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Hadron Spectroscopy

Constituent quark model has been successful
in classitying the hadron spectrum, and gives
guidance to the QCD substructure

Search for exotics (non-quark model) 1s Mesons @
goal of many experiments (e.g. GlueX), Baryons
and many new states have been
discovered (XYZP’s) o
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Why 3-body Physics?

Advancements 1n theory and experiment
require revisiting 3-body hadron scattering
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C.Adolph et al. [COMPASS], 95 1 s 2 25

Lattice QCD has been computing scattering

Phys. Rev. D 95, no. 3, 032004 (2017) ms, [GeV/c?]
amplitudes - Requires 3-body formalism for 07
. . . X
Coptlnulr}g amp.htudes to complex energies 5 70" £ (980) 7 P
to investigate higher mass resonances : (a) 0.1<1'< 1.0 (GeV/c)
c<l;: 20 C (1) Model curve
New High-precision, high-statistics data N i (2) a,(1420) resonance
collected on many 3-body meson systems - S s 3 (3) Non-resonant term
COMPASS, GlueX, ... K - o
.. : > [
New (and old) mysteries in the light-hadron & 10
sector, e.g., a1(1420) g I
g -
a1(1420) = 7w " L e L
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C. Adolph et al, [COMPASS] 1 1.2 14 16 18 2 22
.Adolph et al. s
Phys. Rev. Lett. 115, no. 8, 082001 (2015) M3z [GeV/c?]
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Why 3-body Physics?

4.5 _—

B In heavy quarkonia, have discovered many
_LA415) non-quark model states (XYZs)
_ Y (4260) —
—  Y(ai00) - Many of these are found in 3-body decays,
ol 3 Z¢(3900) near Fhresholds - could 3-body effects
— _.contribute to the nature of these states?
xo(2p.=.\ ----- Xe2(2P) ---- DD
___________ Ty B8 X (3872)/Z.(3900) — DD
$(25)
% nc(2s)
U% 3.5 | he(1P) ;01(113) xe2(1P) A35
= Xco(1P) % 30
_ o
BT = KEnTn=J/4y 1 25
T/(18) ~— g 20
3.0
~eH X(3872) 45
RPP2016 i ‘2 10
Godfrey & 38 Gimtes = (fuﬂcﬁ) 0
w5 ;
95 L ) TSI BRI BRI PR B
e e A R A S.K. Choi [Belle], 3.82 3.84 3.86 3.88 3.9 3.92
IPe Phys. Rev. Lett. 91 (2003) 262001 M(J/y nirt) (GeV)
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Why 3-body Physics?

4.5 _—

B In heavy quarkonia, have discovered many
_LA415) non-quark model states (XYZs)
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Scattering Phenomenology

Model independent methods such as S-matrix theory provide constraints for reaction
amplitudes: Unitarity, Analyticity, Crossing, and Poincaré Symmetry

' Data (Experimental/Lattice) '
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Scattering Phenomenology

Model independent methods such as S-matrix theory provide constraints for reaction
amplitudes: Unitarity, Analyticity, Crossing, and Poincaré Symmetry
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Scattering Phenomenology

Model independent methods such as S-matrix theory provide constraints for reaction
amplitudes: Unitarity, Analyticity, Crossing, and Poincaré Symmetry
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Scattering Phenomenology

Model independent methods such as S-matrix theory provide constraints for reaction
amplitudes: Unitarity, Analyticity, Crossing, and Poincaré Symmetry
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Scattering Phenomenology

Model independent methods such as S-matrix theory provide constraints for reaction
amplitudes: Unitarity, Analyticity, Crossing, and Poincaré Symmetry
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2—2 Elastic Scattering

Consider the elastic scattering of the 2—2 system ab—ab, where a

and b are distinguishable particles

{p Y TI{p}) = 2n)*6 (P — P)F({p',p})

Final State Initial State 2—2 Amplitude
/
D1 P1
= F({p’,p})
— P,P
p’z P2 Relevant
Kinematic
> Variables
Rxn Flow
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2—2 Elastic Scattering

