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Where is the color charge located in a nucleon, 
nucleus ?  

Is the color charge distribution the same as the charge distribution? 
Can’t be -integral =0 

Located on quarks and gluons  need to deal with moments 

Image courtesy of Carole Kliger, Dept. of Physics, University of Maryland 

Start with the electric charge

This talk introduces a new way of looking at nucleon and nuclear structure: 
Moments of charge density operators as in 

The Mclerran-Venugopalan model for RHIC physics

⇢2, ⇢3
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�µ(p0, p) = �µF1(Q2) +
i�µ⌫q⌫

2M
F2(Q2)

 Electron-nucleon scattering 

jµ=<e’|γµ|e>

Nucleon vertex:

Dirac                               Pauli

�µ(p
0, p) = hp0|Jµ|pi, Jµ =

X

q

eq q̄�µq
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Light front dynamics:

‘time’ x
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= (x

0
+ x
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,b)

Transverse boosts are kinematic
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sandwich in spinors



⇢1(x�,b) = hp+
,R = 0, �|

X

q

eqq
†
+(x�, b)q+(x�, b)|p+

,R = 0, �i

⇢(b) ⌘
Z

dx

�
⇢1(x�,b) =

Z
QdQ

2⇡

F1(Q2)J0(Qb)

Density is u� ū, d� d̄

F1(Q2) =
R
d2b⇢(b)eiq·b

Model independent transverse charge density

•

Charge Density

Soper ’77

Two dimensional FT

b is impact parameter
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+-component of electromagnetic current operator



Transverse charge densities from 
parameterizations (Alberico)
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Figure 4
Nucleon ρ(b). (a) Proton transverse charge density. (b) Neutron transverse charge density. These densities
are obtained by using the parameterization of Reference 91.

by a nonzero value of Q2, no matter how small, because the momentum difference between the
initial and final states appears via the use of derivatives of momentum-conserving delta functions
in the moments computed in Reference 85. Any attempt to analytically incorporate relativistic
corrections in a p2/m2

q type of expansion would be doomed by the presence of the quark mass mq

to be model dependent. This feature is explained more thoroughly in References 6 and 86.
We exploit Equation 31 by using measured form factors to determine ρ(b). Recent parameter-

izations (87–91) of GE and GM are very useful, so we use Equation 43 to obtain F1 in terms of GE,
GM . Then ρ(b) can be expressed as a simple integral of known functions,

ρ(b) =
∫ ∞

0

d Q Q
2π

J0(Qb)
GE (Q2) + τGM (Q2)

1 + τ
, 44.

where τ = Q2

4M 2 and J0 is a cylindrical Bessel function.
A straightforward application of Equation 44 to the proton using the parameterizations of

Reference 91 yields the results shown in Figure 4a. The curves obtained by using the two different
parameterizations overlap. Furthermore, there seems to be negligible sensitivity to form factors
at very high values of Q2 that are currently unmeasured. The density is peaked at low values of b
but contains has a long positive tail, suggesting a long-ranged, positively charged pion cloud.

The neutron results are shown in Figure 4b. The curves obtained by using the two different
parameterizations seem to overlap. Surprisingly, the central neutron charge density is negative.
The values of the integral of Equation 44 are somewhat sensitive to the regime 8 < Q2 < 16 GeV2,

14 Miller
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Neutron case - integral of density=0, similar to color charge density 
Can we get a picture like this for the color charge density with moments of density?



Given a u quark at given position, what is 
the probability that a d is a distance 

  away?

• needs higher order electromagnetic, seen in two photon 
exchange 

• Maybe better with gluons?

