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• choose relevant degrees of 
freedom: here nucleons and pions

• operators constrained by 
symmetries of QCD

• short-range physics captured in 
few short-range couplings

• separation of scales: Q << Λb, 
breakdown scale Λb~500 MeV

• power-counting:                 
expand in powers Q/Λb

• systematic: work to desired 
accuracy, obtain error estimates

Chiral effective field theory for nuclear forces
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first incorporation in calculations of 
neutron and nuclear matter 
Tews, Krueger, KH, Schwenk, PRL 110, 032504 (2013)
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Results for the neutron matter equation of state

c1, c3, c4 terms cD term cE term

only long-range 3NF 
contribute in leading order 

neutron matter is a unique 
system for chiral EFT:

pure neutron matter
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FIG. 7. (Color online) Energy per
particle E/N of neutron matter as a
function of density ρ at the Hartree-
Fock level (left) and including second-
order contributions (right). The results
are based on evolved N3LO NN poten-
tials and N2LO 3N forces. Theoretical
uncertainties are estimated by varying
the NN cutoff (lines) and the 3N cutoff
(band for fixed " = 2.0 fm−1).

where {· · ·} denote 6j symbols and PL(cos θ ) are Legendre
polynomials. Keeping only L = 0 in Eq. (34) corresponds
to the angle-averaging approximation for the Pauli-blocking
operator, but we keep all L ! 6 for Vlow k and L ! 4 for V 3N.

Our second-order results for the neutron matter energy
ENN+3N,eff = E

(1)
NN+3N,eff + E

(2)
NN+3N,eff are presented in Fig. 7.

The different contributions are listed in Table I. We observe
that the cutoff dependence is reduced when going from first to
second order. This is as expected based on the nuclear matter
results [7,8], but for neutron matter the cutoff dependence
is significantly weaker already at the Hartree-Fock level.
The cutoff dependence increases with density and is less
than 1 MeV per particle for the densities studied in Fig. 7
over the cutoff range 1.8 fm−1 ! " ! 2.8 fm−1 and
2.0 fm−1 ! "3NF ! 2.5 fm−1. This band sets the scale
for omitted short-range many-body contributions, and we
discuss the theoretical uncertainties in the long-range parts in
Sec. III D. The weak cutoff dependence also demonstrates that
the average momentum in the system (which is smaller than
the Fermi momentum because ⟨p2

i ⟩ = 3/5k2
F) is well below the

cutoff.
Moreover, we have found that self-energy corrections to

the neutron matter energy are practically negligible. The
second-order energy with $ = 0 is within 200 keV of the self-
consistent results shown in Fig. 7. In addition, the second-order
energy contributions are always below 1.3 MeV per particle
in Table I, except for the large cutoff " = 2.8 fm−1 cases.
The second-order contributions practically only improve the
cutoff independence of the results without changing the energy
significantly. Moreover, for the lower cutoffs, the Hartree-
Fock energies are already reliable. These findings combined
suggest that neutron matter is perturbative at nuclear densities.
Therefore, we are confident that the P = 0 approximation
for V 3N is reliable, when evaluating the small second-order
contributions, and that it is reasonable to neglect the residual
3N-3N diagram E

(2)
5 .

D. Sensitivity to ci uncertainties

Next, we study the sensitivity of the second-order energy
to uncertainties in the ci coefficients that determine the

long-range part of N2LO 3N forces. This provides an update for
chiral potentials of the results of Ref. [25]. The ci coefficients
relate πN, NN, and 3N interactions, and the determination
from πN scattering is, within errors, consistent with the
extraction from NN waves. Present constraints for c1 and
c3 are c1 = −0.9+0.2

−0.5 GeV−1 and c3 = −4.7+1.5
−1.0 GeV−1 [32].

We note that, at N3LO, there are contributions that shift the
ci [10], and may lead to c3 coefficients that are smaller in
magnitude. In this study, we vary ci only in 3N forces, because
of lack of N3LO NN potentials that explore these ci variations.
However, based on the universality of Vlow k [8,12] (starting
from chiral potentials with two different ci sets [15,16]), we
do not expect large differences from varying c1 and c3 in
NN interactions, where these variations are also absorbed by
higher-order contact interactions that have to be adjusted to
reproduce NN scattering.

In Fig. 8, we show that the theoretical uncertainties of
the neutron matter energy are dominated by the uncertainties
in the ci coefficients, in particular the c3 part, compared
to the uncertainties of the many-body calculation or of
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FIG. 8. (Color online) Theoretical uncertainties of the second-
order energy with "/"3NF = 2.0 fm−1 as a function of density due
to the uncertainties in the c1 and c3 coefficients of 3N forces.
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Calculation of general isospin-asymmetric nuclear matter

• uncertainty bands determined 
by set of 7 Hamiltonians

Drischler, KH, Schwenk,
PRC 054314 (2016)

x =
np

np + nn

• many-body framework allows 
treatment of any decomposed 
3N interaction



Calculation of general isospin-asymmetric nuclear matter

• uncertainty bands determined 
by set of 7 Hamiltonians

Drischler, KH, Schwenk,
PRC 054314 (2016)

x =
np

np + nn

• many-body framework allows 
treatment of any decomposed 
3N interaction

Strategy: 
Use observations to constrain the high-density part of the nuclear EOS.

Problem:
Calculation of neutron star properties require EOS up to high densities. 

Microscopic calculations limited to 1-2 nuclear saturation density.



Symmetry energy and neutron skin constraints 

• neutron matter give tightest constraints

• in agreement with all other constraints

Sv =
⇥2E/N
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The Astrophysical Journal, 773:11 (14pp), 2013 August 10 Hebeler et al.

Figure 3. Allowed range for αL and ηL of the parameterizations (2) and (3) fit
to the saturation point of symmetric nuclear matter and to the calculated neutron
matter energy and pressure.
(A color version of this figure is available in the online journal.)

