Rapidity factorization and evolution of TMD s

|. Balitsky
JLAB & ODU

INT 8 Nov 2018

1. Balitsky (JLAB & ODU) Rapidity factorization and evolution of TMD s INT 8 Nov 2018 1/53



H TMD factorization for particle production in hadron collisions:
m Rapidity factorization for particle production.
m Approximate solution of classical YM equations.
m Power corrections to TMD factorization for Higgs production
m Power corrections to TMD factorization for Z-boson production

Evolution of gluon TMDs:

m Method of calculation: shock-wave approach + light-cone
expansion.

One loop: real corrections and virtual corrections.
One-loop evolution of gluon TMD

DGLAP, Sudakov and BK limits of TMD evolution equation
Conclusions

In works: conformal properties of TMD factorization
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TMD factorization

Factorization formula for particle production in hadron-hadron
scattering looks like

do

dndq, Z/dszei(q’b)J'Df/A(anbJ_a 1Dy /p(xg, b1, n)o(ff — H)
f

+ power corrections + “Y — terms”

where 7 is the rapidity, Dy /4 (x,z1,7) is the TMD density of a parton f in
hadron A, and o(ff — H) is the cross section of production of particle
H of invariant mass m?, = Q? in the scattering of two partons.
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TMD factorization

Factorization formula for particle production in hadron-hadron
scattering looks like

do

dndlq, Z/dzbj_ei(%b)LDf/A(xA;bJ_a 1Dy /p(xg, b1, n)o(ff — H)
S

+ power corrections + “Y — terms”

where 7 is the rapidity, Dy /4 (x,z1,7) is the TMD density of a parton f in
hadron A, and o(ff — H) is the cross section of production of particle
H of invariant mass m?, = Q? in the scattering of two partons.

To understand how this formula works one needs to find one-loop
evolution and first power corrections
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Power corrections to TMD factorization

A typical factorization formula for production of a particle with a small
transverse momentum in hadron-hadron collisions:

do

M = Z/dszei(q’b)er/A(anblaU)Df/B(vabLan)U(ﬁ — H)
f

+ power corrections + Y — terms

When we increase transverse momentum g3 of the produced particle:
m At first the leading power TMD analysis with (nonperturbative)
TMDs applies,
m then at some point power corrections kick in,

m and finally at ¢> ~ Q? they are transformed into so-called Y-term
making smooth transition to collinear factorization formulas.

In the first part of this talk I try to answer the question about the first
transition, namely at what 4% power corrections become significant.
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Higgs production by gluon fusion in pp scattering

Suppose we produce a scalar particle (Higgs) in a gluon-gluon fusion.

For simplicity, assume the vertex is local:

Lo = gu / &2 D()F (D), F=FoFm

1. Balitsky (JLAB & ODU) Rapidity factorization and evolution of TMD s INT 8 Nov 2018



Matrix element between hadron states = >, = |

“Hadronic tensor”

def

Winpna) &3 [dx e o pal P WO XIFO) o1, pa)
X

- / dx ¢ (p palF () F2(0) o, )

Double functional integral for W
Wipapea) = 3 [a e @ papalP0X) (X O lpa.pa)
tr—00 X Altr)=Alty) Pa)=v(y) - > -
= Mim [dxems / DA,DA, / DYDYDYDY U (A(t;), (1))
X W (A1), (1)) e Soe0A0) 5o () F2 )2 ()W, (A (1), (1) W (A1), (1))
“Left” A, ¢ fields correspond to the amplitude (X|F?(0)|pa, ps),

“right” fields A, v correspond to amplitude (pa, pB|F*(x)|X)

The boundary conditions A(tf) A(ty) and w(tf) (tr) reflect the sum over
intermediate states X.
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Rapidity factorization for particle production
Sudakov variables:

p = api+Bp2+py,

2 2
P1 =PpA, P2 =PDB, p1:p2:o
s 4 _ s
Xk = P2-X = Ex, Xe = P1°X = Ex
p
A "Projectile” fields: |F| <b
"Central” fields
pB

"Target” fields: |X| < a

We integrate over “central” fields in the background of projectile and
target fields.
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Rapidity factorization for particle production

After integration over C fields

W(PAaPB;‘I)

. A=Ay Palty)=tha(ty) -
= / d'x e ' / DA,DA, / D)D), D), D),

O RAGI G RA)

PA

B(iy)=B(ty) Dy (tr)=tp(ty) ~ .
< / DB.DB, / Dy DD DY

x ¢~ iSacoBn) iSacoBU0ys (B(1;), 4 (1)) Wy (B(1), (1))
X esefr(U7V707‘~/)O(q7x’ y;A7 wCI?A? qza; B? /l)bh’ B’ sz)
O - sum of the connected diagrams for F2(x)F?(0) in the background

fields
Sefr - effective action (sum of disconnected diagrams = e5¢f).
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Approximations for projectile and target fields

At the tree level 3 = 0 for A, A fields and « = 0 for B, B fields <
A =A(xe,x1), A=A(xe,x;)and B = B(x,,x,), B = B(xe,x1).

