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Quantum Hall Fluids 101

= Quantum Hall Liquids
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Quantum Hall Physics

E Landau levels
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Landau Level Projection
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Landau Level Projection
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Landau Level Projection
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Fractional Quantum Hall States
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Fractional Quantum Hall States

Wn
wLaughlin T H(Z@ I Zj)M@ > |zil7/4

i< j
1 Il |}
wl\/loore—Read = Pfaft [ ] | |(Zz 1T zj)Me 2 lzil7/4
Ri — &5 3
1<)
1
ian = Symm L e L — )2t 111113} it
y H A e H (ze — 24) (2e —25) H L

a<b< 3 5 <e<d i 9<%
L
- . 2
“interesting polynomial” x e~ 2 [zil"/4

"Interesting” usually means “Clustering Conditions”

| eeem—— e—

6-2

o 3 |zl /4



Fractional Quantum Hall States
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Bottom-Up Approach to QH

Analytic Prop.




Bottom-Up Approach to QH

Algebraic J'

QH Hamiltonian (Purent)Humlltomun
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Bottom-Up Approach to QH

I - Analytic Prop.
Algebraic RS

QH Hamiltonian




Would like to:

- Understand the nature of the TQO defining FQH fluids

+ Understand its Abelian and non-Abelian excitations (TQC)

- Derivation of states with filling fractions other than Laughlin's?
Need some organizing principle (two-body parent Hamiltonians?)
Composite Fermions? Parton states?

- How about quasihole operators and edge modes?

- Nature of correlations in the » = %siute (strange metal)? -
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Qutline

QH Hamiltonian




Qutline

e Setup the QH Hamiltonian in
second quantization

QH Hamiltonian




Qutline

e Setup the QH Hamiltonian in
second quantization

e Relate to a Pairing problem
D T 1Dy

QH Hamiltonian




Qutline

e Setup the QH Hamiltonian in
second quantization

e Relate to a Pairing problem
D T 1Dy

® Frusiration-free Quantum Hall

Hamiltonians and Zero modes
Entangled-Pauli-Pples and Parton States

QH Hamiltonian




Qutline

e Setup the QH Hamiltonian in
second quantization

® Relate fo a Pairing problem
D T 1Dy

® Frusiration-free Quantum Hall

Hamiltonians and Zero modes
Entangled-Pauli-Pples and Parton States

QH Hamiltonian e (Charge, Statistics, Quasi-hole

operators and Sirlng orders IU




Quantum Hall Physics

An Exercise in Second Quantization




Quantum Hall Physics

An Exercise in Second Quantization

Let us start with a projection onto the LLL
—

p— uy



Dimensional Reduction - QH Physics

First Quantization

2D continuous geometries




Dimensional Reduction - QH Physics

First Quantization Second Quantization

L 0 0, 0.0, 0.0 .0

n . T T
i Z Z Viiki CitkCi_kCi—1C5+1

0<<L—1k(5),l(5)




Separability of Pseudopotentials

Given an arbitrary spherically symmetric interaction:

X—XJ ng ngzp U

m>0 m>0
with g >0 and P..(ij) a pr0|ector onto the subspace of relative

angular momentum 172 of the pair (ij)




Separability of Pseudopotentials

Given an arbitrary spherically symmetric interaction:

ittt vl == | 511 b S A G

. m>0 ol 1 TGS
with g.» >0 and P..(ij) a projector onto the subspace of relative

angular momentum 1 of the pair (ij)

We have shown that in second quantization: Hon = )  gm Hv,
m>0

with I:Ivm = Z Z Nk C;L'+kc;r'_kcj—lcj+l

0<g<L—-1k(j5),l(5)




Separability of Pseudopotentials

Given an urbitrury spherically symmetric inferaction:

=D gnVin= ) 9m ) Puli

m>0 m>0 1<]
wnh gm >0 and P,.(ij) a projector onfo the subspace of relative

angular momentum 172 of the pair (ij) geomeiry

We have shown that in second quantizatip: Hon = »  gm Hv,
m>0

with [:Ivm — Z Z yr @ J_|_kcj kCi—1C5+1

0<j<L—-1k(5),l(35)