Unitarity constrains the amplitude by fixing the imaginary part

Elastic Unitarity Relation ( s < Sineias )

[ )
Im F({p',p}) = p2(s) /de” F{p",p'H)F{p", p})O(s — 5:1)
L Y,

Can reduce the unitarity relation by Partial Wave Expansion

Fiwoh =3 (X5 rop B

=0 L p -p =cosl
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2—2 Elastic Scattering

Unitarity constrains the amplitude by fixing the imaginary part

Elastic Unitarity Relation ( s < Sineias )

f

Im F({p',p}) = p2(s) /de” F{p",p'H)F{p", p})O(s — 5:1)

~

_

Partial wave unitarity relation 1s now algebraic

é h

Im fo(s) = p2(s)|fe(s)?O(s — sin)
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2—2 Elastic Scattering

Dispersive representation for partial wave amplitudes

i) = L [ ag I L L[ g 2ol UANE

s’ — s T s’ — s

— OO

Nonlinear constraint for the amplitude f; (s)

Left-hand cut physics comes from crossing

A Im s

/ Az Py(z) | ~log (g(s))

some function
of kinematics

Af Y
3¢’/
I\
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2—2 Elastic Scattering

Dispersive representation for partial wave amplitudes
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— OO

Nonlinear constraint for the amplitude f; (s)

Left-hand cut physics comes fro ' ﬂ

Partial wave amplitudes have more
complicated analytic structures - Careful in
defining dispersive representations )

/ dzs Py(zs) ~ log (g(s)) - /

some function
of kinematics
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2—2 Elastic Scattering

Can linearize the system via N-over-D method

Dg(S) 50
0 s p2(s’)Ne(s')
Dy(s) :Dé )( ) ;/ ds’ s'(s' — s)
Sth
Ni(s) | D(s) | \
Function not constrained by unitarity:
CDD poles, polynomials, ...
AAAAAAAAAAAAAAAA AT > Il AAAAAAAAAAAAAAAAAD-

Related to the K-matrix

£, h(s) =K, '(s) — ° /OO ds’ p2(5')
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2—2 Elastic Scattering

Can linearize the system via N-over-D method

_ L7 De(s) Im fu(s)
fo(s) = Nels) A /_ood s’ — s

Dy(s) = Dé())(g) — f/ ds’ p2(s’)Ne(s')

" (=)

There 1s freedom 1n the function, not \
constrained by general principles -
Must be determined by SpecCific theory || guswwaws

Function not constrained by unitarity:
CDD poles, polynomials, ...

Parameterize our Ignorance

\_ J

Related to the K—mat&

) =K = 2 [ as P
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3—3 Scattering Phenomenology
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3—3 Elastic Scattering

r R
Construct unitarity
constraints
_ v y
r R

Partial Wave Expansion

\ v Y
a )
Dispersion Relations
\ v Y
a )
Parameterizations
\ Y

m2__. [(GeV/c?)]

Consider the elastic scattering of 3-distinguishable
particles /123—123

One approximation that is motivated by experimental
analyses 1s the Isobar Model: Two particles resonant
(called an Isobar) and the interact with third particle
(called the Spectator)

| m,, — 1318 MeV/c? | < 100 MeV/c2 | my, — 1672 MeV/c2| < 100 MeV/c?
- 800 [ g (P770) 350
700 ¥ Jo(980) 300
2 - 250
5T ’ iy, ifZ (1270)
QO o '
S 200
O :
g 150
L1
okt
& 100
- 50
1 1 1 1 | 1 1 1 Il | 1 1 1 1 | ] 1 0 I 1 1 1 1 1 1 1 1 1 I 1 0
0 0.5 1 1.5 0 1 2
m2_. [(GeV/c?Y] m2_.. [(GeV/c?y]