NB: because of boundary conditions A(z;) = A(z;) and (1) = (1) for
the purpose of calculating the integral over central fields one can set

A(xe,x1) = A(Xe, X1 ),  Yal(¥e,x1) = Pa(¥e, x1)
and

B(x,x1) = B(xi,x1),  Up(xe,x1) = Pp(xa, x1).

The fields A, v and A, ¢) do not depend on x, =

if they coincide at x, = oo = they coincide everywhere.
Similarly,

B, 1, and B, 1, do not depend on x, =

if they coincide at x, = oo they should be equal.
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F,,(C) in the tree approximation

: : :
Z
®,
: g
000000000G400000000000003000000000000%
&, o o
F g g S
2 S S
5 g S
& (@ (@)
pB

F,,(C) = sum of tree diagrams in external A, A and B, B fields
with sources J,, = D"F (A + B) and J,, = D*F,,,(A + B)
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F,,(C) in the tree approximation

Since A = A and B = B the sources and background fields are the
same to the left and to the right of the cut

=
F,,(C) is a sum of diagrams with retarded Green functions
(F. Gelis, R. Venugopalan)
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F,,(C) in the tree approximation

Since A = A and B = B the sources and background fields are the
same to the left and to the right of the cut
=
F,,(C) is a sum of diagrams with retarded Green functions
(F. Gelis, R. Venugopalan)
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Classical solution

The sum of diagrams with retarded Green functions < solution of classical YM

equations
DVFZV = Zgwff“%ﬂ% (P“”mf)wf =0
f
with boundary conditions

Ap®) P EZ Ay (vex1), () E (e, x1)
AH('X) x._):_oo BM(X*,XJ_), ’l/](x) x'_>:_°° wb(-x*rxl)
following from C,,, 1. "= 0.

The projectile and target fields satisfy YM equations

D'Fi, = Y gy, (P+mp), = 0
G

S gy, (P+mpy), = 0

f

D'F},

Method of solution: start with A,, + B,, and correct by computing Feynman
diagrams (with retarded propagators) with a source J, = D*FH (U + V)
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Classical solution in APl — g% _ o gauge

Convenient gauge: A. = 0 for the projectile and A, = 0 for the target.

Ui(xe,x1) ~ my, Ug(xe,x1) wmi, U, =0

Vi(x*vxL) ~ mia V*(x*vxL) Nmia Vo - O
and we have to solve

DR, = S gl (Pl = 0
I

with boundary conditions

Xx—>—00

A E® Uy lrasxs),  9(x) “E Dy(rva,x)

Aﬂ(x) = VM(X*vxl)7 1/}()6) S Eb(x*vxL)

We start with U, + V,, and compute Feynman diagrams (with retarded
propagators) with a source J, = DHFH (U 4+ V) ~ m3
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Expansion at small momentum transfer

The solution of YM equations in general case (scattering of two “color glass
condensates”) is yet unsolved problem.

Fortunately, for our case of particle production with 4 < 1 we can use this small
parameter and construct the approximate solution as a series in ‘/‘

Example:

Ao = Ut [eol o pl U V) = Vet [t —— [0 V1)

~ B + ie

2
The characteristic o > oy and 8 > 3, s0 a > %

lpJ_
= (——2) =
ma_%+km M) + Gl B ) + -

and in the leading order in p, /p; we get

m@:Umm+/Mﬂ —[2)[05, V](2)

_ U,(x.,xl)—é/_x ¥, (U, 1), Vx50
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Gluon fields in the leading order in pi/pﬁ ~q3/0*

With the expansion
1 1 1 1, 1
P ricpo  pt—pi+iepe i P+ iepoplpﬁ + iepo
the dynamics in transverse space is trivial
Gluon fields : Fﬁi_]) = Ve, Fii_l) = U,
FOU = Ut Vie - %SU;‘bvbf
FO = v - iusvy - miﬁ‘” —D"bV_}”ﬁ I,
] 1

(0)a a _ yabyb 7(0) ab 1 rbe G
F = Vi —VOU] = 5 =LY = DU eV,
(ﬁ+t ) 2(B + ie)

*i
ilU;, Vi] — i[Vi, U],

0
F ,(k) = Up+ Vi —
where
L0 = iUy — iV Uy — DI (VS 4 VI US)
2 ) B}
l(U"” VP = VEU,) + SutyiEp + Spt'yiSa

16 /53

ation and evolution of TMD s
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Gluon fields in the leading order in pi/pﬁ ~ g3 | Q?

With the expansion

1 1,

e —— = —————p .
P riepo  pt—pl+iepo  pt o pt+iepe pt+iepo

the dynamics in transverse space is trivial.

Gluon fields:  FV = v, FGY = v,
FU = Ut Ve = SUSVY

o . '

F(O)“ - ye — ~Uabe _ ! L(O) _ quvbc U9

o e T i T T 2atie)

A 1 ‘

FO = va vyt - L [O _poyb__—__y9

*i *1 LV i 2(B+i€) i 12 J 2(5-‘1-1'6) )

F = U+ Vi — ilU;, Vil = ilVi, U,

We integrate over o without cutoff « > o since the contour over « can be
removed from the pole to the region of large « (if there is no pinch). Similarly, we
integrate over all g’s.

