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Preface

These notes include details on the nucleon-nucleon interaction which are not fully discussed during the
lectures. In addition, | include two programs, one for solving the equation for the scattering matrix and
phase shifts and one program for calculating the radius and mass of a neutron star, using a selected equation
of state. Feel free to use these programs as you wish and please don't hesitate to ask in case something is
unclear.

The scattering equation program can easily be extended to study medium corrections as well. Since I've
chosen F90 as programming language, a brief intro to F90 is included in the appendix.

In these notes you will not find much on the finite nuclei part included in the oral presentation, or about
neutron star details. If you wish to read more, you could look up the following references

1. M. Hjorth-Jensen, T.T.S. Kuo and E. Osnes, Physics Rep6tt61995) 125-270.
2. H. Heiselberg and M. Hjorth-Jensen, Physics Re[32842000) 237-330.

The last reference can be fetched in postscript format from

http://www.uio.no/ “mhjensen/summer_2000/lecture.html

These lecture notes (postscript format) and the two programs discussed in the lectures can also be down-
loaded from the same URL address.
Enyoy, and remember, every question is welcome!
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Chapter 1

Essentials of nuclear many-body theory

1.1 Introduction

The Brueckner7-matrix is probably the most important ingredient in many-body calculations of nuclear
systems. In this section, we will briefly survey the philosophy behind:theatrix.

Historically, the(z-matrix was developed in microscopic nuclear matter calculations using realistic nucleon-
nucleon (NN) interactions. It is an ingenuous as well as an interesting method to overcome the difficulties
caused by the strong, short-range repulsive core contained in all modern models for the NN interaction.
The G-matrix method was originally developed by Brueckner [1], and further developed by Goldstone [2]
and Bethe, Brandow and Petschek [3]. In the literature it is generally referred to as the Brueckner theory
or the Brueckner-Bethe-Goldstone theory.

Suppose we want to calculate the nuclear matter ground-state eigugyng the non-relativistic Schrodinger
equation

HUy(A) = Fo(A)To(A), (1.1)

with H = T+ V whereA denotes the number of particlés,is the kinetic energy antl’ is the nucleon-
nucleon (NN) potential. The corresponding unperturbed problem is

Hoo(A) = Wo(A)to(A). 12

Here H, is just kinetic energ{” and,, is a Slater determinant representing the Fermi sea, where all orbits
through the Fermi momentui are filled. We write

Fo = Wo + A, (1.3)

whereA T is the ground-state energy shift. If we know how to calculatg, then we knowry, since

W, is easily obtained. In the limit — oo, the quantities’, and A E, themselves are not well defined,

but the ratios; /A andA E /A are. The nuclear-matter binding energy per nucleon is commonly denoted
by BE /A, whichiis just—Fy/A. In passing, we note that the empirical value for symmetric nuclear matter
(proton numbetz=neutron number) is ~ 16 MeV. There exists a formal theory for the calculation of
AF,. According to the well-known Goldstone linked-diagram theory [2], the energy AHift, is given

exactly by the diagrammatic expansion shown in fig. 1.1. This theory, is a linked-cluster perturbation
expansion for the ground state energy of a many-body system, and applies equally well to both nuclear
matter and closed-shell nuclei such as the doubly magic nuéféie We will not discuss the Goldstone
expansion, but rather discuss briefly how it is used in calculations. For systems with particles outside closed
shells, a similar theory exists, namely the so-called folded-diagram theory.

Using the standard diagram rules the various diagrams contained in Fig. 1.1 can be readily calculated, viz.

(in an uncoupled scheme) we have

_\natn -
R e R AL w4
kiki<kp
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@ (i) (iii)

Figure 1.1: Diagrams which enter the definition of the ground-state shift erefgyy. Diagram (i) is first
order in the interactio, while diagrams (ii) and (iii) are examples of contributions to second and th
order, respectively.

with n, = n; = 2 andn., = 1. n; denotes the number of hole lines, the number of closed fermion
loops andn.,, is the number of so-called equivalent pairs. The fa¢j< is needed since we want to
count a pair of particles only once. We will carry this facigi2 with us in the equations below. The
subscriptd S denotes the antisymmetrized and normalized matrix element

(kikj | V [kikj) o5 = (kik; |V kiks) — (ki V [kiks) . (1.5
Similarly, diagrams (i) and (jii) read
L (=) (kikj| V ko) as kil V [Rik;) 4 6
(i) = =3 > &+ € —Em —€n ’ (1.6)
kiki<kr kmk.>kr
and
() (ki) V Vhmbn) ag (emben| V kpka) o (pkal V 1kik;) o g
(i) = 23 Z Z Z (465 —em —en)ei +&5 —ep —€q)

ki kij<kp kmbn>kp kpkg>kp

In the aboveg denotes the sp energies defined/by. The steps leading to the above expressions for t
various diagrams are rather straightforward. Though, if we wish to compute the matrix elements f
potentialV/, a serious problem arises. Typically, the matrix elements will contain a téfi), which
represents the interaction potentialbetween two nucleons, whereis the internucleon distance. All
modern models foi” have a strong short-range repulsive core. Hence, matrix elements invelying,
will result in large (or infinitely large for a potential with a hard core) and repulsive contributions to f
ground-state energy. Thus, the diagrammatic expansion for the ground-state energy in terms of the p
V(|r|) becomes meaningless.

The resolution of this problem is provided by the well-known Brueckner theory or the BrueGkmetrix,

or just theG-matrix. In fact, theG-matrix is an indispensable tool in almost every microscopic nucle
structure calculation. Its main idea may be paraphrased as follows. Suppose we want to calcul:
functionf(x) = =/(1+x). If z is small, we may expand the functigtir) as a power seriest+z?+23+. ..
and it may be adequate to just calculate the first few terms. In other widsmay be calculated using
a low-order perturbation method. Butifis large (or infinitely large), the above power series is obvious
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meaningless. However, the exact functigf{1 + «) is still well defined in the limit ofz becoming very

large.

These arguments suggest that one should sum up the diagrams (i), (ii), (iii) in fig. 1.1 and the similar ones
to all orders, instead of computing them one by one. Denoting this all-order surf2 8;;;, where we

have introduced the shorthand notat'(@g;ij = (kik;| G |kik;) , ; (and similarly for?7), we have that

1~ 1~ 1
gG[jU: 3 Vijij + Z 2 L,mucji

— &, —¢&
Em n
mn>kp

1 1 1
X E ‘mnij + E rn’lbpqﬁi‘/pqm +.... (1.8)
pq>kp STt T

The factorl/2 is the same as that discussed above, namely we want to count a pair of particles only once.
The quantity inside the brackets is just2G,,,.;; and the above equation can be rewritten as an integral
equation

Gijij = Vigij + E Vijmn
n777>kr

1

EiteEj—Em—éEn

G- (1.9)

Noteﬂthat(,? is the antisymmetrized:-matrix since the potential’ is also antisymmetrized. This means
that( obeys

Gijij = —Giiij = —Gijji. (1.10)
The G-matrix is defined as
Gijiy = Gijij — Gyuij, (1.11)

and the equation faf is

(72713 = ‘/1]11 + 5 ‘zjmn
mn>kp

1

ﬁ(;mmﬁ (1.12)
which is the familiar(G-matrix equation. The above matrix is specifically designed to treat a class of
diagrams contained i\ Ey, of which typical contributions were shown in fig. 1.1. In fact the sum of the
diagrams in fig. 1.1 is equal t/2(Gji; — Gisj)-

Let us now define a more generatmatrix as

-~ , Q(mn)
Gijij = Vijiy + Z Vijmn w"i(

mn>0

———Gnij. (1.13)
which is an extension of eq. (1.12). Note that eq. (1.12)has <; in the energy denominator, whereas in
the latter equation we have a general energy variabtethe denominator. Furthermore, in eq. (1.12) we
have a restricted sum overn, while in eq. (1.13) we sum over atn and we have introduced a weighting
factor@(mn). In eq. (1.13)Q(mn) corresponds to the choice
Ly 1, min(km, kn) > kp

Qb =1 ¢ b , (L.14)
whereQ(mn) is usually referred to as th@-matrix Pauli exclusion operator. The role @fis to enforce
a selection of the intermediate states allowed indhenatrix equation. The abov@ requires that the
momenta of the intermediate particlesandn must be both above the Fermi surface defined py We
may enforce a different requirement by using a summation over intermediate states different from that in
eg. (1.13).
Before ending this section, let us rewrite #iematrix equation in a more compact form. The sp energies
¢ and wave functions are defined by the unperturbed hamiltdiiiaas

Ho [hm) = em |¥m) (1.15)
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Figure 1.2: Schematic representation of the ladder renormalization of the free NN potential. The wav
may represent either the scattering matrigr the medium dependent reaction matiixThe latter differs
from the scattering matrix since it contains the Pauli exclusion opefatrd medium dependent single-
particle energies. The physical interpretation of eitflesr GG is that the particles must interact virtually
with each other an arbitrary number of times in order to produce a finite interaction matrix element.

and similarly
Ho [mtn) = (Em + €n) [¥mtn) . (1.16)

The GG-matrix equation can then be rewritten in the following compact form

Gw) =V +V= ?HOG(W), (1.17)

with Q = Z [Umin) Q(mn) (¥miy,|. In terms of diagrams(7 corresponds to an all-order sum of the

"Iadder—tygg" interactions between two particles with the intermediate states restriatgdabyschemati-
cally shown in fig. 1.2.

The G-matrix equation has a very simple form. But its calculation is rather complicated, particularly
finite nuclear systems such as the nucl&t®. There are a number of complexities. To mention a fe
the Pauli operato€) may not commute with the unperturbed hamiltonign and we have to make the
replacement

0 1
oo YTTomg?

The determination of the starting energys also another problem.

1.2 Brief survey of various features of the nucleon-nucleon interac-
tion

Since quantum chromodynamics (QCD) is commonly accepted as the theory of the strong interactic
NN interactionV’ is completely determined by the underlying quark-quark dynamics in QCD. Howe
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due to the non—perturbative character of QCD at low energies, one is still far from a quantitative under-
standing of the NN interaction from the QCD point of view. This problem is circumvented by introducing
models containing some of the properties of QCD, such as confinement and chiral symmetry breaking.
One of the most used models is the so-called bag model, where a crucial question is the size of the radius
(R) of the confining bag. If the size of the bag radius is chosen as in the "Little BagZ (.5 fm) [7],

then low-energy nuclear physics phenomena can be fairly well described in terms of hadrons like nucleons,
isobars and various mesons, which are to be understood as effective descriptions of complicated multiquark
interactions. However, other models which seek to approximate QCD also indicate that an effective theory
in terms of hadronic degrees of freedom may very well be the most appropriate picture for low energy
nuclear physics. Although there is no unique prescription for how to construct a free NN interaction, a
description of the NN interaction in terms of various meson exchanges is presently the most quantitative
representation of the NN interaction [4, 8] in the energy regime of nuclear physics. We will assume that
meson-exchange is an appropriate picture at low and intermediate energies. Further, we will restrict the
attention to one-boson-exchange (OBE) models only.

In the next subsection we discuss the three-dimensional reduction of the Bethe-Salpeter equation and the
phenomenological lagrangians which define the interactions between the various baryons and mesons.
Thereafter, we briefly review the general properties of the nucleon-nucleon (NN) potential. To avoid un-
necessary overlaps with already existing review articles and books on the subject [5, 4, 9, 10], only a brief
exposition of the underlying theory is given. The reader is referred to the above extensive works for the
more sophisticated details.

121 Theone-boson-exchangeinteraction and the Bethe-Salpeter equation

To describe the interaction between the various baryons and mesons of table 1.1, we choose the following
phenomenological lagrangiaher spin1/2 baryons

Lo = PP UG, (1.18)
Ly =g WG, (1.19)
and
Ly = "Wy o) + g W w (9,600 — 0,00, (1.20)

for pseudoscalar (ps), scalar (s) and vector (v) coupling, respectively. The fattanslg’ are the vector

and tensor coupling constants, respectively. Similarly the fagtois the phenomenological coupling
coefficient for scalar mesons whilg* is the corresponding coupling constant for pseudoscalar meson
exchanges. These coupling constants may be constrained by e.g. the nucleon-nucleon scattering data. In
the above equations, we have definiedo be the baryon field for spiih/2 baryons, whileg 5), ¢(+)

and¢ (") are the corresponding meson fields for pseudoscalar, scalar and vector mesons, respectively. In
table 1.2 we list selected baryons with masses bela@0 MeV, though in our calculations we will only

deal with those mesons which define the NN potential. Note that the above equations are for isoscalar
mesons, however, for isovector mesons, the fieldsvially modify to 7¢ with = the familar isospinor

Pauli matrices. For spii/2 baryons, the field¥ are expanded in terms of the Dirac spinors (positive
energy solution shown here with: = 1)

(ko) = R Hm (1.21)
2m Tk
Ry +m X
with y the familiar Pauli spinor and’(k) = \/m? + |k|?. The positive energy part of the fielel reads
1 —ika
() = T ; u(ka)e™ ™ qy,, (1.22)

1we will also employ a pseudovector lagrangian for the pseudoscalar mesons. In this casemq,havej”’aﬁﬁ »,rw:am(m),
wheregP? is the pseudovector coupling constant. The relativistic notations follow Itzykson and Zuber [11]. We get= 1.

2Note that we keep the naridor the scalar isovector meson with mas® MeV, in order to abide to the usage in previous works
[4]. The recent label ia o (980).
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Table 1.1: List over selected baryons and mesons. We also include strange hadrons since the non-rel
transition potential we will present applies to these hadrons as well.

