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Bottom lines

• Exciting time for neutron star studies:

new data, progress in theory

• Concentrate on physical principles

• Get inspiration from other systems

• Plenty of work to do on solid phases



Macroscopic Microscopic



General messages

• No fundamental problems in finding properties of matter below 1-2 times that of
nuclear matter.
Microscopic interactions are well understood from laboratory data.

• Large uncertainties at higher densities due to lack of understanding of basic con-
stituents and interactions.

• Observations, especially mass measurements of neutron stars, provide constraints.
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Figure 1.1 Schematic picture of the phases encountered in a neutron star.

density, the highest occupied neutron levels are no longer bound, a situation
referred to as “neutron drip”. As a consequence, at higher densities the
lattice of nuclei is permeated by a neutron fluid. With further increase in
density, the density of this neutron fluid increases, and nuclei become even
more neutron rich and occupy an increasing fraction of space. Nuclei merge
to form a uniform fluid of neutrons and protons at a density of around one
half of nuclear density, and the fraction of protons is ⇠ 5%. At densities
just below that for the transition to a uniform medium, nuclei can form
highly non-spherical shapes such as rods or sheets in what are referred to
as “pasta phases” because of their resemblance to spaghetti and lasagna.
At higher densities other constituents can appear: among these are muons,
(which are present when the electron chemical potential exceeds the muon
restmass energy), hyperons and possible phases with deconfined quarks. A
schematic view of a slice of a neutron star is shown in Fig. 1.1. The figure is
not to scale. For neutron stars in the mass range that can be observed, the
radius is ⇠ 12 km [3], the outer crust is some hundreds of metres thick and
the inner crust about one half of a kilometre.

1.3 Condensates in neutron stars

We now give an overview of the various condensates that have been proposed.
These may be classified according to the baryon number, B, of the condensed



Electrons

• Weakly interacting except near surface.
Kinetic energy ⇠ (~2/r2e)/2me. Potential energy ⇠ e2/re.
P.E./K.E ⇠ e2/~ve. Electron velocity ve ⇠ ~/mre.
Terrestrial matter: re ⇠ a0 = ~2/me2.
Higher densities: Interactions less important.

• Electrons relativistic. re . �e, ~/mec = ↵a0, Compton wavelength.
Fine structure constant ↵ = e2/~c ⇡ 1/137.
Screening length ⇠ ↵�1/2re ⇡ 10re.



Nuclei

• Matter is cold in neutron stars.

Nuclear energies ⇠MeV or more (10

10

K) than temperature (10

9

K) or less after

one hour.

• Lowest energy nucleus (no electrons for the moment).

Liquid drop model: bulk, surface and Coulomb energies.
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Much below nuclear density!





Melting

• Classical plasma of point nuclei in a uniform background charge.
Dimensionless parameter

� =
Z2e2

rckBT

• At melting �M ⇤ 175.

• Coulomb energy di⇥ers little for di⇥erent crystal structures
fcc U = �0.895929 . . . Z2e2/rc

bcc U = �0.895873 . . . Z2e2/rc

kBTM =
Z2e2

�Mrc
⇤ 0.013Z5/3(nx)1/3 MeV



Lattice energy

• Electron–nucleus and electron–electron interactions become important as
density increases.

• Wigner–Seitz approximation. Replace unit cell by sphere of same volume.
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Comments on nuclei

• Up to neutron drip density the equilibrium nuclei are known in the lab.

• At higher densities properties must be estimated from theory.

• Shell effects need to be investigated more.

Spin-orbit interaction becomes weaker.

Calculations of neutron drops provide information.



Equilibrium nucleus

• Virial relation still holds, but with the total Coulomb energy, including
the lattice contribution.

• Coulomb energy reduced, equilibrium A increases.

Fission instability

• Bohr and Wheeler (1938). Nucleus unstable to quadrupolar distortion if
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Pasta phases

NUCLEAR “PASTA” STRUCTURES IN LOW-DENSITY . . . PHYSICAL REVIEW C 88, 025801 (2013)

TABLE I. Parameter set used in the RMF model.

gσN gωN gρN
b c mσ (MeV) mω (MeV) mρ (MeV)

6.3935 8.7207 4.2696 0.008659 −0.002421 400 783 769

within the Thomas-Fermi approximation,

µn =
√

kF,n(r)2 + m∗
N (r)2 + gωNω0(r) − gρNR0(r), (6)

µp =
√

kF,p(r)2 + m∗
N (r)2 + gωNω0(r)

+ gρNR0(r) − VCoul(r), (7)