(Different from SCET where they keep the cutoffs a > o, and 8 > o).
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TMD factorization with power corrections (

At the tree level
F(x) = S0 (VA (x) + 2o AR U (0 U2 () VE (VI + .
P .
N = glighl _ gikgll __ gl ok
= in the region s > Q% > Q%

64 /5> . 2 . _
W(pa,ps:q) = Nz/_s 1 /deL e’(q’x)lS/dx.abak o~ i0tgXe i
C

X { (palUZ (va, 2 UZ(0) ) (pi| Vi (e, 1) Vi (0) )

NCZ AGKE pre 2 / be a b
g g | A ™ U e 21 U5 2 U O )
< [ V5 VL5V O)lpa) + x5 0)

5

0?

The correction is ~ o
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Z-boson production in pp scattering

pba

VLol LeLe BOOUOUU0U0 /0000000000000 0000000000)

O0000000000000000000 5000000000000006000000

k1

q
VA
ko

000000000000000000001 000000000000000000000

00000000000 000000000000800000000000000000000000

PB

do P> 1-ds} +8s),
B —W ) ) k)
dQ2dydq’. 192553}, (m% — Q%)% + T%m? [=Wz(pa,ps,q)]

Welpnona) = gz 3[4 € oa o) (X))
X
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Same story: factorization + integration over central fields

“Projectile”fields : |8| < o,

“Central”fields

“Target”fields : |a| < oy
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Diagrams for classical solution

Classical solution = sum of perturbative diagrams with retarded
propagators in the background of projectile and target fields.
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Expansion of quark fields

Expanding it in powers of pi/pﬁ as for gluons we get:

) = o0+ o0 ol el 4

where
\Ifff’) = Ya+Eu, Zu = gfz ‘B wAa
\TI/SO) = Ya+Zu, Zn = (¢Aa_l ) lBii%’
Uy = g5+ Eip, Zip = —g?ViAiﬁ_i_ieiﬁB,
\111(90) = &B%—Ew, Eip = —(@Z_)Bﬁiie)viAigfl.
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Power corrections

W(pA7PB q
k,g—k)1
= 8 2 2 N /dsz|: +a§) [1 - Z%LCIM(O‘ZJCL) 1u(6m‘1l kl)
2
. 1)"<qQZ">h (ki (B — K1)
N
2k2 k)32
S e DAY kR B — )
I3 (g k RS (Bey g1 — k)]
_ NC (kaq - k)J_
N—1 @

X (2(1 +ap) [ (k)i (Ber g — ki) — J5 (o, k)50 (Bzy g — k)]
+ (1 )[Jtlwu?’(amkl)]tlzs(ﬁm q.1 — kl) +]t2wu3(a27kl)jt2ﬁ3(6m q1 — ki)
+ 103 (g k) (Bes g — ki) + 750 (kL ) (Bes g1 — kL)])

s} + frochrfuod)+{ood](1+ o)

1. Balitsky (JLAB & ODU) Rapidity factorization and evolution of TMD s ov 2018 22/53



Leading-N, power corrections

2
Power corrections are ~ leading twist qu—iz x (1+ Ni + %)

(Pleasant) surprise: terms not suppressed by Ni are determined by the
leading-twist terms due to QCD equations of motion

Leading twist:

1 —iaxe—+i(k,x - 7
o, [ dred’xp 7T (Al (x,x0) Pridr(0)|A) = fig(or kD)

Power correction:

8 /dx.dxj_ e—iaqx.—i-i(k,x)L
873s

X (Al (xa,x1) PolUi(xe,x1) — 75 Ui(xe, x1 )]0 (0)]A)

= —k fif(ag, k1) + O(ay).

(Mulders & Tangerman, 1996)
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Power corrections to Z-boson production

Result:
Wz(pa,ps,q) = SSWiV/dZM
x [{(1 )1 -2 B o ki — k)
#2002~ I o i k0 + (0 0 30)
my
s{uoctfuodt{uos](i+ o)

aye = (1= 3syw), ags = (1— %s%v)

Power correction is ~ E'
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Power corrections to Z-boson production

Result:
Wz(pa,ps,q) = ﬁ/dz/ﬂ
y [{(1 ra)i- 2%] Frure, ko fra(Ber g1 — K1)
+2(a5—1)%h1”( kR (Be, g — ko) + (aZHﬁz)}
N
s{uoctfuodt{uos](i+ o)

ay,e = (1 — §SW)7 ads = (1- %S%v)

Power correction is ~ @

( y- and > terms involve twist-3 quark-quark-gluon TMDs which do
not reduce to leading-twist distributions).
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Estimate of power corrections

If 0 > k% > m% we can approximate

fla myh(o
fitoekd) = T o i) ~ MAHOD
1 1
&2 1 (k C]—k)J_
= Wolparppq) = ——o— [Pk [1 -2
oarna) = e [P | )