For the 1st Haldane pseudopotential or Trugman-Kivelson model:

Geometry L (Laughlin) n(j,1) b,(2)
i —j+1 [1, 2] 1 , 12
Disk QN —qgq+1 ko—i+ /7(j+k) =2 71zl
Cylinder gN — g+ 1 2(8/7) 432 k oK (4n3)—1/4ﬁe—%(x—m)%rirxy
2, N N 2N, No .\ —i% . i _r
ophere oot k/ prreniCAY SINSIE J SN e  sin()Y el cos(§1Ye
Torus qN 2(8/m) 432 Y (k + sL) e kL S, @Cﬁl?der

® |n the case of the cylinder for arbitrary m

2,2
6—/4,]{:

k= —m
i 22 vVm)!

H,,[vV2kk] —>  Hermite poly
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For the 1st Haldane pseudopotential or Trugman-Kivelson model:

Geometry L (Laughlin) n(j,1) b,(2)
i —j+1 [1, 2] 1 , 12
Disk QN —qgq+1 ko—i+ /7(j+k) =2 71zl
Cylinder gN — g+ 1 2(8/7) 432 k oK (4n3)—1/4ﬁe—%(x—m)%rirxy
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ophere oot k/ prreniCAY SINSIE J SN e  sin()Y el cos(§1Ye
Torus qN 2(8/m) 432 Y (k + sL) e kL S, @Cﬁl?der

® |n the case of the cylinder for arbitrary m
6—f<:2k2

= T H,,[vV2rxk] —>  Hermite poly

r s -
We have shown that geometries with the same genus number

can be related through similarity transformations

S

—
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Gaudin for Quantum Hall




Exactly-Solvable Model: Strong Coupling

Consider the general class of hyperbolic Gaudin models with:

1
il = il ZZ(az,nk) ) SE(z ZX (x nk)Sjik
k(5) k()
In this rep one can define c(;) constants of motion: (Fix 5 )

Rjp = S5 — Z X Mk, m) (S;-;Sjl —|—5ij;-?) — Z Z (M, m)S5k55,
1(5),1#k 1(5),1#k

And from their linear combination obtain:

Hgj =) eShi— Y (e—e)X (e, m)SHSi— Y (ex—e)Z (e, m) S5

E()) E(7)1(5) B(7) () o
RCA




The following parametrization (satistying Jacobi's relation):

2
U kst gx-+y
X(Q?,y) il 9 9 Z(Q?,y)

r? —y 2132 — 2

and e = X\;n2 leads to the Hamiltonian:

Hg; = Ai(1+ g(57 — 1)) 277 S5k + A0 Z eSS
k(J) k(5),L(J)

where

S%. and S; =) S;z are good quantum numbers
k(J7)
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The following parametrization (satistying Jacobi's relation):

— 2 2
TY qgxrs+vy
9 9 Z(ZE,y):—

X i 1

and ez = X\;n2 leads to the Hamiltonian:

He; = Mf(1+g(57 — 1)) Znisﬁ + A9 Z nkmSﬁSﬁ
k(7) k(5),0(5)

where

S3: and S; =) Shw are good quantum numbers

We want to consider the special case where™ vanishes o
1M
N

™
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One can choose the SU{2) termionic representation:
L T a2 21| [ L 1
Gl i Rl B e M R e et §(nj+k + 75k — 1)

such that acting on the vacuum [»(5)) containing only unpaired e-
1

Slv(i)) =0 Sielv(9)) = Svsel — D)) = —s;6(v(7))
CO s e O
ko bt Rl NNl gl NG EYE
Vik = 0 Vik = +1 Vik = —1

N =2M Tin Nb T Ninactive ( L Orb"(]lS)

il l T

Paired Unpaired= Mo = > _ (vl Inactive levels

-

)

—————

b
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One can choose the SU{2) termionic representation:
e || T T | [AL || LLL] 1 1
ik = Ci+kCi—k 0 Pk T Ci—kCitk 5 Pik T 5(”j+k i st e il
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J ) senaloral ittt

, 1
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e,

k(7) I’J_l .
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By choosing:  §=-1/(M - ) sjr—1)

one obtains: (g = \;9)

