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Outline
‣ Motivation


‣ Finite-temperature auxiliary-field Monte Carlo


‣ Canonical projection at finite temperature (technical aspects)


- Discrete Fourier Transform


- Stabilized diagonalization


- Reduction of dimension


- Optimization of two-body observables


‣ Applications to the unitary Fermi gas


‣ Applications to nuclei
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Motivation
‣ The canonical ensemble is important for studying finite-size systems and even-

odd effects in large systems


‣ Examples include atomic nuclei, metallic grains, finite-size systems of cold 
atoms; pairing in cold atoms


‣ Ground-state quantum Monte Carlo (QMC) calculations automatically work in the 
canonical ensemble


‣ Finite temperature usually done in the grand-canonical ensemble


‣ Canonical projection typically increases the computational scaling of finite-
temperature QMC


‣ We have developed methods for finite-temperature QMC in the canonical 
ensemble which are competitive with grand-canonical calculations in 
computational time.

!4



Finite-temperature AFMC
‣ Hubbard-Stratonovich transformation


‣ Trotter decomposition 
 
 


‣ Path integral


‣ One-body propagator 


‣ Observables


-          calculated using matrix algebra in the single-particle space
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‣ Numerical scales grow and mix as time slices multiply


‣ At low temperatues, smaller scales are lost


‣ To manage, accumulate the decomposition


‣ Keeps track of varying scales within the propagator


‣ Similar to orthogonalization of the s.p. wavefunctions in ground-state calculations
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Numerical Stabilization
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Exact canonical projection
‣ Discrete Fourier transform of particle number 

 
 
 
Fermions: setting M = (number of single-particle states) yields an exact projection 


‣ Number-projected trace


‣ Grand-canonical trace: 


‣ Direct implementation requires Ns determinants, requiring            operations
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Chemical potential inserted for numerical stability



Stabilized diagonalization

‣ Need to compute                                      for each m 


‣ Can stably diagonalize DRQ to obtain eigenvalues & eigenvectors of QDR 
 
 
 

‣ Reduces computational scaling to 
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Fig. 2. Relative errors in the eigenvalues and eigenvectors of a row-stratified, ill-
conditioned matrix U generated from a long product of matrix exponentials (21).
The horizontal axis shows the approximate condition number of U (computed as
the magnitude of the ratio of the largest to smallest eigenvalues). On the vertical
axis are the relative errors |� � �exact|/|�exact| and kv � vexactk/kvexactk of the
eigenvalues and eigenvectors of U , respectively. Open triangles: eigenvalue errors
from unstabilized matrix multiplication (using ZGEMM) and diagonalization; solid
triangles: eigenvector errors from the same method. Solid circles: eigenvector
errors from QR-stabilized matrix multiplication and diagonalization of DRQ ; open
circles: eigenvalue errors from the samemethod.Weobserve that for thesematrices
the QR stabilization method is perfectly stable up to condition numbers of 10300.

those obtained by diagonalizing a single factor e���h. In exact
arithmetic, the eigenvectors of U should be identical to those of
e���h, while the eigenvalues should be the Nt th power of those of
e���h.

We show in Fig. 2 the numerical relative error in the eigenvalues
and eigenvectors of U as a function of the condition number [31]
of U , which growsmonotonically with the number Nt of factors. As
the figure shows, the QR stabilization method together with diag-
onalization of DBA is perfectly stable for products of the form (21).

To illustrate the accuracy of the AFMC calculations performed
with the new stabilization method, we used again the example of
the cold atomic Fermi gas with a contact interaction in a harmonic
trap (for 20 particles). In Table 1 we show a comparison of the ex-
pectation values hĤi of the Hamiltonian using the standard and
new stabilization methods, averaged over two samples. We also
list the times required to compute these samples. The tempera-
ture used here (T = 0.1h̄!) is well within the region where sta-
bilization is necessary. The results in Table 1 demonstrate that the
two methods are numerically identical to a large number of digits.
As a further test, we performed a full simulation with 4096 sam-
ples for Nmax = 6 (Ns = 84) using both the new and standard
methods. We obtained identical results for the two methods, with
hHi = 40.76528005 ± 0.33h̄!.