The parameters αL and ηL are extracted from the calcu-
lated bands for the neutron matter energy and pressure of
Figures 1 and 2. Our results are based on the blue bands (with
renormalization-group evolution) unless stated otherwise. We
have first checked that the parameterizations (2) and (3) provide
excellent global fits for the energy and pressure up to a density
n1 ≈ 1.1 n0. To determine αL and ηL, we sample their values
systematically and require that the resulting energy and pres-
sure be within the uncertainty bands shown in Figures 1 and 2
for densities from 0.45 n0 to 1.1 n0. This leads to the allowed
range for αL and ηL shown in Figure 3, with correlated limits
αL = 1.18–1.59 and ηL = 0.64–1.11.

The proton fraction x for matter in beta equilibrium is
determined by minimizing, for a given nucleon density, the total
energy per particle, Equation (2), plus the contributions from
electrons and from the rest mass of the nucleons. This amounts
to the condition that µn + mnc

2 = µp + mpc2 + µe, where µn

and µp are the neutron and proton chemical potentials without
the rest mass contribution, or equivalently

∂ϵ(n̄, x)
∂x

+ µe(n̄, x) − (mn − mp)c2 = 0 . (6)

For an ultrarelativistic, degenerate electron gas, the chemical
potential is given by µe(n̄, x) = h̄c (3π2xn0n̄)1/3. The allowed
ranges for αL and ηL imply ranges for the proton fraction and
the neutron and proton chemical potentials in beta equilibrium,
which are given for the saturation density n0 and for n0/2 in
Table 2. In the calculations we neglected the difference between
the neutron and proton masses (1.3 MeV), which is small
compared with µe ∼ 100 MeV. These ranges provide anchor
points for other equations of state.

The parameterizations (2) and (3) also make it possible to reli-
ably extract the symmetry energy Sv and its density derivative L,

Sv = 1
8

∂2ϵ(n̄, x)
∂x2

∣∣∣∣
n̄=1,x=1/2

and L = 3
8

∂3ϵ(n̄, x)
∂n̄∂x2

∣∣∣∣
n̄=1,x=1/2

.

(7)

Figure 4. Constraints for the symmetry energy Sv and the L parameter following
Lattimer & Lim (2013). The blue region shows our neutron matter constraints,
in comparison to bands based on different empirical extractions (for details,
see the text). The white area gives the overlap region of the different empirical
ranges.
(A color version of this figure is available in the online journal.)

Table 2
Proton Fraction x and Chemical Potentials µn and µp in Beta

Equilibrium for the Saturation Density n0 and for n0/2

n = n0 x µn µp

(MeV) (MeV)

min 0.040 54.2 −58.0
max 0.053 51.9 −71.5

n = n0/2

min 0.030 34.6 −46.1
max 0.033 34.3 −48.7

Note. The rows marked “min” and “max” give the range of the
uncertainty band.

The region for αL and ηL translates into an allowed region for
the symmetry energy Sv and the L parameter shown in Fig-
ure 4, after Lattimer & Lim (2013). In addition, we give in
Table 1 the predicted ranges for Sv and L for different γ values,
corresponding to different incompressibilities K = 210 MeV,
236 MeV and 260 MeV. The predicted range for γ = 4/3 nearly
spans the ranges for the other γ values. This demonstrates that
the extrapolation (2) is robust and that the theoretical uncertainty
due to the choice of γ is very weak and clearly much smaller
than the empirical bands shown in Figure 4.

In Figure 4, we compare the Sv and L region predicted by
our neutron matter results with values extracted from other data
(Lattimer & Lim 2013). It is striking that the neutron matter
results lead to the strongest constraints. These agree well with

4

rskin[
208Pb] = 0.14� 0.2 fm

KH, Lattimer, Pethick, Schwenk, PRL 105, 161102 (2010)  

neutron skin constraint from 
neutron matter results:
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FIG. 3. The derivative of the neutron EOS at rn !
0.10 neutron!fm3 (in units of MeV fm3!neutron) vs the S value
in 208Pb for 18 Skyrme parameter sets. The cross is SkX.

provided by Wiringa, Fiks, and Fabrocini [17] and Akmal
and Pandharipande [18]. Generally the agreement with FP
is good up to about rn ! 0.10 neutron!fm3. At higher
density the differences in the various NN potentials [17]
and the very uncertain NNN potential become important.
Thus, although the FP neutron EOS serves as a reasonable
starting point, we do not have a truly fundamental theory
for neutron EOS. Any constraints coming from the prop-
erties of nuclei such as the neutron radii are extremely
important.

Given the difficulty of the JLAB measurement, it is
important to know to what extent a measurement of S
in one nucleus such as 208Pb will be applicable to other
nuclei. There are two points to investigate: the dependence
of S on mass and the dependence of S on the asymmetry
in the Fermi energy for protons and neutrons. For the first
case, I compare in Fig. 4 the S values for two nuclei near
the valley of stability (where the Fermi energies for protons
and neutrons are about equal to each other), those for 208Pb
and 138Ba. One observes a nearly linear relationship which
starts at S ! 0. For the second case, I compare in the
same figure the S value in 208Pb to the S value for 132Sn
where the neutrons at the Fermi surface are bound about
8 MeV less than the protons (see Figs. 4 and 5 in Ref. [6]).
Again there is a tight correlation, but the asymmetry in
the Fermi energy produces a systematic increase in the
neutron skin for all of the 18 SHF parameter sets. Thus
there are two clear mechanisms for producing a neutron
skin. One which is related to the asymmetry in the Fermi
energy is well determined within SHF, and another which
depends on the neutron EOS is undetermined unless one
adds a constraint to the neutron EOS. It is the Fermi-
energy asymmetry effect which dominates the increase in
the matter radii of neutron-rich light nuclei such as in the
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FIG. 4. The S value for 208Pb vs the S values for 132Sn (filled
circles) and 138Ba (plusses) for 18 Skyrme parameter sets. The
horizontal line is the SkX value for 208Pb.