HGj — g Z i C;r'+kc;r'_kcj—lcj+l — g T]—IiTj—l

k(3),0(7)

Arbitrary Haldane pseudopotential

This model is exactly solvable for any 77 , the QH information is
in part in their specific values

0

v
18-1



By choosing:  §=-1/(M - ) sjr—1)

one obtains: (g = \;9)

Hgj =g Z Nk C;r-+kc;f-_kcj—lcj+z =9 T;ETJE

k(3),0(7)

Arbitrary Haldane pseudopotential

Geometry L (Laughlin) No n(j,1) b,(2)
: _ 2j ;1
Dk av-arl L SN TR el
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2, N. N 2N No .\ —i% . ) ,
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Eigenvectors:

M
ll - Il "k il
Prrv(s)) = H Eeo) » Sj (Ba) = Z 2 _ | CitkCi-k

There exists two classes of solutions:
All finite pairons: &7,y = 0

One infinite pairon:  Ear.jy =29 [ D sjun?
k(7)

The Gaudin (Bethe) equation is:

M 2

E
Z E BE _Zsﬂ'k anEa:

B(#a)=1" P

19

M—1
I Z E.,
a=1



Spectrum of Gaudin-Quantum Hall

. AU
Jm — —1/2 ju=——  Jmt1/2

Repulsive case (¢ > 0):
He,

A

Attractive case (g < 0):

2

-AENN

Ikl

() p—

Jm +1

dim M, (N, J) — dim H. (N — 2,7 - 2j) (independent of 1)z,)
0 bl | # 70r0s: Large degeneracy (Null space)

Strongly-coupled Superconductor

\/ Aique ground state) ILh




Spectrum of Gaudin-Quantum Hall

—1/2 e

Repulsive case (9 > 0): = MR B

BB NER

dim M, (N, J) — dim H. (N — 2,7 - 2j) (independent of 1)z,)
0 b 1 # 70r0s: Large degeneracy (Null space)

The Gaudin (Bethe) equation has a symmetry that rel?tes two
| states with ditferent filling fractions, and makes » = - “special”

| M

/(u;ique ground state) I
e ——————————————e— ﬂ_l "
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Quantum Phase Diagram

The phase diagram can be parametrized in terms of the
density p = M /L and the rescaled coupling ¢ = GL

1
Moore-Reald
n=0
08 | T
. E=0=>p=1-1/g
weak pairing
06 | g
P thi{i‘-order quantum phase transition
04 |
u=0=p=1/2-1/2g
o ] o
02 F . *
strong pairing
0




Quantum Phase Diagram

The phase diagram can be parametrized in terms of the
density p = M /L and the rescaled coupling ¢ = GL

1 T
Moore-Read

u=0

-

08 F

repulsive weak pairing™~ £=0=p=1-g | [afiraclive

06

P

04 F

02 f




Ground States of the Full

Pseudopotential Problem




Ground States of the Full

Pseudopotential Problem

I No gauge symmetry: Seniority no longer a good quantum number \




Frustration-Free Properties

We have shown that in second quantization:

I:IQHZ Z Z H(?;':ngf{Vm

0<j<L—1m>0 m>0

Ker(Hqn) is the common null space of all the null spaces Ker(zZ:)

Given IV, L , the Hamiltonian H, displays zero energy ground
states|¥;)), whenever » = 2 < 1. The zero energy state is unique
when » = % , itis in the sector 7 = 7, and it is the Laughlin stafe

il



A

Hy,, is a frustration-free Hamiltonian for »

p 1
q§3

HG]‘\P5> T 07 for all j7 jmin S] il jmax ==t TJ_1|\115> == ()

\

positive semi-definite

Corollary:  All zero energy states have zero coefficients, in a Slater
determinant expansion, for the basis states with:

(nO il 1,711 Hi 1) 9 (nO T 17”2 T ]-) , (nL—?) 51 1,TLL_1 1t ]-)7 (nL—Q T 17nL—1 1 ]-)

AlA



A

Hy, is a frustration-free Hamiltonian for » = 2 < 4

JE e e (O et e L b | AAAS A ot i e

\

positive semi-definite

Corollary:  All zero energy states have zero coefficients, in a Slater
determinant expansion, for the basis states with:

(nO il 1,711 Hi 1) 9 (n() T 1777’2 T ]-) , (nL—?) 51 17nL—1 1t ]-)7 (nL—Q T 17nL—1 1 ]-)

What is the Organizing Principle?