Baryons Mass (MeV) Mesons Mass (MeV)

p,n 938.926 ™ 138.03

A 1116.0 n 548.8

b 1197.3 o ~ 550.0

L 1232.0 P 770

x* 1385.0 w 782.6
) 983.0
K 495.8
K* 895.0

with « a fermion annihilation operator. Similarly, the s@ife field operatonr , are represented in terms o
the Rarita-Schwinger spinots,, a spinl/2 spinor coupled to a four-vector, which in the rest-frame rea
. Si12 . 3 113
un(0.) = Y Conf en(Mu(0,02), j==5,-5,5. 5, (1.23)
where( is a Clebsch-Gordan coefficient, a spin-1 spinor and(0, o) the free Dirac spinor in the rest
frame with spin projections, = :t%. Theu, (0, j) can be boosted to an arbitrary frame such that t
Rarita-Schwinger field is

L —ike
U, (z) = W Z uy(ks)e B2 s - (1.24)
ks

The lagrangians which describe e.g. the interaction between a Aband a spir8/2 baryon are

Lps = g7 T, 046 ") (1.25)
for the exchange of a pseudoscalar meson and
Ly = ig”lm’yg;ﬁ/“\ll” (auq/bﬁ”?‘ — 31/4("5,)) +h.c., (1.26)

for the exchange of a vector meson.

Employing the above lagrangians, it is then possible to construct a one-boson-exchange potential |
Typically, a contributior’ ©#F arising from the exchange of a scalar meson between twd gpibaryons
with equal masses is given by

T (v
<p/lp/2| VSOBE ‘P1P3> _ gf /lt(pl)/u(pg)lb(p\ )u?(p'l) (1.27)
(1)1 +py—p1— 1’2)

wherem, is the mass of the exchanged scalar mésdfhe diagrammatic structure of this equation i
shown in fig. 1.3.
In order to obtain the parameters which define an NN potential derived from OBE models, the B
Salpeter equation is used as the starting point for most calculations. This equation serves to de
two-particle interactiofl, meant to reproduce properties like low-energy scattering data. A self-consis
comparison with the data, may in turn define the parameters of the NN interaction, such as meson
parameters, or coupling constants not constrained by the data. The fully covariant Bethe-Salpeter ec
reads (suppressing spin and isospin) in an arbitrary frame

,
—m?

i

Wl T lprp2) :<P’1pé\le1Pz>+W/ Lk (pips| VP + kP —k) (1.28)
%S1) (P + k)S(ay (P — k) (P + k, P — k| T |pip),

3Detailed expressions for the one-hoson-exchange contributions can be found in e.g. refs. [5, 4].
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Figure 1.3: Diagrammatic representation of the exchange of a scalar boson between two equal mass and
spin baryons. The leftmost picture is a shorthand for the two time-orderings to the right.

where we have define# to behalf the total four-momentum, i.e? = %(m + p2), andk to be the relative
four-momentum. The terrf; is the fermion propagator, which for e.g. positive energy ggihbaryons
reads

Sy (p) = (e — ms +ie) ™", (1.29)

with the subscript referring to baryon.

In principleV is supposed to represent all kinds of irreducible two-particle interactions, though it is com-
monly approximated by the lowest order two-particle diagram. With this prescription we obtain the familiar
ladder approach to the Bethe-Salpeter equation, similar to the approach discussed in connectiorwith the
matrix. The schematic structure of the ladder equation, representative for both the scattering matrix and the
reaction matrix=, is shown in fig. 1.2. Eq. (1.28) is a four-dimensional integral equation, which is rather
tedious to solve numerically. It is therefore commonly replaced by a three-dimensional quasi-potential
equation, where the time components of the four-momenta of the incoming and outgoing particles have
been fixed by some adequate choice. Eq. (1.28) becomes, still in an arbitrary frame,

. 1 : .
PRl Tpipe) = (BLp4IV Ipipe) + sy [ (pipdlV [P kP ) (1.30)
gk, s)(P+k,P—k|T|pip2).

V' is now the so-called “quasi-potential”, with fixed time components of the in- and outgoing particle mo-
menta. As such, itis no longer an independent quantity. A much favored choice for the time components
of the four-momentais to fix{ = pJ = 11/5, s = (p1 +p2)? being one of the familiar Mandelstam invari-

ants. This prescription puts the two particles symmetrically off-shell, and is used in connection with the
Blankenbecler-Sugar [12] and the Thompson [13] equations. The latter are two possible of several three-
dimensional reductions of the Bethe-Salpeter equation. The quarsitelated to the baryon propagators
S(1)5(z) through

gk, s) = 77:/deS(l)[k‘)S(g)(fk). (1.31)
The Blankenbecler-Sugar choice fpis (assumingn; = s and spinl /2 fermions)

2 AT (kAL (—k
ol 5y = ™ A0EAG (R

1.32
Ej %5 — :‘t‘,::' + ¢ ( )
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and the Thompson choice

(k,s) = m? /\(Jrl)(k)A?g)(*k)
gk, s) = 9T T i
Note that the above equations are in the two-baryon center-of-mass framie with. Here A ¥ (k) is the
projection operator for positive energy states with Spia

(1.33)

_y-k4+m

At =) Julk, o)) (ulk,0)| = (1.34)

2m

With a pseudovector coupling for the pion one obtains also a strong reduction of negative energy
compared with the pseudoscalar choice [14]. By construction, the opgflaésrthe same imaginary cut as
the propagators in the full four-dimensional Bethe-Salpeter equation and preserves therefore the ur
relations satisfied by". The mere fact that we have fixed the time component of the four-moment:
the incoming baryons to be equally off-shell, implies that the exchanged bosons transfer three-mom
only. The meson propagators then reduce to

i
2 27
—k? — m?

(1.35)

with m,, the mass of the exchanged boson. This prescription for the meson propagators yields a so
static interaction. The one-boson interaction then takes the form (omitting spin and isospin assignen

5

v =a(p)a(ps") | Y v F; | ulpr)u(ps). (1.36)
=1

HereF; (j = 1,...,5) denote the Fermi invariants defined as:

= 1T o
S =101 = 7";\11’]7',(42): T = Qg'hly/‘[r,(l‘ur], (1.37)
A=iyDyPiP P, P =45, (1.38)

or if we wish to have a pseudovector coupling for the pseudoscalar mesons one has toPepltdctthe
on-shell equivalent pseudovector invariant

P'oc (08 6 0, (1.39)

with the labels(1,2) meaning the interacting baryorisand2. The v; term refers to the appropriate
meson propagator defined in eq. (1.35), including the appropriate coupling constants. In general, t
efficientsv; (k) are functions of the three Mandelstam invariants and«, though we have chosen the
interaction to depend on the momentum transfer. It ought also to be stressed that neither the Blanken
Sugar nor the Thompson approximations are unique approaches. However, the extensive compilat
Tjon and co-workers [14] indicate that the three-dimensional Blankenbecler-Sugar reduction of the E
Salpeter equation gives only small differences compared with the results obtained by solving the full
dimensional eq. (1.28). This conclusion applies to the Thompson choice as well [4, 6].

Expanding the free Dirac spinors in termsligfin (m is here the mass of the relevant baryon) result
to lowest order, in the familiar non-relativistic expressions for baryon-baryon potentials. Explicitly
momentum space, the non-relativistic version of eq. (1.36) reads

V(k) = Zﬁj(/«)ﬁj. (1.40)
i=1

Here the operatoré‘j are given by the familar expressions

ol

Fi=1, Fy= %i(m +03) - kxP, Fy=o0, 0.k’ 30, ko -k, (1.41)
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Fy=010y Fs=0, kxPoy-kxP. (1.42)

In certain models also operators liké or an antisymmetric spin-orbit term appear [4, 15], but these can

be expressed as linear combinations of the above set on the energy shell [16]. Velocity dependent terms
are also omitted anat is the spin operator for spity2 particles. We end this subsection by displaying the
expression for a baryon-baryon interaction in configuration space. The configuration space version of the
interaction can be obtained through Hankel transformations of the above momentum-space components
[16]. The following expressions listed below are for a general baryon-baryon interaction fot &pin
fermions where the baryons at each vertex may have different masses. Hereafter, baryon masses are always
represented with a capitaf, with the nucleon mass given by the average of the proton and neutron masses
My . Following Greenberg and Lomon [15] we have the time-honored expression (omitting isospin)

V) ={Cl+Cl+Cooiant Or (14 225 + i) Sia(7) (1.43)

e—mar

051 (s + gt ) 1 S}

wherem,, is the mass of the relevant meson ahd is the familiar tensor term. The coefficients are as
follows. For a scalar meson exchangeof 4):

oo = oz, (1.44)
47
and
i 1 1
acl=-c _ 9192 =, 1.45
SL= T4 T4 \MM, T Mg (2.45)

C,=Cr=0. (1.46)

For a pseudoscalar meson exchafge), K):

3
. ~ gig2 m;, 1 1 1 1
C,=Cr = Dy — 1.47
Co=0r =" 18 (M{ + M1) (M§ tin ) (147
Cl=cCl=0Csp=0. (1.48)

For a vector meson exchang@e w, K*)

Mo Gigh Gyl 915
Cl =" 1G1Ga — M4+ M) — M{+M M{ + My) (M5 + M 1.49
¢ 4ﬂ[ G2 = = (Mg + M) = 05 (M + Ma) + s (M + M) (Ma + M) | (1.49)
and
1 _ m|Ga. 1 1 1 1 1 1
ce = F{ 16 (E - A_I{) (TQ - Vg) T MMy T M;MQ} (1.50)
Gigh | (Mi+Mz) | 1 1
- 1n§/r { 2 (ﬂlzﬂb - M}M]) + (VZ’ +
_Gagl [ (M{+M1) il 1 1 1
T6M { 2 (M]’M| - M;Mg) + (W b
gigt | (p1] +w‘ i
+33a1° { (M + My) (M]’ﬂ/b +
(M + M) (% n %) (M + M) (% n é)}} ,
and

. o mi GGy 1 1 1 1
Co=—20r =0 =7 (v + m) (v + m) : (1.51)
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and

; — I ST W R B
Csp = 321 |:9('1(’2 (M;M] + MM, + MM, + M;M;) (1.52)
_Gigl (Mi+M, + 42 _ 1
M MM, M, ] T M, M}

Gagy [ M{+M, 2 2 1 1
—r \ar, Tin Yt an o

— B85 (M} + M) (M} + M) (gt + —1\/1511\/12):|

They; are the standard scalar and pseudovector coupling constants of the meson-baryon-baryon ver
4% are the vector meson exchange tensor coupling constants, and

M+ M; ,
gy MM 1.53

Gi= gt + 0 (1.53)
where they! are the vector meson exchange vector coupling constants.

As an example, consider the NN potential. Here we may have e.g., the exchange pfw, s andd
mesons. Then we havd| = M, = M), = M, = My and the coefficients for the exchange of eneson
become

-1

i (1.54)
4 12M3E

2
C, =Cp = YNN=
Sy =Cr =

and
CY=CL=0Csp=0. (1.55)

For the exchange of @meson we have

qz
(,72 = —Mvrl,67 (1.56)
4w
and
2 3
INNs s
4CL = —Co; = 157
CC C,&»L in 22 /[N, ( )
and
C, =Cp=0. (1.58)
Further, for the vector mesons one often uses the relations
t
4 T
IoNN _ g, (1.59)
YN N
and
Junn
'j& =0.0. (1.60)
JuNN

In so doing we follow reference [4]. The fact that we choose such a strong factor for the relation bet
¢* andg” for the p meson, leads to a tensor force for the NN interaction which is weak. Recall that
other important contribution to the tensor force stems from the exchange efnfeson. Although the
coupling constants for the various mesons in different potential models vary ( the variation is in ge
rather small), they, x /g5 relation of e.g. the Bonn potentials [4] employed here remains fixed. T
strength of the tensor force is of central inportance in explaining how a free NN potential is modified ir
nuclear medium.
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In terms of the relative and center-of-mass momé&némdK, the potential in momentum space is related
to the nonlocal operatdr (r, r’) by

(KK'|V [KK) = / dedr'e 'V (¢ 1) (K, K'). (1.61)

We will assume that the interaction is spherically symmetric and use the partial wave expansion of the
plane waves in terms of spherical harmonics. This means that we can separate the radial part of the wave
function from its angular dependence. The wave function of the relative motion is described in terms of
plane waves as

e = (r|k) = dm Y o i (k) Y, () Y (3), (1.62)
im
wherej; is a spherical Bessel function af{,, the spherical harmonic. This partial wave basis is useful
for defining the operator for the nucleon-nucleon interaction, which is symmetric with respect to rotations,
parity and isospin transformations. These symmetries imply that the interaction is diagonal with respect to
the quantum numbers of total angular momentinspin S and isospiri’. Using the above plane wave
expansion, and coupling to findl .S andT" we get

K|V = (@) > Y (k) Vi (KL ar Sy (RUSTIM)V LSTI M) (1.63)
ST md

where we have defined
(KUSTIM|V |KISTTM) = / Gu (K'Y ST IM| V(2! r) [STIM) ji(kr)r' dr'v?dr.  (1.64)

We have omitted the momentum of the center-of-mass matiamd the corresponding orbital momentum

L, since the interaction is diagonal in these variables.