Na isotopes [11]. Thus it is most important to accurately
determine the neutron rms radius in a stable nucleus such
as 208Pb. The neutron rms radius of 208Pb will provide
an important new constraint on the neutron EOS models
which are used to calculate the properties of neutron stars
[17]. The results discussed here are based upon a wide
variety of parametrizations for the Skyrme Hartree-Fock
model for finite nuclei and nucleon matter. It will be
important to explore the generality of these conclusions
within the Skyrme model as well as in other mean-field
models.

This work was stimulated by discussions with Chuck
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the precise value of the measured electric dipole polariz-
ability of 208Pb: α

D
=(20.1±0.6) fm3.

It is the purpose of this work to examine possible corre-
lations between the dipole polarizability and the neutron-
skin thickness of 208Pb. Generally, to assess a linear cor-
relation between two observables A and B within one

given model, one resorts to a least-squares covariance
analysis, with the correlation coefficient

CAB =
|∆A∆B|

√

∆A2 ∆B2
, (1)

providing the proper statistical measure [20]. In Eq. (1)
the overline means an average over the statistical sam-
ple. A value of |CAB| = 1 means that the two observables
are fully correlated whereas CAB = 0 implies that they
are totally uncorrelated. Recently, the statistical mea-
sure CAB was used to study correlations between various
nuclear observables [8] in the context of the Skyrme SV-
min model [21]. In particular, it was concluded that good
isovector indicators that strongly correlate with the neu-
tron radius of 208Pb are its electric dipole polarizability as
well as neutron skins and radii of neutron-rich nuclei [8].
Indeed, by relying on the strong correlation between α

D

and rskin (CAB=0.98) predicted by such DFT calcula-
tions, Tamii et al. deduced a value of 0.156+0.025

−0.021 fm for
the neutron-skin thickness of 208Pb.
However, the correlation coefficient CAB cannot as-

sess systematic errors that reflect constraints and limita-
tions of a given model [8]. Such systematic uncertainties
can only emerge by comparing different models (or suffi-
ciently flexible variants of a model) and this is precisely
what has been done in this Letter. To assess the linear
dependence between two observables A and B for a sam-
ple of several models, the correlation coefficient Cmodels

AB is
now obtained by averaging over the predictions of those
models. Although the correlation coefficient Cmodels

AB de-
termined in such a way may not have a clear statistical
interpretation, it is nevertheless an excellent indicator of
linear dependence.
To this end, we have computed the distribution of E1

strength using both relativistic and non-relativistic DFT
approaches with different EDFs. In all cases, these self-
consistent models have been calibrated to selected global
properties of finite nuclei and some parameters of nuclear
matter. Once calibrated, these models are used without
any further adjustment to compute the E1 strength R

E1

using a consistent random-phase approximation. The
electric dipole polarizability is then obtained from the
inverse energy-weighted sum [8, 18, 22]:

α
D
=

8π

9
e2

∫

∞

0

ω−1R
E1
(ω) dω . (2)

The relation between α
D

and rskin for 208Pb is dis-
played in Fig. 1 using the predictions from the 48 EDFs
chosen in this work. In particular, the up-triangles

!"#$

"%&!

FIG. 1: (Color online) Predictions from 48 nuclear EDFs dis-
cussed in the text for the electric dipole polarizability and
neutron-skin thickness of 208Pb. Constrains on the neutron-
skin thickness from PREX [3] and on the dipole polarizability
from RCNP [19] have been incorporated into the plot.

mark predictions from a broad choice of Skyrme EDFs
that have been widely used in the literature: SGII,
SIII, SkI3, SkI4, SkM∗, SkO, SkP, SkX, SLy4, SLy6,
(see Refs. [23, 24] for the original references), Sk255
[25], BSk17 [26], LNS [27], and UNEDF0 and UNEDF1
[28]. In addition, we consider a collection of relativistic
and Skyrme EDFs that have been systematically varied
around an optimal model without a significant deterio-
ration in the quality of the fit. (This is particularly true
for the case of the isovector interaction which at present
remains poorly constrained.) Those results are marked
in Fig. 1 as NL3/FSU [18, 29] (circles), DD-ME [30]
(squares), and Skyrme-SV [21] (down-triangles). Note
that the “stars” in the figure are meant to represent the
predictions from the optimal models within the chain of
systematic variations of the symmetry energy. At first
glance a clear (positive) correlation between the dipole
polarizability and the neutron skin is discerned.

Yet on closer examination, one observes a signifi-
cant scatter in the results, especially for the standard
Skyrme models. In particular, by including the predic-
tions from all the 48 EDFs considered here, the correla-
tion Cmodels

AB =0.77 is obtained. However, as seen in Ta-
ble I, within each set of the systematically varied mod-

Brown, 
PRL 85, 5296 (2000)

Piekarewicz, 
PRC 85, 041302 (2012)



Neutron star radius constraints

   incorporation of beta-equilibrium: neutron matter         neutron star matter

parametrize piecewise high-density extensions of EOS:

• use polytropic ansatz

• range of parameters
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Constraints on the nuclear equation of state

use the constraints:

vs(�) =
�

dP/d⇥ < c

Mmax > 1.97 M�

causality

recent NS observations

constraints lead to significant reduction of EOS uncertainty band

KH, Lattimer, Pethick, Schwenk, ApJ 773,11 (2013)



vs(�) =
�

dP/d⇥ < c

causality

fictitious NS mass

Mmax > 2.4 M�

increased          systematically reduces width of bandMmax

use the constraints:

Constraints on the nuclear equation of state

KH, Lattimer, Pethick, Schwenk, ApJ 773,11 (2013)



• current radius prediction for typical            neutron star:  
• low-density part of EOS sets scale for allowed high-density extensions 
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• constructed 3 representative EOS compatible with uncertainty bands for 
astrophysical applications: soft, intermediate and stiff

• allows to probe impact of current theoretical EOS uncertainties on 
astrophysical observables

Representative set of EOS

KH, Lattimer, Pethick, Schwenk, ApJ 773, 11 (2013)
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Equation of State and Neutron Star Structure:
Nuclear Physics and Observational Constraints
Results for the Moment of Inertia

I moment of inertia measurement of PSR
J0737–3039A seems feasible in the future
Burgay et al., Nature (2003); Lyne et al., Science (2004)

I assume I = (70 ± 7) M� km2

I 10% uncertainty seems feasible
Lattimer & Schutz, APJ 629 (2005)

R1.338 M� = (9.9 � 13.6) km
+

R1.338 M� = (11.2 � 12.9) km

I a 10% measurement of I can yield a
reduction in radius uncertainty of about 50%!