ρe(r) = (µe − VCoul(r))3/3π2, (8)

where the local Fermi momentum kF,i(r) is simply related
to the density, k3

F,i(r)/(3π2) = ρi(r). Finally, baryon-number
conservation and charge neutrality are imposed besides these
equations. We use the same set of parameters as in Ref. [39]
listed in Table I, in order to compare the equation of state
(EOS) and structural changes of the pasta structure with
and without the WS approximation. With these parameters,
we can reproduce the properties of uniform nuclear matter
shown in Table II. The first and second quantities, ρ0 and
ϵ0, are the saturation density of symmetric nuclear matter
(≈ 0.16 fm−3) and its energy per nucleon, respectively. The
third and forth quantities, K and S0, are the incompressibility
and symmetry energy at ρ0, respectively. The last one, L,
is the slope parameter of symmetry energy at ρ0. By using
these parameters the binding energy per nucleon around the
saturation density is expressed as

E

A
= ϵ0 + K(ρ − ρ0)2

18ρ2
0

+
[
S0 + L(ρ − ρ0)

3ρ0

]
(1 − 2Yp)2.

(9)

To numerically simulate the nonuniform structure of infinite
matter, we use a cubic cell with a periodic boundary condition.
If the cell size is small and includes only one or two units of
the structure, the geometrical shape should be affected by the
boundary condition and the appearance of some structures is
implicitly suppressed. Therefore, the cell size should be so
large as to include several units of the pasta structure. We
divide the cell into three-dimensional grids. The desirable grid
width should be so small as to describe the detailed density
distribution, particularly at the nuclear surface. Due to this
requirement, we set the grid width to 0.3 fm at the largest. This
grid width is small enough to give an energy difference within
2 keV from that with 0.1 fm. Given the average baryon-number
density ρB , the initial density distributions of fermions are
randomly prepared on each grid point. Then proper density
distributions and the meson mean fields are searched for
until the chemical potentials are independent of the position.

TABLE II. EOS of uniform nuclear matter.

ρ0 (fm−3) ϵ0 (MeV) K (MeV) S0 (MeV) L (MeV)

0.153 −16.4 240 33.4 84

More detailed numerical procedures and treatment with a local
chemical potential will be discussed in the Appendix.

III. RESULTS

A. Fixed proton number fraction

First, we present here some results for fixed proton number
fraction Yp with Yp = 0.5 (symmetric nuclear matter), 0.3, and
0.1, which are roughly relevant to supernovae and neutron-star
crust. Shown in Fig. 1 are the proton density distributions in
cold symmetric matter. We can see that the typical pasta phases
with rods, slabs, tubes, and bubbles, in addition to spherical
nuclei (droplets), are reproduced by our calculation in which
no assumption on the structures was used. Furthermore,
these cells include several units and we can specify these
lattice structures. The crystalline configuration of droplets
and bubbles is fcc; rods and tubes exhibit a honeycomb
configuration.

No exotic mixtures appear as ground states at any density.
In a droplet, we have seen that the proton density is highest
near the surface due to Coulomb repulsion, while the neutron
density distribution is flat inside the droplet. Note that baryon
density outside the droplets is zero for Yp = 0.3 and 0.5.
Electron density is spread over all space but slightly localized

FIG. 1. (Color online) Proton density distributions in the ground
states of symmetric matter (Yp = 0.5). Typical pasta phases are
observed: (a) Spherical droplets with an fcc crystalline configuration
at baryon density ρB = 0.01 fm−3, of 98 fm each side. (b) Cylindrical
rods with a honeycomb crystalline configuration at 0.024 fm−3,
of 76 fm each side. (c) Slabs at 0.05 fm−3, of 95 fm each side.
(d) Cylindrical tubes with a honeycomb crystalline configuration at
0.08 fm−3, of 79 fm each side. (e) Spherical bubbles with an fcc
crystalline configuration at 0.09 fm−3, of 97 fm each side.

025801-3

Proton 
density

(Image from Okamoto, Minoru et al., Phys.Rev. C 88, 025801 (2013))

Spaghetti Lasagna

“Inside-out” phases



Where does the crust end?

• Start with uniform phase of neutrons, protons and electrons at nuclear density.

• Proton fraction is ⇠ 5%.

• Reduce density until matter is unstable to creation of density wave. E =E
0

1/2Vqdn2

q.

(Actually there are two densities, neutron and proton.)

• Coulomb interaction (and low compressibility of electrons) favors small wave-

lengths.

• Terms in energy µ (rn)2

favor large wavelengths.

• Instability density gives upper bound on density at which structure appears.

Transition has to be 2nd order on general grounds. ((dn)3

term in energy!)

