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Methods

Based on general properties of the scattering amplitudes such as
Analyticity, Unitarity, Crossing symmetry, applied often in combination
with EFT (chiral symmetry (if not, can be added as a constraint))

I Unitarized Chiral Perturbation Theory. Oller, Oset, Pelaez (1997)
I Inverse Amplitude Method. Truon, Herrero, Dobado, Pelaez

(1988)
I Roy-Steiner equations based on dispersion relations. Roy,

Steiner, Hite (1971)
I N/D method, Oller (1998)
I Bethe-Salpeter ...

Lattice data + EFT (chiral symmetry) + general properties of the
scattering amplitudes can be a powerful tool !!
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Chiral Perturbation Theory

I ChPT expansion of the amplitude for meson-meson scattering

t(s) = t2(s) + t4(s) + ....t2k = O(p2k ) (1)

I Lowest-order Chiral Lagrangian

L2 =
f 2

4
〈∂µU†∂µU + M(U + U†)〉 (2)

L4 = L1〈∂µU†∂µU〉2 + L2〈∂µU†∂νU〉〈∂µU†∂νU〉
+L3〈∂µU†∂µU∂νU†∂νU〉+ L4〈∂U†∂µU〉〈U†M + M†U〉
+L5〈∂µU†∂µU(U†M + M†U)〉+ L6〈U†M + M†U〉2

+L7〈U†M −M†U〉2 + L8〈M†UM†U + U†MU†M〉 (3)
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Chiral Perturbation Theory

where U(φ) = exp(i
√

2Φ/f ), and

Φ(x) =


π0
√

2
+ η√

6
π+ K +

π− − π0
√

2
+ η√

6
K 0

K− K̄ 0 − 2√
6
η


µ

(4)

M =

 m2
π 0 0

0 m2
π 0

0 0 2m2
K −m2

π

 (5)

[1] J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984)

[2] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985)

[3] J. A. Oller, E. Oset and J. R. Pelaez, Phys. Rev. D 59, 074001
(1999)
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Unitary amplitude in coupled channels

I Unitarity in coupled channels:

ImTif = TinσnnT ∗nf (6)

with σnn(s) = − kn
8π
√

sθ(s − (m1n + m2n)2) and kn is the on-shell c.m.
momentum of the intermediate meson.

K-matrix formalism: T−1 = K−1 − iσ, where K−1 = ReT−1. And,

σ = T−1ImTT ∗−1 = 1
2i T
−1(T−T ∗)T ∗−1 = 1

2i (T
−1∗−T−1) = −ImT−1.

Therefore, T−1 = ReT−1 + iImT−1 = ReT−1 − iσ, or

T = [ReT−1 − iσ]−1 (7)
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Unitarity amplitude in coupled channels

Expansion of T−1 in powers of p2:

T ' T2 + T4 + ...

T−1 ' T−1
2 [1 + T4T−1

2 + ...]−1 ' T−1
2 [1− T4T−1

2 ...]

T = T2T−1
2 [ReT−1 − iσ]−1T−1

2 T2 = T2[T2ReT−1T2 − iT2σT2]−1T2

Inserting the expansion of T−1 in the first member of [],

T2 = ReT2, ImT = ImT4 = T2σT2.

T2ReT−1T2 = T2Re(T−1
2 (1− T4T−1

2 ))T2 = T2 − ReT4.

Thus,

T = T2[T2 − ReT4 − iImT4]−1T2 −→ T = T2[T2 − T4]−1T2 (8)

ReT4 ' T p
4 + T2ReGT2, ImG = σ, G ≡ Two meson func. loop,

T = T2[T2 − T p
4 − T2GT2]−1T2 (9)
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UChPT (NLO) Oller, Oset, Pelaez (1999)

VIAM is the kernel of the scattering equation:

T = T + VGT −→ T = [I − VIAMG]−1VIAM, with (10)

VIAM = [1− V4(V2)−1]−1V2 (11)

V2 =
m2
π − s
f 2
π

V4 = − 4
f 4 ((2 L1 + L3)(s − 2 m2

π)2

+L2((t − 2 m2
π)2 + (u − 2 m2

π)2)

+2(2 L4 + L5)m2
π(s − 2 m2

π)

+4(2 L6 + L8)m4
π)

I = L = 1:

−→ V 11
ππ = −2p2/(3(f 2

π − 8̂l1 m2
π + 4̂l2 E2)) (12)

and, l̂1 = 2 L4 + L5, l̂2 = 2 L1 − L2 + L3.
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UChPT