AlA



Zero Modes and Root Patterns




Zero Modes and Root Patterns

Frustration-free Quantum Hall Systems

p— uy



[z -2)=

For three particles,

+3

consecutive sites.

Z]

1001001 + 30110001 4+ 3*1000110

26-1

+15

4

Root pattern: Generalized Pauli Principle, no two particles are allowed in three

6
Z

zi = X; + 1yi

Vi)
2
Zy

6
Zy

Z3
6 x0101010 + 15x0011100

Fractional Quantum Hall effect and Laughlin State

Z3
2
Z3
6




[z -2)=

For three p~ ‘cles,

+3

consecutive sites.

Z]

1001001 + 30110001 4+ 3*1000110

26-2

+15

4

Root pattern: Generalized Pauli Principle, no two particles are allowed in three

6
Z

zi = X; + 1yi

Vi)
2
Zy

6
Zy

Z3
6 x0101010 + 15x0011100

Fractional Quantum Hall effect and Laughlin State

Z3
2
Z3
6




N

Fractional Quantum Hall effect and Laughlin State

1
[z -2)=

R
745 4, ZN—-1 4N _
. . R Zi = Xj + 1y;
1>J . .
ZlN ZzN Z/\A/I—l Z/l\\/l
For three p?\‘cles,
Q
’ 1 ' ng\ zZ1  7n 74 | |1 1 1| | >, 7~ 7 7 7y Z3
_ 2 2
4 +3 4 Expandables
%Q« 2 Z3 21 42 43 a1 42 43 |41 42 43
1001001 + 30110001 + 3x%1000110 —
consecutive sites.

6 i
1

6 % 0101010 + 150011100

2

2
Root pattern: Generalized Pauli Principle, no two particles are allowed in three
26-3



Guiding center/second quantized presentation of quantum Hall Hamiltonians

1 0 0 1 0 0 1 0 0 1

-O O O -
Use cylinder Hamiltonian geometry: ’w> — Z C{ 1 ’{n}}
{n}

Ll

Focus on V1 pseudo potential:

Hy, =Y THT;, T, =) m(i, )¢ kcjyn
J k(J)
Hy, Y1 qu) =0 T]'_W%,QM =0 Vy

—_

Laughlin 1/3 state with any number of quasi-holes added

27-1



A frustration-free Hamiltonian

(Ground state is a ground state of each individual term at fixed j)

Famous frustration free lattice models: AKLT (1D) guantum dimer (2D)
Majumdar-Gosh(1D) Kitaev (2D)

(linked to tensor product ground states)

all short ranged!

{n}

Ll

Focus on V1 pseudo potential:

Hy, =Y THT;, T, =) m(i, )¢ kcjyn
J k(J)
Hy, Y1 qu) =0 TfW%,QM =0 Vy

—_

Laughlin 1/3 state with any number of quasi-holes added

27-2




Squeezing as a result of the general zero mode property

Assume: H|Y) =0  where ) = ZC{”}Hn}> (>|<)
{n}

Can show: Every [{n})that appearsin (x) can be “inward-squeezed”

G. Ortiz, et al

PR 13 from a |[{n'}) that also appears in (*) and that satisfies the
generalized Pauli principle (GPP) of “no more than 1 particle
in any /V/ adjacent orbitals”

M =3:

{»'}) 100100001000100010010001001000100001

\ / wrd squeefi}z satisfies M = 3 GPP

[{n}) 100001001010000010000011001100000001
does not satisfy M = 3 GPP

28-1



Squeezing as a result of the general zero mode property

Assume: H|Y) =0  where ) = ZC{”}Hn}> (>|<)
{n}

Can show: Every [{n})that appearsin (x) can be “inward-squeezed”