• Include 3rd and 4th order terms. As density is reduced, the most stable state goes

through the sequence of pasta phases found from liquid drop ideas.

• Rather general for a number of systems (block copolymers)



Properties of uniform nuclear and neutron matter

• Solve many-body problem for a specific nucleon-nucleon interaction. Great

progress over past few decades due to development of a family of Monte-Carlo

methods.

• Interaction obtained by direct fit to N-N scattering data, supplemented by phe-

nomenological 3-body interaction or an effective field theory approach in which

one expands the effective interaction between nucleons in powers of the momen-

tum (Weinberg).

• Compare with other models.



causality be violated before the maximum mass (at
dM=dR ¼ 0) is reached, one could continue the M-R
curves by enforcing causality. This would lead to a some-
what larger maximum mass but would not affect the
masses and radii of neutron stars with lower central den-
sities. We observe from the transition density points !12 in
Fig. 3 that the range of !1 dominates the uncertainty of the
general extension to high densities. Smaller values of !1

are excluded because the associated EOS is not able to
support a 1:65M" star. The larger allowed values of
the polytropic indices lead to very low central densities
!# ð2:0–2:5Þ!0.

We find that the pressure at nuclear densities and below
sets the scale for the M-R results. The dark gray (blue)
region in Fig. 3 ends almost at the central value of the
radius results. For a 1:4M" star, the radius is constrained to
R ¼ 9:3–13:5 km, as indicated by the vertical band. For
pure neutron matter the range is similar, R ¼ 9:3–13:3 km,
even though for a 1:4M" star individual models may differ
by up to 0.4 km compared to those for matter in beta
equilibrium. Furthermore, if a 2:0M" star were to be
observed, this would reduce the allowed range to R ¼
10:5–13:3 km. As for the EOS in Fig. 2, the presented
radius constraint significantly reduces the spread of viable
neutron star models; e.g., it is difficult to see how one can
obtain R & 15 km as is the case for the Shen EOS [21].
Finally, our results are more rigorous than an esti-
mate based on the empirical PR'4 correlation [16], which
for the values of the pressure we find Pð!0Þ ¼
1:4–2:1 MeV fm'3 implies R ¼ 9:4–11:9 km.

When chiral 3N forces are neglected, the neutron star
radius is significantly smaller, with RNN ¼ 8:8–11:0 km as
shown in Fig. 4 based on low-momentum NN interactions
only. This demonstrates that the theoretical error for the
radius of a 1:4M" star is due, in about equal amounts, to the
uncertainties in 3N forces and to the extension to higher
densities dominated by !1.
Effect of the crust.—In our calculations, the difference

between the neutron and proton masses was neglected and
the phases were assumed to be spatially uniform. In this
approximation, matter at low density consists only of
neutrons. The impact of using a more realistic EOS at
low densities can be investigated by observing that the
surface gravity of the star is approximately constant in
the outer layers. By integrating the equation of hydrostatic
equilibrium from the surface of the star up to a crust
density !c, one finds that the mass between the density
!c and the surface is proportional to the pressure at !c [22].
Thus the stellar mass is to a good approximation unaffected
by changes in the EOS at !< !c. To determine how
changes in the low-density EOS affect the radius,
we note that the thickness of the crust (!< !c) is
"R ¼ ½"ð!cÞ '"s)=½mgð1þ zÞ), where g ¼ GMð1þ
zÞ=R2 is the surface gravity, with surface redshift

1þ z ¼ ½1' 2GM=ðRc2Þ)'1=2 [23]. Here "s is the (neu-
tron) chemical potential at the surface of the star, where the
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FIG. 2 (color online). Comparison of theEOSbased onFig. 1 to
a representative set of EOS used in the literature [16]. The dark
gray (blue) band corresponds to the same band in Fig. 1, and the
light gray (blue) band covers the range of polytropes allowed (see
text for discussion).
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FIG. 3 (color online). Neutron star M-R results for the EOS
based on Fig. 1. The thick (thin) lines, corresponding to the
left (right) branch, start from the low pressure limit c1 ¼
'0:7 GeV'1, c3 ¼ '2:2 GeV'1 (high pressure limit c1 ¼
'1:4 GeV'1, c3 ¼ '4:8 GeV'1). The dark gray (blue) region
corresponds to the band below nuclear densities in Figs. 1 and 2.
The different piecewise polytropes can be identified from the
colors and lines indicating !1=!2 and from the points denoting
!12. The vertical band gives the radius constraint for a 1:4M" star.