6. Conclusion

Numerically stabilized calculations of observables for a non-
interacting propagator Û are critical to performing AFMC calcu-
lations at low temperature and/or in large single-particle model
spaces.We have described an improvedmethod for computing the
particle-number-projected partition function and observable ex-
pectations from a stabilized matrix decomposition U = ADB of the
propagator. The method works by employing a stabilized matrix
diagonalizationmethod forU and computing the partition function
and observables from the eigenvalues and eigenvectors of U . This
new method reduces the O(N4

s ) scaling of the standard method
(when applied to the canonical ensemble) to O(N3

s ) (where Ns is
the number of single-particle states). We have demonstrated that

Table 1
Energies and timings for two samples of a Monte Carlo simulation of a 20-atom,
three-dimensional isotropically trapped cold atomic Fermi gas at T = 0.1 h̄!. The
atoms interact strongly with a contact interaction in the unitary limit of infinite
scattering length. In the first and second columns (from the left)we list themaximal
number Nmax of oscillator quanta and the corresponding number Ns of single-
particle states. The third and fourth columns are, respectively, the expectation hĤi

of the Hamiltonian averaged over two samples, and the time required to compute
these two samples using the standard stabilization method. The fifth and sixth
columns are the same quantities but using the new stabilization method. The
numbers for hĤi shown here are not physical (as they are calculated from only
two samples), but they clearly demonstrate that the twomethods give numerically
identical results. The times per sample for both methods are also shown in Fig. 1.

Nmax Ns Standard method New method
hĤi(h̄!) Time (s) hĤi(h̄!) Time (s)

3 20 47.14058966 8.6 47.14058966 2.1
4 35 47.38511486 48.3 47.38511486 7.4
5 56 44.25256873 212.5 44.25256873 22.0
6 84 46.36694696 836.2 46.36694696 69.4
7 120 45.31182132 2941.4 45.31182132 184.3
8 165 45.80579528 9386.9 45.80579528 575.0
9 220 37.97768943 26973.2 37.97768943 1300.4

the new method can dramatically reduce the computational time
of canonical AFMC calculations in the context of a trapped cold
atom Fermi system. The method is also applicable to other physi-
cal systems such as nuclei, and can enable the study of systems in
the canonical ensemble which previously could not be practically
studied using AFMC.

The method relies on the stable diagonalization of an ill-
conditioned but row-stratified matrix that arises as a product of
matrix exponentials. We studied the perturbation theory for this
problem and found that it is well-conditioned (i.e., insensitive to
roundoff in the input matrix) under the same circumstances as for
a well-conditioned matrix. Moreover, we demonstrated in numer-
ical tests that the QR algorithm (as employed by LAPACK, in which
it is preceded by matrix balancing) is numerically stable for this
problem. This method may also apply to other calculations where
information must be extracted from a dense, highly stratified ma-
trix.
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Appendix

To determine the relative sensitivity of the eigenvalues to
roundoff error in the entries of M , we consider a perturbation
of the form �M = "DF , where kFk2 = 1 (here kFk2 ⌘

maxz 6=0 kFzk2/kzk2) and " is small (on the order of the machine
precision). Following Ref. [24], there exist differentiable x(") and
�(") in a neighborhood of " = 0 such that

(M + "DF)x(") = �(")x(").

To determine the sensitivity of � with respect to the perturbation,
we differentiate both sides with respect to " and set " = 0. If
yÑM = �y is the corresponding left eigenvector of M , It is easy
then to see that

|�̇(0)| =
|yÑDFx|
|yÑx|

=
|yÑDFx|
s(�)

, (22)
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Fig. 1. Comparing the timing of the standard and new methods for calculating
observables from the stabilized propagator of Eq. (8). The time required to calculate
one sample for a 20-atom cold Fermi gas at a temperature of T = 0.1 h̄! (! is
the trap frequency) and �� = 1/32 (h̄!)�1 [10] is shown versus the number
of single-particle states Ns . Open circles describe the standard method of Eqs. (9)
and (10), while solid circles correspond to the new method using stabilized matrix
diagonalization. Convergence for the condensate fraction in Ref. [10]was reached at
Nmax = 11 (Ns = 364), which would be impractical to compute using the standard
method.

The eigenvector problem of stratified (also known as graded)
matrices has been explored previously; see, in particular, Ref. [29].
However, to our knowledge, no proof of the stability of the QR
algorithm for stratified matrices is currently known.

This section has two parts. In Section 5.1, we first study the sen-
sitivity of the eigenvalues and eigenvectors of the row-stratified
matrix DBA to small relative perturbations in its matrix elements.
We find, using amodification of standard perturbation theory, that
the problem is well-conditioned under essentially the same cir-
cumstances as for a matrix with a condition number close to 1.

In Section 5.2, we test numerically the diagonalization of row-
stratified matrices using LAPACK. We find, when the matrix is bal-
anced beforehand, that the method is perfectly stable for matrices
of the type considered here. We also demonstrate the accuracy of
AFMC calculations with our improved method.

5.1. Eigenvalue and eigenvector sensitivity

LetM be a row-stratified matrix

M = DC =

 X X X
X X X

X X X

!