X Z(l + a})[ﬁ”(az)]_ff(/@z) + fr(a)f (B)]
f
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Estimate of power corrections

If 0 > k% > m% we can approximate

fla myh(o
fitoekd) = T o i) ~ MAHOD
1 1
&2 1 (k q—k)J_
= Wolparppq) = ——o— [Pk [1 -2
oarna) = e [P | )

X Z(l + a})[ﬁ”(‘lz)ﬁ(/@z) + fr(a)f (B)]
f

With logarithmic accuracy

2 2 2
_ me 1 In q 1 0
4 2 2 N 2 2 2 2
swewNe Lg  my 07 g7

xS+ @) fla)fulBe) +fila)f (82)]
A

Wz(pa,pB,q) =

= power correction reaches 10% level at g, ~ %Q ~ 20 GeV
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Conclusions

Conclusions |
m Higher-twist power correction to H and Z production at s > ¢* > ¢4
are calculated. The estimate gives 10% corrections at g, ~ %Q.
Outlook
m Power corrections to W,,,, for Drell-Yan and SIDIS
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Rapidity evolution: one loop

We study evolution of ff"](xL,xB)Ef"’()rl,xB) with respect to rapidity cutoff n

. 2 ixpz am m
fla( 1)(ZL7XB) = E/dZ* eMBLx [0071*}2 F.[(Z*7ZL)

Allx) = / ot B(e" — Jaul)e ™A, (k)
® L (2m)4 k "

At first we study gluon TMDs with Wilson lines stretching to +oc (like in SIDIS).

Matrix element of 74 (K, xj;) F% (k. , xz) at one-loop accuracy:

diagrams in the “external field” of gluons with rapidity < 7.

Figure : Typical diagrams for one-loop contributions to the evolution of gluon TMD.
(Fields A to the left of the cut and A to the right.)
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Shock-wave formalism and transverse momenta

a > o and k, ~ k; = shock-wave external field

ki

Characteristic longitudinal scale of fast fields: x, ~ L, 5 ~ 9

as A o

= X~ X
- . . . K2
Characteristic longitudinal scale of slow fields: x, ~ %, B~

= Xe~
|f04>>04andk2L Ski = X > X,
=- Diagrams in the shock-wave background at k; ~ k|
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Problem: different transverse momenta

a > «aand k; > k, = the external field may be wide

2
Characteristic longitudinal scale of fast fields: x, ~ %, B~ k—l = X~

.- . . . K2
Characteristic longitudinal scale of slow fields: x, ~ é, Br~—t= xo~v B
L
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Problem: different transverse momenta

a > «aand k; > k, = the external field may be wide

Characteristic longitudinal scale of fast fields: x, ~ %, B~ i = X~

. . . . . 2
Characteristic longitudinal scale of slow fields: x, ~ é, Brtlo x v

If &> a and k2 > k3 = x, ~ x, = shock-wave approximation is invalid.
Fortunately, at k3 > k7 we can use another approximation

= Light-cone expansion of propagators at k;, > k|

1. Balitsky (JLAB & ODU) Rapidity fact ion and evolution of TMD s INT 8 Nov 2018 29/53



Method of calculation

We calculate one-loop diagrams in the fast-field background

in following way:
if k, ~k, = propagators in the shock-wave background
if k. > k, = light-cone expansion of propagators

We compute one-loop diagrams in these two cases and write down
“interpolating” formulas correct both at k; ~ &k, and k; > k|
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Shock-wave calculation

Reminder:

~ 2 I
Fi(z1,xp) = s/dz* e "B Foi(za, 21 ) 24, 007

At xp ~ 1 e~ may be important even if shock wave is narrow.
Indeed, x, ~ ;j—‘ L Xy~ ,?T‘ = shock-wave approximation is OK,
1 1
but xgo,. ~ xB% ~ ]f—‘ > 1 = we need to “look inside” the shock wave.
€ 1

INT 8 Nov 2018 31/53
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Shock-wave calculation

Reminder:

2 ns
Frleromm) = % [de, e Pl 0ol

At xp ~ 1 e~ may be important even if shock wave is narrow.
Indeed, x, ~ ;j—‘ L Xy~ ,?T‘ = shock-wave approximation is OK,
1

1
but xgo. ~ xp% ~ & > 1 = we need to “look inside” the shock wave.
kJ_ kJ_

Technically, we consider small but finite shock wave:

take the external field with the support in the interval [—o., 0] (Where

o« ~ 5'), calculate diagrams with points in and out of the shock wave,
N

and check that the o.-dependence cancels in the sum of “inside” and
“outside” contributions.

I. Balitsky (JLAB & ODU) Rapidity factorization and evolution of TMD s INT 8 Nov 2018 31/53



One-loop corrections in the shock-wave background

(@) (b)

Figure : Typical diagrams for production (a) and virtual (b) contributions to the
evolution kernel.
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Real corrections: square of “Lipatov vertex”

o

P

(@) (b) (c)

Figure : Lipatov vertex of gluon emission.

