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Purpose

(re)introduce a relation between scattering amplitude and

BS wave function

Outline

e \Wave function in finite volume method

e Bethe-Salpeter (BS) wave function outside interaction
range

e BS wave function inside interaction range

e Fundamental relation in quantum mechanics

e EXxpansion of reduced BS wave function

e SumMmmary



Bether-Salperter wave function

History of BS wave function in lattice comunity

1.
2.

Luscher’s finite volume method [Lischer, NPB354:531(1991)]
Wave function in 2D statistical model
[Balog et. al, PRD60:094508(1999); NPB618:315(2001)]
d(k) from wave function in x > R (not explain)
BS wave function through LSZ reduction formula
[Lin et. al, NPB619:467(2001)]
I = 2 two-pion BS wave function [CP-PACS, PRD71:094504(2005)]

. Potential from BS wave function [ishii et. al, PRL99:022001(2007)]

Several talks in this workshop (not explain)

. Amplitude from BS wave function [TY and Kuramashi, PRD96:114511,11(2017)]



Luscher’s finite volume method [Liischer, NPB354:531(1991)]

spinless two-particle elastic scattering in center of mass (CM) frame

Important assumption

V(r)=0

1. Two-particle interaction is localized.
— Interaction range R exists.

7 0 (r <R)
Vi) { =0 (~ e )(r > R)

2. V(r) is not affected by boundary. — R < L/2

< L >
Two-particle wave function ¢(+; k) satisfies Helmholtz equation.

A+E2)o(Fk)=0inr>R, E=2/m2+Ek?
(& +#?) v




Luscher’s finite volume method [Liischer, NPB354:531(1991)]

Helmholtz equation on L3
1. Solution of (A 4+ k2)¢(7 k) =0in r > R
i i(2m /L)

¢(r k) = G(r k) =C - - , ¢?= (Lk/27)? # integer
2 2
mez3 VT4

2. Expansion by spherical Bessel j;(kr) and Neumann n;(kr) functions
¢(7 k) = PBo(k)ng(kr) + ag(k)jo(kr) + (I > 4)
= OE)sin(kr + §(k)) /kx + (1 > 4)

3. S-wave scattering phase shift (k) in infinite volume
L 3/2

90l8) | tans(k) = == L_| z(siq®) =

ag(k) Zoo(1; q%)

1 Z 1
Van nez3 (ﬁz a q2)8

Relation between |6(p) and k (E=2\/m2—|—k2>
o(7; k) disappears in final formula.




Bether-Salperter wave function
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BS wave function through LSZ reduction formula

[Lin et. al, NPB619:467(2001)]

BS wave function of two pions in infinite volume (Only S-wave)

$(z; k) = (O|m1(&/2)ma(—F/2)|m1(k)ma(—Fk);in)
T S K L (O
- (27)3p2 — k2 — e

Inelastic scattering contribution and unnecessay overall factors are neglected.

Half off-shell amplitude H(p; k)

E,+ E,
H(p; k) = -2 M(p; k
(p; k) 85,5, (p; k)
M (p; k) defined by LSZ reduction formula

- —iNZM(p: k
e_lq'x_q2 n m(Qp_ z)e = /d4zd4y1d4y2K(p, z)K(—k1,y1)K(—k2,y2)Ga(z,X,y1,y2)

K (p,2) = =eP?(—p*+m?), Ga(z,%,y1,y2) = (O|T[r1(z)m2(x)m1(y1)72(y2)|0)
P = (Epaﬁ)a kl — (Ekia k)a k2 — (Ek7 _k)7 q= (2Ek — Ep7 _ﬁ)

off-shell momentum
6



BS wave function through LSZ reduction formula

[Lin et. al, NPB619:467(2001)]

BS wave function of two pions in infinite volume (Only S-wave)

¢(z k) = (Olr1(F/2)ma(—&/2)|m1(k)m2(—k);in)
T S K L (O
- (27)3p2 — k2 — e

Inelastic scattering contribution and unnecessay overall factors are neglected.