(�x

�
,�r?)
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Nucleon-nucleon correlations in nuclei

Contact coe�cients can be determined for the di↵erent possible
spin and isospin configurations of a nucleon-nucleon pair from
experiment or from fitting ab initio calculations. Previous stud-
ies [2], show that the NN state with deuteron quantum numbers
is dominant: the peak value of the product Cnp,s=1

A |'np,s=1(r)|2
is four times larger than for any other combination. This domi-
nance is caused by the tensor force [31–33] As an example, the
decomposition of the two-body density from contact formalism
for 40Ca is shown in Fig. 1.
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Figure 1: In the two-body density from contact formalism [2, 3], the np two-
body density is dominated by spin-1 pairs. 40Ca, shown here, illustrates this
universal behavior. For r  0.9 fm, these results reproduce those of Cluster
Variational Monte Carlo (CVMC) [34] calculations. The pp/nn spin-0 density
is enhanced by a factor of 2 to provide some separation from np spin-0.

2. Describing the pair (two-body) density

The two-body pair density distribution ⇢NN,s(~r), is defined as
the probability density for finding a nucleon-nucleon pair sep-
arated by ~r, with relative spin s, normalized so that its integral
is the number of possible NN, s pairs. The two-body density is
expressed as a matrix element of the nuclear wave function | i
by

⇢NN,s(~r) ⌘
X

i, j2NN
i< j

h |�(~r � ~ri j)Ps| i, (2)

where ~ri j is the separation between nucleons i and j and Ps is a
projection operator onto the spin s of the nucleon pair.

Our aim here is to provide a simple understanding of the un-
derlying mechanisms that produce the isospin dependence and
other features. We will compare our results for ⇢NN(r) to ab
initio calculations performed using Cluster Variational Monte
Carlo (CVMC) [34] of 16O and 40Ca, the two heaviest nuclei
studied so far using CVMC [35]. Several other calculations
that include the necessary spin and isospin dependence in com-
puting densities are those of Refs. [31, 34, 36–39]. A nice ab
initio treatment of light nuclei has recently appeared [40]. See
also Ref. [41], which is based on nuclear matter calculations.

To achieve the desired understanding we design a model in
which the two-body density is formed from a combination of
the correlated density coming from nuclear contact formalism

(Fig. 1), which accounts for the behavior for r  0.9 fm and a
longer-ranged term, ⇢(0)

NN(r), for which correlations are expected
to be unimportant. We define this term as ⇢(0)

NN(r), given by

⇢(0)
NN(~r) ⌘ S NN

Z
d3~R⇢N(~R + ~r/2)⇢N(~R � ~r/2), (3)

where ⇢N is the one-body density, normalized to proton or
neutron number, ~R represents the center-of-mass position of a
nucleon-nucleon pair, and S NN represents a symmetry factor,
which equals 1 for pn pairs, equals Z(Z�1)/2Z2 for pp pairs—
since there are only Z(Z � 1)/2 unique pp pairs in a nucleus—
and equals N(N � 1)/2N2 for nn pairs.

Then the full two-body density combines the short and long
distance behavior, with the relative weighting determined by a
blending function, gNN(r), and constant, , such that

⇢NN(r) = gNN(r)⇢contact
NN (r) + (1 � gNN(r))⇢(0)

NN(r), (4)

We can understand how the correlated and uncorrelated densi-
ties contribute to produce the specific behavior of the correla-
tion function seen through CVMC by assessing the quality of
this model and by determining the blending function.

In order to parameterize gNN(r), we consider the short- and
long-range constraints. At short-distance, where ⇢contact

NN (r) is an
accurate description of the two-body density [2], gNN(r) equals
1. For large distances, ⇢NN must approach ⇢uncorr.

NN . Since ⇢contact
NN

falls o↵ approximately as 1/r2 for r > 2 fm, gNN must approach
( � 1)/ in the long-range limit, in order that the pair density
approach ⇢(0)

NN . We propose the following model which meets
these requirements:

gNN(r) =

8>><
>>:

1 r  0.9 fm
1


⇣
 � 1 + e(0.9 fm�r)/a

⌘
r > 0.9 fm

, (5)

For r < 0.9 fm, ⇢NN(r) is modeled well by the contact expres-
sion Eq. (1) (see [2]). For r > 0.9 fm, the contact density and the
uncorrelated densities are blended, with a characteristic length-
scale, a. In principle, a would depend on the isospin of the pairs
and on the specific nucleus being studied.

