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• Overview of TMD factorization

• SIDIS

• Issues at small/moderate Q
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Example: SIDIS
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Large and Small Transverse Momentum
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Collins-Soper / Light-cone Renormalization

• Collinear PDFs:

• TMD PDFs, CS Equation:

Independent of hadron 

Independent of hadron 

9
X UV renormalization



Collins-Soper / Light-cone Renormalization

• Collinear PDFs:

• TMD PDFs, CS Equation:

Independent of hadron 

Independent of hadron 
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• Collinear / DGLAP, Evolution with Scale:

• TMD Case:

Transverse Momentum Dependent Evolution
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• Collinear / DGLAP, Evolution with Scale:

• TMD Case:

Related To:

Transverse Momentum Dependent Evolution



One TMD PDF: Solution to Evolution 

Collinear PDFs

Ex: Cutoff Prescription:

Nonperturbative parts large bT
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Combining Results in TMD 

Factorization

Sudakov Form Factor: (Moch,Vermaseren (2005), 
Vogt, Gehrmann et al (2014)) 

Ex: Konychev, Nadolsky (2006)

ResBos extractions (and others)  

αs
2 Wilson Coefficients from Collinear 

Factorization: (Catani et al, (2012)),
and SCET (Echevarria, Scimemi, Vladimirov (2016))

From 
Sudakov Form Factor: (Moch,Vermaseren (2005), 
Vogt, Gehrmann et al (2014)) 

Li, Zhu (2017) 
Vladimirov (2017)

Translation of results: Collins, TCR (2017)
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Low-to-Moderate Q SIDIS: Motivation

• Sensitivity to intrinsic non-perturbative effects.

• Many SIDIS measurements are at low/moderate 
Q.

• Transition to partonic degrees of freedom.
– E.g., quark-hadron duality
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Low-to-moderate Q

H. Avakian, A. 
Bressan, and M. 
Contalbrigo, 
“Experimental 
results on TMDs” 
(2016) 

Pion production
Help From :
Sterling 
Gordon
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Low-to-moderate Q

H. Avakian, A. 
Bressan, and M. 
Contalbrigo, 
“Experimental 
results on TMDs” 
(2016) 

Kaon production
Help From :
Sterling 
Gordon
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Large Q
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Low-to-moderate Q
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Low-to-moderate Q



Challenges at moderate scales

• Non-zero hadron masses.

• Constituents have non-zero virtuality, mass, 
etc. 

• The separation between regions gets 
squeezed.
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Cartography of SIDIS
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FIG. 6: Sketch, not to-scale, of kinemat ical regions of SIDIS in terms of the produced hadron’s Breit frame rapidity
and transverse momentum. In each region, the type of suppression factors that give factorizat ion are shown. (The

exact size and shape of each region may be very di↵erent from what is shown and depends on quant it ies like Q and
the hadron masses.) In the Breit frame, according to Eq. (102), partons in the handbag configurat ion are centered
on y ⇡ 0 if − k2

i ⇡ k2
f = O m2 . The regions are shifted somewhat toward the target hadron rapidity (the vert ical

dashed line) to account for the behavior of Eq. (96) when zN and xN are small.

X I I . EX A M P L ES

I t is helpful to sketch the landscape of possible scenarios in a t ransverse momentum versus rapidity map like the
one shown in Fig. 6. To give examples, a few assumpt ions about non-perturbat ive propert ies of partons are necessary.
300 MeV is a typical est imate of non-perturbat ive mass scales so we try ki = kf = δkT = 300 MeV. Also, to start
with assume that qT · δkT = qT δkT . (Azimuthal angular e↵ects may be added later.)

In addit ion, the part icular partonic kinemat ics of interest need to be specified. Say, for example, that the goal is
to examine target partons in the the valence region (such as discussed on page of [2]). Then, the focus should be on
values of ⇠around .3. For ⇣, we might focus on values where fragmentat ion funct ions are large but have reasonably
small uncertaint ies, say ⇣ ⇡ .3. From Figure 1 of Ref. [2], JLab12 measurements at xB j ⇡ .2 may reach to as large as
about 2 GeV in Q.

