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A Minimal Nuclear
Energy Density Functional

• Bulgac, Forbes, Jin, Perez, Schunk arXiv:1708.08771 (accepted PRC 2018)

• 6-7 parameters

• Better accuracy than other NEDF (without beyond mean-field corrections)

• fewer parameters (others have 13-30)

• Not fully optimized

• Separation of dominant from subdominant parameters

• Masses, Radii, Separation energies, Neutron matter

• Suitable for dynamics (reasonably fission properties without tuning!)
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Inspired by liquid drop

• Inspired by liquid drop formula

•4-5 parameters:

• Global mass fits (2375 nuclei)
2.6-2.8MeV compared to to 4-6 parameter

Liquid Drop Formula (2.6-3.3MeV)

• Also get 883 charge radii
0.041fm
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SeaLL1 hydro Comments

n0 0.154 0.154 Adjusted (see Fig. 5)
a0 0 same Insignificant
b0 ≠684.5(10) ≠685.6(2)

c0 827.26 828.76 2c0n
2
3
0 = � 3~2

10m

⇣
3⇡2

2

⌘ 2
3� 3

2 b0n
1
3
0

a1 64.3 50.9 a1 = n1/3
0 b1

b1 119.9(61) 94.9(14)

c1 ≠256(25) ≠160.0 Fixed in orbital-free theory
a2 ≠96.8 ≠83.5 a2 = a

n

� a0 � a1
b2 449.2 475.2 b2 = b

n

� b0 � b1
c2 ≠461.7 559.6 c2 = c

n

� c0 � c1
a
n

≠32.6 same from neutron matter EoS (16)
b
n

≠115.4 same from neutron matter EoS (16)
c
n

109.1 same from neutron matter EoS (16)
⌘
s

3.93(15) 3.370(50)

W0 73.5(52) 0.0 Fixed in orbital-free theory
g0 ≠200 N/A g0 fit in Ref. [145]
 N/A 0.2 Semi-classical (see section III H)

~2

2m 20.7355 same units (MeV = fm = 1)
e2 1.439 96 same cgs units (4⇡✏0 = 1)

�
E

1.74 3.04 606 even-even nuclei
2.86 2375 nuclei

�
r

0.034 0.038 345 charge radii
0.041 883 charge radii

Table II. Best fit parameters for the SeaLL1 functional (in bold) and the
orbital-free approximation (next column in italic when di�erent). The
errors quoted for the fit parameters should be interpreted as estimating
by how much this parameter can be independently changed while
refitting the other and incurring a cost of at most ��

E

< 0.1 MeV.

The parameter values for the SeaLL1 functional are summa-
rized in Table II. The 7 shaded parameters b0, c0, b1, c1, ⌘

s

,
W0 and g are significant for fitting nuclear masses and radii.
The other parameters are either fixed independently (e.g. by
the properties of neutron matter) or have been determined to
be unconstrained for mass fits through a principle component
analysis described in appendix A 2.

Our fitting strategy is described in details in appendix A 2
and we only recall here its most important characteristics. First,

we explored the parameter space with a simplified version
of the orbital-free NEDF. This NEDF is characterized by
seven parameters (a0, a1, b0, b1, c0, c1, and ⌘

s

) which we
fitted on N

E

= 2375 experimentally-measured atomic masses
(with errors less than 1 MeV) and N

r

= 883 nuclear charge
radii as listed in Audi et al. [18] and Wang et al. [19]. From
this series of fits and its statistical analysis, we found that
(i) the parameters a0 and c1 are unconstrained and can be
set to zero; (ii) the mass and radii are sensitive only to a
single linear combination of the parameters a1 and b1. The
parameter c1 can be used interchangeably with the linearly
independent combination a1 � n1/3

0 b1 to control the slope L2
of the symmetry energy, which also controls the neutron skin
thickness of neutron rich nuclei, see below Eq. (30b) and the
related discussion in section IV C. We will fix here a1 = n1/3

0 b1,
where n0 = 0.154 fm�3 is the saturation density (see discussion
below) and c1 to obtain a reasonable neutron skin-thickness
in 208Pb. With c1 = 0 the neutron skin-thickness of 208Pb is
about 0.2 fm and the �

E

increases by at most 0.1 MeV.
The next step consists in minimizing the residuals �2

E

=Õ|E
N,Z � E(N, Z)|2/N

E

over the N
E

= 196 spherical even-
even nuclei with A � 16 measured (not extrapolated) from Audi
et al. [18] and Wang et al. [19] with the full orbital-based func-
tional. This involves adjusting the 5 dominant parameters
shaded in Table II – the saturation density having been fixed
from the study of charge radii. Note that the pairing parameter
g0 is fixed at the value suggested in Ref. [145]: Although
this is in principle a fitting parameter, it plays only a minor
role in global mass fits as discussed in the introduction. The
SeaLL1 parameters of the orbital-based NEDF (in bold) yield
�
E

= 1.51 MeV over the N
E

= 196 spherical even-even nu-
clei, while the orbital-free NEDF yield �

E

= 2.86 MeV over
N
E

= 2375 nuclei.3 The pairing fields were treated using the
renormalization procedure described in Refs. [144, 145] with
a cut-o� energy of 100 MeV.

As discussed in appendix A 2, we find that fitting the binding

3 At first sight it is surprising that the value of �E in the orbital-free approach
over 606 even-even nuclei is larger than the value obtained for 2375 nu-
clei. The reason is simple: the value �E = 3.04 MeV was obtained with
parameters obtained by fine-tuning the masses for spherical nuclei only in
the orbital-based approach. This does not minimize the value of �E in the
orbital-free approach.
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SeaLL1 
NEDF
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•No effective mass
good level densities

•Orbital-free version 
from semi-classical 
expansion 

(2-fluid hydrodynamics)
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SeaLL1 
NEDF
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β=(nn-np)/(nn+np)

Inspired by UFG

PCA reduces to 3 
parameters (n0, ϵ0, S2)

K0 ±25MeV and L2 not 
tightly constrained

(one more parameter)

β4 terms fixed by 
neutron matter

15

(a)

(b)

Figure 12. Radii residuals between SeaLL1 and experiment for 345
even-even nuclei. Isotonic (a) and isotopic (b) chains are connected
by lines.

obtain the values for S2 and L2 given by relations:

S2 =
1
3
"
F

+ 2a1n2/3
0 + c1n4/3

0 , (30a)

L2 =
2
3
"
F

+ 5a1n2/3
0 + 4c1n4/3

0 . (30b)

Neutron skin
NEDF ⇢0 �✏0 K0 S L L2

208Pb 48Ca
[fm�3] [fm] [fm]

SeaLL1 0.154 15.58 230.0 31.7 32.4 31.6 0.131 0.155

Table III. Saturation, symmetry, and neutron skin properties for
SeaLL1. All values in MeV unless otherwise specified.

As shown in Table III, the binding energy of nuclear matter
and the symmetry energy predicted by SeaLL1 fit agrees
well with the value obtained with the mass formula (2). Our
fits generally estimate the slope of the symmetry energy L2
from 29 MeV to 36 MeV. However, our fits with orbital-free

functionals demonstrate that this quantity is not well constrained
by the masses and can be adjusted independently with the
combination a1 � b1n1/3

0 and/or coe�cient c1; see also the
discussion in appendix A 2 and Table V.

We also compute the neutron skin thickness of 48Ca and
208Pb, for which precision measurements CREX and PREX
are underway; see [159] for details. The 208Pb neutron skin is
consistent with the value 0.156+0.025�0.021 fm of Tamii et al. [160] ex-
tracted from measurements of the dipole polarizability using the
method suggested by Reinhard and Nazarewicz [161] based on
observed correlations between these two quantities in Skyrme
models, and with the recent measurement of 0.15(3) fm [162].
Here again, our work with orbital-free functionals showed
that the neutron skin is controlled by the same combination
a1 � b1n1/3

0 as L2, and hence is unconstrained by the masses.