Varying the parameters of Eq. (5) to describe pp, nn and pn
pairs in 16O and 40Ca shows that the same blending function
g(r) can be used to describe all the two-body densities calcu-
lated using CVMC, shown in Fig. 2. CVMC correlation func-
tions are shown as points, while our model, described in equa-
tion 4, is shown with bands, for which the dominant contri-
bution to the uncertainty comes from the contact coe�cients,
CNN . The uncorrelated density, ⇢(0)

NN , used by our model is sup-
plied by CVMC calculations of the one-body density ⇢N . The
residuals show the di↵erence between the CVMC density and
those of the model, divided by the model, with the error bars
showing the uncertainties in the CVMC densities. Our model
is able to reproduce the correlation functions for both pp and
pn pairs in two di↵erent nuclei (As these CVMC calculations
treat p and n symmetrically, and since 16O and 40Ca are both
symmetric nuclei, the results for pp and nn pairs are the same).
In achieving this description we find that the parameter a de-
pends smoothly on . With  = 2, a = 1.518 ± 0.001 fm. Fig. 2

2

0

0.01

0.02

0.03

0.04

0.05

0.06

⇢ N
N
(r
)/
Z

This work

40Ca, pp/nn
40Ca, pn
16O, pp/nn
16O, pn

CVMC

40Ca, pp/nn
40Ca, pn
16O, pp/nn
16O, pn

0

0.01

0.02

0.03

0.04

0.05

0.06

�10%

+10%

0 0.5 1 1.5 2 2.5 3

R
es

id
ua

ls

r [fm]

�10%

+10%

0 0.5 1 1.5 2 2.5 3

Figure 2: The model of equation (4), with only a single fitted parameter, can
reproduce the two-body densities for both pp and pn pairs, and for both 16O
and 40Ca, to within ±10%. The results here are shown for  = 2.

shows that the simple model qualitatively reproduces CVMC
calculations.

Fig. 2 demonstrates that the spin-isospin dependence of the
two-body density function occur at short distances, and there-
fore originate from the contact densities of Eq. (1), while the
long range behavior is universal between di↵erent kinds of pairs
and in di↵erent nuclei.

3. Correlation Function

The standard procedure for defining a correlation function,
FNN,s(r), a function of the separation distance between nucleons
r ⌘ |~r|, is to take the ratio of the fully correlated to the two-body
densities computed in the absence of dynamical correlations,
i.e.,

FNN,s(r) ⌘ ⇢NN,s(r)
⇢uncorr.

NN (r)
. (6)

The notation, FNN,s(r), is meant to convey that there can be
di↵erences in correlations between di↵erent spin and isospin
configurations. In cases where we refer to a generic correla-
tion function, we will suppress the indices and use F(r). The
denominator must be treated with more sophistication than the
function ⇢(0)

NN used in the phenomenological fit presented above.
The correlative e↵ects of the Pauli principle must be included.

Typical applications of correlation functions in nuclear
physics begin with anti-symmetrized wave functions, in the
form of a Slater determinant. Using a Slater determinant, one
can compute the uncorrelated two-body density as the matrix
element of the two-body density operator. The result is

⇢uncorr.
NN (~r) =

1
2

X

↵,�,2occ

Z
d3r1d3r2�(~r � (~r1 � ~r2))�†↵(x1)�†�(x2)

⇥ [�↵(x1)��(x2) � ��(x1)�↵(x2)], (7)

where xi represents several quantum numbers: x ⌘ (~r,ms =
±1/2,mt = ±1/2). For the case of proton-neutron pairs, this
reduces to the expression of Eq. (3). However, for the case of
two protons, one finds:

⇢uncorr.
pp (~r) =

1
2

Z
d3r1d3r2�(~r � (~r1 � ~r2))

⇥
"
⇢(~r1)⇢(~r2) � 1

2
⇢(~r1,~r2)⇢(~r2,~r1)

#
,

(8)

⌘ Z
Z � 1

⇢(0)
pp(~r) � ⇢exch.

pp (~r), (9)

where ⇢(~r) is the proton one-body density, normalized to Z. The
expression is the same for neutron-neutron pairs, substituting N
for Z and the neutron one-body density for the proton one-body
density. The quantity ⇢(~r1,~r2) is the density-matrix defined such
that its diagonal elements yield the proton or neutron one-body
density. The second term of Eq. (9) represents the influence
of the Pauli exclusion principle: two spin-up protons cannot
occupy the same orbital. This term is absent for the neutron-
proton two-body density.