PRL 105, 161102 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

15 OCTOBER 2010

161102-3

Equations of state

Light blue area: constraint provided by existence of a 1.65M� neutron star.
(Hebeler, Lattimer, CJP, Schwenk, Phys. Rev. Lett. 105, 161102 (2010).)
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Figure 7. Pressure P of neutron star matter as a function of the mass density ρ. The blue band at lower densities represents the pressure predicted by the neutron matter
results of Figure 2 with beta equilibrium incorporated as described in Section 3. The gray area shows the pressure accessed by the possible polytropic extensions. The
lighter blue band is the envelope of the general polytropic extensions that are causal and support a neutron star of mass M̂ = 1.97 M⊙ (left panel) and M̂ = 2.4 M⊙
(right panel). We also show the individual EOSs within these bands: the lines denote EOSs with central densities ρc ! 2.5 ρ0 (yellow), for 2.5 ρ0 < ρc ! 5 ρ0
(orange), and for ρc > 5 ρ0 (red).
(A color version of this figure is available in the online journal.)

2. The EOS supports a neutron star mass M = M̂ , the mass
of the heaviest neutron star observed.

We consider each EOS up to densities at which the maximal
neutron star mass is reached or the EOS becomes acausal,
whichever density is smaller. In Figure 7 we present the
individual EOSs that fulfill both constraints for two cases:
M̂ = 1.97 M⊙ (left panel), the mass of the heaviest known
neutron star (Demorest et al. 2010), and M̂ = 2.4 M⊙ (right
panel), an estimated mass of the black widow pulsar B1957+20
(van Kerkwijk et al. 2011). However, since the uncertainties of
the latter determination are large, the M̂ = 2.4 M⊙ constraint
should be considered as a hypothetical mass, which is used here
to probe the sensitivity of our results to the constraint from
observations.

The blue band at lower densities in Figure 7 represents the
pressure predicted for matter in beta equilibrium as described
in Sections 2 and 3. The lighter blue bands give the allowed
EOS range, which is the envelope of the allowed polytropes at
higher densities. The color of the individual lines indicates the
maximal central density of the individual EOS (see figure cap-
tion). Clearly, the pressure accessed by the possible polytropic
extensions (the gray area in Figure 7) is substantially reduced
by causality and by the constraint from neutron star mass mea-
surements. The higher the mass of the heaviest neutron star
observed, the stronger the EOS band is constrained. In addition,
we find that the maximal densities in neutron stars are limited:
stiff EOSs with large polytropic exponents have smaller maxi-
mal densities (see yellow lines), which are strongly constrained
by causality. Softer EOSs tend to have larger central densities.
For M = 1.97 M⊙, we find central densities as high as ≈ 8.3 ρ0,
and for M = 2.4 M⊙, the densities reach only ≈ 5.8 ρ0.

In Figure 8 we compare the EOS bands of Figure 7 with a
representative set of EOSs used in the literature. This set con-
tains EOSs calculated within different theoretical approaches
and based on different degrees of freedom. For details and no-
tation, we refer the reader to Lattimer & Prakash (2001). We
find that a significant number of EOSs are not compatible with

Figure 8. Constraints for the pressure P of neutron star matter as a function
of mass density ρ compared to EOSs commonly used to model neutron stars
(Lattimer & Prakash 2001). The color coding of the bands is as in Figure 7.
(A color version of this figure is available in the online journal.)

the lower density band based on chiral EFT interactions. In
addition, at higher densities only very few EOSs, including the
variational EOSs based on phenomenological nuclear potentials
(Akmal et al. 1998), AP3 and AP4 in Figure 8, are located within
the uncertainty bands over the entire density range.

Figure 9 shows the uncertainty bands for the pressure as a
function of energy density E . These are the natural variables
to study to what extent the causality constraint is responsible
for the apparent softening of the EOSs at high densities. For
comparison, we show the limit P = E , represented by the
dotted line. Furthermore, we generated a causal extension for

7

Hebeler, Lattimer, CJP, Scwenk, Ap. J 773:11 (2013).

Light blue.

Can support 1.97M� star.

Dark blue.

Can support 2.4M� star.





Neutron superfluidity

• Phase shifts suggest

1

S

0

superfluidity (low density) and

3

P

2

-

3

F

2

(higher density).

• Simplest approach: BCS approximation (mean field).

• Induced interactions (exchange of spin fluctuations) suppress

1

S

0

gap.

• Inspiration from ultracold atomic gases.

• Reasonable agreement at low densities (. ns/10).

(Gor’kov and Melik-Barkhudarov (1961))

• Considerable uncertainties at higher densities.

• Calculations of proton superconductivity more uncertain

because of the dense neutron medium.