V 00
ππ(s) =

3(m2
π − 2s)2

6f 2
π(m2

π − 2s) + 8(Lam4
π + s(Lbm2

π + Lcs))

La = −36̂l1 + 44̂l2 + 20(5L2 + 6L6 + 3L8) ,

Lb = 12̂l1 − 40̂l2 − 80L2 ,

Lc = 11̂l2 + 25L2 , (13)

Sets of LECs used here,

I ρ: l̂1, l̂2
I σ: La,Lb,Lc

I σ + ρ: l̂1, l̂2, L2 and L8.
I L6 = 0
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Second Riemann Sheet

Schwartz reflexion theorem: f (z) is analytic in a region of the
complex plane in which f is real, then

f (z∗)∗ = f (z) (14)

For the loop function, above threshold, Re
√

s > m + M,

G(
√

s − iε) = (G(
√

s + iε))∗ = G(
√

s + iε)− i 2ImG(
√

s + iε) (15)

Since the beginning of R2 is equal to the end of R1,

GII(
√

s + iε) = GI(
√

s − iε) = GI(
√

s) + iε)− i 2ImGI(
√

s + iε) (16)

Since ImGI(
√

s + i ε) = − q
8π
√

s ,

GII(
√

s) = GI(
√

s) + i
q

4π
√

s
, Imq > 0 (17)
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Meson decay constants from SU(3) UCh PT ex-
trapolation

The physical masses can be expressed as a function the leading
order masses (M0), LEC’s (Lr ) and pseudoscalar decay constants (f ).

M2
π = M2

0π

[
1 + µπ −

µη
3

+
16M2

0 K

f 2
0

(
2Lr

6 − Lr
4
)

+
8M2

0π

f 2
0

(
2Lr

6 + 2Lr
8 − Lr

4 − Lr
5
)]
,

M2
K = M2

0 K

[
1 +

2µη
3

+
8M2

0π

f 2
0

(
2Lr

6 − Lr
4
)

+
8M2

0 K

f 2
0

(
4Lr

6 + 2Lr
8 − 2Lr

4 − Lr
5
)]
,

M2
η = M2

0 η

[
1 + 2µK −

4
3
µη +

8M2
0 η

f 2
0

(2Lr
8 − Lr

5) +
8
f 2
0

(2M2
0 K + M2

0π)(2Lr
6 − Lr

4)

]
+M2

0π

[
−µπ +

2
3
µK +

1
3
µη

]
+

128
9f 2

0
(M2

0 K −M2
0π)2(3L7 + Lr

8),

µP =
M2

0 P

32π2f 2
0

log
M2

0 P

µ2 , P = π,K , η ,

where f0 is the pion decay constant in the chiral limit, 4πf0 ' 1.2 GeV,
µ is the regularization scale.
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Meson decay constants from SU(3) UCh PT ex-
trapolation

One loop SU(3) UChPT,

fπ = f0
[
1− 2µπ − µK +

4M2
0π

f 2
0

(
Lr

4 + Lr
5
)

+
8M2

0 K

f 2
0

Lr
4

]
, (18)

fK = f0
[
1− 3µπ

4
− 3µK

2
− 3µη

4
+

4M2
0π

f 2
0

Lr
4 +

4M2
0 K

f 2
0

(
2Lr

4 + Lr
5
)]
,

(19)

fη = f0

[
1− 3µK +

4Lr
4

f 2
0

(
M2

0π + 2M2
0 K

)
+

4M2
0 η

f 2
0

Lr
5

]
. (20)

[1] J. Nebreda and J. R. Pelaez., Phys. Rev. D 81, 054035 (2010)
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Formalism in the finite volume

Two-meson-loop function G:

G = Gco(E) =

∫
q<qmax

d3q
(2π)3

ω1 + ω2

2ω1ω2

2Mi

E2 − (ω1 + ω2)2 + iε
(21)

where ωi =
√

m2
i + |~qi |2 is the energy and ~q stands for the

momentum of the meson in the channel i . In the finite volume, the
momenta is quantized,

~qi =
2π
L
~ni ; T −→ T̃ ; G(E) −→ G̃(E) , (22)

[1] M. Doring, U. G. Meißner, E. Oset and A. Rusetsky, Eur. Phys. J.
A47, 139 (2011)

[2] M. Doring, J. Haidenbauer, U. G. Meißner, and A. Rusetsky, Eur.
Phys. J. A47, 163 (2011)
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Formalism in the finite volume

where
G̃(E) =

1
L3

∑
~qi

I(E , ~qi ) , (23)

with

I(E , ~qi ) =
ω1(~qi ) + ω2(~qi )

2ω1(~qi )ω2(~qi )

1
(E)2 − (ω1(~qi ) + ω2(~qi ))2 (24)

and ~q = 2π
L (nx ,ny ,nz). The formalism can also be made independent

of qmax and related to α.