It is useful to avoid using a specific Slater determinant, which
would depend on the nucleus. Instead, we apply a result based
on nuclear matter (but using a local-density approximation) ex-
pressed as

⇢exch.
NN (~r) =

Z
2(Z � 1)

⇢(0)
pp(r) ⇥

 
3 j1(k̄Fr)

k̄Fr

!2

, (10)

where k̄F is a Fermi momentum (averaged over the nuclear vol-
ume) and j1 is a spherical Bessel function. We use this approxi-
mation throughout, with k̄F assumed to be 200 MeV/c.This ap-
proximation amounts to using the local-density approximation
to the first term of the density-matrix expansion of Ref. [42].
We verify the accuracy of Eq. (10) numerically, by comparing
with the Slater determinant provided by the single-particle wave
functions of Ref. [43].

The points in Fig. 3 show correlation functions calculated us-
ing equations 3, 10, and 6, with CVMC providing the one- and
two-body densities. As can be seen, the correlation functions
are similar for 16O and 40C. But there is some isospin depen-
dence, as displayed by the di↵erences at r < 1.5 fm between
pp- and pn-pairs (dominated by s = 1). Note also that be-
cause these CVMC calculations treat p and n symmetrically,
and since N = Z for both 16O and 40Ca, the results for pp and
nn pairs are the same.

Fig. 3 also shows, for comparison, several other calculations
of nuclear correlation functions, including the original model
suggested by Miller and Spencer [6] as well as more recent
work. The correlation functions from ab initio and from our
model are close to that of Simkovic et al. [12] and to the 16O
calculations of Alvioli et al. [36], but are higher than the cor-
relation functions predicted by Benhar et al. [41] and by Miller
and Spencer. The calculations by Alvioli et al. for 40Ca pre-
dict a significantly higher correlation function for both pp/nn
and pn. A calculation using the Unitary Correlation Operator
Method (UCOM) [44] in the T = 0, S = 1 channel is slightly
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Color charge density - 
one-body, two-body etc

⇢

a(x) ⌘  ̄i,f (x) �
+
 j,f (x)(t

a)ij+ gluon terms

What are:

h proton|⇢a(x)|protoni, h proton|⇢a(x)⇢b(y)|protoni etc

Idea comes from Mclerran-Venugopalan model

Observables are computed in terms of moments of ⇢a:

quarks at higher x emit gluons of lower x
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Color charge operator

Light-front dynamics- expand quark-field ops at x

+
= 0 r = (x

�
, ~x?) as

creation destruction ops. (ignore anti-quarks)
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Evaluate matrix elements

Using light front wave function:

Brodsky, LePage 1989, Brodsky et al NP B593,311, Kovchechov Levin book

Only way to have a wave function in QFT , coordinates are xi, p?,i

First calculations in 1808.02501—3 quark Fock space:

h⇢a(k?)iK? = 0

Would this still vanish for a Fock space component of proton: |3q, 1Gi?
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Could see a color dipole  density in proton ? dipole moment=0



Two-quark color charge density

KP

ij n m

b a

KP

ij

b

n m

a

Use proton light front 3-quark wave function

h ⇢̃a(q) ⇢̃b(k) iK? =

1
2 �

ab
(G1(

~K?)� G2(
~k, ~K?))