In principle, all NN potentials reproduce essentially the same set of low-energy NN scattering gatat (

300 MeV) and properties of the deuteron. These are referred to as the “on-shell” properties of an NN
potential, since all potential models result in a roughly similar on-shell scattering rifatés discussed

by Machleidt and Li [17], the on-shell properties of various potentials yield only rather small differences in
nuclear structure observables. The crucial pointis then the differing off-shell behavior of the NN potentials.
Since the body of scattering data is conventionally given in terms of partial waves, the Blankenbecler-Sugar
approach to the four-dimensional Bethe-Salpeter equation reads in the center-of-mass system (omitting
angular momentum, isospin, spin etc. assignments)

g 12 AL (@A (—0)
N v P4 e o ME A @AY ,
T(k,k)fwk,k)-&-/o GV Mo 0 T k), (1.65)

whereE, = \/M% + q2. Since we are only interested in the matrix elements for positive-energy spinors,
we obtain

N o , < d3q ME 1 ,

T(kk')=V(kk)+ /C —(217)3& (k,q)—~ 7, [ T(q,X). (1.66)
If we define

o [My . [My

T(k k') = ,/EA T(k,K')/ I (1.67)
and

o My n [My

Vik k) = Be —V(k.k) o (1.68)

we can rewrite eq. (1.66) as

. N < d3q 1 .
Tk K) = V() + /O g e k), (1.69)
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which has the same form as the non-relativistic Lippmann-Schwinger equation, and serves therefo
starting point for non-relativistic nuclear structure calculations.
With the Thompson choice, we obtain

T(k,K) = V(k k’)+/m RVl N (1.70)
k) = » o @n)? 4 2E§Ek;7Eq+i€ (a, k'), .
and defining
- My My
T, K) = 287 k) 2N @.71)
Fyer Fy
and
V(k,K) = ﬂx/(k,k’)ij”’, 1.72)
Uk Ey
we can rewrite eq. (1.70) as
Tk k) = V(k K) + /m ﬂmk q)%f(q.k» 1.73)
’ ’ Jo (2m)? "V ER—E 41 T

which has the form of the Lippmann-Schwinger equation, but with relativistic energies. We will use
potentials defined through the Thompson choice in our nuclear matter and neutron matter calculz
where relativistic effects become of importance at large momenta.
Let us now assign the relevant quantum numbers t@theatrix. Recalling the structure of eq. (1.63), the
general structure of thE-matrix is
7% o NV (L 3 T

TE (k' Kw) = Vi (k' )+_ Z / dq 7571}:{:1[ 2 Y5 (@) Vi (QVIE (Rg) T (gh A“),(l.74

w — H@

I”mhﬁ

where we let the denominatar— //, be an abbreviation for one of the denominators in egs. (1.69) ¢
(1.73). Further, the shorthand notation

T8 (k' Ko) = (kKILJ ST T(w) [K KU LI ST, (1.75)

is introduced to denote thE-matrix with momenta: and%’ and orbital momenta and!’ of the relative
motion, andK is the corresponding momentum of the center-of-mass motion. Fuithef, S andT
are the orbital momentum of the center-of-mass motion, the total angular momentum, spin and is
respectively. They are all represented by the labelThis notation applies to the potentiél and the
G-matrix as well.

Eq. (1.74) can be further simplified by using the orthogonality properties of the Clebsch-Gordan
ficients and the spherical harmonics. Eq. (1.74) then reduces to the well-known one-dimensional
independent integral equation

2 Vi L % gk’ K
T (kb Kw) = Vi3 (kK § /O %’Hf}"”) (1.76)
=

Inserting the denominators for the Blankenbecler-Sugar and Thompson reductions of the full Bethe-S¢
equation, egs. (1.69) and (1.73) can be rewritten as

T (kK K) = Vi (k') + = Z/ dqq® Vi (kq) = Tm,(qk K), (1.77)

T ]

for eq. (1.69) and

™

1
I”,(kk K)= L”:(kk + = E / dqq? L”u(kq)ﬁ/,w(ql K) (1.78)
m

for eq. (1.73).
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The reader should also observe that these equations are similar to thatGenthgix, the only difference

being the omission of the Pauli operapand the medium dependence of the sp energies. For intermediate
states in the two latter equations with# ¢, energy is not conserved and the nucleons are off their energy
shell. Itis this aspect of various potentials which becomes of importance in a nuclear medium. Consider the
contribution to the above scattering matrices for is¢ partial wave, exhibited in fig. 1.4 to second order

in the ladder approximation. The second-order terms contain contributions from intermediate states in the
3D, partial wave which connects only through the tensor force of the NN interaction® h&D; matrix
elements account for the largest second-order contribution. Since various potentials yield essentially the
same on-shell-matrix, contributions to thé S; partial wave may be obtained from rather different first

and second- or higher-order terms to ffiienatrix. As an example, the tensor force contribution from the
3D, intermediate state shown in fig. 1.4 may be rather weak as compared to the first contribution arising
from the central part of the potential. The converse may also be the case, but the outcome may still yield
the same on-shell-matrix. In other words, the bulk of tHE-matrix can be expressed as

S1 Sl Sl
v :E -------------- I
\/\/\/\ V4 A TP —— + T 3D1 T
3 3 3
S S, S,

Figure 1.4: Contributions through second order in the interadticn the T-matrix for the 25, partial
wave.

T~ Ve+Vp

1 .
P Vr, (1.79)
whereV is the central part of the NN interaction whilg- is the tensor force. Moreovey, is the energy
of the incoming nucleons anH , is the unperturbed hamiltonian representing the intermediate scattering
states. Thus, if the tensor force is weak (strong), a stronger (weaker) central force is needed to arrive at
the same on-shell-matrix. A similar mechanism is present when we evaluate(thmatrix for either
nuclear matter or finite nuclei, though, in these cases we must also account for medium effects such as the
modification of the energy denominator and the inclusion of the Pauli principle.

1.3 Numerical solution of the scattering equations

We are now going to solve the non-relativistic Lippman-Schwinger equation for the neutron-proton system
in momentum space for positive energiesn order to obtain the phase shifts. This corresponds to solving
the Schrédinger equation in momentum space.

Following the discussion above, we need first then transform the nucleon-nucleon intetactidrich
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we assume depends only on the interparticle distanga momentum space using the Fourier-Bess
transform (Hankel transform)

Vi(k, k') = /jl(kr)V(r)jg(k’1’)r2dr, (1.80)
wherej; is the spherical Bessel function. We will just study the ciase 0, which means that,(kr) =
sin(kr)/kr.

For scattering states, the energy is positive;> 0. The Lippman-Schwinger equation, which is the nor
relativistic version of the Bethe-Salpeter equation discussed above, is an integral equation where w
to deal with the amplitudé?(%, k') (reaction matrix, which is the real part of the full compl&xmatrix
discussed in the previous section) defined through the integral equation

2 o 1
koY = Vi(k k) + =P dgg*Vi(k, ¢) = Ri(g, ¥’ 1.81
Rl ) = Vil ) + 2P [ dag? Vo) e ulan ), w8y
where the total kinetic energy of the two incoming particles in the center-of-mass system is
k?
E=-4. (1.82)
m

The symbolp indicates that Cauchy’s principal-value prescription is used in order to avoid the singule
arising from the zero of the denominator. We will discuss below how to solve this problem. Eg. (1
represents then the problem you will have to solve numerically.

The matrixR; (k, k') relates to the the phase shifts through its diagonal elements as

tand;
Ry(ko, ko) = ———

. 1.83
mkoy ( )
From now on we will drop the subscriptn all equations.
In order to solve the Lippman-Schwinger equation in momentum space, we need first to write a fur
which sets up the mesh points. We need to do that since we are going to approximate an integral thr

b N
/ fla)de ~ Zw;f(x;), (1.84)

where we have fixedv lattice points through the corresponding weightsand pointsz;. Start writing
your main program by setting up the mesh points and the corresponding weights. Fix first the numt
mesh pointsV. Use the function GAULEG in the program example below to set up the weighésd
the pointsk;. Before you go on you need to observe that GAULEG uses Legendre polynomials to fi)
mesh points and weights. This means that the integral is for the interval [-1,1]. Your integral is for
interval [00]. You will need to map the weights from GAULEG to your interval. To do this, call firs
GAULEG(a,b,x,w,N), witha = —1, b = 1. It returns the mesh points; and weightsv;. You map these
points over to the limits in your integral. You can then use the following mapping

™
ki = const X tan {Z(l + x,)} , (1.85)
and
wi = Constﬁ i (1.86)

dcos? (Z(1+w:))
If you choose units fm! for &, setconst = 1. If you choose to work with MeV, sebnst ~ 200 (ke = 197
MeVim).

The next step is to write a function which calculates the potential in momentum space. The potent
choose to emply here is a parametrized potential between a proton and neutron for the partiafyyav
i.e., spinS = 0 and orbital momenturh = 0, a singlet S-state. This state does not have a bound state
the deuteron (only the triplet S-state has). The parametrized version of this potential fits the experin
phase-shifts. Itis given by

—ax —ba

+V—+ Ve

& & i

e—cx

V(r) = V.5

(1.87)
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with z = pr, u = 0.7 fm=" (the inverse of the pion masg), = —10.463 MeV anda = 1, V;, = —1650.6
MeV andb = 4 andV. = 6484.3 MeV andc = 7. As an exercise, find the potential in momentum
space using Eq. (1.80) witfy(kr) = sin(kr)/kr. The transform of a potential on the form(r) =

Vo exp (—pur)/ris

I (I 6 Gl .0 e o
VR = o (e ) (1.88)

The principal value in Eq. (1.81) is rather tricky to evaluate numerically, mainly since computers have
limited precision. We will here use a subtraction trick often used when dealing with singular integrals in
numerical calculations. We introduce first the calculus relation

o dk
—0 1.
/ﬂkiku 0 (1.89)

It means that the curvé/(k — k) has equal and opposite areas on both sides of the singularpoitft
we break the integral into one over positivand one over negative a change of variable — —k allows
us to rewrite the last equation as

0 dk
/O ok 0. (1.90)
We can use this to express a principal values integral as
© k) = f(/m))d/»
P/ ]‘271‘27/0 gy (1.91)

where the right-hand side is no longer singulakat %, it is proportional to the derivativéf/dk, and
can be evaluated numerically as any other integral.
We can then use the trick in Eq. (1.91) to rewrite Eq. (1.81) as

« gesl 2y L\ L2 (k. ke 2 (fe ’
Rk, k') = V (k, K) + 5/ g Yk ) {0, K) k;‘ (k, ko) Fi(ko, ) (1.92)
™ Jo (kg —¢*)/m

This is the equation you are going to solve numerically in order to calculate the phase shifts of Eq. (1.83).
We are interested in obtainimgy ko, ko).
How do we proceed in order to solve Eq. (1.92)?

1. Using the mesh poinfs; and the weights;, we can rewrite Eq. (1.92) as

Y wik2V (k. k) R(k;, k)

Y — 1 g Z N _3,2 4
R(k,k)fi(k,k)+ﬂ; Ty K3V (k, ko) R kuk)z i kz —(1.93)

ul

This equation contains now the unknowRgk ;, k;) (with dimensionV x N) andR(kq, ko).

2. We can turn Eq. (1.93) into an equation with dimensgigh+ 1) x (N 4+ 1) with a mesh which
contains the original mesh pointkg for j = 1, N and the point which corresponds to the energy
ko. Consider the latter as the 'observable’ point. The mesh points becomé tlienj = 1, » and
knt1 = ko.

3. With these new mesh points we define the matrix
Aig =65 — Viki, kj)uy, (1.94)

whered is the Kronecked and

5

w; ki S
W= j=1,N (1.95)

uj =

R
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and

N
2 kjw;
UNHL T z:: - LZ)/ . (1.96)

The first task is then to set up the matrbfor a givenk,. Thisis an(N + 1) x (N + 1) matrix. It
can be convenient to have an outer loop which runs over the chosen observable values for the
k3 /m. Notethat all mesh points ; for j = 1, N must be different from k. Note also that V (k;, k;)
isan (N + 1) x (N + 1) matrix. Write a small function which sets up.

4. With the matrix4 we can rewrite Eq. (1.93) as a matrix problem of dimengi- 1) x (N + 1).
All matrices R, A andV" have this dimension and we get

Ai,lRl“i = Vl i (197)
or just
AR=1V. (1.98)

5. Since you already have definddandV' (these are stored &8/ + 1) x (N + 1) matrices) Eq. (1.98)
involves only the unknowik. We obtain it by matrix inversion, i.e.,

R=A"'v. (1.99)
Thus, to obtain, you will need to set up the matricesandl” and invert the matrixi. To do that

you must call the functiomatinv in the program below. With the inversé~!, performing a matrix
multiplication withV” results inR.

With R you can then evaluate the phase shifts by noting that

tand

Rk 1, k) = (ko ko) = ==,
0

(1.100)

whered are the phase shifts.

1.3.1 Program example

! here we constants like the mass of the nucleon and hbar c
MODULE constants
DOUBLE PRECISION , PUBLIC :: p_mass, hbarc
PARAMETER (p_mass =938.926D0, hbarc = 197.327D0)
END MODULE constants

definition of mesh points -k- and weights -weight-
n_rel is the number of mesh points. It could also be read
in as a variable

Units are MeV

MODULE mesh_variables

INTEGER, PUBLIC :: n_rel

PARAMETER (n_rel=40)

DOUBLE PRECISION, ALLOCATABLE, PUBLIC :: k(:), weight(:)
END MODULE mesh_variables
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Main program
labelling of variables follows the discussion in the text above
PROGRAM phase
USE mesh_variables
USE constants
IMPLICIT NONE
INTEGER i,j, eloop, info
DOUBLE PRECISION, ALLOCATABLE,DIMENSION(:,:) :: vkk, r, a, identity
DOUBLE PRECISION, ALLOCATABLE,DIMENSION(:) :: umatrix, k
DOUBLE PRECISION :: pih, kO, delta

pih=2.D0/AC0OS(-1.D0)
dynamic allocation of arrays

ALLOCATE(identity (n_rel+l,n_rel+1))
ALLOCATE( k(n_rel), wra (n_rel))

set up mesh points and weights
CALL rel_mesh
identity matrix

identity=0.

DO i=1,n_rel+1l
identity(i,i)=1.