G. Ortiz, et al , _ o
PR 13 from a |[{n'}) that also appears in (*) and that satisfies the

generalized Pauli principle (GPP) of “no more than 1 particle

inany M adjacent orbitals”
| densest pattern satisfying M = 3 GPP:

{n'}) 1001001001001001001001001001001001001 v = 1/3

Yward squeeziry

[{n}) 1000011001100001000011001001100001001
does not satisfy M = 3 GPP
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Squeezing as a result of the general zero mode property

Assume: H|Y) =0  where ) = ZC{n}\{nH (>|<)
{n}

e The M=3 subclass of Hamiltonians can have zero modes only up to

filling factor v = 1/3

e The zero mode at v = 1/3 must be unique, if it exists

* Analogous statements for general M |

in any M adjacent orbitals”
| densest pattern satisfying M = 3 GPP:

{n'}) 1001001001001001001001001001001001001 v = 1/3

Yward squeeziry

[{n}) 1000011001100001000011001001100001001
does not satisfy M = 3 GPP

28-3



These statements apply to the entire class of Hamiltonians, where
zero modes may not at all be related to first quantized wavefunctions
with nice analytic clustering properties

e The M=3 subclass of Hamiltonians can have zero modes only up to
filling factor v = 1/3

e The zero mode at v = 1/3 must be unique, if it exists

* Analogous statements for general M |

inany M adjacent orbitals”

| densest pattern satisfying M = 3 GPP:

{n'}) 1001001001001001001001001001001001001 v = 1/3

Yward squeeziry

[{n}) 1000011001100001000011001001100001001
does not satisfy M = 3 GPP
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Guiding center/second quantized presentation of quantum Hall states

1 0 0 1 0 1 0 0 1
{n}) = O O O- O-

P ) =3 Cpnyl{n})
{n}
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Guiding center/second quantized presentation of quantum Hall states

1 0 0 1 0 1 0 0 1

{n}) = -O- O O- -O-
P ) =3 Cpnl{n})
{n}

Squeezing Principle for Zero Modes

“inward squeezing”

YLaughiin,1/3) = [10010010010010Q100] ... ) + rest

root partition

(Unentangled)

All states appearing in “rest” can be obtained from the root partition via
“inward squeezing” processes

29-2



Guiding center/second quantized presentation of quantum Hall Hamiltonians

1 0 0 1 0 O 0 1 0 0 1
-O- -O- O O

Cylinder Hamiltonian geometry:

SN 41001010

“Tao-Thouless” state on
thin cylinder

v=1/3 Laughlin
state on cylinder

charge 1/3 quasi-hole

30



(Necessary for multi-Landau Levels)

Entangled Paull
Principles

(Entangled Root Partition)



3 Landau levels
HTK — Pn V252(z1 — ZQ)Pn

P, : projection onto first n Landau levels

32-1



3 Landau levels
HTK — Pn V252(z1 — ZQ)Pn
P, : projection onto first n Landau levels

Recall: n=1 <—— 1/3 Laughlin state
n=2 <—— 2/5 Jain state
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3 Landau levels
HTK — Pn V252(z1 — ZQ)Pn
P, : projection onto first n Landau levels

Recall: p=1 n=1 <— 1/3 Laughlin state

p=1 n=2 <— 2/5Jain state

n
lV —
2np + 1

32-3



3 Landau levels
HTK — Pn V252(z1 — ZQ)Pn
P, : projection onto first n Landau levels

Recall: p=1 n=1 <— 1/3 Laughlin state

p=1 n=2 <— 2/5Jain state

n
lV —
2np + 1

Seems like: The n=3 Hamiltonian should stabilize the
n=3, p=1 (3/7) Jain state
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3 Landau levels
HTK — Pn V252(z1 — ZQ)Pn
P, : projection onto first n Landau levels

Recall: p=1 n=1 <— 1/3 Laughlin state

p=1 n=2 <— 2/5Jain state

n
lV —
2np + 1

Seems like: The n=3 Hamiltonian should stabilize the
n=3, p=1 (3/7) Jain state

not quite truel!!