February 27, 2018 | Institut für Kernphysik - Theoriezentrum | Svenja Kim Greif | 8

Constraints from moment of inertia measurements

Greif, KH, Lattimer, Pethick, Schwenk,
in preparation
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reduction in radius uncertainty by ⇠ 50%
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Constraints from tidal deformability measurements
Results for Tidal Deformability
Radius Constraints through GW Detection

I ⇤(M) band gives estimate for ⇤
of 1.4 M� neutron stars:
⇤ ⇡ 120 � 944

I determine all (R,⇤)
combinations with M = 1.4 M�
for the set of EOS

I include ⇤1.4 M�  800 from
GW170817
LIGO Scientific Collaboration and Virgo Collaboration, PRL
161101 (2017)

R1.4 M� = (9.9 � 13.6) km ) R1.4 M� = (9.9 � 13.4) km

I reduction of radius range of about 200 m

How does this translate to the moment of inertia?
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I-love-Q Yagi, Yunes, Science (2013)

I(1.338M�)  81.9 km2 M�
<latexit sha1_base64="HUNvC7tmPNz8HffikmN5YTqc0Qs=">AAACIHicbVBNSwMxFMz6bf2qevQSLEK9LLsqWD2JXvQgKFgVurVk09camt2syVuxLP0rXvwrXjyo6E1/jWktoq0DgcnMPJI3YSKFQc/7cEZGx8YnJqemczOzc/ML+cWlc6NSzaHMlVT6MmQGpIihjAIlXCYaWBRKuAhbB13/4ha0ESo+w3YC1Yg1Y9EQnKGVavnSUdF3NzdL9LiWBaqusLNOAwk3tOS7OzTYpQHCHWatqHO10b3+xGr5gud6PdBh4vdJgfRxUsu/B3XF0whi5JIZU/G9BKsZ0yi4hE4uSA0kjLdYEyqWxiwCU816G3bomlXqtKG0PTHSnvp7ImORMe0otMmI4bUZ9Lrif14lxUapmok4SRFi/v1QI5UUFe3WRetCA0fZtoRxLexfKb9mmnG0peZsCf7gysOkvOHuuP7pVmFvv9/GFFkhq6RIfLJN9sghOSFlwsk9eSTP5MV5cJ6cV+ftOzri9GeWyR84n18U8aCt</latexit><latexit sha1_base64="HUNvC7tmPNz8HffikmN5YTqc0Qs=">AAACIHicbVBNSwMxFMz6bf2qevQSLEK9LLsqWD2JXvQgKFgVurVk09camt2syVuxLP0rXvwrXjyo6E1/jWktoq0DgcnMPJI3YSKFQc/7cEZGx8YnJqemczOzc/ML+cWlc6NSzaHMlVT6MmQGpIihjAIlXCYaWBRKuAhbB13/4ha0ESo+w3YC1Yg1Y9EQnKGVavnSUdF3NzdL9LiWBaqusLNOAwk3tOS7OzTYpQHCHWatqHO10b3+xGr5gud6PdBh4vdJgfRxUsu/B3XF0whi5JIZU/G9BKsZ0yi4hE4uSA0kjLdYEyqWxiwCU816G3bomlXqtKG0PTHSnvp7ImORMe0otMmI4bUZ9Lrif14lxUapmok4SRFi/v1QI5UUFe3WRetCA0fZtoRxLexfKb9mmnG0peZsCf7gysOkvOHuuP7pVmFvv9/GFFkhq6RIfLJN9sghOSFlwsk9eSTP5MV5cJ6cV+ftOzri9GeWyR84n18U8aCt</latexit><latexit sha1_base64="HUNvC7tmPNz8HffikmN5YTqc0Qs=">AAACIHicbVBNSwMxFMz6bf2qevQSLEK9LLsqWD2JXvQgKFgVurVk09camt2syVuxLP0rXvwrXjyo6E1/jWktoq0DgcnMPJI3YSKFQc/7cEZGx8YnJqemczOzc/ML+cWlc6NSzaHMlVT6MmQGpIihjAIlXCYaWBRKuAhbB13/4ha0ESo+w3YC1Yg1Y9EQnKGVavnSUdF3NzdL9LiWBaqusLNOAwk3tOS7OzTYpQHCHWatqHO10b3+xGr5gud6PdBh4vdJgfRxUsu/B3XF0whi5JIZU/G9BKsZ0yi4hE4uSA0kjLdYEyqWxiwCU816G3bomlXqtKG0PTHSnvp7ImORMe0otMmI4bUZ9Lrif14lxUapmok4SRFi/v1QI5UUFe3WRetCA0fZtoRxLexfKb9mmnG0peZsCf7gysOkvOHuuP7pVmFvv9/GFFkhq6RIfLJN9sghOSFlwsk9eSTP5MV5cJ6cV+ftOzri9GeWyR84n18U8aCt</latexit><latexit sha1_base64="HUNvC7tmPNz8HffikmN5YTqc0Qs=">AAACIHicbVBNSwMxFMz6bf2qevQSLEK9LLsqWD2JXvQgKFgVurVk09camt2syVuxLP0rXvwrXjyo6E1/jWktoq0DgcnMPJI3YSKFQc/7cEZGx8YnJqemczOzc/ML+cWlc6NSzaHMlVT6MmQGpIihjAIlXCYaWBRKuAhbB13/4ha0ESo+w3YC1Yg1Y9EQnKGVavnSUdF3NzdL9LiWBaqusLNOAwk3tOS7OzTYpQHCHWatqHO10b3+xGr5gud6PdBh4vdJgfRxUsu/B3XF0whi5JIZU/G9BKsZ0yi4hE4uSA0kjLdYEyqWxiwCU816G3bomlXqtKG0PTHSnvp7ImORMe0otMmI4bUZ9Lrif14lxUapmok4SRFi/v1QI5UUFe3WRetCA0fZtoRxLexfKb9mmnG0peZsCf7gysOkvOHuuP7pVmFvv9/GFFkhq6RIfLJN9sghOSFlwsk9eSTP5MV5cJ6cV+ftOzri9GeWyR84n18U8aCt</latexit>