C.Adolph et al. [COMPASS],
Phys. Rev. D 95, no. 3, 032004 (2017)
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3—3 Elastic Scattering

r R
Construct unitarity
constraints
_ v y
r R

=4 Multiple variables =

Multiple discontinuities

of 3-distinguishable

vated by experimental
'wo particles resonant

(called an Isobar) and the interact with third particle

Partial Wave Expansion (called the Spectator)
u Y,
v | ms, — 1318 MeV/c?| < 100 MeV/c? | ms, — 1672 MeV/c? | < 100 MeV/c?
~ ~ . 800 [ g (P70 350
700 N (/%50) L670 300
Dispersion Relations _ _ . 7;?1;0) ) ls
k ) : 3 ' Gl
3 S | ' 150
\4 E =
- D) s 05 S 100
. . [ - 50
Parameterizations e -
00 0.5 1 1.5 OO 1 2 0
\_ W, m2 . [(GeV/c?Y] m2_.. [(GeV/c?y]

C.Adolph et al. [COMPASS],
Phys. Rev. D 95, no. 3, 032004 (2017)
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3—3 Elastic Scattering

4 . of 3-distinguishable
Construct unitarity Multiol -
constraints R 4 tp © Valldbics =
- v J Multiple discontinuities |vated by experimental
~ ~ WO particles resonant

(called fun_kabaﬂ_and_tbimemamLLth third particle

Partial Wave Expansion (called Projecting above/below
- / cuts may lead to
v | ms, — 1| . i 672 MeV/c? | < 100 MeV/c?
[ different relations 770) 350
. ) 1.5 S\ £(980)
. . . | ~ 42(1320) R~ (1670) |
Dispersion Relations 0 \ a3 7 ffmo) 250
9 y ‘;: I L} b’ 200
[5) L % i '
v = = i} =
-~ ~ NSE 0.5 NSE ! 100
. . [ - 50
Parameterizations
OO 0.5 1 1.5 00 1 2 0
. J m2_. [(GeVic?Y] m? . [(GeVic?Y]

C.Adolph et al. [COMPASS],
Phys. Rev. D 95, no. 3, 032004 (2017)
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3—3 Elastic Scattering

& L R of 3-distinguishable
Construct unitarity Multiol -
; 1 r1 =
constraints ‘ u e eova a. es. ,
- v J Multiple discontinuities |vated by experimental
= - —1{wo particles resonant
(called ' (th third particle
Partial Wave Expansion (called Projecting above/below
- / cuts may lead to
v | ms, — 1| . i 672 MeV/c? | < 100 MeV/c?
a ~ gy different relations [ 350
1.5_— 4 " | ¢f0(980) 200
Dispersion Relations —|uy, ) ~ 02(1320) i600 B % Wz(;f?()) 250
- ) 2 1 A (. . 200
v & | | Singularities along paths | -
r ™ ”sE 0.5 of contours 100
. . I F 50
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C.Adolph et al. [COMPASS],
Phys. Rev. D 95, no. 3, 032004 (2017)

A. Jackura, Indiana University (ajackura@indiana.edu)


mailto:ajackura@indiana.edu?subject=

3—3 Elastic Scattering

Consider the elastic scattering of the 3—3 system /123—123, where
1, 2, and 3 are distinguishable particles

The S-matrix 1s decomposed as

{p'} S {p}) = {p'H{p}) —
+3 ) 8(p) — py)(2m)*dW(Q) — Q) F;({p', p})

J

Completely Disconnected

- Disconnected

i 7j(27r)45(4) (P"— P)A({p",p}) T (Connected

SOE == e e

Fi({p’,p};) A({p’,p})
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3—3 Elastic Scattering

3—3 amplitudes depend on 8 independent variables. One representation 1is

3 20 + 1
Final CMS Plane %\ A{p P => > ( ) AL ({ENDSA (R

J AN / /

— . . /
RJ k— (903 » Viks 90k> Invariant energies Euler angles

{E} — {0/17 O-én 8701702}

/ 2 2
§ +tjk + Ujk = 05 + 0 + M5 + my

3 3
_ 2
E 0; =8+ g m;
3 3
E afﬂ = S+ E m%

Initial CMS Plane
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Unitarity Relations