Definition

L (k,y1,x) = i lim K*(T{A%(K)F(yL,x5)})

i
k2—0
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Lipatov vertex in the shock-wave case

Result of calculation (in the background-Feynman gauge)

i «, a
L%k, y 1, xp) = 2ge ) (P2 _ CPUY (T gy ) — Uy(y )]

as ki
axps axgs
kg ~U Ut
8 ng(ast —i—pi axgs —i—pi )
Di Di +
+ 2 —-U U
pl“(ast —i—pi axps —i—pi )
1 2c
+ [2ix8p2,OU — 2i0- Up; + 2P 2“ 2R Up] ———— U - Plgly b
Qaxgs —|—pL 128

U; = F;(0) = i(Q;U)U".

Schwinger’s notations (x, |O(p., X1 )|y1) = [d*pO(py,x . )e Py
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Lipatov vertex in the light-cone case

Result of calculation (in the background-Feynman gauge)

defi(kvy)J_ k2
L/aﬁ'(ka)’LaxB» = mﬂab(xBﬂL a*i,)u)
1
axgs ki ! ! oszsgmkl 2ackik!
"Ly, — ap1,) 8t — oLk + ]
[ kf_ (asp2“ pl”) R ki+ax3s kﬁ_ —i—astpl”

NB : k“LZI;(k,yL,xB) =0
for both shock-wave and light-cone Lipatov vertices.
It is convenient to write Lipatov vertex in the light-like gauge p5A,, = 0

by replacement ap} — ap| —k* = —k'| — /;Tj
o . kot
Lzl;(ka yL’xB)hght—hke _ 2ge—l(k7)’)L [ Zz i
1
I I, L I 2 ) Lkl
ki A0k — gk’ kL gk’ + 2Kk kik ]f“b(xBJr 4 yi) + O(p2)
axps + k% (axps +42)2 17 as’ "
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Lipatov vertex at arbitrary momenta

“Interpolating formula” between the shock-wave and light-cone Lipatov
vertices

Lzllg (k, Vi, xB)hght—hke

QXBSgui — 2kLk;

. k2
- k]-“fx+—L{ 1 U + Up)——— Ut
g( J“ ( B as) ozx;_n;s—i—kzL (j p])ast —i—pi
vyt ag,u— Pyt +2k’fg~}|m“” + O(p2y)
"7 oxps + pA M axgs +pl K °Y K

This formula is actually correct (within our accuracy gy < aglow) iN
the whole range of xz and transverse momenta
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Virtual corrections: similar calculation

(@) (b) (o) (d)

Figure : Virtual gluon corrections.

Result of the calculation (in light-like and background-Feynman
gauges)

. . Sd o . =
<]—"l."(yj_,xB)>F1g- 4 _ _ngfnkl ?(yﬂ - ;)zlfk(xg)(l 01 +U))
o’ 1
x (26%6! — g\ U———UT + F; SR
( i 0; — 8ij8 ) axps +pi_ + l(XB)pi (ast eri) |yl)

NB: with « < ¢ cutoff there is no UV divergence.
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Rapidity vs UV cutoff

Typical integral (n = p;, “gluon mass” m = IR cutoff)

17/@ 1 Xgp2 - 1
) w2 (peon—ie)(p? — m? + ie) (xgp2 — p)? — m2 + ie

Regularization # 1 (ours): n = py, |a| < o

o ,ii/‘gda/ dp /dzpl 1 XB
272 |, B — ie m? +p% — afs —iem? + p? + alxg — B)s — ic
1 [° 1 1 Tdo QSXp 1 osxg T
=~ [ da|d = [ —In(1 = ~In? —
7T/o a/ plm2+pia+% /omn< +m2) 2" e e

Double log of o, no UV.
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Rapidity vs UV cutoff

Typical integral (n = p1, “gluon mass” m = IR cutoff)

I*/@ 1 Xgp2 - n
T ) 7k (pon—ie)(p? — m2 +ie) (xppy — p)? — m? +ic

Regularization # 2 (by slope of Wilson line): n = p; +yp2, v < 1

s [ ' 1 1
L = —i—s [dadB | d*p, - ,
’ 27r2/ ‘ / Pl +ya —iem? 4+ p — afs —iem? + pi + a(xg — B)s — i€
(pa-n)?>m’n® 1 ) X[:;S2 Tr2 1., xps 7T2
= L = — —In +— = -In"—+ —
: 2 m?n? 2 mPy - 6

Double log of o, no UV.
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Rapidity vs UV cutoff

Typical integral (n = py, “gluon mass” m = IR cutoff)

;= /d4 1 Xppa - n
) w (peon—ie)(p? — m2 +ie) (xppy — p)? — m? + ie

Regularization #3: n=p, 8 > b

1 XB
I = dodp | d*
3 /a[ﬁ/ pJ‘ 16m2+pL—a/ﬁs—lenﬂ—i—pL—&—oa(xg—ﬁ)s—ie
" dp dzPL XB NUV
= I = = In 2BV
3 / /m2+p b rlm2

UV x single log of the cutoff
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Rapidity vs UV cutoff