I(1.4M�)  88.6 km2 M�
<latexit sha1_base64="cVtyEuMKks/MiE/CIgJZj2kXAoQ=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3w4z4qK5EN7oQKlgVOrVk0lsNzUyG5I5Yhn6JG3/FjQsVF27EvzF9IGo9EDg551ySe8JECoOe9+mMjI6NT0xOTedmZufmF/KLS+dGpZpDhSup9GXIDEgRQwUFSrhMNLAolHARtg67/sUtaCNUfIbtBGoRu45FU3CGVqrnt46LvrtJT+pZoBoKO+s0kEBLJXebBns0QLjDrBV1rja61+9UPV/wXK8HOkz8ASmQAcr1/HvQUDyNIEYumTFV30uwljGNgkvo5ILUQMJ4i11D1dKYRWBqWW+9Dl2zSoM2lbYnRtpTf05kLDKmHYU2GTG8MX+9rvifV02xWaplIk5ShJj3H2qmkqKi3a5oQ2jgKNuWMK6F/SvlN0wzjrbRnC3B/7vyMKlsuLuuf7pZ2D8YtDFFVsgqKRKf7JB9ckTKpEI4uSeP5Jm8OA/Ok/PqvPWjI85gZpn8gvPxBTSkn7g=</latexit><latexit sha1_base64="cVtyEuMKks/MiE/CIgJZj2kXAoQ=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3w4z4qK5EN7oQKlgVOrVk0lsNzUyG5I5Yhn6JG3/FjQsVF27EvzF9IGo9EDg551ySe8JECoOe9+mMjI6NT0xOTedmZufmF/KLS+dGpZpDhSup9GXIDEgRQwUFSrhMNLAolHARtg67/sUtaCNUfIbtBGoRu45FU3CGVqrnt46LvrtJT+pZoBoKO+s0kEBLJXebBns0QLjDrBV1rja61+9UPV/wXK8HOkz8ASmQAcr1/HvQUDyNIEYumTFV30uwljGNgkvo5ILUQMJ4i11D1dKYRWBqWW+9Dl2zSoM2lbYnRtpTf05kLDKmHYU2GTG8MX+9rvifV02xWaplIk5ShJj3H2qmkqKi3a5oQ2jgKNuWMK6F/SvlN0wzjrbRnC3B/7vyMKlsuLuuf7pZ2D8YtDFFVsgqKRKf7JB9ckTKpEI4uSeP5Jm8OA/Ok/PqvPWjI85gZpn8gvPxBTSkn7g=</latexit><latexit sha1_base64="cVtyEuMKks/MiE/CIgJZj2kXAoQ=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3w4z4qK5EN7oQKlgVOrVk0lsNzUyG5I5Yhn6JG3/FjQsVF27EvzF9IGo9EDg551ySe8JECoOe9+mMjI6NT0xOTedmZufmF/KLS+dGpZpDhSup9GXIDEgRQwUFSrhMNLAolHARtg67/sUtaCNUfIbtBGoRu45FU3CGVqrnt46LvrtJT+pZoBoKO+s0kEBLJXebBns0QLjDrBV1rja61+9UPV/wXK8HOkz8ASmQAcr1/HvQUDyNIEYumTFV30uwljGNgkvo5ILUQMJ4i11D1dKYRWBqWW+9Dl2zSoM2lbYnRtpTf05kLDKmHYU2GTG8MX+9rvifV02xWaplIk5ShJj3H2qmkqKi3a5oQ2jgKNuWMK6F/SvlN0wzjrbRnC3B/7vyMKlsuLuuf7pZ2D8YtDFFVsgqKRKf7JB9ckTKpEI4uSeP5Jm8OA/Ok/PqvPWjI85gZpn8gvPxBTSkn7g=</latexit><latexit sha1_base64="cVtyEuMKks/MiE/CIgJZj2kXAoQ=">AAACHXicbVDLSgMxFM34tr6qLt0Ei1A3w4z4qK5EN7oQKlgVOrVk0lsNzUyG5I5Yhn6JG3/FjQsVF27EvzF9IGo9EDg551ySe8JECoOe9+mMjI6NT0xOTedmZufmF/KLS+dGpZpDhSup9GXIDEgRQwUFSrhMNLAolHARtg67/sUtaCNUfIbtBGoRu45FU3CGVqrnt46LvrtJT+pZoBoKO+s0kEBLJXebBns0QLjDrBV1rja61+9UPV/wXK8HOkz8ASmQAcr1/HvQUDyNIEYumTFV30uwljGNgkvo5ILUQMJ4i11D1dKYRWBqWW+9Dl2zSoM2lbYnRtpTf05kLDKmHYU2GTG8MX+9rvifV02xWaplIk5ShJj3H2qmkqKi3a5oQ2jgKNuWMK6F/SvlN0wzjrbRnC3B/7vyMKlsuLuuf7pZ2D8YtDFFVsgqKRKf7JB9ckTKpEI4uSeP5Jm8OA/Ok/PqvPWjI85gZpn8gvPxBTSkn7g=</latexit>