Disconnected 2—2 Unitarity Relation

2Im F;({p’,p};) = p2(0;) / Qi 77 ({p", p'};)Fi({p", p}))

Connected 3—3 Unitarity Relation

Glm A({p’,p}) = / dpdpydpy (2m)*6™W (P — P) A*({p”,p’})«‘l({p”yp})\
37 o) [ a2 ("B AR PHO — o)

k
+3 paloy) / 19 A*({p", p' N F({p", p};)0(0; — 09)

+ Y21 6(uzn — miy) Fe({p”, 0" }e) F ({p", p};)

7,k
\_ P /
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Unitarity Relations

Disconnected 2—2 Unitarity Relation

Pj, Piv 1 P, Pj
p;é Pjs pg'z p;,; Pj,
Dj < Pj Py < < Dj
Connected 3—3 Unitarity Relation
i P 2 I 2
2 Im pé ; N pé % "
Py 3 vy P3
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The Isobar Model

Assume that the amplitude can be expanded into Isobar Amplitudes

AP, p}) = > Ari({p', p}i))

Two particles interact before
interacting with spectator

Pj

Pjs

Sum over all allowed isobars

A. Jackura, Indiana University (ajackura@indiana.edu)


mailto:ajackura@indiana.edu?subject=

The Isobar Model

Assume that the amplitude can be expanded into Isobar Amplitudes

A{p',p}) = ZAkj({p’, P}ij)

Two particles interact before

interacting with spectator
(A= 5 Y Aot V@Y (@)

/
Sjy85, AjiAL

k Model involves only finite number of isobars j
7

Sum over all allowed isobars
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Isobar Model Unitarity Relations

Factorizes the sub-energy rescattering

1
Dy(0y.)

1
Dj(c;)

Ak (0%, 8, tjk, 0j)

\ /

/ Still sub-energy dependence
2—2 Rescattering

filoj) = Nj(o;)/Dj(c;)

Ak (0 8, tjk, 05) =

A. Jackura, Indiana University (ajackura@indiana.edu)
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Isobar Model Unitarity Relations
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Isobar Model Unitarity Relations
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Isobar Model Unitarity Relations
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Analytic Structure

We can split the imaginary part into discontinuities across all variables

Need to be careful on which direction we approach the real axis from the
complex planes

. -+ / T
21 Im Akj(a-ka S7tjk7ujk7 O-]) — AO';{: Akj(8+,tjk_|_,ujk_|_, Uj-|-)

1 /
_I_As-Akj(Uk tjk‘|‘7u-]k‘|‘70-3+

)
1)
)
_)
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Analytic Structure

We can split the imaginary part into discontinuities across all variables

Need to be careful on which direction we approach the real axis from the

complex planes

/For J # k, have to worry about singularities in ujx from \ jkisO j_|_)
One Particle Exchange (OPE)
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Analytic Structure

— .

28 &
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Analytic Structure

&, &
—_— (——
— —
Ag @
P pj
& &j
S N — =
Ay
p% pj
& &j
— - _ =
A
0
P pj
&, &
. . - _ —
28 p;

//pj
//_

)

§j
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Will turn this into an s-channel
cut via Partial Wave Projection

Lk _ / .
70wk = ujk(%syzjkj%b
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Partial Wave Amplitudes

We now want to consider partial wave projections of the amplitude

To simplify the expressions, let’s consider the case for J = 0, and spin-0
1sobars

+1

ij(O‘,/c,S,O'j) — / dzjk Akj(U,;,S,tjk(S,ij),O'j)
—1

We can proceed to project out the discontinuities

Note : The off-diagonal ( j # k ) amplitudes have a subtlety because of the
OPE amplitude

A. Jackura, Indiana University (ajackura@indiana.edu)
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One-Particle-Exchange