Half off-shell amplitude H(p; k)

Ep + Ej,

H(p; k) = M (p; k)

M (p; k) at on-shell p =k

167 E},
—€

Mk k) = 0(k) sin §(k) = H(k; k) = 4%@@'5““) sin & (k)



Bether-Salperter wave function
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BS wave function outside R [CP-PACS, PRD71:094504(2005)]

Reduced BS wave function

3 s
hz; k) = (A + k2)o(x k) = —/(5;;3 eP*H(p; k)

R 3 _
qb(x;k):eik-f_|_/(dp Hpik) iz

27)3p2 — k2 — e

Assumption: h(x; k) = O outside interaction range (z > R)
c.f. (A+EDd(z: k) =mV(x)d(z: k) in quantum mechanics

Using the assumption and =z > R

ysin(kx + 6(k))
kx
agrees with wave function in quantum mechanics

bz k) = U

Following derivation in quantum mechanics,

finite volume method can be derived from BS wave function.
8



I = 2 two-pion BS wave function

o(r;k) at k ~ 0 (k=p, R=rp in figure)

V(r)-p° m =0.52[GeV] t=52
0.7 —r———————————————————————— :

06 @

L
03| | 4 -0.002 - | !

i | flat

02 , 1.46[fm]
; ¢ 0004 bl _
0.1t e 4 8 12 16 20 24
[ < ]
0 w
OIIIélllIIEISIII112III116III210III24

r
h(rik) 1.2
¢(r; k)

h(r;k) =0inr >R

1.05 |
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1.02
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0.99 |
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[CP-PACS, PRD71:094504(2005)]

m _=0.52[GeV] at L=24 t=52

w%’f*
. q_)(r)/(p(ro) r,=9
:{ < fit result
$
.0.'
..é ....... 1I2 ....... 1I6 ....... 2I0. -

Fit with G(7, k) in x > R

k determined from ¢(r; k) inr > R

G(7: k): Solution of Helmholtz equation on L3



Bether-Salperter wave function

History of BS wave function in lattice comunity
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BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function .
d L,
Wz k) = (A +k)¢(i k) = — [t P TH(p; k)
(2m)3

11



BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function .
d L,
Wz k) = (A +k)¢(i k) = — [t P TH(p; k)
(2m)3

\U’ Fourier transformation

11-a



BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function .
d L,
Wz k) = (A +k)¢(i k) = — [t P TH(p; k)
(2m)3

\U’ Fourier transformation

Fundamental relation in this talk
H(p; k) = /d% e DT (20 k)

Relation between H(p; k) and h(x; k) i.e. ¢(x; k) inside R
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BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function .
d L,
Wz k) = (A +k)¢(i k) = — [t P TH(p; k)
(2m)3

\U’ Fourier transformation

Fundamental relation in this talk

H(p; k) = /d% e DT (20 k)

Relation between H(p; k) and h(x; k) i.e. ¢(x; k) inside R

At on-shell p = k [CP-PACS, PRD71:094504(2005), not explicitly written]

H(k: k) = 4%62'5““) sin§(k) = — / A3z e Th(p: k)

h(x; k) is essential to calculate H(p; k).

11-c



BS wave function inside R (cont'd)

[Namekawa and TY, arXiv:1712.10141]

Fundamental relation in finite integration range L/2 > R

oo
H(p; k) = _/ 3z e P Th(x; k)

O

12



BS wave function inside R (cont'd)

[Namekawa and TY, arXiv:1712.10141]

Fundamental relation in finite integration range L/2 > R

© @)
H(p k) = —/ d3z e PR (z; k)
— 00
L/2
= _ / &3z e P Th(z: k) — / 3z e PTh(z; k)
—L/2 ¢L3

12-a



BS wave function inside R (cont'd)

[Namekawa and TY, arXiv:1712.10141]

Fundamental relation in finite integration range L/2 > R

© @)
H(p k) = —/ d3z e PR (z; k)
— OO
L/2
= _ / &3z e P Th(z: k) — / 3z e PTh(z; k)
. ¢L3

=0 “~h(x;k) =0 (x> R)

12-b



BS wave function inside R (cont'd)

[Namekawa and TY, arXiv:1712.10141]

Fundamental relation in finite integration range L/2 > R

© @)
H(p k) = —/ d3z e PR (z; k)
— OO
L/2
= _ / &3z e P Th(z: k) — / 3z e PTh(z; k)
. ¢L3

=0 “h(x;k)=0 (x> R)
Suitable for finite volume calculation

First calculation with this relation
Next speaker Namekawa-san
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BS wave function and LSZ reduction formula

[Namekawa and TY, in preparation]

LSZ reduction formula

On-shell scattering amplitude =
Fourier transformation of 4-point function x momentum factor

and on-shell limit

LSZ reduction formula in relative coordinate
©.@) 3 RN 2
Hpik) = [ a2 e A+ 1)o@ k)
— OO
I  Partial integration
o0 o
W? = K2) [ P e PR k)
— O

— H(k; k)

c.f. [Carbonell and Karmanov PLB754:270(2016)]

13



BS wave function and LSZ reduction formula

[Namekawa and TY, in preparation]