I(M) uncertainty band



Constraints from tidal deformability measurements
Results for Tidal Deformability
Radius Constraints through GW Detection

I ⇤(M) band gives estimate for ⇤
of 1.4 M� neutron stars:
⇤ ⇡ 120 � 944

I determine all (R,⇤)
combinations with M = 1.4 M�
for the set of EOS

I include ⇤1.4 M�  800 from
GW170817
LIGO Scientific Collaboration and Virgo Collaboration, PRL
161101 (2017)

R1.4 M� = (9.9 � 13.6) km ) R1.4 M� = (9.9 � 13.4) km

I reduction of radius range of about 200 m

How does this translate to the moment of inertia?
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⇤(1.4M�)  800
<latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit><latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit><latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit><latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit>

⇤0 ± 10%
<latexit sha1_base64="KkBwcRyJ5tu9CGrjxMKAIenVbHw=">AAAB+3icbVBPS8MwHE39O+e/6o5egmPgabQiqLehFw8eJlg3WEtJ03QLS9KSpEIp86t48aDi1S/izW9jtvWgmw9CHu+9H/nlRRmjSjvOt7Wyura+sVnbqm/v7O7t2weHDyrNJSYeTlkq+xFShFFBPE01I/1MEsQjRnrR+Hrq9x6JVDQV97rISMDRUNCEYqSNFNoN/9aEYxQ60M84dM3VCu2m03ZmgMvErUgTVOiG9pcfpzjnRGjMkFID18l0UCKpKWZkUvdzRTKEx2hIBoYKxIkKytnyE9gySgyTVJojNJypvydKxJUqeGSSHOmRWvSm4n/eINfJRVBSkeWaCDx/KMkZ1CmcNgFjKgnWrDAEYUnNrhCPkERYm77qpgR38cvLxDttX7bdu7Nm56pqowaOwDE4AS44Bx1wA7rAAxgU4Bm8gjfryXqx3q2PeXTFqmYa4A+szx91oZLk</latexit><latexit sha1_base64="KkBwcRyJ5tu9CGrjxMKAIenVbHw=">AAAB+3icbVBPS8MwHE39O+e/6o5egmPgabQiqLehFw8eJlg3WEtJ03QLS9KSpEIp86t48aDi1S/izW9jtvWgmw9CHu+9H/nlRRmjSjvOt7Wyura+sVnbqm/v7O7t2weHDyrNJSYeTlkq+xFShFFBPE01I/1MEsQjRnrR+Hrq9x6JVDQV97rISMDRUNCEYqSNFNoN/9aEYxQ60M84dM3VCu2m03ZmgMvErUgTVOiG9pcfpzjnRGjMkFID18l0UCKpKWZkUvdzRTKEx2hIBoYKxIkKytnyE9gySgyTVJojNJypvydKxJUqeGSSHOmRWvSm4n/eINfJRVBSkeWaCDx/KMkZ1CmcNgFjKgnWrDAEYUnNrhCPkERYm77qpgR38cvLxDttX7bdu7Nm56pqowaOwDE4AS44Bx1wA7rAAxgU4Bm8gjfryXqx3q2PeXTFqmYa4A+szx91oZLk</latexit><latexit sha1_base64="KkBwcRyJ5tu9CGrjxMKAIenVbHw=">AAAB+3icbVBPS8MwHE39O+e/6o5egmPgabQiqLehFw8eJlg3WEtJ03QLS9KSpEIp86t48aDi1S/izW9jtvWgmw9CHu+9H/nlRRmjSjvOt7Wyura+sVnbqm/v7O7t2weHDyrNJSYeTlkq+xFShFFBPE01I/1MEsQjRnrR+Hrq9x6JVDQV97rISMDRUNCEYqSNFNoN/9aEYxQ60M84dM3VCu2m03ZmgMvErUgTVOiG9pcfpzjnRGjMkFID18l0UCKpKWZkUvdzRTKEx2hIBoYKxIkKytnyE9gySgyTVJojNJypvydKxJUqeGSSHOmRWvSm4n/eINfJRVBSkeWaCDx/KMkZ1CmcNgFjKgnWrDAEYUnNrhCPkERYm77qpgR38cvLxDttX7bdu7Nm56pqowaOwDE4AS44Bx1wA7rAAxgU4Bm8gjfryXqx3q2PeXTFqmYa4A+szx91oZLk</latexit><latexit sha1_base64="KkBwcRyJ5tu9CGrjxMKAIenVbHw=">AAAB+3icbVBPS8MwHE39O+e/6o5egmPgabQiqLehFw8eJlg3WEtJ03QLS9KSpEIp86t48aDi1S/izW9jtvWgmw9CHu+9H/nlRRmjSjvOt7Wyura+sVnbqm/v7O7t2weHDyrNJSYeTlkq+xFShFFBPE01I/1MEsQjRnrR+Hrq9x6JVDQV97rISMDRUNCEYqSNFNoN/9aEYxQ60M84dM3VCu2m03ZmgMvErUgTVOiG9pcfpzjnRGjMkFID18l0UCKpKWZkUvdzRTKEx2hIBoYKxIkKytnyE9gySgyTVJojNJypvydKxJUqeGSSHOmRWvSm4n/eINfJRVBSkeWaCDx/KMkZ1CmcNgFjKgnWrDAEYUnNrhCPkERYm77qpgR38cvLxDttX7bdu7Nm56pqowaOwDE4AS44Bx1wA7rAAxgU4Bm8gjfryXqx3q2PeXTFqmYa4A+szx91oZLk</latexit>
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⇤(1.4M�)  800
<latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit><latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit><latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit><latexit sha1_base64="LrIW9/sRLBg8eQUjkjGTyFo8w7U=">AAACBnicbVDNSsNAGNzUv1r/oh4FWSxCvZRECtZb0YsHhQrGFpoQNptNu3STDbsboYTevPgqXjyoePUZvPk2btsctHVgYZiZj2+/CVJGpbKsb6O0tLyyulZer2xsbm3vmLt795JnAhMHc8ZFN0CSMJoQR1HFSDcVBMUBI51geDnxOw9ESMqTOzVKiRejfkIjipHSkm8eutc6HKKaXW/AGz93ecjV+AS6jMCmZflm1apbU8BFYhekCgq0ffPLDTnOYpIozJCUPdtKlZcjoShmZFxxM0lShIeoT3qaJigm0sund4zhsVZCGHGhX6LgVP09kaNYylEc6GSM1EDOexPxP6+Xqajp5TRJM0USPFsUZQwqDielwJAKghUbaYKwoPqvEA+QQFjp6iq6BHv+5EXinNbP6/Zto9q6KNoogwNwBGrABmegBa5AGzgAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD/3Nlwc=</latexit>