32-5



Derivation of entangled Pauli principles

8
fir= 3 BT T
J A=1

zero mode condition:

Hrclp) =0 Ty ) =0 ¥ J,A

(A) _ Z A
7} T nJ,x,nl,ngcth—xcnz,J—i—x

L,mn1,n2
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Derivation of entangled Pauli principles

8
fir= 3 BT T
J A=1

zero mode condition:
Hrclp) =0 Ty ) =0 ¥ J,A

Slater-determinant expansion:

_ T T
‘¢> B Z C(n17J1)'°'(nN7JN)C(’)’L1,Jl) C(RN,JN)‘O>
{(nl,Jl)(nN,JN)}

(A) _ Z A
7} T T}J,x,’n,l,’nzcnl,J_anQ,J—i—CC

L,mn1,n2

33-2



Derivation of entangled Pauli principles

Slater-determinant expansion:

_ T T
) = Z C(nl7J1)---(nN,JN)C(n1’J1) £ C(nN7JN)‘O>

{(nl,Jl)(nN,JN)}

34-1



Derivation of entangled Pauli principles

Slater-determinant expansion:

_ T T
‘¢> - Z C<n17J1)'°°(nN7JN)C(’n1,Jl) °°'C(’nN,JN)‘O>

{(’I’Ll,Jl)(’nN,JN)}

“maximal” or “non-expandable” Slater determinants:

Those that cannot be obtained from others in the expansion through
‘Inward squeezing processes’

an inward-squeezing process

34-2



Derivation of entangled Pauli principles

Slater-determinant expansion:

) = lroot) + rest)

orthogonal to “root”

“maximal” or “non-expandable” Slater determinants:

Those that cannot be obtained from others in the expansion through
‘Inward squeezing processes’

7=
— o — —o —o- -
—o- > —o —
\/

an inward-squeezing process

35



Physical properties from EPP: degeneracies

two “densest” patternsat v =1/2:

...uOO110011001100110011001100...

singlet

...1010101010101010101010101010...
AKLT I\/IPS—type'ground state!! -~

boundary condition on disk: leading orbital cannot participate in entanglement!

v unique “densest” pattern for disk=root state of Jain 211 wave function

O O 1 1 O O 1 1 o O 1 1
o — = -
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Physical properties from EPP: braiding statistics

...110011001100110;01@1010101010101...

charge-1/4 doméin—wall with spin

If we ignore spin, the situation is very much
like for the v =1/2 Moore-Read state

Turns out, the patterns “know” something about the statistics:
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Physical properties from EPP: braiding statistics

...110011001100110;0101010101010101...

T
charge-1/4 domain-wall with spin

If we ignore spin, the situation is very much
like for the v =1/2 Moore-Read state

Turns out, the patterns “know” something about the statistics:

> ...110011001100110;0101010101010101...

“delocalize
(over magnetic length)
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Parton Wavefunctions

Al Il bl R i

U (Z2,2)=®,(Z,2)0,(Z2,2)---®, (Z,Z) = [vi,va,- -+ ,Vpr],

ol (1 le) |1 ek (z2 b Zal et e Al
I il ead (21, 21) |1 was (Zah Z2 ) I Ea R
(I)w(ZaZ):ﬁ
Oon(21,21) oy (22, Z2)]1 IR
M
v=0 v Nice symmetry properties JUll

e N

:1 3
Z | I@I.
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Parton Wavefunctions

P& |z e R E R

v, (Z, Z) (AR ) Z)CID,,2(Z, Z) P, (7, Z) = V1, Vo, , Un,

The densest zero-energy (unique) ground states of
Frustration-free Quantum Hall Hamiltonians are parton states. )

)] : . ———— 11|
VN - | I |

Pon(21,21)  Pan (22, 22) 1HHHIECREEOHEE

SN = 1) Nice symmetry properties




Conclusions

1 QH Systems can be viewed as a soup of Pairing Systems

| We determined the exact spectrum of the QH-Gaudin problem

| Frustration-free property (zero modes) of QH Hamiltonians and
a Squeezing Principle for zero modes

| Systematic construction of Frustration-free QH Hamiltonians for
several interesting filling fractions: Charge-Stafistics

| Quasi-hole generators and String Order Parameter (sym- poI‘
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