G̃ = GDR + lim
qmax→∞

(
1
L3

∑
q<qmax

I(E , ~q)−
∫

q<qmax

d3q
(2π3)

I(E , ~q)

)
≡ GDR + lim

qmax→∞
δG , (25)

[1] A. Martinez Torres, L. R. Dai, C. Koren, D. Jido and E. Oset, Phys.
Rev. D 85, 014027 (2012)
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Formalism in the finite volume

I Bethe-Salpeter equation in finite volume,

T̃−1 = V−1 − G̃ (26)

I Energy levels in the box in the presence of interaction V
correspond to the condition

det(I − VG̃) = 0 (27)

I One-channel-amplitude in infinite volume T

T = (G̃(Ei )−G(Ei ))−1. (28)

I Phase shift:
tanδ = −k/(8πE∆G) (29)
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Boost, Asymmetric Boxes and Partial Wave De-
composition

Doering, Meiÿner, Oset, Rusetsky (2012)

~q1, ~q2 = ~P − ~q1, s ≡ W 2 = (P0)2 − ~P2, and ~q∗ the momenta in the CM frame∫
d3~q ∗

(2π)3 I(|~q ∗|)→ G̃(P) =
1
ηL3

√
s

P0

∑
~n

I(|~q ∗(~q)|). (30)

~q ∗1,2 = ~q1,2 +

[(√
s

P0 − 1
)
~q1,2·~P
|~P|2

− q∗0
1,2
P0

]
~P; with ~q = 2π

L (nx , ny ,
nz
η

),~P = 2π
L (Nx , Ny ,

Nz
η

).

T̃lm,l′m′(p, p
′) = Vl (p, p′)δll′δmm′ +

∑
l′′m′′

Vl (p, qon,∗)G̃lm,l′′m′′ (q
on,∗)T̃l′′m′′ ,lm(qon,∗, p′) (31)

det(δll′δmm′ − Vl (qon,∗, qon,∗)G̃lm,l′m′(q
on,∗)) = 0 (32)

Irreducible representations for asymmetric boxes and boost ~P = 2π
ηL (0, 0, 1),

I = L = 0 −→ A
+ : −1 + V0G00,00 = 0

I = L = 1 −→ A
−
2 : −1 + V1G10,10 = 0;E− : −1 + V1G11,11 = 0
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The σ resonance

Anlyses
mπ = 227,315 MeV

Conformal mapping:
I cm1: σ, individual
I cm2: σ, individual

Chiral unitary approach:
I chm1: σ, combined
I chm2: σ + ρ, individual and combined
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Conformal mapping

Parameterization
I Most general form of the K -matrix as an analytical function of

energy
I The convergence of the series is improved by mapping it onto

the interior of a disk

ω[cm1](s) =

√
s − α

√
4m2

K − s
√

s + α
√

4m2
K − s

, (33)

ω[cm2](s) =

√
s − α√
s + α

, (34)

with α = 1; mK = 550MeV [cm1] and α = 1000 MeV [cm2].
I. Caprini. Phys. Rev. D77 (2008)
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Conformal mapping

K matrix:

K−1
00 (s) =

1
16π

M2
π

sA − s

( 2sA

Mπ

√
s

+ B0 + B1ω(s) + ...
)

(35)

Chiral symmetry dictates that T00(s) must vanish for s = sA ∼ M2
π/2.

I α is fixed (not significant improved if running).
I Two fitting parameters, B0 and B1.

Scattering amplitude in the finite volume and I = L = 0 channel,

T̃00(s) =
1

K−1
00 (s)− G̃(s)

, (36)

Solution: Energies E i
0 with covariance matrix C,

χ2 = (E − E0)T · C−1 · (E − E0) (37)

which provide a minimal χ2.
Molina | Extensions of Chiral Perturbation Theory for the Analysis of LatticeQCD data



19

Results: Conformal mapping
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Figure: p cotδ as a function of p2 in the conformal parameterizations for the
I = L = 0 channel, [cm1] and [cm2], in comparison with the individual σ + ρ
chiral fits.
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Pole positions