Results for Tidal Deformability
I-Love-Q + ⇤ Observation

I polytropic EOS predict for M = 1.338 M� a range for the tidal deformability:
⇤ = 154.4 � 1163.9

I a moment of inertia range is determined with the I-Love relation for chosen
values of ⇤ and uncertainties

I future measurements of ⇤ will give strong constraints on the radius of neutron
stars
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Constraints from tidal deformability measurements

⇤̃ =
16

13

(M1 + 12M2)M4
1⇤1 + (M2 + 12M1)M4

2⇤2

(M1 +M2)5
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M =
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radius constraints for             relatively insensitive to mass ratio q =
M1

M2
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• current radius prediction for typical            neutron star:  
• low-density part of EOS sets scale for allowed high-density extensions 
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Constraints on neutron star radii

KH, Lattimer, Pethick, Schwenk, ApJ 773, 11 (2013)
see also KH, Lattimer, Pethick, Schwenk, PRL 105, 161102 (2010)  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• new observatories could significantly improve constraints
9.7� 13.9 km

Large
observatory
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Λ = 1.8 fm−1

Λ = 2.8 fm−1

Λ = 1.8 fm−1 NN only
Λ = 2.8 fm−1 NN only

Vlow k NN  from N3LO (500 MeV) 

3NF fit to E3H and r4He Λ3NF = 2.0 fm−1

3rd order pp+hh

NN + 3N

NN only

“Very soft potentials must be 
excluded because they do not 
give saturation; 
they give too much binding and 
too high density. In particular, a 
substantial tensor force is 
required.”
Hans Bethe (1971)

KH, Bogner, Furnstahl, Nogga, 
PRC(R) 83, 031301 (2011)

Overview RG Summary Extras Physics Resolution Forces Filter Coupling

Why is textbook nuclear physics so hard?

VL=0(k , k �) ⇤
�

r2 dr j0(kr) V (r) j0(k �r) = ⌅k |VL=0|k �⇧ =⇥ Vkk � matrix

Momentum units (� = c = 1): typical relative momentum
in large nucleus � 1 fm�1 � 200 MeV but . . .

Repulsive core =⇥ large high-k (� 2 fm�1) components
Dick Furnstahl RG in Nuclear Physics
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Results for symmetric nuclear matter

intermediate (cD) and short-range 
(cE) 3NF couplings fitted to few-body 
systems at different resolution scales: 
E3H = �8.482 MeV r4He = 1.464 fm

c1, c3, c4 terms cD term cE term



0.8 1.0 1.2 1.4 1.6
kF [fm−1]

−30

−25

−20

−15

−10

−5

0

En
er

gy
/n

uc
le

on
 [M

eV
]

Λ = 1.8 fm−1

Λ = 2.8 fm−1

Λ = 1.8 fm−1 NN only
Λ = 2.8 fm−1 NN only

Vlow k NN  from N3LO (500 MeV) 

3NF fit to E3H and r4He Λ3NF = 2.0 fm−1

3rd order pp+hh

NN + 3N

NN only

“Very soft potentials must be 
excluded because they do not 
give saturation; 
they give too much binding and 
too high density. In particular, a 
substantial tensor force is 
required.”
Hans Bethe (1971)

KH, Bogner, Furnstahl, Nogga, 
PRC(R) 83, 031301 (2011)

Overview RG Summary Extras Physics Resolution Forces Filter Coupling

Why is textbook nuclear physics so hard?

VL=0(k , k �) ⇤
�

r2 dr j0(kr) V (r) j0(k �r) = ⌅k |VL=0|k �⇧ =⇥ Vkk � matrix

Momentum units (� = c = 1): typical relative momentum
in large nucleus � 1 fm�1 � 200 MeV but . . .

Repulsive core =⇥ large high-k (� 2 fm�1) components
Dick Furnstahl RG in Nuclear Physics
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Results for symmetric nuclear matter



Constraints from tidal deformability measurements
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FIG. 2: Scaled power spectral density of the GW signal for
the Shen (black solid line) and the eosUU (blue line) EoSs
compared to the Advanced LIGO (red dashed line) and ET
(black dashed line) unity SNR sensitivities. The inset shows
the GW amplitude of the + polarization at 50 Mpc for the
Shen EoS.