LSZ reduction formula in relative coordinate

H(p; k) =

U

oo 3 RN 2

— [ @ PIHA 4 B p(ai k)
— 00

Partial integration

(P~ k2) [~ dPa e Pg(a; k)

c.f. [Carbonell and Karmanov PLB754:270(2016)]

LSZ reduction formula in relative coordinate with finite range L/2 > R

L/2

Hpik) = (02— k) / Pz e Po(a; k)

—Z / 5P [T (950G ) + imgelai )] 7

L/2
L/2

Surface term: integration at boundary (j =1,2,3)
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Fundamental relation in quantum mechanics

[TY and Kuramashi, PRD96:114511,11(2017)]
Interpretation of HALQCD method in this frame work

V(x; k) is defined by h(x; k) as
1 h(x; k)
<R
V(zi k) =1 mo(x; k) (@< R)
0 (r > R)
corresponding to LO HALQCD method

V(x; k) is regarded as potential in Shrodinger equation.
(A + p?)é(z;p) = mV (z; k)(x; p)

o(x; p) is a solution of the equation with given p.

Scattering phase shift §(p) from Shrodinger equation
() sin §(p) B
p

I Y Ky )

14



Fundamental relation in quantum mechanics

[TY and Kuramashi, PRD96:114511,11(2017)]

Scattering phase shift §(p) from Shrodinger equation

3(p) v
P) sin 5(}9) /d3 —zpa:ZE Z;Qb( p)

At p =k, ¢(z k) = ¢z k) (A + k2)¢(z; k) = h(w; k)
(k) sin 5 (k) H(k;k) B sing(k)

1 o
= ——/d3a: e TR Th(z: k) =
41

k Ax k
5(k) = 5(k)
At p # k, ¢(x;p) % o(z; k) in general
¢9(P) sin §(p) 1 [ 3 _izzh(wk)— ¢9(P) sin §(p)
= [ dBge DT z;
5 o e k)qb( p) #*

Same §(k) is obtained at only p = k, where h(x; k) is defined.

Above dicussion corresponding to LO HALQCD method
14-a



Expansion of reduced BS wave function

Velocity expansion in HALQCD method

Wz k) = / 32U (z: )bz k)

15



Expansion of reduced BS wave function
Velocity expansion in HALQCD method

h(x; k)

/d3:1:/U(a:; N p(z'; k)

0@
= > Va(z)A"¢(z; k), Vp(z) independent of k

n=0 [HALQCD, arXiv:1711.01883]

15-a



Expansion of reduced BS wave function
Velocity expansion in HALQCD method

h(x; k)

/d3:1:/U(a:; N p(z'; k)

= V() A"d(x; k), Vi(x) independent of k&
=0

n [HALQCD, arXiv:1711.01883]

(A + k2)¢(x; k)

15-b



Expansion of reduced BS wave function
Velocity expansion in HALQCD method

h(x; k)

/d3:1:/U(:c; 2N p(z': k)

0@
— Vin(x)A"d(x; k), Vnp(x) independent of k
=0

n [HALQCD, arXiv:1711.01883]

(A + k2)¢(x; k)

Velocity expansion expresses

(A + k2)p(x; k) by k independent Vi, (z) with A™.

15-c



Expansion of reduced BS wave function

[TY and Kuramashi, PRD96:114511,11(2017)]

Velocity expansion in HALQCD method

o
h(z; k) = > Va(z)A"¢(x; k), Va(z) independent of k
n=0 [HALQCD, arXiv:1711.01883]

Convergence of expansion is unclear.
— Large number of terms would be necessary in general.

16



Expansion of reduced BS wave function

[TY and Kuramashi, PRD96:114511,11(2017)]

Velocity expansion in HALQCD method

h(x; k) = io: V() A"d(x; k), Vn(x) independent of k&

n=0 [HALQCD, arXiv:1711.01883]

Convergence of expansion is unclear.
— Large number of terms would be necessary in general.

Approximation with Vy(x) and Vi(x) assuming k independence

h(x; k1)

h(x; ko)
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Expansion of reduced BS wave function

[TY and Kuramashi, PRD96:114511,11(2017)]

Velocity expansion in HALQCD method

h(x; k) = io: V() A"d(x; k), Vn(x) independent of k&

n=0 [HALQCD, arXiv:1711.01883]

Convergence of expansion is unclear.
— Large number of terms would be necessary in general.

Approximation with Vy(x) and Vi(x) assuming k independence

Vo(z)p(x; k1) + Vi(x)Ag(x; k1)
Vo(z)d(x; k1) + Vi(x)(h(z; k1) — kT (z; k1))
h(z; ko) = Vo(x)o(x; ko) + Vi(z)(h(z; ko) — k3é(x; ko))

h(x; k1)
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Expansion of reduced BS wave function

[TY and Kuramashi, PRD96:114511,11(2017)]

Velocity expansion in HALQCD method

h(x; k) = io: V() A"d(x; k), Vn(x) independent of k&

n=0 [HALQCD, arXiv:1711.01883]

Convergence of expansion is unclear.
— Large number of terms would be necessary in general.