D. Spherical shell structure

Shell structure is a fundamental property of atomic nuclei.
In an independent-particle picture, the shell structure can be
associated with the single-particle spectra of the mean-field
potential. Reproducing the correct ordering and distribution of
single-particle levels is essential for nuclear structure theories,
and also important for the application of the NEDF in nuclear
dynamics, such as nuclear fission and collision. Figure 13
display the single-particle levels for neutrons and protons in
48Ca and 208Pb for the SeaLL1, UNEDF0, UNEDF1, and
UNEDF2 NEDF. Single-particle energies were obtained by
blocking calculations in the neighboring odd nuclei following
the procedure outlined in [75, 163].

In 48Ca, the rms deviations for the single-particle energies of
UNEDF0, UNEDF1, UNEDF2 and SeaLL1 with the empirical
values (Exp) [164] are 1.50, 1.71, 1.92 and 1.88 MeV and 1.22,
1.08, 1.22 and 1.17 MeV for neutrons and protons, respectively.
In 208Pb, these are 0.82, 0.61, 0.69 and 0.62 MeV and 0.77,
0.49, 0.50 and 0.54 MeV for neutrons and protons, respectively.

Compared with the empirical values, the N = 28 and Z = 20
gaps in 48Ca are clearly too small with SeaLL1. The single
particle proton levels in 208Pb show that the Z = 82 gap is
also smaller in SeaLL1. Such patterns are also observed in
UNEDF2 functional which, however, included single-particle
spin-orbit splittings in their fit [75]. This might point to the
need to consider the contribution from the isovector spin-
orbit contribution in Eq. (37) proportional to W1. Overall,
however, the SeaLL1 single-particle spectra, as quantified in
the corresponding rms, are of better quality than UNEDF2.

E. Fission pathway of 240Pu

One of the important applications of nuclear DFT is the descrip-
tion of nuclear fission [165]. In this context, characteristics
of fission pathways such as the excitation energy of fission
isomers or the height of fission barriers are often used to
gauge the predictive power of NEDFs. To this purpose, we
computed the potential energy surface of 240Pu with SeaLL1
by performing constrained HFB calculations with constraints
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SeaLL1 
NEDF
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Adjusts surface 
tension, diffuseness, 
pairing etc.  Required 
and constrained by 
mass/radii fits
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Residuals
606 even-even nuclei:

χE=1.74MeV (1.46MeV w/o bias)
Fit to 196 spherical nuclei

345 charge-radii
χr=0.034fm

No beyond mean-field corrections
Good for self-consistent dynamics
CoM correction for spherical nuclei: 

1.54MeV → 0.96MeV

2n (2p) separation energies
χE=0.69MeV (0.59MeV)
Lower than any other NEDF!
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Neutron Drip Line
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Solid from De Vries et al. At. Data. Nucl. Data Tables 36, 495 – 536 (1987)

Density Profiles
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Fission (for Free)

Similar 240Pu fission 
behaviour as SkM* but 
no tuning to match 
fission barriers

Other NEDFs have 
similar errors in barrier 
heights
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Subdominant and Free 
Parameters to Tune

• Entrainment terms
GDR, Thomas-Kuhn-Reiche sum rule, Gamow-Teller resonance

• Gradient terms/density-dependent kinetic terms
Surface tension and diffuseness, Static dipole susceptibility

Proton and neutron effective masses

• Isospin-breaking pairing/spin-orbit coupling
Spin-orbit splittings, Pairing gaps

• Decoupled from primary mass fit parameters

Wednesday, March 14, 18
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β=(nn-np)/(nn+np)

Inspired by UFG

PCA reduces to 3 
parameters (n0, ϵ0, S2)

K0 ±20MeV and L2 not 
tightly constrained

(one more parameter)

β4 terms fixed by 
neutron matter
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Nuclear EoS: L2≠L

• Isospin expansion about symmetric nuclear matter

•

E(nn, np)

n
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✓
nn - np

n

◆2

+ ✏4(n)

✓
nn - np

n

◆4

+ · · ·

✏0(n) = "0 + 1
2K0�

2 + (�3)

✏2(n) = S2 + L2 +
1
2K0�

2 + (�3)

✏4(n) = S4 + L4 +
1
2K0�

2 + (�3)

� =
n- n0

3n0
, n = nn + np

Wednesday, March 14, 18



Symmetry Properties

• Isospin expansion about symmetric nuclear matter

• L=L2 Only if (nn - np)4 terms are insignificant

E(n, 0)- E(n/2, n/2)

n
= (S2 + S4 + · · · )| {z }

S

+(L2 + L4 + · · · )| {z }
L

�+ · · ·

See also Lattimer NPA 928 (2014) 276
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Nuclear EoS: L2≠L
•(nn-np)2

Fit nuclei (masses, radii, 
skins etc.)