1S0

3P0 3P1
3P2

Nucleon-nucleon
phase shifts
(in degrees)

Positive phase shifts correspond to attraction.
(from nn-online.org, Nijmegen)
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Figure 7: The 1S
0

(left panel) and 3P
2

�3F
2

(right panel) pairing gaps
� at the Fermi surface as a function of Fermi wave number kF in
neutron matter calculated in the BCS approximation for a number of
charge-dependent nucleon–nucleon interactions that have been fitted
to nucleon–nucleon scattering data. The potentials are specified ac-
cording to the legend in the right panel. For details see Refs. [30] (left
panel) and [33] (right panel).

the center-of-mass frame k . 2 fm�1 [29].5 For higher momenta, there
is considerable model dependence, also because inelastic channels start
to open up in nucleon–nucleon scattering, e.g., pion production for
k > 1.7 fm�1.

Figure 7 shows the 1S
0

and 3P
2

�3F
2

pairing gaps in neutron mat-
ter, obtained by solving the BCS gap equation with a free-particle
spectrum for the normal state. At low densities (in the crust of neu-
tron stars), neutrons form a 1S

0

superfluid. At higher densities, the
S-wave interaction is repulsive and neutrons pair in the 3P

2

chan-
nel (with a small coupling to 3F

2

due to the tensor force). Figure 7
demonstrates that in the BCS approximation the 1S

0

gap is essentially
independent of the nuclear interaction used [30]. This includes a very
weak cuto↵ dependence for low-momentum interactions V

low k. The
inclusion of the leading three-nucleon forces in chiral e↵ective field
theory gives a reduction of the 1S

0

BCS gap for Fermi wave numbers
kF > 0.6 fm�1 [31]. This reduction becomes significant for densities
where the gap is decreasing and agrees qualitatively with results based
on three-nucleon potential models (see, e.g., Ref. [32]). At low densi-
ties (kF . 0.6 fm�1), 1S

0

pairing can therefore be calculated using only

5For simplicity, we shall frequently adopt the common practice of working in
units in which ~ = 1, in which case “momentum” and “wave number” become
synonymous.



24 3 MICROSCOPIC CALCULATIONS OF PAIRING GAPS

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

k
F
 [fm

-1
]

0

0.5

1

1.5

2

2.5

3

∆
 [

M
eV

]

BCS approximation
CBF
Polarization Pot.
RG
Brueckner

Figure 9: The 1S
0

pairing gap � at higher densities as a function of
Fermi wave number kF . Results are shown for the BCS approximation
(see Fig. 7), for the method of Correlated Basis Functions (CBF) [12],
for the polarization potential method, in which induced interactions
are calculated in terms of pseudopotentials (Polarization Pot.) [13], for
a calculation in which induced interactions in the particle–hole chan-
nels are calculated from a renormalization group (RG) approach [42],
and for calculations based on Brueckner theory [46].

Nuclear matter density corresponds to kFn = 1.68 fm

�1

Gezerlis, CJP, and Schwenk, arXiv 1406.6109
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Figure 8: The 1S
0

pairing gap� as a function of Fermi wave number kF
in neutron matter. Results are shown for the BCS approximation (see
Fig. 7), for the exact result in the low-density limit (Gor’kov/Melik-
Barkhudarov) [20], which includes induced interactions, and for Dif-
fusion Monte Carlo calculations of neutron matter [18].

The present status of calculations of gaps in neutron matter is
that the situation at densities . ns/10 is under good control, thanks
to the analytical results in the low-density limit and quantum Monte
Carlo methods: the physical reason for the suppression of the gap
compared with the BCS approximation is the repulsive interaction
induced by exchange of spin fluctuations. At higher densities there are
larger uncertainties because additional terms in the neutron–neutron
interaction become increasingly important and the increased density
makes the extraction of gaps from energy di↵erences more challenging.

In addition, three-neutron interactions begin to play a role but for
neutron matter their e↵ects are suppressed because configurations in
which three neutrons are close together are unlikely, since at least two
of the neutrons must be in the same spin state.

3.3 Higher densities

Figure 9 demonstrates that understanding many-body e↵ects beyond
the BCS approximation constitutes an important open problem at
higher densities. All calculations shown in Fig. 9 are based on nucleon–
nucleon interactions only, so the di↵erences are due to truncations in
the many-body calculations.