Conformal mapping vs. UChPT fits

Par. Fitted Mπ = 227 MeV Mπ = 315 MeV

data set Rez0 - Imz0 g Rez0 - Imz0 g

cm1 σ227 460+30
−60 180+30

−30 3.2+0.1
−0.1 – – –

σ315 – – – 660+50
−70 150+40

−50 4.0+0.2
−0.2

cm2 σ227 475+30
−60 176+50

−40 3.3+0.3
−0.2 – – –

σ315 – – – 660+50
−90 140+40

−50 3.9+0.2
−0.2

chm2 σ227 ρ227 460+30
−40 160+30

−30 3.0+0.1
−0.1 – – –

σ315 ρ315 – – – 660+40
−60 120+40

−40 3.6+0.1
−0.1

Table: Pole positions (z0 in MeV) and corresponding couplings to ππ channel
(g in GeV) in the conformal mapping parameterizations, [cm1] and [cm2], and
in the UChPT individual fits [chm2].
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Combined fits from UChPT
σ [chm1] and σ + ρ [chm2] fits
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Figure: Energy levels in the σ fits [chm1] to mπ = 227, 315 MeV energy
levels. The energy levels are similar when the ρ meson is included [chm2].

Molina | Extensions of Chiral Perturbation Theory for the Analysis of LatticeQCD data



22

Combined fits from UChPT
σ [chm1] and σ + ρ [chm2] fits
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Figure: p cotδ in the chiral combined fits for two pion masses, in the I = L = 0

channel, and I = L = 0 and I = L = 1 channels.
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Extrapolation to the physical point

chm1 (comb.)

chm2 (comb.)

Exp.
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Figure: Comparison to the experimental data of Batley, 2010;

Frogatt,1977; Estabrooks,1974; Hyams,1973; Protopopescu,1973;

Grayer,1974.
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Pion mass dependence
Pole position z0
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Figure: Pole position z0 in units of mπ. In
the boxes, the pion mass in terms of the
physical one, mπ,0 = 138 MeV. Gray dots
are the masses studied here (lattice data).
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Figure 4: Movement of the σ (dashed lines) and ρ (dotted lines) poles for increasing pion
masses (direction indicated by the arrows) on the second sheet as extracted from the IAM.
The filled (open) boxes denote the pole positions for the σ (ρ) at pion masses mπ = 1, 2,
and 3×mphys

π , respectively. Note, for mπ = 3mphys
π three poles accumulate in the plot very

near the ππ threshold.
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Figure 5: Behavior of the σ pole in the k–plane. Left panel: mπ dependence of kp and
γ. The filled circles (boxes) show the results of the numerical determination for |kp| (γ)
from the full calculation, while the lines are produced from the fitting functions given in
the text. Right panel: the resulting pole movement for the σ in the k–plane

also allows us to give a simple parameterization for the mπ–dependence of the resonance
poles shown in Figs. 4 and 5. Especially we get for the σ

(

kσ
p

)2
= a2σ(b

2
σ −m2

π) and γσ = γσ
0 + cσ(mπ/m

phys.
π )2 , (24)

12

IAM solution (exp. data).
Hanhart, Pelaez, Rios

(2014)

In both cases it becomes bound at 3 mπ,0
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Pion mass dependence
Coupling gπ

Fit to lat. data

Fit to exp. data
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Figure: Coupling gπ as a function of mπ. In gray the masses studied here.
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UChPT vs. other works (σ)

Par. Mπ = 138 MeV Mπ = 227 MeV Mπ = 315 MeV

Fitted data set Rez0 - Imz0 g Rez0 - Imz0 g Rez0 - Imz0 g

chm1 440+60
−90 240+20

−50 3.0+0.2
−0.6 490+100

−70 170+40
−110 3.0+0.7

−0.5 590+130
−120 80+150

−80 4.0+4.0
−2.0

σ227,315

chm2 440+10
−16 240+20

−20 3.0+0.0
−0.0 500+20

−20 160+15
−15 3.0+0.0

−0.1 600+30
−40 80+20

−80 3.9+5.0
−0.2

σ227,315 ρ227,315

Par. Mπ = 138 MeV Mπ = 236 MeV Mπ = 391 MeV

Fitted data set Rez0 - Imz0 g Rez0 - Imz0 g Rez0 - Imz0 g

Pelaez, 2015 449+22
−16 275+12

−12 3.5+0.3
−0.2 - - - - - -

Exp.