Partial wave projection of the OPE P,
term gives an extra cut in the

complex s-plane : P,

Exchange Mass Prs
o 4 |
/ dzji 6 (ujn(s, zjk) — Mjp)) g P
—1
25

O(s — s"e(st7) —s)

N )\1/2(3,aj,m?))\l/2(s,a;€,mi)

K Non-zero in Dalitz region

A s
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One-Particle-Exchange

Want partial wave projection of

1 / 1 /
ASAkj (Ok—a S+, ujk_|_7 Oj+) + AugkAkj (Ok—a S—, ujk_|_7 Oj+)

Ujk, = Ujk T 1€ s+ tix +ujp = 0j + f +m3 +mi

Ujk Ugf — 1€

STl — Ujk + 1€

AsApj(ok, s, uk 05 ) = Apjloxl, s w6, 05) — Agj(ok’, s—, gk, 05)

Aujk;Akj(O-k/—a S_,Ujk_|_, O-j_|_) — Ak](akl—ﬂ S—, Ujk_|_, OJ) o Ak](ak/—7 S—s Ujk _, O-J)

A. Jackura, Indiana University (ajackura@indiana.edu)


mailto:ajackura@indiana.edu?subject=

One-Particle-Exchange

Want partial wave projection of

1 / 1 /
ASAkj (O-k—a S+, ujk_|_7 Jj+) + AquAk‘j (O-k—a S—, ujk_l_a Oj+)

Wik = Uik — i Above Unitarity N Below Unitarity
N Below OPE — L Below OPE y

A A

AsApj(ok, s, uk 05 ) = Agjlok, s, w6, 05) — Agj(ox’, s—, gk, 05)

AujkAkj(O-k/—a S_,Ujk_|_, O-j_|_) — Ak](akl—ﬂ S—; Ujk_|_, O-]) o Ak](ak/—7 S—, Ujk _, O-J)

/

[ Below Unitarity ] [ Below Unitarity ]

Below OPE Above OPE
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One-Particle-Exchange

Want partial wave projection of

1 / 1 /
ASAkj (O-k—a S+, ujk_|_7 Jj+) + AquAk‘j (O-k—a S—, ujk_l_a Oj+)

ujk+:ujk_|_Z€ ,q-l—t-k—l—uu%zrrg—l—rrf—l—m,z-—l—mi
: Above Unitarit Below Unitarit
Ujk_ = Ujk — 1€ Y T / B(S_)
Below OPE . Below OPE y

B(s+) \ \

AsApj(ok, s, uk 05 ) = Agjlok, s, w6, 05) — Agj(ox’, s—, gk, 05)

AujkAkj(O-k/—a S_,Ujk_|_, O-j_|_) — Ak](akl—ﬂ S—; Ujk_|_, O-]) o Ak](ak/—7 S—, Ujk _, O-J)

/

B (S_)[ Below Unitarity ] [ Below Unitarity ] A (S_)

Below OPE Above OPE
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One-Particle-Exchange

1
—1

= B(s;) — B(s_) — (A(s_) — B(s_))

\ s
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One-Particle-Exchange

1
—1

= B(s;) — B(s_) — (A(s_) — B(s_))

leads to discontinuity across s

Ay Crj(oy_, 84,05, ) = As[Boxes| — A[OPE]

&
¢ 3 “ & 3 g ¢ o, 3
—_— -y __ —— = - — —~ . — . — - — __ — p//
n n,r =
p}c Dj 7 )2 , [)Z Dj p;/ 13 7’ 7’ D; /
Dy,

n#r o
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54/ pj

Triangle Diagrams - ~@7" -+ ~Br

Kinematics may require deformation of dispersive contours

Aalcgl(ﬂgl_, S_,O'1+) = ip2(0'1+)N1(0'1+) /d()'g D3_1(O'3”)633(0'3_, 8_,0'3/_)