Using these numbers, first consider overall kinemat ics. Contour plots of Eq. (69) are shown in Fig. 7 for qT = 0
(a) and qT = 2 GeV, giving a sense of what is kinemat ically possible for the SIDIS remnant at di↵erent qT and for
lower Q. The rat ios in Fig. 7(c)-(d) give a sense of the importance of hadron masses in overall kinemat ics. In the
case of xN / xB j , we have used Q = 1 and 2 GeV as a representat ives of moderate Q values. For zN / zh , we have
used Q = 1 GeV and two values of qT , one “ small” and one “ large” (qT ⇠ .3 GeV is small, but with Q ⇠ 2 GeV,
qT ⇠ 2 GeV is large).

For now we will rest rict to large enough Q that R0 is negligible, so R1 is the first of the R0-R3 we will consider
here. For the representat ive values discussed above (⇠= .3, ⇣ = .25, ⇣ = .3 and a small qT = .3 GeV), values of R1 are
shown on the Q vs. xB j contour plot in Fig. 7. The t rend is as expect : at large Q and not -too-large xB j R1 remains
small for all t ransverse momenta, while correct ions might be necessary at smaller Q and larger xB j . In addit ion to
confirming the current -region approximat ion, it is necessary to map the applicability of large and small t ransverse

Cartography of SIDIS



• Power expansion

• m2 = parton virtuality, transverse momentum, 
mass…

• What about hadron masses?

24

Factorization: Inclusive Case
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Massless Target Approximation (MTA)

• Exact:

• The approximation:
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MTA in Light-Cone Fractions

• Light-cone ratios:

– No MTA:

– MTA:
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Factorization and Parton Approximations

ki

kf = ki + q
q



Aivazis, Olness, Tung (AOT)

• Normal factorization, just keeping exact mass.

– Target mass corrected (TMC) 

– MTA

• Purely kinematical. 

28

Phys. Rev. D 50, 3085 (1994) 



Extend AOT to SIDIS

• Light-cone fractions versus x and z: 

• Final state hadron mass (MB) sensitivity:

29



Light-cone fractions

30

(Pion production)
Q = 1 GeV



Light-cone fractions

31

(Kaon production)
Q = 1 GeV
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Factorization and Parton Approximations

ki

kf = ki + q
q



Current Fragmentation
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FIG. 3. Momentum labeling in the partonic subprocess.
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FIG. 4. .

and there is at least one part icle kf That hadronizes. The kX momentum labels the total momentum of all other
unobserved partons. We are interested in the kinemat ics of the ki + q ! kf + kX subprocess and how it matches the
overall P + q ! PB + X subprocess under very general assumpt ions. Specific realizat ions of the subprocess are shown
in Fig. 4. As far as the partonic subprocess is concerned, it is only the relat ive t ransverse momentum of ki and kf

that mat ters. So, without loss of generality, we may analyze the subprocess in the Breit frame of the target parton ki

and write

kb
i =

✓
Q

x̂N

p
2

,
x̂N k2

ip
2Q

, 0T

◆

, kb
f =

 
k2

f ,b ,T + k2
f

p
2ẑN Q

,
ẑN Q
p

2
, k f ,b ,T

!

. (67)

The b superscript indicates the partonic Breit frame. We will write the t ransverse momentum as

k f ,b ,T = − ẑN qT + δkT . (68)

In the hadron frame, Eq. (31) gives

k f ,H ,T = δkT + Power Suppressed , (69)

so δkT is good for characterizing an intrinsic relat ive t ransverse momentum; in Eq. (67) int rinsic t ransverse momentum
is δkT when qT = 0. When δkT = 0, the partons are, up to power suppressed correct ions, exact ly aligned with the



Current fragmentation

• Estimate of non-perturbative scales needed.