Doring, Mai 2016 452+1
−0 144+0

−4 2.6+0.0
−0.0 515+0

−0 104+3
−0 3.0+0.0

−0.0 771+1
−0 0 3.0+0.0

−0.1

(σ/ρ)236,391

Briceño, Wilson 2016 - - - 667+113
−113 201+84

−84 2.9+0.7
−0.7 753+8

−8 0 2.3+0.3
−0.3

σ236,391

chm2 440+10
−16 240+20

−20 3.0+0.0
−0.0 510+20

−20 160+15
−15 3.1+0.0

−0.1 781+2
−20 0.0+0.0

−0.0 2.1+2.6
−2.0

σ227,315 ρ227,315

Table: Pole positions (z0 in MeV) and corresponding couplings to ππ channel
(g in GeV) in the chiral unitary approach [chm1] and [chm2].
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UChPT vs. other works (σ)
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Figure: pcotδ in comparison with the result of Bricenõ, Wilson (2016) and the
analysis of Döring, Mai (2016)
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The ρ meson

Analyses

I GWU Nf = 2 energy levels (comparison to other Nf = 2 lattice
data)

I Other Nf = 2 lattice data
I Nf = 2 + 1 lattice data
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Nf = 2 GWU data
Comparison to other data
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Nf = 2 GWU data
Comparison to other data
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Figure: Left: The K K̄ phase shift (physical pion masses) is small and
negative. Same sign than in the work of Wilson et al. (2015). Right:
Comparison of the inelasticity from UChPT with the experiment and the
Roy-Steiner solution.
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Analysis of Nf = 2 lattice data: RQCD, GWU,
QCDSF, Lang, ETMC and CP-PACS

K K̄ channel included a posteriori (red)
B. H, R. Molina, M. Döring and A. Alexandru, Phys. Rev. Let. 117 (2016)

D. Guo, A. Alexandru, R. Molina and M. Döring, Phys. Rev. D94 (2016)

[1] G. S. Bali et al . [RQCD Collaboration], Phys. Rev. D93 (2016)

[2] M. Göckeler et al. [QCDSF Collaboration], PoS LATTICE (2008)

[3] C. B. Lang, D. Mohler, S. Prelovsek and M. Vidmar, Phys. Rev. D. 83 (2011)

[4] X. Feng, K. Jansen and D. B. Renner [ETMC Collaboration], Phys. Rev. D83 (2011)

[5] S. Aoki et al. [CP-PACS Collaboration], Phys. Rev. D76 (2007)
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Analysis of Nf = 2 lattice data: RQCD, GWU,
QCDSF, Lang, ETMC and CP-PACS

Motivation

KK̄ loops in the ππ − KK̄ system with (I = 1,L = 1)

200 400 600 800 1000

W[MeV]

|p
cm
(π

π
)p
cm
(K
K
)
2
|G

K
K_
|

mρ=770. MeV

KKππ

Ratio of the couplings of the ρ meson to ππ and KK̄

Oller/Pelaez1999 Guo/Oller2012

|gKK̄/gππ| 0.54 0.64

Not that small! NL0 UChPT PRD59,074001 vs. One-loop UChPT, PRD84,034005
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Ratio of the couplings of the ρ meson to ππ and K K̄

Oller/Pelaez(1999) Guo/Oller(2012)

gK K̄
gππ

0.54 0.64

Not that small!! NLO UChPT vs. One-loop UChPT

Molina | Extensions of Chiral Perturbation Theory for the Analysis of LatticeQCD data



33

Analysis of Nf = 2 lattice data: RQCD, GWU,
QCDSF, Lang, ETMC and CP-PACS

Figure: Effect of the K K̄ channel in
the (mρ, g) plane indicated with
arrows, after chiral extrapolation to
the physical pion mass.

Figure: Error ellipses in the (̂l1, l̂2)
plane.

Most ellipses in the (̂l1, l̂2) plane from the Nf = 2 lattice data analysis
have a common overlap area.
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Nf = 2 + 1 lattice data analysis

[1] D. J. Wilson, R. A. Briceño, J. J. Dudek, R. G. Edwards, and C.
E. Thomas, Phys. Rev. D92 (2015) [Wilson15]

[2] J. J. Dudek et al. Phys. Rev. D87 (2013) [Dudek13]

[3] J. Bulava, B. Fahy, B. Hörz, K. J. Juge, C. Morningstar and C. H.
Wong, Nucl. Phys. B910 (2016)

[4] J. Bulava, B. Hörz, B. Fahy, K. J. Juge, C. Morningstar and C. H.
Wong, PoS LATTICE (2016)