•(nn-np)4 
Seems needed for neutron 
matter
Setting these to match 
neutron matter does not 
affect quality of fits
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Bulgac, Forbes, Jin, Perez, Schunk: 1708.08771 (PRC 2018)
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QMC from Wlazłowski, Holt, Moroz, Bulgac, Roche, PRL 113 (2014) 182503 [1403.3753]

Nuclear EoS: L2≠L
•Older functionals fit 

QMC without 3N

•Hard to fit new QMC 
with (nn-np)2

•(nn-np)4 fits 
neutron matter 
without affecting 
nuclear fits
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L2≠L
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P.-G. Reinhard at ECT*, Trento, Italy, 26-30 January, 2015,
https://sites.google. com/site/ectworkshopns2015/talks

L2≠L

Skyrme and Relativistic 
Mean Field Theory

Still misses neutron 
matter

Possible that neutron 
matter is essentially 
independent of nuclei?
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P.-G. Reinhard at ECT*, Trento, Italy, 26-30 January, 2015,
https://sites.google. com/site/ectworkshopns2015/talks

L2≠L

Skyrme and Relativistic 
Mean Field Theory

Still misses neutron 
matter

Possible that neutron 
matter is essentially 
independent of nuclei?
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Connect Nuclear EoS 
with Neutron Stars

• Expand from neutron matter

• Constrain with symmetric matter

• Unified EoS
Compressible Liquid Drop Model (CLDM) matching

Similar to Fortin et al. PRC 94 (2016) 035804

• Parametrized Core
Characterize the speed of sound
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Connect Nuclear EoS 
with Neutron Stars

• Outer Crust
Tabulated Data

• Compressible Liquid Drop Model (CLDM)
Match outer crust to homogeneous matter

• Homogeneous Matter
EoS extrapolated from neutron matter

• Core
Parameterize speed of sound

with Sanjay Reddy (UW), Dake Zhou (UW), Sukanta Bose (WSU)
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Parameters
Outer Crust

None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
sound
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0 Parameters

•Outer Crust
i.e. Negele-Vautherin
Augment if needed to ensure convexity

•No parameters

Outer Crust
None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
sound

Outer Crust
None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
sound
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2 Parameters

•Unified EoS
Solve for Wigner-Seitz cell given homogeneous EoS

•Two parameters
•C_C

Coulomb suppression
•sigma_delta
Isospin dependence
Other surface parameter fixed to smoothly match to 
tabulated outer crust

Outer Crust
None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
soundLattimer et al. NPA 432 (1985) 646

Steiner PRC 85 (012) 055804
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13 Parameters

•Pure neutron matter: 4
a, α, b, β

•Proton polaron: 3
µp(ñ0), up, m*

•Symmetric nuclear matter: 6
n0, ϵ0, K0

S2, L2, K2

Outer Crust
None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
sound
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4 Parameters
Start from pure Neutron matter

Generally fits QMC data and trends

Outer Crust
None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
sound
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RAPID COMMUNICATIONS

S. GANDOLFI, J. CARLSON, AND SANJAY REDDY PHYSICAL REVIEW C 85, 032801(R) (2012)
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FIG. 2. (Color online) Mass-radius relation for the EoS with
three-neutron interactions corresponding to the bands for different
Esym shown in Fig. 1. The intersections with the orange lines roughly
indicate central densities realized in these stars.

and four- and higher body forces become important. Conse-
quently, nonrelativistic models violate causality and predict a
sound speed cs =