ENDDO

loop over incoming relative momenta, units MeV

DO eloop=1,1000, 25
ALLOCATE( k (n_rel+1), umatrix(n_rel+1))
k=0.
kO=eloop; k(n_rel+1)=k0; k(1:n_rel)=k(1:n_rel)
ALLOCATE(vkk (n_rel+l,n_rel+1), r(n_rel+l,n_rel+1), a(n_rel+l,n_rel+1))
vkk=0.; r=0. ; a=0.

set up the potential in k-space, units MeV-2, Eq. (1.87)
CALL v_pot_yukawa(vkk,k)
set up the array u, Eq. (1.95)
umatrix=0.
DO i=1,n_rel
umatrix(i)=p_mass*pih*weight (i)*(k(i)#**2)/(k(i)**2-k0*k0)
umatrix(n_rel+1)=umatrix(n_rel+1)- &
p_mass*pih*k0*kO*weight (i)/ (k(i)**2-k0*k0)
ENDDO

set up the matrix A to be inverted, Eq. (1.94)

a=0.
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DO i=1,n_rel+t
DO j=1,n_rel+l
a(d,j)=vkk(i,j)*umatrix(j)
ENDDO
ENDDO
a=identityta
CALL matinv(a,n_rel+l)

then evaluate the reaction matrix R, Eq. (1.99)
r=MATMUL (a, vkk)

calculate phase shifts, Eq. (1.100)
delta=ATAN(-kO*p_mass*r(n_rel+i,n_rel+l))

write out momentum in fm-1, kinetic energy in MeV and phase shifts

write(6,’(E12.6,2X,E12.6,2X,E12.6)’) kO/hbarc, 2*k0*k0/p_mass, &
deltax*180./acos(-1.d0)

DEALLOCATE(vkk , r, a)
DEALLOCATE (k, umatrix)
ENDDO
DEALLOCATE(wra , ra) ; DEALLOCATE (identity)

END PROGRAM phase

set up mesh points and weights according to Eqs. (1.85) and (1.86)

SUBROUTINE rel_mesh

USE mesh_variables

IMPLICIT NONE

INTEGER i

DOUBLE PRECISION pih,u,s,xx,c
PARAMETER (c=200.)

DIMENSION u(n_rel), s(n_rel)

pih=AC0S(-1.D0)/4.D0
CALL gauleg (-1.D0,1.DO,u,s,n_rel)
DO i=1,n_rel
xx=pih*(u(i)+1.D0)
k(1)=DTAN(xx)*c
weight (i)=pih*c/DCOS(xx)**2*s(1i)
ENDDO

END SUBROUTINE rel_mesh

set up potential in k-space, units of MeV-2, see Eq. (1.87)

SUBROUTINE v_pot_yukawa(vkk,k)
USE mesh_variables
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USE constants
IMPLICIT NONE
INTEGER 1i,j

DOUBLE PRECISION mul, mu2, mu3, v_1, v_2, v_3, a, b, fac

DOUBLE PRECISION, DIMENSION(n_rel+1), INTENT(IN) :: k

DOUBLE PRECISION, DIMENSION(n_rel+1l,n_rel+1), INTENT(INOUT) :: vkk

PARAMETER (mu1=0.49d0*hbarc*hbarc,v_1=-3.7368/hbarc)
PARAMETER (mu2=7.84d0*hbarc*hbarc,v_2=-589.5/hbarc)
PARAMETER (mu3=24.01d0*hbarc*hbarc,v_3=2315.8214/hbarc)

DO i=1,n_rel+t ! set up the free potential
DO j=1,i
a=(k(j)+k(i))**2
b=(k(j)-k(i))**2
fac=1./(k(i)*k(j))
vkk(j,i)=v_1*fac*DLOG((a+mul)/(b+mul))+ &
v_2%fac*DLOG((a+mu2)/(b+mu2) )+ &
v_3*fac*DLOG((a+mu3)/(b+mu3))
vkk(i,j)=vkk(j,1)
ENDDO
ENDDO

END SUBROUTINE v_pot_yukawa

Routines to do mtx inversion, from Numerical
Recipes, Teukolsky et al. Routines included
below are matinv, lu_decompose

and lu_linear_equation. See chap 2

of Numerical Recipes for further details
Included is also the routine GAULEG for setting
up mesh points according to the gauss-legendre
method. All recoded by M. Hjorth-Jensen in F90,
morten.hjorth-jensen@fys.uio.no. Last upgrade
oct 1996.

SUBROUTINE matinv(a,n)

IMPLICIT NONE

INTEGER, INTENT(IN) :: n

INTEGER :: i, j

DOUBLE PRECISION, DIMENSION(n,n), INTENT(INOUT) :: a
DOUBLE PRECISION, ALLOCATABLE :: y(:,:)

DOUBLE PRECISION :: d

INTEGER, ALLOCATABLE :: indx(:)

ALLOCATE (y( n, n)) ; ALLOCATE ( indx (n))
y=0.
setup identity matrix
DO i=1,n
y(i,i)=1.
ENDDO
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LU decompose the matrix just once
CALL 1lu_decompose(a,n,indx,d)

Find inverse by columns
DO j=1,n
CALL lu_linear_equation(a,n,indx,y(:,j))
ENDDO
The original matrix a was destroyed, now we equate it with the inverse y
asy

DEALLOCATE ( y ); DEALLOCATE ( indx )
END SUBROUTINE matinv

Given an NxN matrix A(N,N), this routine replaces it by the LU
decomposed one, where the matrix elements are stored in the same
matrix A. The array indx is an output vector which records the row
permutation effected by the partial pivoting. d is the determinant

SUBROUTINE lu_decompose(a,n,indx,d)

IMPLICIT NONE

INTEGER :: n, i, j, k, imax

DOUBLE PRECISION :: sum , tiny, aamax, dum, d
DOUBLE PRECISION, DIMENSION(n,n) :: a
INTEGER, DIMENSION(n) :: indx

DOUBLE PRECISION, ALLOCATABLE :: vwv(:)

tiny=1.0e-20
ALLOCATE ( vv(n) )
D=1.
DO i=1,n
aamax=0.
DO j=1,n
IF (ABS(a(i,j)) > aamax) aamax=ABS(a(i,j))
ENDDO
Zero is the largest element
IF (aamax == 0.) STOP ’Singular matrix.’
No nonzero largest element
vv(i)=1./aamax
ENDDO
loop over columns
DO j=1,n
solves equation 2.3.12 except for i=j of Numerical Recipes
IF (j > 1) THEN
DO i=1,j-1
sum=a(i,j)
IF (i > 1)THEN
DO k=1,i-1
sum=sum-a(i,k)*a(k,j)
ENDDO
a(i,j)=sum
ENDIF
ENDDO
ENDIF
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! start searching for largest pivot element
aamax=0.
DO i=j,n
sum=a(i,j)
IF (j > 1)THEN
DO k=1,j-1
sum=sum-a(i,k)*a(k,j)
ENDDO
a(i,j)=sum
ENDIF
dum=vv(i)*ABS(sum)
IF (dum >= aamax) THEN
imax=1i
aamax=dum
ENDIF
ENDDO
! interchange of rows
IF (j /= imax)THEN
DO k=1,n
dum=a(imax,k)
a(imax,k)=a(j,k)
a(j,k)=dum
ENDDO
! change of parity for determinant
d=-d
vv(imax)=vv(j)
ENDIF
indx(j)=imax
IF(j /= n) THEN
IF(a(j,j) == 0.) a(j,j)=tiny
dum=1./a(j,j)
DO i=j+1,n
a(i,j)=a(d,j)*dum
ENDDO
ENDIF
ENDDO
IF(a(n,n) == 0.) a(n,n)=tiny
DEALLOCATE ( vv)

END SUBROUTINE lu_decompose

! Solves set of linear equations Ax=b, A is input
! matrix and indx keeps track of the permutations
! as the right-hand side vector b and returns the
! are not modified by this routine. This function
! many zeros and is therefore suitable for matrix

SUBROUTINE lu_linear_equation(a,n,indx,b)
IMPLICIT NONE

INTEGER :: n, ii, 11, i, j

DOUBLE PRECISION :: sum

DOUBLE PRECISION, DIMENSION(n,n) :: a
DOUBLE PRECISION, DIMENSION(n) :: b

as an LU decompomsed

of the rows. b is input
solution x. A, n and indx
takes into that b can contain
inversion

INTEGER, DIMENSION(n) :: indx

ii=0
First we solve equation 2.3.6 of numerical recipes
DO i=1,n
11=indx(i)
sum=b(11)
b(11)=b(i)
IF (ii /= 0)THEN
DO j=ii,i-1
sum=sum-a(i,j)*b(j)
ENDDO
ELSEIF (sum /= 0.) THEN
ii=i
ENDIF
b(i)=sum
ENDDO
then we solve equation 2.3.7
DO i=n,1,-1
sum=b (i)
IF (i < n) THEN
DO j=i+i,n
sum=sum-a(i,j)*b(j)
ENDDO
ENDIF

store a component of the solution x in the same place as b
b(i)=sum/a(i,i)
ENDDO

END SUBROUTINE lu_linear_equation

SUBROUTINE gauleg(x1,x2,x,w,n)

IMPLICIT NONE

INTEGER :: i, j, m, n

DOUBLE PRECISION :: eps, x1, x2, x, w
DIMENSION :: x(n), w(n)

PARAMETER (eps=3.D-14)

DOUBLE PRECISION :: pi,p2,p3,pp,xl,xm,z,z1

m=(n+1)/2
xm=0.5d0* (x2+x1)
x1=0.5d0*(x2-x1)
DO i=1i,m
z1=0.
z=C0S(3.141592654d0* (i-.25d0)/(n+.5d0))
DO WHILE ( ABS(z-z1) > EPS)
pil=1.
p2=0.
DO j=1,n
p3=p2
p2=p1
pl=((2.%j-1.)*z*p2-(j-1.)*p3)/j
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ENDDO
pp=n*(z*pl-p2)/(z*z-1.)
zl=z
z=z-pl/pp
ENDDQO

x(i)=xm-x1%*z
x(n+l-i)=xm+xl*z
w(i)=2.%x1/((1.-z*z)*pp*pp)
w(n+i-i)=w(i)

ENDDO

END SUBROUTINE gauleg

Background literature

For a background on scattering theory, consult E. Merzbacher, Quantum Mechanics, (3rd edition), sections
13.1-13.6 and 20.1-20.4.

1.4 How toincludein-medium correlations

In nuclear structure and nuclear matter calculations one has to face the problem that any realistic nucleon-
nucleon (NN) potential” exhibits a strong short-range repulsion, which in turn makes a perturbative
treatment of the nuclear many-body problem prohibitive. If the potential has a so-called hard core, the
matrix elements of such a potential| V/ ) evaluated for an uncorrelated two-body wave functign)

diverge, since the uncorrelated wave function is different from zero also for relative distesToaier than

the hard-core radius. Similarly, even if one uses potentials with softer cores, the matrix elements of the
potential become very large at short distances. The above problem was however overcome by introducing
the reaction matrixi (displayed by the summation of ladder type of diagrams in fig. 1.2) which accounts
for the effects of two-nucleon correlations.

The matrix elements of the potentidlthen become

WG )= |V |T) (1.101)

where ¥ is now the correlated wave function. By accounting for the correlations in the two-body wave
functonW, the matrix elements of the potential become finite, even for a hard-core poiénNareover,

as will be discussed below, compared with the uncorrelated wave function, the correlated wave function
enhances the matrix elementsioft distances for which the interaction is attractive. Thenatrix applies

to bound states, while for scattering of free particles, ¢henatrix is replaced by th&'-matrix. The
difference between the matrices resides in the medium dependence provided by the Pauli operator and the
energyw of the interacting particles. We have defined ¢henatrix by either

Gw)=V+V— ?HJG(w), (1.102)
or
Glw) =V + VQWQG(W). (1.103)

The former equation applies if the Pauli operafprcommutes with the unperturbed hamiltoniah,,
whereas the latter is needed iy, Q] # 0. Similarly, the correlated wave functichis given as

) = J¢) +

Q
i OF (1.104)
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v(r)

Figure 1.5: Schematic plot of the nucleon-nucleon potential for'tiepartial wave. See text for further
details.

or

, 1 -

[9) = 10) + Q=g 9 ¥ (1.105)
These equations look rather simple, but their actual calculation is in fact rather complicated and dif
Approximate methods were devised in the "early days", amongst these methods were the famous sef
and reference spectrum methods. These methods present a physically intuitive picturg-ofalex, and
it is one of the scopes of this section to briefly review those methods here. Further, we will only dis
how to calculate thé&'-matrix for infinite matter.

14.1 Theseparation and reference-spectrum methodsfor calculatingthe G-matrix

Fig. 1.5 displays a schematic plot of the nucleon-nucleon potential for $hepartial wave. The internu-
cleon distance i8. As indicated in the figure, we divide the potential into two parts, the short-range |
Vs and the long range pa¥t, . Formally, this may written as

V(r) = Vs(r)O(d —r) + Vi(r)O(r — d), (1.106)

where® is the familiar step function, andlis known as the separation distance. The separation distanc
chosen so that the attractive parfigf balances that of the repulsive core. A remarkable result is then 1
good approximation

G x Vi(r), (1.107)

based on the separation method. This is quite an appealing result. The whole pbtential"singular”

in the sense that it has a very strong repulsive core. In contraét) is obviously no longer singular and
hence the&7-matrix is also no longer singular. We have not yet shown how to obtain this result, nor f
we discussed whatis and how to determing®.

We will now derive the above result and also try to motivate for the physics behind the separatior
reference-spectrum methods. First we define a useful identity following Bethe, Brandow and Petsche

44 is typically about 1 fm.
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Suppose we have two differeGtmatrices, defined by

Gi=Vi+ v QlGl. (1.108)
€1
and
Gy=Vo+ Vs @ G, (1.109)

€9
where@,/e¢; and@./e2 are the propagators of either eq. (1.102) or eq. (1.1@3).and GG» are two

differentG-matrices having two different interactions and/or different propagators. We aim at an identity
which will enable us to calculat§’; in terms ofG'», or vice versa. Defining the wave operators

Q=1+ %Gl, (1.110)
and

Q=1+ %Gz, (1.111)
we can rewrite th.e abowe-matrices as

Gi = V19, (1.112)
and

Gy = Va8, (1.113)

Using these relations, we rewrifé; as

Gi= G -Gl (Ql—l—%Gl)ﬁ-(QE—l—C’£Q2>G1
1

ey
i (@1 Q2 , /
- Gl + Gl ({—l‘ - :) G + QLG — GIQy, (1.114)
and using egs. (1.112) and (1.113) we obtain the identity
G =GL+ G (@ - f) Gr+ (V1 = 1)@y (1.115)
) o

The second term on the rhs. is called the propagator-correction term; it vanighesaiid (' have the

same propagators. The third term is often referred to as the potential-correction term, and it disappears if
G andG» have the same potentials.