M. Boglione , J. Collins, L. Gamberg , J. O. Gonzalez-Hernandez , TCR , N. Sato (2017)
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“The overlap of kinematic coverage of COMPASS, 
HERMES and JLab (see fig. 1) would allow studies of Q2-
dependence in the range of Bjorken x ∼ 0.1–0.2, where 
the effects related to orbital motion of quarks are 
expected to be significant.”

-H. Avakian, A. Bressan, and M. Contalbrigo, “Experimental results 
on TMDs” (2016) 

Current fragmentation

N. Sato et al, (20160

M. Hirai et al, (2007) 

D. de Florian et al, (2007) 
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Current fragmentation

Pion production

Help From :
Andrew Dotson 
& 
Sterling Gordon
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Current fragmentation

Kaon production

37

Help From :
Andrew Dotson 
& 
Sterling Gordon



Large and Small Transverse Momentum
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FIG. 3. Momentum labeling in the partonic subprocess.
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FIG. 4. .

and there is at least one part icle kf That hadronizes. The kX momentum labels the total momentum of all other
unobserved partons. We are interested in the kinemat ics of the ki + q ! kf + kX subprocess and how it matches the
overall P + q ! PB + X subprocess under very general assumpt ions. Specific realizat ions of the subprocess are shown
in Fig. 4. As far as the partonic subprocess is concerned, it is only the relat ive t ransverse momentum of ki and kf

that mat ters. So, without loss of generality, we may analyze the subprocess in the Breit frame of the target parton ki

and write
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The b superscript indicates the partonic Breit frame. We will write the t ransverse momentum as

k f ,b ,T = − ẑN qT + δkT . (68)

In the hadron frame, Eq. (31) gives

k f ,H ,T = δkT + Power Suppressed , (69)

so δkT is good for characterizing an intrinsic relat ive t ransverse momentum; in Eq. (67) int rinsic t ransverse momentum
is δkT when qT = 0. When δkT = 0, the partons are, up to power suppressed correct ions, exact ly aligned with the



Large and Small Transverse Momentum

Pion production Kaon production

Help From :
Andrew Dotson 
& 
Sterling Gordon



Extra Emissions
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FIG. 3. Momentum labeling in the partonic subprocess.
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FIG. 4. .

and there is at least one part icle kf That hadronizes. The kX momentum labels the total momentum of all other
unobserved partons. We are interested in the kinemat ics of the ki + q ! kf + kX subprocess and how it matches the
overall P + q ! PB + X subprocess under very general assumpt ions. Specific realizat ions of the subprocess are shown
in Fig. 4. As far as the partonic subprocess is concerned, it is only the relat ive t ransverse momentum of ki and kf

that mat ters. So, without loss of generality, we may analyze the subprocess in the Breit frame of the target parton ki

and write

kb
i =
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Q
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p
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The b superscript indicates the partonic Breit frame. We will write the t ransverse momentum as

k f ,b ,T = − ẑN qT + δkT . (68)

In the hadron frame, Eq. (31) gives

k f ,H ,T = δkT + Power Suppressed , (69)

so δkT is good for characterizing an intrinsic relat ive t ransverse momentum; in Eq. (67) int rinsic t ransverse momentum
is δkT when qT = 0. When δkT = 0, the partons are, up to power suppressed correct ions, exact ly aligned with the



Region Diagnostics

• From model assumptions of underlying partonic
picture, generate:

–

– ,                          
–

–

–

• Make a region map.

• Compare with measurements to constrain 
underlying picture.



Summary

• TMD factorization: Basics are well-established.

• SIDIS is important for TMD and related studies.

• Low-to-moderate Q opportunities: Access to 
interesting non-perturbative phenomena.

• Standard physical picture cannot be taken for granted. 
– Mass effects need to be accounted for.

– Systematic diagnostic tools needed.
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Data: H1 (2004)
Eur.Phys.J.C36:441-452,2004

Daleo, de Florian, Sassot (2005)
Phys.Rev. D71 (2005) 034013

Small to large transverse momentum
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Small to large transverse momentum
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Small to large transverse momentum
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Small to large transverse momentum
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Small to large transverse momentum