Typical integral (n = p1, “gluon mass” m = IR cutoff)

d“l 1 Xpp2 - h

I =
72 (p-n—ie)(p? — m? + ie) (xgp2 — p)> — m? + ie

Regularization # 1 = Regularization # 3:

xB(mz +p2l)
asxg +m? + p%

2+m +”’ m J om 4 pt osxg +m? + p

change of variables [ =
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Evoltuion equation for the gluon TMD operator

A. Tarasov and |.B.

d T Ino
dino (‘E’LI(XJ—’XB)‘FJ'Q()’JJXB))
= _as/dzkl Tl'{ili'u(k,XJ_,XB)light_likeLMj(k, yJ_,xB)light—like}
~ pm .<_ ‘o . 1
- asTr{Fi(n,XB)(mI — = Fi(xp) (i 01 +U))(205,0! — gimg" ) U————
P OXBS —G—pJ—

OXBS
+ Fi(xp) 5———5~Iy1L
P2 (oxgs +pt) )
m

1. T
+ (e | T———— U1 (2655}, — gimg™) (i0k — Tx) Fixp) o
oxps +p7 P1

~ oXxgs )
+ Filxp) 5——~1x1) Fi(yL,x } + O(«
l( )pi(o_st_’_pi)’ ) ]( B) ( S)
This expression is UV and IR convergent.
It describes the rapidity evolution of gluon TMD operator in for any xz
and transverse momenta!
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Evoltuion equation for the gluon TMD

Pl (Ff (1, xp) F (v 1,x8)) " p)

dlna
- . i k2 . )
= _as/d-zkj_ <p’Tr{Li“(k, xL,xB)hgh‘_hkeG(l — xp — ;J;)Lﬂj(kv yJ_)xB)hght—hke}
p" =y k sl ki 1
— as{pITe{ Fiw 1, x8) (1| = Z Flop) i 01 +Un) (255] — ging)U————
P1 oxps +p

oxgs
+ Filxp) 57—~ v1)
TP (oxps + ph)

. 1 . . _- m
+ (e | U———— U1 (2650L, — gimg™) (i0h — Ti) Filxes) 2
oxps +p7 P1

~ OXBS 2
+ Filxp) 5———|x X + O(og
08) s 7y 1B 0 o)+ 0ad)
The factor 9(1 —Xxg — —) reflects kinematical restriction that the

fraction of initial proton’s momentum carried by produced gluon should
be smaller than 1 — xp
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Light-cone limit

. . o “da [ .
G en 2 )P Dl = 20| s {00
™ o @ Jo

1 2,&’3 Xlz; X% } ~
— — : - F! A,
. Lﬁi’)’ (xg+B)% (xg+p)> (xg+pB)* Pl F (xs + 5,01

« fni(xB + 3537«\’L)‘p>lnal - <]7‘]:”("B \L)fm(xl? /\L)‘p>lna’}

XB
B(xp + )
In the LLA the cutoff in o < cutoff in transverse momenta'

(Pl (e, )" (a1 Ip) = Lo / dﬁ/ o {same)

= DGLAP equation = (' = 225

d
%%D(xg, 01,7n) DGLAP kernel

1 .7
Qg dz 1 1 / / XB
— Dy, 7[ TR - }QD—,O,
C/XB 7 (l—z’)Jr 7 21 =2)]ay (Z’ ln)
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Low-x case: BK evolution of the WW distribution

Low-x regime: xz = 0 + characteristic transverse momenta

pﬁ_ ~ (x —y)j_2 < 5§

= in the whole range of evolution (1 > ¢ > (x y)l ) we have ’% <1
= the kinematical constraint (1 — —) can be omltted

= non-linear evolution equation

d -~
dfnUf’(m)Uj’(Zz)

2 —
~ ~ ~ Z .
—3 3Tr{ (—idf + Ufl)[/d2z3(Ule§3 — )52 (U, UL, - 1] (i 07 +UR)}
g 21343

where n = Ino and —'%- is the dipole kernel

”]3””3
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Low-x case: BK evolution of the WW distribution

Low-x regime: xz = 0 + characteristic transverse momenta

pﬁ_ ~ (x —y)j_2 < 5§

= in the whole range of evolution (1 > ¢ > x y)l ) we have ’% <1
= the kinematical constraint (1 — —) can be omltted

= non-linear evolution equation

d -
%U?(Zl)%q(22)

2 2 —
~ ~ Z .
= 87r3 Tr{ —1821 + Uzl) [/d213(UZ1 U;; — 1)z%3]z2%3 (U23 U;rz _ 1)](1 8].22 +UJ;2)}

where n = Ino and %22 is the dipole kernel

”]3”23

This egn holds true also at small xz up to xXg ~ & since in the

whole range of evolutlon 1> o> 000 ), one can neglect oxps in
comparison to p% in the denominators (P2 + oxps) < effectively xz = 0.
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Sudakov double logs

Sudakov limit: xz = xp ~ 1 and k2 ~ (x —y) > ~ few GeV.