,

where C is invertible and of unit scale (i.e., has eigenvalues of order
1) and D = diag{d1, . . . , dn}, where d1 > d2 > · · · > dn > 0.
(Here M represents the matrix DBA and C represents the product
BA of Section 4.2.) Suppose also that � is a simple eigenvalue ofM ,
and that x and y satisfy Mx = �x and yÑM = �yÑ.

Standard perturbation theory [24] is concerned with the
absolute sensitivity of � with respect to small perturbations in the
entries of M . In particular, let �M = "E be a small perturbation
of M representing roundoff error in the entries of M . Here " is on
the order of the machine precision and wemay take kEk2 = kMk2
(wherekMk2 = maxz2CNs kMzk2/kzk2 is thematrix 2-norm). Then
the standard sensitivity analysis [24] gives

|�̇(0)| 6
kMk2

s(�)
, (18)

where �̇(0) ⌘ (d�/d")|"=0 and s(�) ⌘ |yÑx| is the condition of
the eigenvalue �. However, this result is not particularly useful for

row-stratified matrices, since for the smaller eigenvalues, kMk2
may be much larger than �.

Fortunately, we can determine a bound for the relative error
on � that exploits the structure of M . In particular, we find (see
Appendix)

|�̇(0)/�| 6
kC�1k2

s(�)
, (19)

which shows that the relative sensitivity of � does not depend
on the condition number of M , but only on the condition of the
matrix C (which is of unit scale) and on the condition s(�) of the
eigenvalue�.We also note that, in the calculations described in this
paper,M is the product of matrix exponentials and therefore all of
its eigenvalues are strictly nonzero, assuming a sufficient range in
the floating-point representation.

In the SVD, C is unitary, so kC�1k2 in Eq. (19) becomes 1, and
|�̇(0)/�| 6 1/s(�). On the other hand, in the QR decomposition,
M = DRQ , where Q is unitary and R is upper triangular. In this
case C = RQ and Eq. (19) becomes |�̇(0)/�| 6 kR�1k2/s(�). In
practice, the matrix R is well-conditioned.

Thus, we conclude that the nonzero eigenvalues of the highly
ill-conditioned but row-stratified matrix M = DC are insensitive
to roundoff error inM when s(�) is not too small. This is similar to
the situation for matrices with condition number close to 1, except
that we have replaced the traditional analysis of the absolute
error [24] with an analysis of the relative error.

A similar result can also be obtained for the eigenvector sensi-
tivity. We find

kẋk(0)k2 6 kC�1
k2

NX

i=1,i6=k

|�i|

|�k � �i|

1
s(�i)

, (20)

where xk is the kth eigenvector and ẋk(0) ⌘ (dxk/d")|"=0. Thus, the
sensitivity of the kth eigenvector depends on the fractional sepa-
ration |�k ��i|/|�i| of each eigenvalue from the target eigenvalue,
as well as on the condition s(�i) of each eigenvalue. Again, this re-
sult is similar to the usual result [24] a for well-conditionedmatrix
M , except that the absolute difference |�k � �i| is replaced with
the relative difference |�k � �i|/|�i| multiplied by kC�1k2. We see
that the eigenvector sensitivity depends only on the condition of
the basematrix C and of the individual eigenvalues, and not on the
condition of M itself.

5.2. Numerical test

To test the stability of diagonalizing DBA, we computed the
eigenvalues of a Ns ⇥ Ns complex matrix U generated from a
product of Nt matrix exponentials

U = e���h
· · · e���h (Nt times) , (21)

where h is a randomly generated matrix (identical in each
factor). The matrix U is ill-conditioned and its calculation requires
stabilized matrix multiplication. However, its eigenvalues and
eigenvectors can be determined accurately from a single factor
e���h, which is well-conditioned. Hence, such a matrix provides a
convenient test for the diagonalization of matrices of the type that
occur in AFMC.

For this test we chose the entries hij to be complex numbers
whose real and imaginary parts are randomly drawn from a
uniform distribution on (0, 1). This type of matrix simulates the
kind that occurs in the AFMC method. We computed U in two
different ways: (i) using unstabilized matrix multiplication (with
the BLAS routine ZGEMM [30]), and (ii) usingmatrixmultiplication
stabilized with a QR decomposition. We then compared the
eigenvalues and eigenvectors obtained by diagonalizing U with

CG, Y. Alhassid,  Comp. Phys. Comm. 188, 1 (2015)

O(N3
s )

<latexit sha1_base64="A7WJ+VNcu6+L7lPRUjU9Aa0qXRM="></latexit><latexit sha1_base64="A7WJ+VNcu6+L7lPRUjU9Aa0qXRM="></latexit><latexit sha1_base64="A7WJ+VNcu6+L7lPRUjU9Aa0qXRM="></latexit><latexit sha1_base64="iJl2E/3QpddhqXPEuMVXcycLe00="></latexit>

QDRx = �x , DRQy = �y (x = Qy)
<latexit sha1_base64="AcpdbXCAyqRNkYE/IkAGrpGSF/8="></latexit><latexit sha1_base64="AcpdbXCAyqRNkYE/IkAGrpGSF/8="></latexit><latexit sha1_base64="AcpdbXCAyqRNkYE/IkAGrpGSF/8="></latexit><latexit sha1_base64="goNp2rISnruwKdDXpoexjSAaFPE="></latexit>



Model space truncation
‣ Cubic scaling is still problematic for larger systems


‣ Spherical cutoff in momentum space                     :  
 
 
 
 
Reduces Ns by ~ 1/2 but affects two-body physics.


