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Our flavor of Monte Carlo:
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Complex Manifolds so far 

(0+1) Fermions ✓
(1+1) Fermions ✓



Complex Manifolds so far 

How about (2+1)?

(0+1) Fermions ✓
(1+1) Fermions ✓



(2+1) Thirring Model
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What is known?

•                 spontaneously at             
• Chiral restoration at large        Nf

Hands et. al. [0701016]

h ̄ i 6= 0 m = 0 Hands et. al. [9512013]

µ = 0

Pawlowski et. al. [1302.2249]

Li [1608.03141]

µ 6= 0
• Complex Langevin + Heavy Dense  
• Complex Langevin + Fermion bags



What is not known

?



Holomorphic  
Gradient Flow

Sign Optimized  
Manifolds
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Sign Optimized Manifolds
1. Propose family of manifolds



Sign Optimized Manifolds
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three parameter family



Sign Optimized Manifolds
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three parameter family
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Sign Optimized Manifolds
2. Maximize average sign over family



Sign Optimized Manifolds
2. Maximize average sign over family

need precision 
if small

hOi = hO e�iIm(S)iR
he�iIm(S)iR
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Sign Optimized Manifolds
2. Maximize average sign over family

r�h�i = |h�i|
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sign problem free  =  cheap

h�i ⌘ he�iImSiR



Sign Optimized Manifolds

3. Integrate over optimal manifold
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Strategy

• Use sign opt. manifold 
• HMC on manifold



HMC on Manifolds

Cauchy’s  
Theorem

Choose 
coordinates
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HMC on Manifolds
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3. Marginalize:
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Separable manifolds 
are cheap



Sign Increases
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Sign Increases

Stat. error ⇠ #

h�i2
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Sign Increases
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 limit solved µ �! 1
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can be improved easily



Chiral Condensate
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Phase Diagram(T, µ)
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Take Home
• Complex manifolds in (2+1) ✓ 
• SOM is fastest approach so far 
• Up to                         possible  
•          phase diagram computed 

ab initio
(T, µ)

⇠ 10⇥ 10⇥ 10



More Applications
Thermodynamics: 
Phys. Rev. D. 94, 045017  
Phys. Rev. D. 95, 014502  

Real time dynamics: 
Phys. Rev. Lett. 117, 081602 

Phys. Rev. D 95, 114501 

Gauge Theories: 
arXiv:1807.02027 



Thanks!