One can show that the non-linear terms are power suppressed =

(P F{ (xg, x 1) Fi (x5, 1) |p)

dln
— 4ach/d Pl [e"(f'»x—m(mﬁ-“ (xp + r x1)F (xp + PL yi)lp)
pL ' os’ / os’
OXBS
- T (| F (v, ) F ey )|
oxgs + p7
Double-log region: 1 > o > S )i and oxps > p3 > (x )’)12
N. d? ;
= —D(xp,z1,In0) = _ O LD(XB;ZJ_aan')/ = [1 _el(p’zh]
dlno 72 P
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Sudakov double logs

Sudakov limit: xz = xp ~ 1 and k2 ~ (x —y) > ~ few GeV.

One can show that the non-linear terms are power suppressed =

(P F{ (xg, x 1) Fi (x5, 1) |p)

dln
= 4ach/d Pl [ei(p’x_y)l@|.7:'-" (x5 + L x ) Ff (xp + Pi yi)lp)
P ! os’ / os’
OXBS
= | G, ) F 1))
oxXps +pj
Double-log region: 1 > o > (e )i and oxps > p? > (x —y)°
N, d? .
= ——D(xp,z1,Ilno) = — ‘D(xg,zblna)/ Pl [1 —e’(f”z)i]
dlno 72 P
= Sudakov double logs
N, K2
D(xp, k) ,Ino) p }D xB,kL,ln—)
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Gluon TMD with gauge links to —co

Qs —ixgu(pn Ta a
a;D(xg,z1) = _27T(P'I’l)xB/du el )<P|]:,g (21 +un)lz1, 0] o F 6(0)|P>

Fé(zo + un)

[—oon +zy,un +z) """ Flie(un +z,)

Fé(zL +un) = n'Fje(un+z1)un +z1, —oon +z, ™

To calculate, use double functional integral:

§<p|=.____; VT = <

One-loop diagrams are the same as before.
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Lipatov vertex for gauge links going to —cc

k2
Lab(k )’L,ﬁ )hght like _ g(kj_’UJT"J(,BB—i- )
afpsg ; — 2k;bk; + k); ) g~-+2g Di J— k2
X [ & 2# i (P )12 N uoy 5] z} +2U -7'—(53+ )bu)
afps+ki  afps+p] afBps + p* P
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Lipatov vertex for gauge links going to —cc

k2
afpsg ; — 2k;bk; + k); ) g~~+2g Di J— k2
X [ & 2u i (P )12 N uoy 5] z} +2U -7'—(53+ )bu)
afps+ki  afps+p] afBps + p* P

Compare to L. vertex for gauge links going to +oo

bt ke afpsgui — 2ki-ki . K2 TV
Lk, y . , Bp) B = g (ky \{ : /,21 st—F (B + )UL)JZU'
aBps + k7 as’  afips +p]

13 giky + 8upi 2k;; K
- 2f/ 3 + - U J L .j UT + J + ~ L } 5 ab
( b s) aBps +p7 k2 < B ) y1)
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Evoltuion equation for the gluon TMD

Replace
oon — —oon everywhere

and
xp — —xg in the virtual correction:

dlcrll el (Ff (e, xp) Ff (v, x8)) " p)
2

o k
= —as/dzkl <p|Tr{Ll-“(k,xJ_,xB)hght*hke@(l — Xxg — i)Luj(k’yL’xB

1 .
— U(25,]§16} — gim€) (10 + Up) Fi (5
oxgs —pq +1ie
oxps

Ino

)light-lik

— a{pITe{ Filrer xa) (1 |U'

+ Fj(xp) —[y1)
J p* (oxps — p* + ie)
1

p" = 265 — o MU
+ (xL|= Fi(xp) (i Ok +Uk)(26;6,, — gimg ) U' ———5——
p oxps —pi — e

1
gxXps 2
+ F Fi(vi, + 0(c
) s — 7 g PO )+ 0

U
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Conclusions and outlook

Conclusions

m The evolution equation for gluon TMD at any xz and transverse
momenta.

m Interpolates between linear DGLAP and Sudakov limits and the
non-linear low-x BK regime

Outlook
m TMD factorization at the one-loop level.
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Conformal properties of TMD factorization

TMD factorization in the coordinate space (ignoring indices of F;)

(0(21)0(22)O(23) O (z4) F* (x) F*(v))
= <0(Z1—aZlL)O(ZZ—vZZL)F(X+>xJ_)F(y+7YJ_)>
X <O(Z3+7Z3i)O(Z4+vZ4i)]:(x77xL)]:(y77YL)>

Regge limit: zi_,z31 — 00, 22—, 4+ — —00, everything else fixed.
In the Regge limit

w(v,or)

(O(z1-,21,)0(22—, 22, ) F (x4, x 1) F(y4,¥1)) = /dV F(v,a5)®(r, V)R *

where w(v, «) = pomeron intercept,

_ (m—x)(z2—y) Regge limit 2z XYt
Rl - 2 (x— ,)2 — S G ,)2 - 00
PR 2 W=y)T
" o= (p—y)? [-(—2)) 2 @-z)] ] ~ 1 (fixed)
X[y (=y)% RPN

and ®(r,v) is some function (hypergeometric).
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Conformal properties of TMD factorization