√
∂p/∂ϵ ! c for ρ ≃ (4–5)ρ0. To overcome

this deficiency we adopt the strategy suggested in Ref. [34] and
replace the EoS above a critical density ρc by the maximally
stiff or causal EoS given by p(ϵ) = c2ϵ − ϵc, where p is the
pressure, ϵ is the energy density, c is the speed of light, and
ϵc is a constant. This EoS is maximally stiff and predicts the
most rapid increase of pressure with energy density without
violating causality. The constant ϵc is the parameter that
determines the discontinuity in energy density between the
low- and high-density equations of state. Our choice of ϵc

ensures that the energy density is continuous and provides an
upper bound on both the radius and the maximum mass of the
neutron star.

Figure 3 shows how the bounds on the maximum radius
and mass of the neutron star vary with our choice of the
critical density ρc. It also illustrates that the bounds provide
useful constraints only when the EoS is known up to (2–3)ρ0.
In Ref. [35] bounds on the radius were derived by using
an EoS of neutron matter calculated up to ρ0 with specific
assumptions about polytropic equations of state at higher
densities. Our upper bounds are model independent and show
that the radius of a 1.4Msolar neutron star can be as large
as 16 km if ρc = ρ0. To obtain a tighter bound the equation
of state between 1ρ0 and 2ρ0 is important. The red, green,
blue, and black curves are predictions corresponding to the
3n interaction strength fit to Esym = 30.5, 32.0, 33.7, and
35.1 MeV, respectively. We also note that these bounds do not
change much for ρc ! 4ρ0 because the QMC EoS is already
close to being maximally stiff in this region. These upper
bounds provide a direct relation between the experimentally

0 2 4 6
ρc/ρ0

1.6

2

2.4

2.8

3.2

M
m

ax 9
12
15
18

R
m

ax
  (

km
)

0 1 2 3 4 5 6
ρc/ρ0

9
12
15
18

R
1.

4 (
km

)

Esym=30.5 MeV

Esym=32 MeV

Esym=33.7 MeV

Esym=35.1 MeV

FIG. 3. (Color online) Bounds on the maximum mass and radius
for different equations of state as a function of the critical density ρc.
The left panel shows the maximum mass; the right top and bottom
panels show the maximum possible radius for any neutron star with
mass greater than 1.2Msolar and for a neutron star with M = 1.4Msolar,
respectively.

measurable nuclear symmetry energy and the maximum
possible mass and radius of neutron stars.

To summarize, we predict that the correlation between
the symmetry energy and its derivative at nuclear density
is nearly independent of the detailed short-range 3n force
once its strength is tuned to give a particular value of Esym.
Consequently, in our model one short-distance parameter AR

completely determines the behavior of the EoS. At higher
density, the sensitivity to short-distance behavior of the 3n
interaction translates to an uncertainty of about 1 km for the
neutron star radius with mass M = 1.4Msolar. The uncertainty
at high density due to a poorly constrained symmetry energy
is larger, ≃3 km. Within our model we predict that neutron
star radii are in the 10–13 km range for nuclear symmetry
energy in the range 32–34 MeV. If nuclear experiments can
determine that Esym " 32 MeV, QMC predicts that L #
45 MeV at nuclear density, and for neutron stars it predicts
Mmax < 2.2Msolar and R < 12 km for a neutron star with
M = 1.4Msolar. The relationship between the symmetry energy
and its density dependence is experimentally relevant, and its
implications on the neutron star mass-radius relationship are
subject to clear observational tests.
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FIG. 1. (Color online) The energy per particle of neutron matter
for different values of the nuclear symmetry energy (Esym). For
each value of Esym the corresponding band shows the effect of
different spatial and spin structures of the three-neutron interaction.
The inset shows the linear correlation between Esym and its density
derivative L.