As discussed in Sec. 2.1, induced interactions due to screening
and vertex corrections (creation of particle–hole pairs in intermediate
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Figure 10: Angle-averaged 3P
2

pairing gap � versus Fermi wave num-
ber kF in neutron matter. The calculations were made in the spirit
of the BCS schematic model and for weak-coupling, and the gap is
given by � = 2EF exp(1/N(EF )V ), where V is the pairing matrix el-
ement in the 3P

2

channel at the Fermi surface. The results are shown
for the direct interaction only, both without and with corrections to
the e↵ective mass of the particles, and with the inclusion of second-
order induced interactions in the pairing interaction. We also show
the modification of the gap when only induced central or only induced
spin-orbit e↵ects are taken into account. For comparison, we give the
results of Baldo et al. [33], which are obtained by solving the BCS
gap equation in the coupled 3P

2

–3F
2

channel for di↵erent free-space
interactions (see also Fig. 7). For details see Ref. [51].

the gap is maximal and in the density at which it vanishes. In addi-
tion, in Fig. 9 we show results for the 1S

0

pairing gap in Brueckner
theory [46], but they disagree with the known analytical result at low
densities, where they predict a gap greater than �

BCS

.

3.4 3P2 pairing of neutrons

Noncentral spin-orbit and tensor interactions are crucial for 3P
2

su-
perfluidity. In particular, without an attractive spin-orbit interaction,
neutrons would form a 3P

0

superfluid, in which the spin and orbital
angular momenta are anti-aligned, rather than the 3P

2

state, in which
they are aligned.

Gaps calculated in the BCS approximation are shown in Fig. 7 and
calculations of 3P

2

pairing including many-body e↵ects are given in

3P
2

-3F
2

superfluidity

Inclusion of higher-order processes suppresses gaps.

(A. Schwenk and B. L. Friman, Phys. Rev. Lett. 92, 082501 (2004).)



Neutron superfluid density

Neutron current density for stationary lattice

jn = ns
n
~r�n

m

2�n – phase of the neutron pair condensate

• Important for glitch models, collective modes, two-fluid hydrodynamics

• Simple estimate: density of neutrons between nuclei

• Band structure calculations suggest strong reduction (Chamel)

• Gives di�culties for glitch models.

Moment of inertia of superfluid too small

(Andersson et al. PRL (2012) Chamel PRL (2013)).
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Simple considerations

Scattering of BCS quasiparticles by a spin-independent potential, V .

• Quasiparticles at Fermi momentum are half particles and half holes. In-
teraction of particle component exactly cancels that of hole component.

• NO SCATTERING OF EXCITATION AT THE FERMI MOMENTUM
TO ANOTHER STATE WITH THE SAME ENERGY!

• Quasiparticle energy
Ek = ±

p
⇠2k +�2 where ⇠k = k2/2m� µ

• Matrix element for scattering of quasiparticle from state |k+i to state
|k0+i

(ukuk0 � vkvk0)V (k� k

0)

where u2
k = (1 + ⇠k/Ek)/2 and v2k = (1� ⇠k/Ek)/2.



Pairing and band structure
• Watanabe. Fermionic atoms in a periodic potential, with pairing

• One-dimensional and a single Fourier component of the periodic potential

• Band structure e↵ects reduced by pairing. Small if pairing gap is large
compared with the periodic potential

• In neutron star inner crust, band gaps are generally larger than the strength
of the potential for most Fourier components

• Approximate way of dealing with many Fourier components.

• Conclusion. Band structure can reduce the neutron superfluid density by
perhaps 10s of percent but not a factor of 10.

• Glitch models invoking the neutron superfluid in the crust are still viable!
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FIG. 1. Superfluid number density in terms of the total
number density as a function of K/2kF , where kF is the
Fermi wave number of the uniform non-interacting Fermi gas
at the same density. The curves are for a lattice potential
VK = 0.25(K/2kF )

2EF with EF = k2
F /2m. The lines are

for the case of �0 ! 0 (green dashed line), �0 ⇡ 0.0464EF

(brown dashed-dotted line), �0 ⇡ 0.208EF (blue dotted line),
and �0 ⇡ 0.686EF (red solid line).
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FIG. 2. Superfluid density ns
zz/n as a function of �0/|VK |

for the same lattice potential as in Fig. 1. The red solid line
is for K = 2kF and the blue dashed line for K =

p
8/3 kF ⇡

1.633 kF .

the results is most simply brought out by plotting ns

zz

/n
as a function of �

0

/|V
K

|, Fig. 2 [11]. The results are well
fitted by the expression

ns

zz

(�
0

) = n� n� ns

zz

(0)

[1 + (�
0

/|V
K

|)2]1/2
. (10)

Thus the e↵ects of band structure on the superfluid den-
sity are suppressed dramatically for �

0

& |V
K

|.
Application to neutron star crusts.— For total nu-

cleon densities in the range 0.001–0.05 fm�3, the cal-
culations of Ref. [4] predict a reduction of the neutron

superfluid density by a factor ⇠ 3 or greater, and we
shall focus on a density of 0.03 fm�3, where the e↵ect
is largest. The density of neutrons outside nuclei, no, is
⇡ 0.024 fm�3, corresponding to a neutron Fermi wave
number, k

n

= (3⇡2no

n

)1/3, of 0.89 fm�1 and a Fermi en-
ergy k2

n

/2m ⇡ 16.4 MeV. These densities are so high
that analytical results for uniform matter at low densi-
ties cannot be applied, and there are many estimates of
gaps based on many-body theory. Most calculations pre-
dict that the 1S

0

gap is close to its maximum value at
these densities [13]. Calculations in which the pairing in-
teraction is taken to be the free-space neutron–neutron
interaction predict gaps of approximately 3 MeV. A vari-
ety of theoretical approaches lead to the conclusion that
gaps will be suppressed due to the e↵ect of the medium on
the pairing interaction, primarily exchange of spin fluc-
tuations, and numerically this is typically a factor of 2–3
[14]. Thus one may expect gaps to lie in the range 1–
1.5 MeV.

What makes calculations for crustal matter challeng-
ing is the fact that the lattice potential has many Fourier
components, with wave vectors corresponding to the re-
ciprocal lattice vectors (RLVs) of the solid, rather than
the single pair of them considered in the BdG calculations
above. The large number of Fourier components is re-
flected in the high number of occupied bands. RLVs with
K

i

� 2k
n

have little e↵ect because scattering of fermions
between two states in the vicinity of the Fermi surface
is impossible for such wave vectors. However, although
the lattice potential has many Fourier components, they
are relatively weak, in the sense that their magnitudes
are much less than the Fermi energy. This is seen from
results for V

K

obtained from the Fourier transform of the
potential for a single spherical cell surrounding a nucleus
obtained by Pearson et al. [5], which are shown in Fig. 3.
The magnitude of the lattice potential has a maximum
value of 2 MeV for K = 0 and falls rapidly with K: for
wave numbers greater than about 0.3k

n

it is comparable
to estimates of the superfluid gap, and for K & 0.5k

n

it
is less than one tenth of the superfluid gap.

To estimate quantitatively the e↵ect of many RLVs,
we assume that pairs of RLVs K

i

and �K
i

contribute
independently to the superfluid density. For a single pair
of RLVs, the superfluid density tensor for arbitrary ori-
entations of K is given by

ns

ij

(K) = n�
ij

� [n� ns

zz

(K)] K̂
i

K̂
j

. (11)

When averaged over possible orientations of K for cubic
symmetry, one finds the superfluid density is a scalar,
and given by

ns

n
= 1� 1

3
[n� ns

zz

(K,V
K

,�)] . (12)

Thus the e↵ect of many RLVs in the neutron star crust

Suppression of band structure effects by pairing

G. Watanabe and CJP, Phys. Rev. Lett. 119, 062701 (2017).
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FIG. 3. Lattice potential VK as a function of K/2kn from the
work of Ref. [5]. Because there are so many reciprocal lattice
vectors with K < 2kn, K is treated as a continuous variable.

is given by

ns

no

n

=
Y

Ki

0
⇢
1� 1

3


1� ns

zz

(K,V
K

,�)

n

��
, (13)

where the prime on the product indicates that, to avoid
double counting, only one of the RLVs K

i

and �K
i

is to
be included. Since the reduction of the superfluid density
by a single pair of RLVs is typically less than one percent,
we may write

ns

no

n

⇡ exp

(
�1

6

X

Ki


1� ns

zz

(K,V
K

,�)

n

�)
, (14)

where the sum is over all reciprocal lattice vectors.
On replacing the sum in Eq. (14) by an integral one

finds

ns

no

n

⇡ exp

⇢
�2no

n

n
N

Z
1

0

x2dx


1� ns

zz

(K,V
K

,�)

n

��
,

(15)
where x = K/(2k

n

) and n
N

is the density of nuclei.
Solving the BdG equations for the range of values of

V
K

and K encountered in the integral in Eq. (15) is
time consuming, so we adopt a simplified approach to
estimate the e↵ects of band structure with and without
pairing. First, we assume that in the presence of a super-
fluid gap, ns