The reader may now ask what is the advantage of the above identity. If we assume that by some physical
reasoning we are able to calculaie (we will see examples of this below both for nuclear matter and for
finite nuclei), and that the expression 6k can be calculated easily, and further thatis a good approx-
imation to the original7-matrix, then we can use the above identity to perform a perturbative calculation

of Gy in terms ofG,. Below we will use eq. (1.115) to discuss the separation and the reference-spectrum
methods.

The separation method

This method was first introduced by Moszkowski and Scott for evaluating'theatrix in nuclear matter
[18, 19]. In eq. (1.106) we separated the NN potential into two paftsand V.. Let us define the
G-matrices

Gi=G=V+ V%G, (1.116)
and
e — v Q:
Gy =Gs =Vs + Vs—Gg, (1117)

26 CHAPTER 1. ESSENTIALSOF NUCLEAR MANY-BODY THEORY

whereV is the NN potential. Eq. (1.115) gives

G=GL+al (; - 7: G+alvia. (1.118)
The idea is that we can makés ~ 0, which in turn yields the advertised relation

G~ V.

We emphasize that the above result is an approximation, but the hope is that this approximation is a
cally reasonable one. To proceed, let us define the correlated wave fuligtion

Gléa) =V W), (1.119)

where, is the unperturbed wave function. Using the definition of the correlated wave function in
(1.104) we have

(o) = |tha) +

QG lga) = ) + —2 v [w). (1.120)
w—Hy w— Hy
Note that we have assumed that the Pauli oper@tand the unperturbed hamiltonigh, commute. If we

are able to obtain the correlated wave function, we geGtheatrix by
(Val G 1p) = (Ya| V [F3) . (1.121)

We will try to obtainG s through this scheme s was defined according to eq. (1.117) with the propaga
@)2/e2. We have not yet specified how to obtan ande,, though the identity in eq. (1.118) is valid for
any choice of), andes. The potential which defineS s is Vs, which is a short-range repulsive potential
Using the uncertainty principle, the intermediate states includetf bghould be predominantly those
at high momenta. For such scattering states there is hardly any Pauli blocking, which means th
probability of finding other nucleons at such momenta is practically equal to zero. This physically intu
reasoning leads us to choage = 1. With this choice we obtain

Gs=Vs+Vs

1
T Y (1.122)

and the corresponding correlated wave function

1 .
[92) = Wa) + g, Vs 20D (1.123)

w—
As mentioned earlier we are free to make whatever choicesfon the operatorw — Hgy of Gg. Let
us employ a specific on-shell choice, ie.= ¢,, andHy [¢,) = ¢4 [¢4). In this case we havéw —
Hy) [#a) = 0. Using the above definition for the correlated wave function we obtain for the diagc
matrix element

(Val Gs [Wa) = ($al V5 [U3) = (al (ca — Ho) |45, (1.124)

with H, acting on®% . We will also assume that, is a plane-wave two-particle state which can be writte
as

| ik iKR 1 ) iKR
¢ e = ﬁu(r)e , (1.125)
wherek andK denote respectively the relative and center-of-mass momenta. Théterrthe denom-
inators serves to normalize the wave function and is the volume of the system. We approXimatit
the two-particle kinetic energy, denoted by the operafgrand T for the relative and center-of-mass
systems, respectively. The energyis then justt?/My + K2/4My, with My being the mass of the
nucleon. Since the potentigl; is a function ofr only, it has no effect on the center-of-mass wave functio
The correlated wave function takes the form

v = %lllf(r)ciKR. (1.126)

e =
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SinceVs(r) = 0 for » > d, the matrix of eq. (1.124) is given by, using Greens theorem,

(W] Gs 16} = —— ?( [U5Ve* — ¢ VT] ds, (1.127)
QMy J=a

where the integral is a surface integral over a sphere with radius équal

The separation distance is still not yet specified. The main idea of the separation method is toichoose

such that the above surface integral vanishes. This is possible for the rélati¢epartial wave. In this

case we write the integrand as

. . oy* ows
WY — Ve = \1:5—(3” s
.

or

and the above integral vanishes if the wave function obeys the logarithmic boundary condition
Loy 1 9%°
v or  wS or

Here we assume that the potential has a hard core and hence the correlated wave function is identically

equal to zero inside the core radits Note that the unperturbed wave functigris not vanishing for

r < r.. The correlated wave functiobs is pushed out by the core, but once outsidét is pulled in by

the exterior attraction. The separation distance is chosen such that there is just enough exterior attraction

to balance the core repulsion so that the correlated wave function heals dt By healing we mean the

logarithmic condition in the above equation. This condition meansithatesults in a zero phase shift.

Hence an equivalent definition dfis that the short-range potentitlk produces zero phase shifts. Note

that this is not always possible, as we will discuss in the next subsection. In this case the separation distance

does not exist. Hitherto we have only exposed the basic ideas on which the separation method is founded.

Our original purpose is the calculation of the faltmatrix, not only that of; 5. In fact, Gg is merely

an auxiliary potential, introduced as an intermediate step in the calculation Becall also that we only

calculated the diagonal matrix element®§, and that these vanish. The hope is however that th&full

is small enough so that may be calculated by a low-order perturbation expansion in termissofUsing

eq. (1.118) we may writé' as

p 1 1
Gr 6L+l Q_@) gy L+Gh— v (1+—Gs ). (1.129)
e €y €2 €2

The second term on the rhs. may be written as

sQ-1 . (1 1\ .
(JLQ Gs + Gl (7 - —) Gs,
e €9

r=d. (1.128)

€

where the first term has commonly been denoted the Pauli correction term, while the second is referred to
as the dispersion correction term.

Here we note that one of the appealing features of the separation method is the physically intuitive picture
provided by it, namely that the long-range péit is the leading term ofy. Nevertheless, there is the
lingering question about the accuracy of this method. How accurdiegisen by, for example, the low-

order expansion of eq. (1.129)? Higher-order correction terms are progressively more difficult to calculate,
and in most actual cases, the numerics sets a limit to how far we can go in this direction. It will indeed
be very desirable if one could formulate a different approach, where one has the possibility of calculating
G almost exactly. We will see how to obtain such a scheme in our calculations 6f-thatrix for finite

nuclei and nuclear matter. Below, we will however briefly revisit the so-called reference-spectrum method
introduced by Bethe, Brandow and Petschek [3], an excellent presentation of this method can be found in
the review article of Day [20], which in spite of its age still reads well.

The reference-spectrum method
This method is also based on the identity of eq. (1.115). Here we choose an auxiiajrix G r, the
reference-spectrur@-matrix, defined by

1

R

Gr=V+V

G (1.130)
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Using eq. (1.115), thé-matrix can be written as

G=G6h+ath (9 - i) G. (1.131)
€ €R

Unlike the separation method, we note that we have the whole poténiiethe definition ofG . More-
over, for some partial-wave channels, the potential is repulsive foraitl we have no exterior attraction.
In this case the separation method we discussed in the previous subsection, can not be used, as
no exterior attraction to heal the wave function. It is mainly this difficulty which motivated the introdt
tion of the reference-spectrum method. In this method, one first evaluates the defect wave fuactibn
thereafter one calculatésy in terms ofy. The correlated wave functioh” is defined by

Grlva) =V |¥E) (1.132)

wherez, is the unperturbed wave function. From eq. (1.130), we have

1
R\ _ | Ve
“I/a > = ‘wa>+ eH‘

why. (1.133)

The defect wave function is defined as the difference
Xo = the — U (1.134)

In other words, the correlated wave function is equal to the unperturbed wave function minus the ¢
wave function (we will see examples of various defect wave functions in the next subsection, whe
discuss nuclear matter results). Eq. (1.133) then leads to the result

(er=V)h) =—VI¥), (1.135)

where we for convenience have dropped the subseripthe (i p-matrix is just an auxiliary;-matrix,
which we need in our determination of the faltmatrix defined in eq. (1.131). We need however to defir
the energy denominater;. In principle( is independent of r, though in practice we hope th@tg alone
should provide a good approximation@d Suppose we define

er=w—T, =Tk, (2.136)
where7;, and’r denote respectively the relative and center-of-mass kinetic energies of the two intera
particles. Sincé” depends on the internucleon distamamnly, we can write the wave functions

1

e(rirs) = Td)(r)quR, (1.137)

and

X(rirs) = ix(1~)siKR'. (1.138)

as was done in connection with the separation method. Eq. (1.135) takes then the form (in partial we

K? 1 &> (+1) ,
w— - AT a(r) = =V (r). 1.139
( iy T ayar Tz V)l ==V (1.139)
The asymptotic behaviors of the defect wave funcgiozan now be readily seen. We [gtbe a hard-core
potential with core radius,.. Forr = r., V is infinite and we must therefore hayg(r) = ;(r) insider..
Now comes an important point. {2 — K2 /4My) is negative, we can define
2 -2
5 K
— —w - 1.140
My IMy’ ( )

with v > 0. Eq. (1.139) gives then

xi(r)x e as r— 00 (1.141)
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Figure 1.6: A typical defect wave functionfor a hard-core potential with core radits.

Since ¥ = ¢ — y, we see that the correlated wave functibrneals toy at larger values. A typical
behavior of the defect wave function for the- 0 channelis illustrated in fig. 1.6. We see that the correlated
wave functiont 7 is totally pushed out from the hard core and is zero insidéAt larger-values itis bound

to heal toi». At some indermediate values@af¥# overshoots) in order to accomodate the wave function
displaced by the core. With(r) obtained by solving the differential equation indicated by eq. (1.139), we
can calculate the matrix element

\4

(Val G 10n) = (Yal V|16 — xa) (1.142)

where the radial integral is now well-defined, even for a hard-core potential. For a hard-core potential
(| V |4} is not well-defined, bufy| V [v» — x) is sincey» — x = 0 inside the hard core.

A computational advantage of the reference-spectrum method is that it provides a convenient scheme, as
outlined above, to obtain the referenGéematrix G . However, our goal is not only to obtaifi  but

the full G-matrix . The hope is thatir is already a good approximation &, and thatG' may be
accurately calculated by way of a low-order perturbation expansion in ter(ig;of-or example, we may
approximate eq. (1.131) by

1
G ~ GL+Gh <97—> Gt
e CR

ot (@ Lt Lo 1N
=GL+61 (77;)(,R+(,JR(T; Gt (1.143)

Here the second and third terms are usually referred to as the Pauli- and the dispersion-correction terms,
respectively. However, in spite of the nice features of the reference-spectrum method, we are still left with
the problem of how to obtain a reliable estimate of higher-order terms of th&fuiatrix in terms of7 5.

In the next subsection we demonstrate how one can obtain (within the framework of the angle-average
approximation) an “exact” solution of th&-matrix equation for nuclear matter.

1.4.2 The G-matrix for nuclear matter

In a medium such as nuclear matter we must account for the fact that certain states are not available
as intermediate states in the calculation of thenatrix. Following the discussion in the previous two
subsections, this is achieved by introducing the medium dependent Pauli oggiateq. (1.74). Further,
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the energy. of the incoming particles, given by a pure kinetic term in eq. (1.74), must be modified so
allow for medium corrections. How to evaluate the Pauli operator for e.g. nuclear matter is, howeve
straightforward. Before discussing how to evaluate the Pauli operator for nuclear matter, we note th
G-matrix is conventionally given in terms of partial waves and the coordinates of the relative and ce
of-mass motion, as in eq. (1.74). If we assume thattheatrix is diagonal inx (o is a shorthand notation
for J, S, L andT), it can then be recast in the form of a coupled-channels equation in the relative
center-of-mass system [21]

o
?(EI;) 0 (gk' Kuw). (1.144)

g 3
A (kK Kw) = Vi (kK') + Z/ .(]'—'131“}5/ (kq)
] n)
This equation is similar in structure to the scattering equation¥f@xcept that we now have introducec
the Pauli operatof) and a medium dependent two-particle enesgyrhe notations in this equation follow
those of where we discuss the solution of the scattering maitrix
Note however that thé&/-matrix may not be diagonal in. This is due to the fact that the Pauli oper
ator () is not diagonal in the above representation in the relative and center-of-mass system. The
operator depends on the angle between the relative momentum and the center of mass momentul
angle dependence causgdo couple states with different relative angular momentéimA partial wave
decomposition becomes therefore rather difficult. The angle dependence of the Pauli operator can b
inated by introducing the angle-average Pauli operator, where one replaces the exact Pauli @d&yratc
its averagegy over all angles for fixed relative and center-of-mass momenta. The choice of Pauli ope
is decisive to the determination of the sp spectrum. Basically, to first order in the reaction @atuere
are three commonly used sp spectra, all defined by the solution of the following equations
k’2
em = E(km) = tm + U = =2 + Uy, (1.145)
IMy

and

Uy = Z (mh|G(w = & + 24) [ih) 44 km < kar,
A<k (1.146)

Uy, = 0, km > kar.

