñi〉

Renormalization of effective two-body transition operator (in
perturbation theory for now).

n

p

n

pM
M

G
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Result?
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So Far: Test of Renormalization in Sovable Model

}

}

1

2
ε

7/2

9/2
(fpg     )

(sdg    )

Two-level SO(5) model for 76Ge

36 active nuceons outside 40Ca core

Hamiltonian from SO(5): coherent
J = 0 pair-creation and
annihilation operators, number,
and isospin operators.

Independent strength for np pairing
force.

H = εN̂2 −G

2∑
a,b=1

(
S†appS

b
pp + S†annSb

nn + gppS
†a
pnSb

pn − gphTa ·Tb

)

Decay operator:

M =
∑
i,j

τ+
i τ+

j

|ri − rj |
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Effective Operator in the Model
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Effective Operator
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An iterative nonperturbative renormalization procedure. . .
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Further Down the Road. . .

As you know, wave functions for nuclei up to A = 12− 16 can now
be determined more or less exactly starting from nucleon-nucleon
scattering data, via

No core shell model

Green’s function Monte Carlo: Variational ansatz evolved in
imaginary time.

Variational Monte Carlo.

Coupled cluster theory: breaks up wave function into 2-body,
3-body . . . clusters

Other stuff

Perhaps the last three of these might one day reach A = 76. If
not, we keep on refining the tools we have!
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Next. . .

CP Violation and Nuclear
Strucure
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