[5] S. Aoki et al., Phys. Rev. D84 (2011)

[6] C. Alexandrou et al., Phys. Rev. D96 (2017)

[7] Z. Fu and L. Wang, Phys. Rev. D94 (2016)
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Nf = 2 + 1 lattice data analysis

Figure: Left: Lattice data included in the fit are marked in red [Wilson15],
[Dudek13], [Bulava16]. Right: Extrapolation to the physical point in
comparison to the experimental data.
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Nf = 2 + 1 lattice data analysis

Figure: Left: Lattice data included in the fit are marked in red [Bulava15],
[Aoki11] and [Alexandru17]. Right: Extrapolation to the physical point in
comparison to the experimental data.
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Nf = 2 + 1 lattice data analysis

mπ [MeV] l̂1 × 10−3 l̂2 × 10−3 χ2
d.o.f

Wilson15 236 3.7± 1.2 −3.2± 0.3 0.9

Dudek13 391 1.8± 0.5 −3.7± 0.3 1.2

Bulava16 230 5± 2 −3.1± 0.4 1.1

Aoki11 300& 400 2.5± 0.7 −2.8± 0.3 1.1

Alexandrou17 317 2.8± 0.8 −3.8± 0.3 0.6

HadSpec 236&391 2.0± 0.2 −3.6± 0.1 1.1

Guo16 (Nf = 2) 226&315 2.26± 0.14 −3.44± 0.03 1.3

Table: Low-energy constants and χ2
d.o.f obtained in the minimization for fixed

L3 = −3.01× 10−3 and L5 = 0.64× 10−3.
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Nf = 2 + 1 lattice data analysis

★★

236 MeV Wilson15 Nf=2+1

391 MeV Dudek13 Nf=2+1

236,391 MeV HadSpec Nf=2+1

230 MeV Bulava16 Nf=2+1

300,400 MeV Aoki11 Nf=2+1

317 MeV Alexandrou17 Nf=2+1

266 MeV Lang11 Nf=2
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Figure: Error ellipses (68% confidence) in the minimization for the SU(3)
analyses of the Nf = 2 + 1 lattice data sets. The red dash-dotted ellipse
(Lang11) represents the uncertainties from the analysis of the Nf = 2 data
using a one-channel SU(3) UChPT model
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Nf = 2 + 1 lattice data analysis
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Figure: K K̄ phase shifts (first row) and inelasticities (second row) obtained in
the minimization for the different lattice data sets extrapolated at mπ = 236
MeV, in comparison with the result from [Wilson15] (bands). In the bottom
row, the extrapolated inelasticity to the physical point, in comparison with the
experimental data (squared), and with the Roy-Steiner solution (black-dashed
lines).
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Nf = 2 + 1 lattice data analysis

Combined fit of the Hadron Spectrum Col. data mπ = 236,391 MeV

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

ç

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

áááá
áá

á
á

á

á

á

á

á

á

á

á

á

ááá
ááá

á áá ááá
á á

àààà
àà

à
à

à

à

à

à

à

à

à

à

à

ààà
ààà

à àà ààà
à à

500 600 700 800 900 1000 1100
0

50

100

150

200

W@MeVD

∆@°D

MΠ=236,391 MeV HadSpec Comb

ç
ç

ç
ç

ç
ç

ç
ç
ç
ç
ç
ç

ç
ç

çç
çç ç ç ç ç ç ç çç

áááááááá
áá

á
á

á

áá
á

áá
áá

500 600 700 800 900 1000 1100
0

50

100

150

200

W@MeVD

∆@°D

MΠ=138MeV HadSpec Comb

Figure: Left: Lattice data fitted (red). Right: Extrapolation to the physical point
in comparison to the experimental data

χ2/d.o.f = 1.1 (38)
The extrapolated ρ mass is ∼ 750 MeV
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Pion mass dependence of the ρ meson mass

Figure: Pion mass dependence of the ρ meson mass. In red, the prediction
from the combined fit of the HadSpec Collaboration in comparison with the
SU(2) result
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Nf = 2 + 1 lattice data analysis
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Figure: Coupling vs. the ρ mass in different minimizations.
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Conclusions

Unitarized Chiral Perturbation Theory is a powerful and simple
model to study the pion mass dependence, which can be
implemented in the finite volume to fit the energy levels.
It different channels and partial waves and can be applied to
sudy, the σ, ρ, K ∗, κ,... and other resonances below 1.2 GeV
Input from lattice: Energy levels or phase shifts, covariance
matrix, decay constants (if possible)
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