For notational economy, we sgt,,| = k.. Here we employ antisymmetrized matrix elements (AS
and ky; is a cutoff on the momentum. Furthey, is the sp kinetic energy and similarly,, is the sp
potential. The choice of cutoff,, is actually what determines the three commonly used sp spectra
the conventional BHF approach one empldys = %, which leads to a Pauli operat@pyy (in the
laboratory system) given by

1, min(ky,, k,) > kp

0 else. ’ (1.147)

Qpur (km, kn) = {

or, since we will define an angle-average Pauli operator in the relative and center-of-mass system, w

0, k< ki - K?/4
Qeur(k, K) = L k>kp+ K/2 (1.148)
K2/4th? by else,

with & the momentum at the Fermi surface. The difference between the Pauli operators in the lab a
relative and center-of-mass systems is shown in fig. 1.7 (a) and (b), respectively. See e.g. [21] for f
details. The BHF choice sets. = 0 for & > kp, which leads to an unphysical, large gap at the Feri
surface, typically of the order &f0 — 60 MeV. To overcome the gap problem, Mahaux and collaboratc
[22] introduced a continuous sp spectrum for all valuek.dFhe divergencies which then may occur in ec
(1.144) are taken care of by introducing a principal value integration in eq. (1.144), to retain only the
part contribution to th&7-matrix.
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Q=1
Q=1

(@) (b)

Figure 1.7: In (a) we show the Pauli operator for standard BHF theory in the lab frame, while (b) is the
corresponding diagrammatic representation in the relative and center-of-mass system. NHKte=that
k,, + ki andk = 3 (k, — k).

To define the energy denominators we will also make use of the angle-average approximation. The an-
gle dependence is handled by the so-called effective mass approximation. The single-particle energies in
nuclear matter are assumed to have the simple quadratic form

h2k2
k)= fmo A kL <k
s o (1.149)
h2k2
= m ko > ki,
My > > BFs

where My, is the effective mass of the nucleon afly is the bare nucleon mass. For particle states
above the Fermi sea we choose a pure kinetic energy term, whereas for hole states, théteantsA,

the latter being an effective single-particle potential related t@tmeatrix, are obtained through the self-
consistent Brueckner-Hartree-Fock procedure. The sp potential is obtained through the same angle-average
approximation [21]

p(kr—km)/2 -
Ukm) = > (2T+1)(27+1) {§ / K2k Gy (k, Ky) (1.150)
Lo TJe
1 (kr+km)/2 B

— kdk(k2 = (kp, — 28)2) G5 (k, K) 3

Thim S (ke —km) /2
where we have defined

K2 =4(k2 + k2, (1.151)

and

K3 = 4(k2 + k%) — (2k + ko — hpo) (2k + by + kpe). (1.152)
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This self-consistency scheme consists in choosing adequate initial values of the effective mas3had
obtained’-matrix is in turn used to obtain new values fry, andA. This procedure continues until these
parameters vary little.

1.5 Numerical evaluation of the G-matrix

In this section we outline how to calculate tematrix for nuclear matter. These methods can be view
as an extension to what we discussed in connection with the solution of the Lippman-Schwinger equ
Let us first consider uncoupled channels, e.g!#igpartial wave. The one-dimensional equation for eithe
the G-matrix can be written as

GRKE) = V(kk'K) — /m F(kqK)G(gk'K)dy, (1.153)

0

where

2 LV (kqE)Q(gK

(1.154)
For nuclear matter we have that the Pauli oper@as given by the angle-average operator.

For 3 the starting energy is negative, whereasfoit is positive. The above is an integral equation ir
the relative momenturi, and the(:- or T-matrices are defined for a given center-of-mass momerum
Below we will skip this variable. We assume also tligtl” and @ are continuous itk and that their
derivatives are also continuous. Further, we expect high-lying momenta to play a negligible role due
denominator i, and replace then the infinity limit with a finite value @fIn this way we can solve our
problem numerically and rewrite the equation {das

N
Gk, k) = V (ki k) = D7 F (ki k)G (i, k)10 (1.155)

n=1

The numerical integration is done by using Gaussian péinend weightss;

k; = Ctan(LEEany (1.156)

- —oy (14w
w; = Cvigcos 2(7( +_; T,

where—1 < # < 1 andC is a constant chosen so as to optimize the numerical grid. It is convenier

defineG, F andV asN x N matrices ink-space {V is the number of mesh point8); = F'(k;, k;)w;,
Vij = V(ki, k;) andGy; = G(k;, k;). This allows us to rewrite the equation foras a matrix equation

G Gz - Gin Vit Vig -+ Wiy
Gan Gao oo Gan Vor Ve oo Tan
Gy Gnz2 -+ GNN Vni Ve o0 Vaw
My oo My G Gy - Gy
Fp Foy - Fan Gar Gay -0 Gay
- ) . . . (L1
Fyi Fyz -+ Faw Gni Gnz -+ Gan

or in a more compact form
G = V-FG
i+PG = V
G = (1+F)'V. (1.158)
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The G-matrix can now be obtained for a given starting energy and relative momenta by inverting a matrix
(1 + F) with the following matrix elements
2. Q
(51']' + ;‘/ijik‘? _7 ” k]:wj.
Hitherto we have only considered uncoupled partial waves, though the extension to coupled channels is eas-
ily accomplished by defining 2V x 2V matrix G (this matrix representS'y;, (k;k; K'w)) The couplings
between various angular momenta are then accounted through the solution of

Gn G Vo Vi . Fy Gy G

( Gy Gup ) - < Vi Vi ) < Py Py > ( Gy Gup ) ’ (1.159)
which means that we need to invertaV x 2N )-matrix. As an example, consider th&, -3 D, channel.
There we have four differerii-matrices, given by the partial wave combinatiéss-25y, 25,-3 1y, 3D, -
38, and®*D;-3D;.
A numerical stable and accurate (to 5-6 leading digits) result for@atmuclear matter and' r for finite
nuclei is obtained usingy — 50 mesh points. The above method is rather simple and efficient to implement
numerically. This is demonstrated in the numerical code for the solution @f-timatrix.
The enclosed program for thié-matrix can easily be expanded in order to include the Pauli operator as
well.



Chapter 2

Numerical studies of neutron stars

2.1 Introduction to the physics of neutron stars

The discovery of the neutron by Chadwick in 1932 prompted Landau to predict the existence of neutron
stars. The birth of such stars in supernovae explosions was suggested by Baade and Zwicky 1934. First
theoretical neutron star calculations were performed by Tolman, Oppenheimer and Volkoff in 1939 and
Wheeler around 1960. Bell and Hewish were the first to discover a neutron star in 196adés @ulsar.

The discovery of the rapidly rotating Crab pulsar ( rapidly rotating neutron star) in the remnant of the
Crab supernova observed by the chinese in 1054 A.D. confirmed the link to supernovae. Radio pulsars
are rapidly rotating with periods in the rang@33 s < P < 4.0 s. They are believed to be powered by
rotational energy loss and are rapidly spinning down with period derivatives of gtder1 0~12 — 1016,

Their high magnetic fieldB leads to dipole magnetic braking radiation proportional to the magnetic field
squared. One estimates magnetic fields of the ordeét ef 10'* — 10! G. The total number of pulsars
discovered sofar has just exceeded 1000 before the turn of the millenium and the number is increasing
rapidly.

A distinct subclass of radio pulsars amellisecond pulsars with periods between.56 ms< £ < 100

ms. The period derivatives are very small corresponding to very small magneticsields0® — 10'°G.

They are believed to be recycled pulsars, i.e. old pulsars with low magnetic fields that have been spun up
by accretion preserving their low magnetic field and therefore only slowly spinning down. About 20 -
almost half of the millisecond pulsars - are found in binaries where the companion is either a white dwarf
or a neutron star. Six double neutron stars are known sofar including the Hulse-Taylor PSR 1913+16.
The first binary pulsar was found by Hulse and Taylor in 1973 and by measuring the general relativistic
corrections to Newtonian gravity one could determine all parameters in the binary system as both masses,
orbital periods and period derivatives, orbital distances and inclination. Parameters are overdetermined and
thus provides a test of general relativity. Inward spiralling or orbital decay is an additional test of general
relativity to an unprecedented accuracy. The binary neutron stars all have masses in the narrow interval
1.3 — 1.5 M, which may either be due to the creation process or that heavier neutron stars are unstable.
Non-rotating and non-accreting neutron stars are virtually undetectable. With the Hubble space telescope
one single thermally radiating neutron star has been found. Its distance is only 160 pc from earth and its
surface temperature B ~ 60 eV. From its luminosity one deduces a radius of the neutron/tar 14

km. In our galaxy astrophysicists expect a large abundanc@?® of neutron stars. At least as many
supernova explosions have occurred since Big Bang which are responsible for all heavier elements present
in the Universe today. The scarcity of neutron stars in the solar neighborhood may be due to a high
initial velocity (asymmetric “kick”) during their birth in supernovae. Recently, many neutron stars have
been found far away from their supernova remnants. Future gravitational microlensing observation may
determine the population of such “invisible” neutron stars as dark matter objects in the galactic halo.

From the view of physicists (and mass extinctionists) supernova explosions are unfortunately rare in our
and neighboring galaxies. The predicted rate is 1-3 per century in our galaxy but the most recent one was
1987Ain LMC. With luck we may observe one in the near future which produces a rapidly rotating pulsar.
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Light curves and neutrino counts will test supernova and neutron star models. The rapid spin down n
exploited to test the structure and possible phase transitions in the cores of neutron stars.

The physics of compact objects like neutron stars offers an intriguing interplay between nuclear proc
and astrophysical observables. Neutron stars exhibit conditions far from those encountered on eart
ically, expected densities of a neutron star interior are of the order Idf3 or more times the density
pa ~ 4 - 10! glcm?® at 'neutron drip’, the density at which nuclei begin to dissolve and merge togett
Thus, the determination of an equation of state (EoS) for dense matter is essential to calculations of
star properties. The EoS determines properties such as the mass range, the mass-radius relation
crust thickness and the cooling rate. The same EoS is also crucial in calculating the energy releas
supernova explosion. Clearly, the relevant degrees of freedom will not be the same in the crust regic
neutron star, where the density is much smaller than the saturation density of nuclear matter, and in tt
ter of the star, where density is so high that models based solely on interacting nucleons are questic
Neutron star models including various so-called realistic equations of state result in the following ge
picture of the interior of a neutron star. The surface region, with typical dengities0 ¢ g/cn?, is a region
in which temperatures and magnetic fields may affect the equation of state. The outer ctQétdtan?

< p < 4-10"g/en? is a solid region where a Coulomb lattice of heavy nuclei coexigt-@quilibrium
with a relativistic degenerate electron gas. The inner crust fo6'' glcn?® < p < 2-10'"g/cm® consists
of a lattice of neutron-rich nuclei together with a superfluid neutron gas and an electron gas. The ne
liquid for 2 - 101* g/len? < p < -10'5g/em?® contains mainly superfluid neutrons with a smaller concentr
tion of superconducting protons and normal electrons. At higher densities, tydicalfytimes nuclear
matter saturation density, interesting phase transitions from a phase with just nucleonic degrees of fri
to quark matter may take place. Furthermore, one may have a mixed phase of quark and nuclear
kaon or pion condensates, hyperonic matter, strong magnetic fields in young stars etc.

2.2 Non-relativistic equilibrium equations

We start the discussion here using non-relativistic equations. This chapter ends however with the
sponding equations from general relativity.
If the star is in thermal equilibrium, the gravitational force on every element of volume will be balance:
aforce due to the spacial variation of the presger&@he pressure is defined by the equation of state (Eo:
(recall e.g., the well-known expressiéh= NkgT). The gravitational force which acts on an element «
volume at a distanceis given by
X Gm

Forav = =5~ plc, (2.1)
where( is the gravitational constant(r) is the energy-density (also used is mass-energy density)
m(r) is the total mass inside a radiusThe latter is given by

m(r) = 4—7;/ o) dr’ (2.2)
¢ Jo
which gives rise to a differential equation for mass and density
dy . 5
% = 4mr?p(r)/c. (2.3)
”
When the star is in equilibrium we have
P Gm(r) 5,
i p(r)/e®. (2.4)

The last equations give us two coupled first-order differential equations which determine the structur
neutron star when the EoS is known.

These are the equations to be solved numerically. The enclosed program at the end of this chaptel
these equations using the Runge-Kutta method to fourth order.

The initial conditions are dictated by the mass being zero at the center of the star, i.er, wheryielding
m(r = 0) = 0. The other condition is that the pressure vanishes at the surface of the star. This meat
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at the point where we hav@ = 0 in the solution of the integral equations, we get the total raéius the

star and the total mass(r = R). The mass-energy density when= 0 is called the central densipy,.

Since both the final mas¥ and total radiug? will depend orp, a variation of this quantity will allow us

to study stars with different masses and radii.

In the solution of our problem, we will assume that the energy density is given by a simple parametrization
from Bethe and Johnson. This parametrization givas a function of the number density= N/V', with

N the total number of baryons in a volurie It reads

p(n) = 236 x n*®* 4 nny,c?, (2.5)

wherem,, = 938.926MeV/c?, the mass of the neutron (averaged). This means that pij]lcdm*‘q’, we
have[p] =MeVfm~3. Through the thermodynamic relation

oK
P=—a (2.6)

where// is the energy in units of MeV/cwe have

P(n)=n Opn) _ p(n) = 363.44 x n*™, (2.7)

We see that the units dt are the same as those of the energy density|Pé.~MeVfm=3.
Here comes an important point you should observe when solving the two coupled first-order differential
equations. When you obtain the new pressure given by

dP
Prew = o + Poid, (2.8)

d
this comes as a function ef However, having obtained the new pressure, you will need to use Eq. (2.7)
in order to find the number density This will in turn allow you to find the new value of the mass-energy
densityp(n) at the relevant value of.

2.3 Numerical solution

When we now attempt the numerical solution, we need however to rescale the equations so that we deal
with dimensionless quantities only. To understand why, consider the value of the gravitational cGnstant
and the possible final mass(r = R) = Mp. The latter is normally of the order of some solar masses
Mg, with Mg = 1.989 x 10% Kg. If we wish to translate the latter into units of MeV/cwe will have

thatMp ~ 10°° MeV/c?. The gravitational constant is in units 6f= 6.67 x 10~** x he (MeV/c?) 2.