Fix s, 03’, investigate contour in o

631(0'3/_,3_70'1_|_) = ; d&,a\ — 0_1+p2(0')N1(8')b(8,8_,0'3/_)

1 /(\/3_—ml)2 1 R

(1)
Tth

Must deform contour

M. T. Grisaru
Phys. Rev. 146, 1098 (1966)
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Opportunities and
Future Directions
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Quasi-2-Body Approximation

As a first approximation, we consider that the 1sobars are “quasi-stable” = Effective
2—2 system, with isobar decay correction in intermediate state

& &
\ — — /

A S —
D Dj

Effects of other terms can be estimated
for cases where resonance 1s far from
1sobar-spectator threshold
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Quasi-2-Body Approximation

As a first approximation, we consider that the 1sobars are “quasi-stable” = Effective
2—2 system, with isobar decay correction in intermediate state

& §j i '
S~ = N S | S =
N s 5 o>
n n,r
Pi pj : A

isobar model
recoupling
— 50 x OPE

150

Effects of other terms can be estimated
for cases where resonance 1s far from
1sobar-spectator threshold

100

50

Contributions to r.h.s. of unitarity equation

1 | 1 |
0.75 1.00 1.25 1.50 1.75
]\/[371- (GCV)
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Quasi-2-Body Approximation

Assume that entire sub-energy dependence 1s purely 1sobar amplitude

3 & &, & §;

i Ay (0) =3 [ dolpals.otlom?) m D o) AL (5) A7 (5
= pu(s)ALr(5) A7, (5) Quasi - 2—2 Unitarity
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Quasi-2-Body Approximation
Have turned 3-body system into quasi-2—2 coupled-channel system

Im Ak] Z Pn (S A )A\;{g(s)

Can parameterize with N/D method

Isobar decay effects encoded into quasi-2-body phase space

N (Vs—muy) y
pn(s):/(n) do” pa(s, 0", m2)Im D= (o")
th

Introduces additional cuts in s-plane (Woolly cuts)

oT ® 3-Body Resonance Pole

Im s a

37
Re s
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31 at COMPASS

COMPASS has largest dataset for 37 resonance production

JPAC 1n collaboration with COMPASS, developing analytic model to extract
resonance poles for partial wave intensities

Interested in JF¢ = 2-*, 1+* to investigate m»2- and a;-systems, and non-resonant
production mechanisms (e.g. Deck)

Implement quasi-2-body unitarity -
High-energy process (190 GeV 1t-
beam), can assume factorization of

nuclear recoil

Long-range Short-distance Unitarization

A. Jackura, Indiana University (ajackura@indiana.edu)
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Tau-decay

The resonance a1(1260) pole position can be tested with the quasi-two-body model

0.25 full data 0.25 full data
2 fit range < fit range
0.20 . 0.20 ——
0.15 0.15
0.10 0.10
0.05 0.05
0.00 |-+ | ! , 0.00 |1 . . -
0 1 2 3 0 1 2 3
002 - 002 - —
0.01 - 0.01 [~ -
o il | AN
-002 =5 1 2 3 002 -5 1 2 3
FIG. 2: Intensity of the a1(1260) for the partial waves.
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X(3872)

X(3872) 1s the most well-known XYZ state - Still controversial on the nature of the
state (mesonic molecule, tetraquark, ...)

Primary decay mode: X(3872) —DDm

Investigate effects of single pion exchange - Unitarization may result in pole

AJ et al. [JPAC],

In Preparation D
D
Virtual pion-exchange cut T
Real pion-exchange cut
s

A s D
ST, S_ Sy L
i i 1 > D

Sth s
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Outlook and Future Directions

Unitarity and Analyticity give consistent constraints on reaction
amplitudes

3—3 relations involve functions taken at different points in the complex
planes - difficult to find an ‘easy’ parameterization

Work on-going to investigate the analytic structure, and derive a set of
relations one could use for various parameterizations

Certain approximations (narrow-width, etc.) may potentially lead to some
parameterizations that can be used in analyses
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