Approximation with Vy(x) and Vi(x) assuming k independence

Vo(z)p(x; k1) + Vi(x)Ag(x; k1)
Vo(z)d(x; k1) + Vi(x)(h(z; k1) — kT (z; k1))
h(z; ko) = Vo(x)o(x; ko) + Vi(z)(h(z; ko) — k3é(x; ko))

h(x; k1)

Vo(z) = k3¢ (; k1)h(z; ko) — k5¢(x; ko)h(x; k1)
| o(z; k1) h(w; ko) — (x; ka)h(w; k1) + ¢(@; k1) d(x; ko) (k2 — k2)
Vi(z) = d(x; k1)h(x; ko) — ¢(x; ko)h(x; k1)

¢(x; k1)h(z; ko) — ¢(x; ko) h(z; k1) + ¢é(x; k1) d(z; ko) (k3 — k3)

16-C



Expansion of reduced BS wave function

[TY and Kuramashi, PRD96:114511,11(2017)]

Velocity expansion in HALQCD method

xo
h(z; k) = > Va(z)A"¢(x; k), Va(z) independent of k
n=0 [HALQCD, arXiv:1711.01883]
Convergence of expansion is unclear.

— Large number of terms would be necessary in general.

Approximation with Vp(x) and Vi (z) assuming k independence

h(x; k1) Vo(z)o(z; k1) + Vi(x)Ad(x; k1)
Vo(z)op(z; k1) + Vi(x)(h(z; k1) — k2o (x; k1))

h(z; ko) = Vo(x)o(x; ko) + Vi(z)(h(z; ko) — k3é(x; ko))

22 . 7 N3 7 PR 22 . 7 2 N3 7 N
Vo(z) =| Vo(x), Vi(x) depends on ki, ko in general. [——
A AR W ALA G AP VA G RAYYALA G AR WA B A CCARAR WA A Sl Ay ALY | _k2>

Inconsistent with assumption

o(x; k1)h(z; ko) — ¢(x; ko)h(x; k1) + ¢(x; k1) o(x; ko) (k3 — Ié)d

e

Vi(z) =




Expansion of reduced BS wave function

[TY and Kuramashi, PRD96:114511,11(2017)]

Velocity expansion in HALQCD method

o
h(z; k) = > Va(z)A"¢(x; k), Va(z) independent of k
n=0 [HALQCD, arXiv:1711.01883]

Convergence of expansion is unclear.
— Large number of terms would be necessary in general.

Truncation of expansion could cause uncontrolled or hard to estimate
systematic error.

Actual calculation of time dependent HALQCD method uses the trun-
cated expansion.

16-e



Summary

Relation between BS wave function inside interaction range R
and half off-shell scattering amplitude H(p; k)

e Reduced BS wave function
h(z: k) = (A 4+ ED)éd(x; k), h(z:k)=0in R>x

e Simple relation between H(p; k) and h(x; k)

H(p; k) = _/d% e DT (2 k)

e LS/ reduction formula in relative coordinate
H(p; k) = (p° — k2) / A3z e PT(x; k)

e Both formulae can be used on finite volume calculation.

e It may be possible to derive similar relations in more than two particles.
17



Summary

5(p) from Shrodinger equation with h(x; k)/¢(x; k)

W sind(p) _ 1 13 _ipgh(zik)

o At p =k, 8(k) = &(k), but at p # k, 5(p) # 5(p).

Velocity expansion of h(x; k)

h(x; k) = i V() A"d(x; k), Vn(x) independent of k&

n=0

e V,(x) depends on k truncated by finite n terms.

e [runcated expansion could cause hard to estimate systematic errors,
which used in calculation of time dependent HALQCD method.

17-a



Back up



Plateau in two-nucleon channel

To understand current situation in two-nucleon calculation,

variational method is necessary.

It would be useful to understand source dependence as a
pilot study towards variational calculation.

Ny =0 my = 0.8 GeV, 3S; channel, L = 16,20, 32
Exponential smear

CkA () = A e=2mnt (B_ABt + BE e ANNL 4 . )

Wall source
CX[T/N(t) = A%/ e 2mNt (e_ABt + BKT/NLO‘e_ANNt + - )

Ap <0, Ayyx1/L3>0, a>0
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R(t) = Cyy()/(Cn(t))? in L =20
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R(t) = Cyn()/(Cn())? in L =32
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