zz

scales as in Eq. (10). We have calculated
ns

zz

(K,V
K

,� = 0) for a range of di↵erent |V
K

| and K
values. The function 1 � ns

zz

(K,V
K

,� = 0)/n ⇡ (1 +
3.5x)|V

K

|/Eo

F

with Eo

F

= (3⇡2no

n

)2/3/2m gives a reason-
able first approximation for the values of |V

K

| as a func-
tion of K for the potential shown in Fig. 3. In the limit
of no pairing, this approximation gives ns/no

n

⇡ 0.20.
This represents a factor of 5 reduction, which is consid-
erable, although not as large as the values Chamel found
in Ref. [4], which were more than a factor of ten. What

is particularly interesting are the results when pairing is
included: we find ns/no

n

⇡ 0.64, a 36% reduction for a
gap of 1 MeV, and ns/no

n

⇡ 0.71, only a 29% reduction,
for a gap of 1.5 MeV.

Our calculations demonstrate that pairing greatly sup-
presses the e↵ects of band structure because the magni-
tude of the periodic potential |V

K

| is considerably less
than the pairing gap � for the vast majority of reciprocal
lattice vectors. Calculations that treat better the e↵ects
of the many Fourier components of the lattice potential
need to be done, but it should be enough to consider
only a limited number of components with wave num-
bers . 0.5k

n

. Our calculations suggest a reduction of
the neutron superfluid density by some tens of percent
when pairing is included, as opposed to the one order
of magnitude predicted in the limit of a small gap. We
therefore conclude that the e↵ects of band structure on
the neutron superfluid density are modest when pairing is
taken into account and, consequently, that glitch models
based on the superfluid density of neutrons in the inner
crust are still tenable.

Close to the inner boundary of the crust, it is predicted
that “pasta” phases with rod-like or plate-like nuclei can
occur [15, 16]. For these, the superfluid density will be
anisotropic. The calculations for a one-dimensional lat-
tice that we have performed may thus be regarded as a
first approximation for the plate-like phase, “lasagna”.

Finally, we note that cold atomic gases in optical lat-
tices are a useful system for investigating experimentally
the suppression of band structure e↵ects by pairing, since
the strengths of the periodic potential and of the pairing
interaction can both be varied.
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Pasta phases as liquid crystals

• Structures resemble those of some liquid crystals.

– Lasagna ⇠ smectic A.

– Spaghetti ⇠ columnar phase.

• Differences

– Neutrons and protons are superfluid.

– Two components.

• Structure is very flexible (surface and Coulomb energies compared with bulk

energies).

Two preprints on dynamics. Kobyakov and CJP, arXiv 1803.06254, and Durel

and Urban, arXiv 1803.07967.

Three-fluid model. Two superfluids plus a “normal” component associated with

motion of the structure.

• Is there phase coherence between layers in lasagna?

If not, there can be extra modes since proton motion need not be potential.

(There could be shear.)

• Clarification needed.





Spaghetti and lasagna are not uniform

• Shown by numerical microscopic calculations. (Williams, Koonin, Watanabe,
Newton, Stone, Horowitz, Caplan,. . . )

• w2 µ Ak2
z +Bq4

? for uniform lasagna becomes a linear spectrum in all directions
when lasagna is modulated.

Temperature does not destroy long-range order of lasagna.(cf.Landau–Peierls)
See also Baym, Friman, Grinstein (Nucl. Phys. B 210, 193 (1982)) for pion
condensates, where similar conclusions apply.

• More general hydrodynamic model needed.



Nuclear waffle configuration with 409,600 nucleons

200 fm

Waffle configuration each 2D 
plane has a lattice of holes

Run for 15 million MD time steps

Yp=0.3, T=1 MeV

Christian 
Briggs

Nuclear Waffles 
(Berry, C. Horowitz, …)



Imperfect lasagna

• Cross links, and disorder e.g., “parking garage” structure (Berry, Caplan, Horowitz,
Huber, and Schneider, Phys. Rev. C 94, 055801 (2016).

• Electrical conductivity of electrons reduced. Helps to explain evolution of NS.
(Rea, Viganò, and Pons, Nature Physics 9, 431 (2013))

• But protons are superconducting. If pasta is disordered, the protons could be a
GOOD electrical conductor.



Concluding remarks

• Below nuclear density physical problems are well posed.
Theorists have no excuses!

• Many other topics

– Microscopic models of matter at supernuclear densities.

– Neutrino emission in general, and from pasta phases in particular.

– Elastic properties of polycrystals. Can be extended to pasta phases.

– Magnetic fields.

– Flux lines and vortices in pasta.

• Need help from “practical” people, such as metallurgists, polymer scientists, . . . .
Some problems that physicists have avoided have been studied in depth because
of their importance in the real world.

• Outer part of neutron star is important because many observable phenomena are
affected by it.