[26] we obtain an empirical constraint for neutron matter
energy Eneutron(ρ0) = 16 ± 2 MeV. Potential higher-order cor-
rections to the quadratic nuclear symmetry energy, for which
there is some theoretical motivation but no clear experimental
evidence, may affect the extraction of the neutron matter
energy and increase the associated error. In this work we ignore
these poorly known corrections and tune AR to reproduce the
neutron matter energy in the range 16 ± 2 MeV. Our results
are shown in Fig. 1, where the green and blue points are
QMC results for different choices of AR corresponding to
Eneutron(ρ0) = 16 MeV(Esym = 32 MeV) and Eneutron(ρ0) =
17.7 MeV(Esym = 33.7 MeV), respectively. The results are
compared to those obtained using a 2n force without 3n
(Esym = 30.5 MeV) and 2n combined with the Urbana IX
3n (Esym = 35.1 MeV). The bands depict the sensitivity to
short-distance spin and spatial structure of the 3n interaction
and are obtained by varying the range of the 3n short-distance
force and A3π .

In the vicinity of nuclear density, Eneutron(ρ) =
Eneutron(ρ0) + L/3(ρ − ρ0)/ρ0, where L is related to the
derivative of the nuclear symmetry energy. The inset in Fig. 1
shows the correlation between Esym and L. This correlation is
insensitive to the large variations in the range of the short-range
3n force µ and the strength of the 3π term A3π . This is in sharp
contrast to the predictions of mean-field theories where the
slope was found to be very sensitive to the choice of effective
interactions [27]. Previous calculations of neutron matter up
to ρ0 [28] use a chiral 2n interaction fit to laboratory energies
of 350 MeV plus the two-pion exchange three-nucleon inter-
action to calculate the neutron matter equation of state using
perturbation theory. In contrast to our results, a significant
repulsion from the 2π exchange long-range 3n interaction
was found. Since this force is better constrained by light
nuclei, these earlier calculations can make a prediction for the
neutron matter energy independent of the phenomenological
short-range interaction, which plays an important role in

TABLE I. Fitting parameters for the neutron matter EoS defined
in Eq. (3) for selected different Hamiltonians.

3N force Esym L a α b β

(MeV) (MeV) (MeV) (MeV)

none 30.5 31.3 12.7 0.49 1.78 2.26
V PW

2π + V R
µ=150 32.1 40.8 12.7 0.48 3.45 2.12

V PW
2π + V R

µ=300 32.0 40.6 12.8 0.488 3.19 2.20
V3π + VR 32.0 44.0 13.0 0.49 3.21 2.47
V PW

2π + V R
µ=150 33.7 51.5 12.6 0.475 5.16 2.12

V3π + VR 33.8 56.2 13.0 0.50 4.71 2.49
UIX 35.1 63.6 13.4 0.514 5.62 2.436

our calculation. To understand this basic difference, further
tests of the convergence of perturbation theory and the chiral
expansion in the diagrammatic calculations, a survey of other
two-body interactions in the AFDMC, and the incorporation of
chiral interactions in nonperturbative methods such as lattice
and suitable extension of QMC would be necessary.

Current determinations of L have relied on analysis of
neutron skins, surface contributions to the symmetry energy of
neutron-rich nuclei, and isospin diffusion in heavy-ion reac-
tions. These studies have been useful but not very constraining
as acceptable values are in the range L = 40–100 MeV [25].
However, a better determination of L even with modest
reduction in the error would test our model for 2n and 3n
interactions.

The predictions of QMC can be accurately fit using

E(ρ) = a

(
ρ

ρ0

)α

+ b

(
ρ

ρ0

)β

, (3)

where the coefficients a and α are sensitive to the low-density
behavior of the EoS, while b and β are sensitive to the
high-density physics [29]. We find that the 3n force plays
a key role in determining the coefficient b and the variation of
the other EoS parameters is comparatively small. Numerical
values for these parameters are reported in Table I for selected
Hamiltonians.

To calculate the mass and radius of neutron stars we solve
the Tolman-Oppenheimer-Volkoff (TOV) equations for the
hydrostatic structure of a spherical nonrotating star using
the QMC equation of state for neutron matter [30,31]. The
QMC EoS we use is for ρ ! ρcrust = 0.08 fm−3. Below this
density we use the EoS of the crust obtained in earlier works
in Refs. [32,33].