Itis then easy to see that including the relevant values for these quantities in our equations will most likely
yield large numerical roundoff errors when we add a huge nun‘ijﬁeto a smaller numbep in order to

obtain the new pressure. We list here the units of the various quantities and in case of physical constants,
also their values. A bracketed symbol liie] stands for the actual units of the quantity inside the brackets.

Quantity  Units

[P] MeVfm—3

lp] MeVfm~3

[n] fm=3

[m] MeVc2

Mo 1.989 x 10%° Kg= 1.1157467 x 10°° MeVc2
1Kg =103°/1.78266270D0 MeVc 2

i m

G he6.67259 x 107% MeV—2¢c™*

he 197.327 MeVfm
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We introduce therefore dimensionless quantities for the ratdids/ R, mass-energy densipy= p/ps,
pressuréP = P/p, and massn = m/ M.

The constantd/, og R, can be determined from the requirements that the equatiori&farg 42 should
be dimensionless. This gives

dMqym

=47 R:Fp,p 2.9
dRor I 2.9)
yielding
dF
% = 47 R372p, 5/ Mo. (2.10)
ar
If these equations should be dimensionless we must demand that
4w R3ps /My = 1. (2.11)
Correspondingly, we have for the pressure equation
dps P mpsp
= —-GM, - 2.12
dRy7 0 HSTZ ( )
and since this equation should also be dimensionless, we will have
GIWQ/HQ =1 (213)
This means that the constartits and M, which will render the equations dimensionless are given by
1
Ry = ———, 2.14
0T Vp.Gin 214
and
M, Amps (2.15)
My = ————. .
0 (VpsGam)3

However, since we would like to have the radius expressed in units of 10 km, we should m&lfifsly
10719, since 1 fm =10~1> m. Similarly, M, will come in units of MeV/c?, and it is convenient therefore
to divide it by the mass of the sun and express the total mass in terms of solar thasses
The differential equations read then

% = Tp ‘2—:? =75 (2.16)
In the algorithm below, written in form of a pseudocode, we have used the labels displayed in the
here. The variables const_1 and and const_2 are

Labelsin equation Labelsin pseudocode

P (@)
P pressure
p(n) rho
ps(ns) central_energy_density
N central_density
7 star_radius
mn y(2)
const_1 = Ry x 10717, (2.17)
and
const_2 = My/Mg, (2.18)
respectively.

The algorithm for solving these equations may take the following form



2.3. NUMERICAL SOLUTION

39

! loop over central densities
FOR (i=1, number_central_densities)

! Preparation of starting values

! central density in fm~-3

! central energy density in units MeV/fm~3
central_energy_density:rho(central_density)

! central pressure, in units of MeV/fm~-3
pressure=press(central_density)

! Dimensionless pressure at the centre (function of central dens)
y(1)=pressure/central_energy_density

! Dimensionless start radius

star_radius=step/10.

! Dimensionless mass of the star at the centre, use e.g. Taylor
! expansion around r=0

y(2)=start_mass
! Start of Runge-Kutta solution to differential equations
! number of RK4 steps given by variable j . Iterate as long as
! P is greater than 0

j=0

WHILE((pressure > 0.).AND.(j <= max_rk4_steps))
j=j+1

! new dimless radius
star_radius=star_radius+step

! get the derivatives at the given value star_radius
CALL derivatives(star_radius,y,deriv)

! Here we use the RK4 procedure described in the next section
CALL runge_kutta_4(star_radius,y,ynew,deriv)

! new values for y(1) (pressure) and y(2) (mass), dimless
y(1)=ynew(1)
y(2)=ynew(2)

! new pressure, now in units of MeV/fm~-3
! use it to test whether P=0
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pressure=y(1)*central_energy_density
END of test
! radius in units of km
radius=star_radius*const_1
! mass in units of solar masses
mass=y(2)*const_2
WRITE to file central_density, mass and radius

END of loop over chosen central demsities

24 TOV eguation

In the above we have limited ourselves to a non-relativitic description. The theoretical description
neutron star is however governed by conditions imposed by general relativity. General relativity has
taken into account for the determination of the gross properties of a star with approximately one solar
M, and a radiusk of approximately 10 km, since relativistic effects are of the order [23]

M
~0.1-0.2. 2.19
B 0 0 ( )

The starting point for such studies is how to determine Einstein’s curvature t@nsofor a massive star
(R, 94, andR denote the Ricci tensor, metric tensor, and Ricci scalar, respectively).

. 1 .
Gu = R — ang =8&x T (p, P(p)) - (2.20)

A necessary ingredient for solving this equation is the energy-momentum tensor depsitfor which
knowledge of the EoS, i.e. pressufeas function of the energy densityis necessary.
For a spherically symmetric and static star, the metric has the Schwarzschild form

ds® = — 2000 @y 4 220 gy 4 r2(d6? + sin®0d¢?) (2.21)
where the metric functions are given by:

C2A(r) — (1—(r)", (2.22)

e20(r) — g=2A(r) — (L=~(r)) for r> Rear. (2.23)
with

(0 :{ W/, <R (2.24)

2Ms/r , r>R,

Einstein’s equations for a static star reduce then to the familiar Tolman-Oppenheimer-Volkoff equ
(TOV) [23, 24, 25]:
dP(r)
dr

= = L (pl) + P() (M) + 42 P (1) A0 (2.25)
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where the gravitational masg () contained in a sphere with radiuss determined via the energy-density
pl(r) by:
v
M(r)= 41r/ e(r)ridr . (2.26)
0

The metric functiors(r) obeys the differential equation
d¢ 1 apr

dr = p(r)+ P(r) dr @20
with the boundary condition
1
é(r=Rs) = 51“(] —y(Rs)) - (2.28)

For a given EoS, i.eP, one can now solve the TOV equation by integrating them for a given central energy

densitye, from the star’s centre to the star’s radius, definedy?;) = 0.

More complicated is the case of rotating stars, where due to the rotation changes occur in the pressure,
energy density, etc. We will omit a discussion of that here and simply limit the attention in the program

enclosed below to the TOV equation.
2.5 Codeexamplefor asimple EoS

! Program to calculate the mass (SM) and radius (r) for a
! neutron star

! Free format is employed, compile with e.g.,

! £90 -c -free star.f and link with f90 -o prog.exe star.o

! The constants defined

! below have the following dim

! [hbarc]=197.327 MeVim

! [g] = m~3Kg~-1s~-2 gravitational const

! = 6.67259%10"-11 m~3Kg~-1s"-2

! or 6.67259 MeV~-2\hbarc/c"4

' [sm_solar]=1.989D+30 kg

! The solar mass is converted into MeV. Then
! one has the relation

! 1 kg=1.D+30/1.78266270D0 1 MeV/c~2
! A1l taken from the Particle Data Group

! (1994)

! The program runs with dim-less variables

! P=P/central_energy_density

! rho=rho/central_energy_density

! with central_energy_density the central energy-density of the star
! r=r/r0 with r0=1.D+19 fm= 10km

! m=m/m_solar

! Prints out central density in fm~-3, radius in m,
! neutron star mass in terms of solar masses

! Global constants used to render equations dim-less

MODULE constants
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gravitational constant in fmMeV~-1

DOUBLE PRECISION, PUBLIC, PARAMETER :: g=6.67259D-45%197.327
4*\pi

DOUBLE PRECISION, PUBLIC, PARAMETER :: fourpi=12.56637061
number of central densites chosen

INTEGER, PUBLIC, PARAMETER :: number_central_densities=30

the differential equations of Hartle, excluding the quadropole terms

INTEGER, PUBLIC , PARAMETER :: number_differential_eqgs= 2
number of runge-kutta iterations

INTEGER, PUBLIC , PARAMETER :: max_rk4_steps=100000
Dimensionless step in RK4 procedure

DOUBLE PRECISION, PUBLIC, PARAMETER :: diff_eq_step = 0.001
Density from which one wants the central density to be calculated

DOUBLE PRECISION, PUBLIC, PARAMETER :: first_density = 0.1
Last central density

DOUBLE PRECISION, PUBLIC, PARAMETER :: last_density = 1.8
1 MeV/c~2=1.78266270D-30 kg

DOUBLE PRECISION, PUBLIC, PARAMETER :: xkg=1.E+30/1.78266270
solar mass in MeV/c~2

DOUBLE PRECISION, PUBLIC, PARAMETER :: sm_solar=1.989E+30%xkg
END MODULE constants

This module contains the parametrization of the EOS as
a polynomial in density.
MODULE eos
USE constants
DOUBLE PRECISION, PUBLIC :: central_energy_density
CONTAINS
rho: energy per particle in units of MeV/fm"3
DOUBLE PRECISION FUNCTION rho(x)
IMPLICIT NONE
DOUBLE PRECISION, INTENT(IN) :: x
rho=236.* (x**(2.54))+938.926%x
END FUNCTION rho
pressure in units of MeV/fm~3
DOUBLE PRECISION FUNCTION press(x)
IMPLICIT NONE
DOUBLE PRECISION, INTENT(IN) :: x

press=363.44* (x**(2.54))

END FUNCTION press

dP/dr, TOV equation, dimensionless
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FUNCTION tov(r,e_rho,y)

IMPLICIT NONE

DOUBLE PRECISION :: e_rho, tov, r

DOUBLE PRECISION, DIMENSION(number_differential_eqs), INTENT(IN) :: y
! non-relativistic
! tov=-e_rho*y(2)/(r*r)
! relativistic

tov=-(e_rho+y(1))* &

(y(2)+(x**3)*y (1) )/ (r*r-2%r*y(2))
END FUNCTION tov

END MODULE eos

! Main program starts here

PROGRAM neutron_star
USE eos
USE constants
IMPLICIT NONE
INTEGER :: j, i
DOUBLE PRECISION, DIMENSION (number_central_densities) :: cen_dens, &
radius, smass
DOUBLE PRECISION, DIMENSION (number_differential_eqs) :: ynew, y, ders
DOUBLE PRECISION :: star_radius, ync, density_step, pressure, const_2, const_1

! steps in choice of central demsities
density_step=(last_density-first_density)/number_central_densities
! loop over central densities
DO i=1, number_central_densities

! Preparation of starting values
! central density in fm~-3

ync=first_density+density_step*i

! central energy density in units MeV/fm~3
central_energy_density=rho(ync)

! central pressure, in units of MeV/fm~-3

pressure=0.
pressure=press(ync)

! dimless const_1 const_2

const_1=1.E-19/SQRT (fourpi*g*central_energy_density)
const_2=fourpi*central_energy_density/ &
(SQRT (fourpi*g*central_energy_density)*#*3)
! Dimensionless pressure at the centre (function of central dens)

CHAPTER 2. NUMERICAL STUDIESOF NEUTRON STARS

y(1)=pressure/central_energy_density
Dimensionless start radius

star_radius=diff_eq_step/10.
Dimensionless mass of the star at the centre

y(2)=(star_radius**3)/3.

Start of Runge-Kutta solution to differential equations
number of RK4 steps given by variable j

j=0
DO WHILE((pressure > 0.).AND.(j <= max_rk4_steps))
j=j+1
new dimless radius
star_radius=star_radius+diff_eq_step
start values for derivatives
CALL derivatives(star_radius,y,ders)
RK4 procedure
CALL runge_kutta_4(star_radius,y,ynew,ders)

new values for y(1) (pressure), y(2) (mass) and y(3) (metric function)

y=ynew
new pressure, now in units of MeV/fm~-3
pressure=y(1)*central_energy_density
ENDDO
central density in units of fm~-3
cen_dens(i)=ync
radius in units of m
radius(i)=star_radius*const_1
mass in units of solar masses
smass(i)=y(2)*const_2/sm_solar
WRITE(6,’(E12.3,6E12.4)’) cen_dens(i),radius(i),smass(i)
ENDDO

END PROGRAM neutron_star

4th-Runge-Kutta solution of coupled equations
See any textbook on numerical methods for details

SUBROUTINE runge_kutta_4(x,y,yout,dydx)
USE constants
IMPLICIT NONE

DOUBLE PRECISION, DIMENSION(number_differential_eqs) :: yt, dyt, dym

DOUBLE PRECISION, DIMENSION(number_differential_eqs), INTENT(IN)
DOUBLE PRECISION, DIMENSION(number_differential_eqs), INTENT(QOUT)

©y, dydx
: yout
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DOUBLE PRECISION :: hh, hé, xh
DOUBLE PRECISION, INTENT(IN) :: x
hh=diff_eq_step*0.5; h6=diff_eq_step/6. ; xh=x+hh
! first rk-step
yt=y+hh*dydx
CALL derivatives(xh,yt,dyt)
! second rk-step
yt=y+hh*dyt
CALL derivatives(xh,yt,dym)
! third rk-step
yt=y+diff_eq_step*dym; dym=dyt+dym
CALL derivatives(x+diff_eq_step,yt,dyt)
! fourth rk-step
yout=y+h6* (dydx+dyt+2. *dym)
END SUBROUTINE runge_kutta_4
]
! Here the expressions for the derivatives are set up
]
SUBROUTINE derivatives(r,y,ders)
USE eos
USE constants
IMPLICIT NONE
DOUBLE PRECISION :: e_rho, x
DOUBLE PRECISION, INTENT(IN) :: r
DOUBLE PRECISION, DIMENSION(number_differential_eqs), INTENT(QOUT) : ders

DOUBLE PRECISION, DIMENSION(number_differential_eqs), INTENT(IN)

IF(y(1) > 0.) THEN
x=(y(1)*central_energy_density/363.44)**(1./2.54)
e_rho=rho(x)/central_energy_density

! TOV equation=dp/dr
ders(1)=tov(r,e_rho,y)

! dm/dr=r*r*energydensity, gravitational mass as function of r
ders(2)=(r**2)*e_rho

ENDIF

END SUBROUTINE derivatives



Appendix A

A Fortran 90/95 primer

A.1 Introduction to F90/F95

Fortran (FORmula TRANSslation) was introduced in 1957 and remains the language of choice for most
scientific programming. The latest standard, Fortran 90 and 95, includes extensions that are familiar to
users of C. Some of the most important features of Fortran 90 include recursive subroutines, dynamic
storage allocation and pointers, user defined data structures, modules, and the ability to manipulate entire
arrays.