gles) belong to simulations for the MIT60 and Glendnh3
EoSs, which both have strikingly different M-R relations
(dashed lines in Fig. 1). Note that a SQM EoS could
lead to discriminating observational features, e.g. in the
cosmic ray flux [20, 22], but the particular model MIT60
is ruled out by the 1.97M⊙ NS of [3]. The Glendnh3 EoS
seems in conflict with theoretical knowledge of EoS prop-
erties at subnuclear densities [4]. Ignoring the two out-
liers, thefpeak −Rmax correlation (crosses only) becomes
even stronger. Already one determination of fpeak could
therefore seriously constrain the M-R relation and conse-
quently the nuclear EoS. Additionally, simulated merg-
ers of 1.2 M⊙-1.5 M⊙ binaries for selected EoSs (circles)
demonstrate that the relation between fpeak and Rmax is
not very sensitive to the initial mass ratio [11]. Squares
in Fig. 3 display results for 1.2 M⊙-1.2 M⊙ mergers. For
those fpeak is clearly lower [11] with differences being
larger for smaller Rmax. But also for the symmetric bi-
naries with lower mass a correlation seems to exist. We
stress that the total binary mass Mtot will be measurable
by the GW inspiral signal [43].
fpeak turns out to correlate also with other NS proper-

ties: From Fig. 4 (left panel) a close relation between the
radius R1.35 of a 1.35 M⊙ star (or alternatively its com-
pactnessGM/(c2R)) and fpeak is evident. Again only the
MIT60 and Glendnh3 EoSs occur as outliers. This find-
ing is not surprising, because the TOV solutions show
already an approximate correlation between R1.35 and
Rmax. A similar coupling is found between fpeak and
the maximum central density ρmax of non-rotating NSs,
where higher ρmax yield higher fpeak.
However, no clear correlation exists between fpeak

and the maximum compactness of non-spinning NSs or
Mmax, though typically a lower Mmax gives a higher
fpeak, and fpeak > 2.8 kHz seems incompatible with
Mmax > 2.4 M⊙. We propose the following expla-
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FIG. 3: Peak frequency of the postmerger GW emission vs.
radius of the maximum-mass TOV solution. Blue cases are
excluded by [3]. See text for symbols.
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FIG. 4: Peak frequency vs. radius of a 1.35 M⊙ NS (left) and

vs.
√

Mtot/R3
max in geometrical units (right) with Mtot being

the binary mass. Symbols have same meaning as in Fig. 3.

nation for the fact that the postmerger GW emission
is determined by Rmax. Numerical calculations have
shown that for any EoS the frequency of the f-mode,
which generates the GW radiation at fpeak [42], depends
nearly linearly on the square root of the mean density
(M/R3)1/2 [44]. Since we fix Mtot, the mass-dependence
drops out. Assuming that the radius of the DRO re-
lates to the M-R relation of non-rotating NSs [47], we
end up with fpeak ∝ R−1.5

max . This hypothesis is verified
in the right panel of Fig. 4, where fpeak is plotted versus
(Mtot/R3

max)
1/2 and except for the mentioned outliers a

clear power-law scaling is visible.
Despite an estimated detection rate of only 0.1 to 1

events/yr for Advanced LIGO (accounting for random
orientation and adopting the “realistic” and the “high”
merger rates of [18]) the relations found in this work may
prove very useful, because already a single measurement
is likely to determine Rmax and R1.35 to within some
100 m. This will place significant constraints on the
M-R relation and thus the EoS (see [2, 45] for the in-
verse procedure). These prospects appear superior to the

Bauswein and Janka, PRL 108, 011101 (2012),
Bauswein, Janka, KH, Schwenk, PRD 86, 063001

• simulations of NS binary mergers show strong correlation between between
           of the GW spectrum and the radius of a NS

• measuring         is key step for constraining EOS systematically at large  
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FIG. 9: Peak frequency of the postmerger GW emission ver-
sus the radius of the maximum-mass configuration of non-
rotating NSs for different EoSs. Red symbols correspond to
microphysical EoSs with a consistent temperature treatment
(class i), black symbols show data points for barotropic mi-
crophysical EoSs (without temperature and electron fraction
dependence) (class ii), green (smaller) symbols belong to EoSs
implemented as piecewise polytropes fitting barotropic micro-
physical EoSs (class iii), and blue symbols display results for
microphysical EoSs at low densities with high-density exten-
sions by piecewise polytropes (class iv). Classes (ii) to (iv)
are supplemented with an ideal-gas component for mimicking
thermal effects. Plus signs indicate EoSs which are excluded
by the observation of a 1.97 M⊙ pulsar [10]. EoSs describing
absolutely stable strange quark matter are denoted by trian-
gles. Note that the MIT60 EoS (red triangle) is ruled out by
the 1.97 M⊙ mass limit.

The EoSs of class (iv) (blue) cover a broad range of pos-
sible behaviors at intermediate and high densities, which
are partially very extreme (e.g., very high pressure and
sound speed at high densities, see Figs. 2 and 3). There-
fore, it is expected that the resulting variations will also
span a broad range, which is however consistent with
the chiral effective field theory constraints at saturation
densities and below. The models of class (iii) involve a
twofold simplification that can explain the larger devia-
tions from the correlations. First, the fits of the EoSs do
not perfectly match the underlying microphysical model
(e.g. in the sound speed, see [42]), leading to peak fre-
quencies which may be slightly different from those ob-
tained by the original model. Second, due to the usage
of the fit also the stellar parameters of nonrotating NSs
differ slightly from those obtained with the original EoSs.
Bear in mind that the same reasoning for EoSs of class
(iii) and class (iv) EoSs also applies to all following rela-
tions discussed in this paper (Fig. 13 to 21).
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FIG. 10: Peak frequency of the postmerger GW emission ver-
sus the radius of a nonrotating NS with 1.8 M⊙ for different
EoSs. Symbols have the same meaning as in Fig. 9.
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FIG. 11: Peak frequency of the postmerger GW emission ver-
sus the radius of a nonrotating NS with 1.6 M⊙ for different
EoSs. Symbols have the same meaning as in Fig. 9.

B. Fits and residuals

To quantify the discussion above and to introduce a
measure for the scatter inherent to the presented rela-
tions, we fit power laws of the type RTOV = a·(fpeak)b+c
through the data points of Figs. 9-12 with a, b, c being pa-
rameters to be obtained by a least-square fit. RTOV de-

Gravitational wave signals from 
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