<latexit sha1_base64="Ba3auf/1lTCc7+KwWi7geVO1PM0="></latexit><latexit sha1_base64="Ba3auf/1lTCc7+KwWi7geVO1PM0="></latexit><latexit sha1_base64="Ba3auf/1lTCc7+KwWi7geVO1PM0="></latexit><latexit sha1_base64="Ba3auf/1lTCc7+KwWi7geVO1PM0="></latexit>

G1( ~K?)
<latexit sha1_base64="e1RZIvIkc14Ru1Qe4YlzElj/UcI="></latexit><latexit sha1_base64="e1RZIvIkc14Ru1Qe4YlzElj/UcI="></latexit><latexit sha1_base64="e1RZIvIkc14Ru1Qe4YlzElj/UcI="></latexit><latexit sha1_base64="e1RZIvIkc14Ru1Qe4YlzElj/UcI="></latexit>

G2(~k, ~K?)
<latexit sha1_base64="4ZQpKO4g4eUJRWxEYw0FHFDbP2k="></latexit><latexit sha1_base64="4ZQpKO4g4eUJRWxEYw0FHFDbP2k="></latexit><latexit sha1_base64="4ZQpKO4g4eUJRWxEYw0FHFDbP2k="></latexit><latexit sha1_base64="4ZQpKO4g4eUJRWxEYw0FHFDbP2k="></latexit>

~k
<latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit><latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit><latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit><latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit>

~k
<latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit><latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit><latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit><latexit sha1_base64="CCsOcWwG9QAnHQmNV2nx5PINwDM="></latexit>

~K? � ~k
<latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit><latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit><latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit><latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit>

~K? � ~k
<latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit><latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit><latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit><latexit sha1_base64="4vzmEzgTPzx0F9X5hiiYZdJ1lRw="></latexit>

forward scattering

~K? = 0, G(~k, 0) = 1� G2(
~k, 0)

G(0, 0) = 0

Color neutrality, ! suppress infrared divergences.
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Cancellation is basis of color transparency  
AND factorization theorems
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Gluon distribution in a proton

lowest order YM  in light cone gauge

Poisson Eq. F
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NO infrared divergence due to cancellation

Large Q

2: xG(x,Q2) ' Nc↵S
⇡ CF ln(Q2
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Two gluon exchange in J/psi 
production
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No singularity  if either q1 or q2 =0 due to cancellation 
needs both diagrams 

T (r, b?,K?) = � g4

2Nc
�ab

R
q1

R
q2

ei
~b?·(~q1+~q2)

q21q
2
2

h
ei

~r
2 ·(~q1�~q2) � 1

2e
i(q1+q2)·~r2 � 1

2e
�i(q1+q2)·~r2

i
G2(q1,K?)

<latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="8SQXJLUnvFTQ+KVleq1TclUoJmI="></latexit><latexit sha1_base64="8SQXJLUnvFTQ+KVleq1TclUoJmI="></latexit><latexit sha1_base64="ueQvZt/ToDK7Hy5OUhrA/6JKBsY="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit><latexit sha1_base64="WrU/MdzadpYl0+0Hf+blJkTa+NE="></latexit>

This amplitude is called the pomeron



Moments of color charge density vs GPDs

Handbag HB Cat’s Ears (CE)
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GPDs:

For current conservation need HB +CE, with hard photon HB>CE

Moments of color charge density:   
 soft gluons not hard  gluons, photons

KP

ij n m

b a

KP

ij

b

n m

a

+

HB CE

Both needed for gauge invariance and IR safety

photon or gluon



Three-quark color charge density

• Three gluons can be odderon have C=-1, otherwise vacuum quantum numbers,  

• odderon: coupling to quark=-coupling to anti-quark 

• Three-gluon exchange contributes to   

• Three-gluon exchange contributes to 

• Potential to discover the odderon!
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There are three types of terms: 
1. All three gluons from same quark 
2. Two gluons from same quark one from another (3)  
3. Each gluon is emitted from a different quark 
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Expressions in 1808.02501
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Summary-1808.02501 
Dumitru, Miller, Venugopalan

• New way of looking at proton structure 

• Use moments of color charge density operator 

• Quadratic and cubic correlates in the proton have been 
constructed for 3-quark light-front  wave function 

• Can do same for more complicated wave functions 

• Quadratic correlator  corresponds to Pomeron, cubic to 
Odderon 

• Complementary to GPD formalism