Fortran 90 is compatible with Fortran 77 and includes syntax that is no longer considered desirable. Fortran
90 does however not allow for pointer algebra. This feature is included in Fortran 95 together with other
features such as the FORALL statement.

A.1.1 Introduction

In order to get started, consider the following simple Fortran 90 program which sets up Newton’s second
law.

PROGRAM newton
IMPLICIT NONE
DOUBLE PRECISION :: mass, acceleration, force

write to screen and ask for the mass in kg
WRITE(*,*) >Give the mass in units of kg’
read in the value
READ (*,%*) mass
write to screen and ask for the acceleration in ms-2
WRITE(*,*) ’Give the acceleration’
read in the value
READ(*,*) acceleration
force = mass*acceleration
write back to screen
WRITE(*,*) mass, acceleration, force

END PROGRAM newton

The first statement must be a program statement; the last statement must have a corresponding end program
statement.

Integer numerical variables and floating point numerical variables are distinguished. The names of all
variables must be between 1 and 31 alphanumeric characters of which the first must be a letter and the last
must not be an underscore.

a7
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The types of all variables must be declared. Real numbers are written as 2.0 rather than 2 and decl
DOUBLE PRECISION. In general we discorauge the use of single precision in scientific computing
achieved precision is in general not good enough. Comments begin with a ! and can be included any
in the program. Statements are written on lines which may contain up to 132 characters. The as
(*,*) following WRITE represent the default format for output, i.e., the output is e.g., written out on |
screen. Similarly, the READ(*,*) statement means that the program is expecting a line input. Note als
IMPLICIT NONE statement which we strongly recommend the use of. In many Fortran 77 one cat
statements like IMPLICIT REAL*8(a-h,0-z), meaning that all variables beginning with any of the ab
letters are by deafult floating numbers. However, such a usage makes it hard to spot eventual errc
to misspelling of variable names. With IMPLICIT NONE you have to declare all variables and there
detect possible errors already while compiling.

A.1.2 DO construct

Fortran 90/95 use a do construct to have the computer execute the same statements more than o
example of a do construct follows from example 4 in chapter 2. There we sunhfredp to a given
number, say 1000

PROGRAM series

IMPLICIT NONE

DOUBLE PRECISION :: sum
INTEGER :: n

! Initialize the sum
sum = 0.
DO n =1, 1000
sum = sum + 1.0/FLOAT(n)
WRITE(*,*) n,sum
ENDDO

END PROGRAM series

Note that n is an integer variable. In this case the do statement specifies the first and last values
increases by unity (default). Note here that we wish to avoid a division with by an integer through the
of FLOAT(n). Moreover, Fortran does not allow floating numbers as loop variables.

A.1.3 Logical constructs
In the next program example, the do loop is exited by satisfying a test.

PROGRAM series_test
IMPLICIT NONE
DOUBLE PRECISION :: sum, newterm, relative_change
INTEGER :: n
! initialize sum, newterm and relative_change
sum = 0.; newterm=0.; relative_change=0.

DO n =1, 1000

newterm=1.0/FLOAT (n)

sum = sum + newterm

relative_change = newterm/sum

IF ( relative_change < 0.00001 ) EXIT
ENDDO
WRITE(*,*) n, sum, relative_change

END PROGRAM series_test
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The features included in the above program include:

A do construct can be exited by using the EXIT statement. The IF construct allows the execution of a
sequence of statements (a block) to depend on a condition. The if construct is a compound statement and
begins with IF ... THEN and ends with ENDIF. Examples of more general IF constructs using ELSE and
ELSEIF statements are given in the program library or in the main text. Another feature to observe is the
CYCLE command, which allows the loop variable n to start at a new value. As a rule of thumb, if possible,
you should avoid IF statements or calls to other functions if you operate on arrays inside loops. This may
reduce the effect of optimizations gained through various compiler options.

A.1.4 Subprograms

Subprograms are called from the main program or other subprograms. Subprograms (subroutines and
functions) can be included in modules. The form of a module, subroutine, and a function is similar to
that of a main program. A module is accessed in the main program by the use statement. Subroutines are
invoked in the main program by using the call statement. A subprogram always has access to other entities
in the module. The subprograms in a module are preceded by a contains statement.

Variables and subprograms may be declared public in a module and be available to the main program (and
other modules). An example follows here.

1
! This module contains the parametrization of the EOS as

! a polynomial in density. The number of terms kept in the
! polynomial expansion is given by number_terms.

MODULE eos
DOUBLE PRECISION, ALLOCATABLE, DIMENSION(:), PUBLIC :: polynom_terms
INTEGER, PUBLIC :: number_terms
CONTAINS

rho: energy per particle in units of MeV/fm"3
rho=\sum_{i=1}"{number of polynoms} a_i*density~{(i-1)/3}

DOUBLE PRECISION FUNCTION rho(x)
IMPLICIT NONE

DOUBLE PRECISION, INTENT(IN) :: x
INTEGER :: i

rho=polynom_terms1(1)
DO i=2,number_termsi

rho=rho+polynom_terms1(i)#* (x**(FLOAT(i-1)/3.d0))
ENDDO

END FUNCTION rho

pressure in units of MeV/fm~3
pressure = density*d rho/d demsity - rho

DOUBLE PRECISION FUNCTION press(x)
IMPLICIT NONE

DOUBLE PRECISION, INTENT(IN) :: x
INTEGER :: i

press=-rho(x)
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DO i=2,number_termsi
press=press+(FLOAT(i-1)/3.0*polynom_terms1(i)* (x**(FLOAT(i-1)/3.)))
ENDDO

END FUNCTION press

END MODULE eos

INTENT(IN) means that the dummy argument cannot be changed within the subprogram. INTENT(C
means that the dummy argument cannot be used within the subprogram until it is given a value
the intent of passing a value back to the calling program. The statement INTENT(INOUT) means
the dummy argument has an initial value which is changed and passed back to the calling prograr
recommend that you use these options when calling subprograms

The module(s) can be included in a separate file.

A.1l5 Arrays

An array is declared in the declaration section of a program, module, or procedure using the dime
attribute. Examples include

DOUBLE PRECISION, DIMENSION (10) :: x,y
REAL, DIMENSION (1:10) :: x,y

INTEGER, DIMENSION (-10:10) :: prob
INTEGER, DIMENSION (10,10) :: spin

The default value of the lower bound of an array is 1. For this reason the first two statements are equi
to the first. The lower bound of an array can be negative. The last statement is an example o
dimensional array.

Rather than assigning each array element explicitly, we can use an array constructor to give an arre
of values. An array constructor is a one-dimensional a list of values, separated by commas, and de
by "(/"and "/)". An example is

a(1:3) = (/ 2.0, -3.0, -4.0 /)

is equivalent to the separate assignments

a(1) = 2.0
a(2) = -3.0
a(3) = -4.0

A.1.6 Allocate statement and mathematical operationson arrays

One of the better features of Fortran 90 is dynamic storage allocation. That is, the size of an arre
be changed during the execution of the program. To see how the dynamic allocation works in Fortre
consider the following simple example where we set dp<a4 unity matrix.

IMPLICIT NONE
! The definition of the matrix, using dynamic allocation
DOUBLE PRECISION, ALLOCATABLE, DIMENSION(:,:) :: unity
! The size of the matrix
INTEGER :: n
! Here we set the dim n=4
n=4
! Allocate now place in memory for the matrix
ALLOCATE ( unity(m,n) )
! all elements are set equal zero
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unity=0.
! setup identity matrix
DO i=1,n
unity(i,i)=1.
ENDDO
DEALLOCATE ( unity)

We always recommend to use to deallocation statement, since this frees space in memory. If the matrix is
transferred to a function from a calling program, one can transfer the dimensionafitjrat matrix with
the call. Another possibility is to determine the dimensionality with the SIZE command, i.e.,

n=SIZE(unity,DIM=1)

will give the size of the rows, while using DIM=2 gives that of the columns.

Other useful Fortran 90 intrisic functions are given by the following examples. Suppose we need to find the
maximum absolute value of of the column elements in a two-dimensional matrix. In Fortran 77 we would
have to code something like

! loop over rows i
DO i=1,n
max_value=0.
! the loop over columns
DO j=1,n
IF (ABS(a(i,j)) > max_value) max_value=ABS(a(i,j))
ENDDO
! then we store this number in a one-dimensional vector
max_value_row(i)=max_value
ENDDO

In Fortran 90 this statement is replaced by one line
max_value_row=MAXVAL(ABS(a), DIM=2)

where DIM=2 tells that we are searching among columns. It is understood that alf @ewsevaluated
simultaneously.
As another example, suppose we need to evaluate

n
w; = Z @i + 5],

Jj=1
which in Fortran 77 would involve a sum over i and j can be written in Fortran 90 using the intrisic function
SUM

DO i=1,n
w(i)=SUM(ABS (x(i)+x)
ENDDO
Similarly, the product

n

wi= [[ (@-z),

J=15#i
can be coded by aid of the PRODUCT function
DO i=1,n

w(i)=PRODUCT(x(i)-x, MASK=(x /= x(i)) )
ENDDO
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where the MASK argument prevents that the diagonal terms are included. Another way of writing
above MASK statement is through teh WHERE statement. Consider a division of all matrix element:
matrix B with a matrix C, i.e., we have

A=B/C

meaning that we are performing a division for i and pef/c;;. If we wish to avoid division by zero we
could write the above equation as

WHERE ( ¢ /= 0) a=b/c

and that's all which is needed. The statement inside WHERE checks all matrix elements of thedmatr
Other useful functions are the dot products of two vectors, i.e.,

a=DOT_PRODUCT ( b,c)
which means: = b(1)c(1) + b(2)c(2) + ... + b(n)c(n). This could also have been written as
a=SUM ( bx*c)

Here's an example of a module for matrix operations which employs the module mesh_variables th
the USE statement.

MODULE matrix_manipulations

USE mesh_variables
IMPLICIT NONE

CONTAINS
! perform the outer product of two vectors a and b
FUNCTION outer_product(a,b)

DOUBLE PRECISION, INTENT(IN) , DIMENSION(:) :: a, b
DOUBLE PRECISION, DIMENSION(SIZE(a), SIZE(b)) :: outer_product

outer_product = SPREAD( a,DIM=2, NCOPIES=SIZE(b) ) * &
SPREAD( b,DIM=1, NCOPIES=SIZE(a) )

END FUNCTION outer_product
! multiply a matrix with a vector
FUNCTION matrix_vector_mult(a,b)

DOUBLE PRECISION, INTENT(IN) , DIMENSION(:) :: b
DOUBLE PRECISION, DIMENSION(:,:), INTENT(IN) :: a
DOUBLE PRECISION, DIMENSION(SIZE(b) ) :: matrix_vector_mult
INTEGER :: i
DO i=1, SIZE(Db)
matrix_vector_mult(i)=SUM(a(i,:)*b(:))
ENDDO

END FUNCTION matrix_vector_mult

END MODULE matrix_manipulations

For more functions, we recommend that you consult a F90 manual or see the link to F90 lectures
web page.
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A.1.7 Complex variables END FUNCTION addition

Fortran 90 is uniquely suited to handle complex variables through variable definitions like COMPLEX and FUNCTION subtraction(a,b)

functions like AIMAG.

As another example, you could define your own complex operations through the following example.

PROGRAM complex_example

IMPLICIT NONE

DOUBLE PRECISION, parameter :: pi = 3.141592654
COMPLEX :: b,bstar,f,arg, a

DOUBLE PRECISION :: c

INTEGER :: d

A complex constant is written as two real numbers, separated by
a comma and enclosed in parentheses.

a = (2.D0,-3.D0)

If one of part has a kind, the other part must have same kind
b = (0.5D0,0.8D0)
WRITE(*,*) ’a =, a

WRITE(*,*) ’a*a =’, a*a
WRITE(#*,%) ’b =’, b
WRITE(*,*) ’a*b =’, a*b
real part of b
¢ = REAL(D)
WRITE(*,*) ’real part of b =, ¢
imaginary part of b
¢ = aimag(b)
WRITE(*,*) ’imaginary part of b =, ¢
arg = CMPLX(0.0DO,pi)
b = EXP(arg)

complex conjugate of b
bstar = CONJG(b)
absolute value of b
£ = ABS(Db)
WRITE(*,*) ’properties of b =’, b,bstar,b*bstar,f

END PROGRAM complex_example
MODULE complex_operations
IMPLICIT NONE
TYPE complex_variable
DOUBLE PRECISION :: real_part, complex_part
END TYPE complex_variable
CONTAINS

FUNCTION addition(a,b)

TYPE (complex_variable), INTENT(IN) :: a, b
TYPE (complex_variable) :: addition

addition = &

complex_variable(alireal_part+b%real_part,alcomplex_part+blcomplex_part )

TYPE (complex_variable), INTENT(IN) :: a, b
TYPE (complex_variable) :: subtraction

subtraction = &

complex_variable(alireal_part-b%real_part,a’complex_part-bjcomplex_part

END FUNCTION subtraction
FUNCTION multiplication(a,b)

TYPE (complex_variable), INTENT(IN) :: a, b
TYPE (complex_variable) :: multiplication

multiplication%real_part =&
a%real_part*bYreal_part-alcomplex_part*bjcomplex_part

multiplication¥%complex_part = &
aljireal_part*bYcomplex_part+alcomplex_part*blreal_part

END FUNCTION multiplication

END MODULE complex_operations
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