The neutron star mass-radius predictions are obtained by
varying the 3n force and are shown in Fig. 2. The striking
feature is the estimated error in the neutron star radius with a
canonical mass of 1.4Msolar. The uncertainty in the measured
symmetry energy of ±2 MeV leads to an uncertainty of about
3 km for the radius, while the uncertainties in the short-distance
structure of the 3n force predicts a radius uncertainty of "1 km.
The different bands of Fig. 2 correspond to the EoS of Fig. 1
with the same colors, giving different values of Esym.

The central density of stars with M # 1.5Msolar are larger
than 3ρ0. At these higher densities, effects such as relativistic
corrections to the kinetic energy, retardation in the potential,
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2 Parameters
Proton polaron
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2 Parameters

Polaron Parameters

•µp(ñ0) 
Chemical potential at 
saturation

•up
Location of minimum
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1 Parameter
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6 Parameters
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6 Parameters
Expand and match symmetric nuclear matter

Fix up to 

Outer Crust
None

Compressible Liquid 
Drop Model (CLDM)

Match outer crust to 
homogeneous matter

Homogeneous Matter
EoS extrapolated from 
neutron matter

Core
Parameterize speed of 
sound

x

5
pf5(nB)

E(nn, np)

n
= ✏0(n) + ✏2(n)

✓
nn - np

n

◆2

✏0(n) = "0 + 1
2K0�

2 + (�3)

✏2(n) = S2 + L2 +
1
2K2�

2 + (�3)

� =
n- n0

3n0
, n = nn + np

Wednesday, March 14, 18



3 Parameters
Parametrize speed of sound C=cs2/c2
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Figure 7. Four examples for the extension of c2S(n) as defined in Equation (9) (without conformal limit)
for ntr,2 and the chiral TPE+VE,1 interaction. Black dots indicate the maximal central densities reached
inside neutron stars for the corresponding EOSs and the red-dashed line indicates the conformal limit.

We sample values for the baseline width and the four peak parameters that determine cS to construct
the high density EOS. We use the full EOS and solve the TOV equations to obtain NS mass-radius
curves and the NS maximum mass; when this is found to be greater than the 2.01 M� mass constraint,
we accept the parameter set, and reject it otherwise. We sample the five parameters from uniform
distributions within the following ranges: nBL between 0.01 � 3.0 fm�3, hP between 0.0 � 0.9, wP

between 0.1 � 5.0 fm�3, nP between (ntr + 0.08) � 5.0 fm�3, and sP between (�50) � 50, and enforce
that 0  c

2
S  1.

For the chiral interactions, we additionally sample from the uncertainty bands for cS by randomly
choosing a factor f

err between �1 and 1, that linearly interpolates between the lower and upper
bound of the uncertainty band,

cS(n) = c

N2LO
S (n) + f

err�c

EKM
S (n) , (10)

where c

N2LO
S (n) is the chiral result at N2LO and �c

EKM
S (n) is its uncertainty.

As stated before, we analyze the results for two di↵erent transition densities and generate a few
thousand accepted parameter sets for each transition density. We show histograms for the resulting
speed of sound, the mass-radius relation, and the EOS in Figures 8 and 9 for both transition densities.
For the mass-radius histograms, we also show the average radius for each mass as well as 68%
confidence intervals.

Tews,  Carlson, Gandolfi, Reddy [arXiv:1801.01923]
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3 Parameters

Parametrize speed of sound C(ℰ)=cs2/c2

Quadratic polynomial as function of energy-density
(Easy to invert to get EoS)
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Live Demos on Binder 
(or CoCalc, etc.)

• Reproducible science

• LIGO analysis

• https://github.com/losc-tutorial/LOSC_Event_tutorial

• Parameter Exploration

• https://github.com/mforbes/binder_tov_explorer
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Missing? Lots!

• Phase transitions

• Clustering

• Pasta

• Finite T

• Out of equilibrium

• Core?!?
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Conclusions

• New Minimal Nuclear Functional SeaLL1
• Good static and dynamic properties
• Suggests L2≠L

• Parametrize Neutron Star EoS from Neutron Matter

• Explore parameter sensitivity

• Share results and code
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