The conformal ratios R; and r; are invariant under the inversion

21— 22— X4 Y+

AU- 7 5 - 7 5 M T s Y T oy (*)
Z Z X y
1y 2, L 1

Similarly, for the bottom correlator

w(v,as)
(O(z34,23, )O(zag, 24 ) F (x—, x 1 ) F(y—,y1)) = /dVF(V,Oés)@(rzyV)Rz 2

where
— —y Regge limit
Ry = (zs2 X)(_u' zy) gge I Tad=) - o
134()6 y) Z34L("7 })L
o (e—y)? [ (—z)? —ray (—23)3 )P
S o P ERE ~ 1 (fixed)
1 +1%4+1334 |

It looks like the factorazed correlator (O(z1)O(z2)O(z3)O(z4) F2(x) F2(y)) is a
function of four conformal ratios Ry, R», r, r; instead of 9
(In general, n-point correlator is a function of 4n — 15 conformal ratios)
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Conformal properties of TMD factorization

However, there are more “conformal ratios” invariant under inversion (x)
Example: correlator of two currents and conformal dipole with rapidity cutoff

a ~ Qmax ~ enm:\x

wwas)  w(v
21-22— ) =5 ()

(O(z1-,21,)O0(22—, 22, Wgons(x1,¥1)) = /d” F(v,a:)®(r,v)( ) @
12,
2 2
Z X —
= (=21)3 I?L (z A y)(t a)) _ 0-2) ~ 1 n the Regge Hmit
X—21 X—22 —2 <2
Z1—Z2—[ I L - P L] [ - - - 2 i]

Q: How many such “conformal ratios” for TMD correlators?
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Conformal properties of TMD factorization

However, there are more “conformal ratios” invariant under inversion (x)
Example: correlator of two currents and conformal dipole with rapidity cutoff

a ~ Qmax ~ enm:\x

was) iy
e e

(O(z1=,21, )O(zo—, 22 WUne(x1,¥1)) = /dz/ F(V,as)Q(ryy)(ZFm*)

2 a:
212,
2 2
5, (x—y : _
"= (x—121)? 12- (z )2 )(J; 21)3 (—22)3 ~ 1 inthe Regge limit
—21 —22 —21 —<2
Z1—Z2—[ I L - P L] [ - - - 2 i]

Q: How many such “conformal ratios” for TMD correlators?

Formally, TMDs are invariant under the inversion (x):

Fi'(z1,24) = [ooy + 20,24 + 210" Fei(z4,21)
7 74 z ]mn 4+ 21

— oo++7a7+7} Fal55) = Fi'anz)
ATl 7 0

but the rapidity cutoff spoils this invariance.
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Sudakov regime in the coordinate space

In Sudakov regime amaxBps > (x —y) 2 and g ~ - ~ L

Vi

(x — )7 Omaxs
4

D(xe, i3 A) = Fai(, x1)[x, 00)7 00, yu M F o (v, y1), A
In Sudakov regime A > x,, y.«

Evolution equation

d
< P(x, yi;
/\d)\ (X yi5 A)
o 1 2 O D (X, yas A) — P, is A)
= dx, e 5 DXy, yis A 7/ ay’, = 1%
[/x Xy = Yx ( ) V. ’ Vi — s

00 . 00 ) /oy, .
+/ ay, ] elri%x*fb(x*,y*;)\) f/ dx’*q)(x*’y*’)\) P(xisVsi A)
y y; — Xx X

/
. XL — Xy
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Sudakov regime in the coordinate space

i ~ — osNe
Solution (a, = %)

D (xi, 45 A) =

5 2
Qs 142 A 2
=% [n* 2——In

28 ) 44a, = gl
Xy x*y*]+4a‘s¢(l)ln Ao/dx;dy; @(x;,y;,)\o)(x*y*) Oq]n 2o

[ I(1-asng) . D(1—ayln ) }
(

)l—d:]n%o

—e

—agln X
Xe — X}, + i€ (x;fx*+ie)l a5y
= A - A
I(1—asng) N I(1—asng) }

| )
(e =y, +ie) TR0 (= v i)

1—aIn
S )\0

Does not look conformal
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Sudakov regime in the coordinate space

If we use rapidity cutoff at oy, = ‘_F;‘iﬁ =\ =olx—y|\/s
P(xs,y450)
a5 (12 GoR 50?0 G0 sof) 4 o

= (e O)emw)l"%/dxidyi P(x,, 43 90)
« (xy )—a.‘mgo{ I(l-asnZ) . (1 —a;nZ) }

* )k A o . o

(oo =, +ie) M —x +ie) M
y [ I(1-asinZ) N I(1—asnZ) ]

A B N A O 9 B!

is conformally invariant (under the inversion x, — %, y. — ).
X Y1

1. Balitsky (JLAB & ODU) Rapidity factorization and evol INT 8 Nov 2018 53/53