‣ We can find a rigorous way to reduce the model space dimension with a 
controllable error.


‣ Make use of the decomposition 
 
 
 
 
to identify and remove unimportant states (for a given field configuration).
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Ĥ =
X

k

✏ka
†
kak + V̂ ✏k =

(
~2k2/2m, k  ⇤

1 , otherwise

⇤ = ⇡/�x
[Bulgac, Drut, Magierski,  
 Phys. Rev. A 78, 023625 (2008)]

U =QDR=

⎛

⎝
x x x
x x x
x x x

⎞

⎠
(
X

X
X

)⎛

⎝
x x x
x x x
x x x

⎞

⎠

1

U - Unitary  
D - Diagonal
R - Unit upper triangular

|�i| ⇠ Dii ni ⇠
|�i|

1 + |�i|
Eigenvalues Occupations



Truncated diagonalization
‣ Transform to                      and zero out small scales:


‣ Choose number of rows to zero so that                 (small parameter) 


‣ Nonzero eigenvalues & eigenvectors of     can be obtained from  

!10

S0 = S + (small perturbation)

||E|| < "
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To change to the sorted basis, we define

R′=ΠR, Q′=QΠ†, S ′=ΠSΠ†,

so that

S= eβµDRQ=

⎛

⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X

X X X X X

. . . . .

⎞

⎟⎟⎟⎠

Ns×Ns

S ′=D ′RQ=

⎛

⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X
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⎞

⎟⎟⎟⎠

Ns×Ns

=S+E

We now zero some number of the lowest rows of S ′ to reduce its rank. Writing Dg
′ =diag(d1′ , ..., dNs

′ , 0, ...), where Ns is yet
to be determined, and Dl= diag(0, ..., 0, dNs+1

′ , ..., dN
′ ), one has

S ′=Dg
′ R′Q′+E.

where E = Dl
′R′Q is a small perturbation. We then choose Ns such that the norm of E = Dl

′R′Q′ is less than a given
threshold ε.

Without assuming any special properties R′ and Q′, this norm requres the matrix operation R′ Q′ and so is an O(N3)
operation to compute. Computing this full product would defeat the purpose of reducing the dimension. We instead note
that

∥Dl
′R′Q′∥F ! ∥Dl

′R′∥F ∥Q′∥F , (6)

where in the special case that Q′ is unitary, equality will be obtained. The right-hand-side of (6) requires no matrix
multiplications to compute and so is an O(N (N −Ns)) operation. We therefore choose Ns such that ∥Dl

′R′∥F ∥Q′∥F < ε.

Considering the effect of this choice on the original matrix U , note that, in the permuted basis,

U ′=Q′ (Sg
′ +E)Q′−1=Ug

′+Q′Dl
′R′

and that ∥Q′Dl
′R′∥F = ∥Dl

′R′Q′∥F . Therefore the same threshold also applies in the original basis.

With this choice, we have for Sg′
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⎜⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X

0 0 0 0 0
0 0 0 0 0

⎞

⎟⎟⎟⎟⎠

Ns×Ns

=S+E

where the boxed block is an Ns×Ns matrix which we denote by S̃.

Below we will consider how to obtain the eigenvalues and eigenvectors of Sg′ from those of the truncated matrix S̃. For the
moment, assuming we diagonalize Sg′ to obtain Sg′=P ′Λ(P ′)−1, then an eigenvalue decomposition of U can be obtained from

U =QSQ†=QΠ†S ′ΠQ†= [(QΠ†)P ′]Λ [(P ′)−1 (QΠ†)†],

so we can recover the right eigenvectors of U as the columns of P = QΠ† P ′ and the left eigenvectors as rows of
P−1=P ′−1(QΠ†)†. The eigenvalues are identical.

To compute the density matrix ρ,

ρij=
∑

k

PiknkPkj
−1,

where nk=1/(1+λk
−1). For the fully unoccupied states k >Ns, corresponding to elements of Null(S), nk=0. We therefore

only need the elements of P and P−1

Pi,k, Pk,i
−1 for i=1, ...,N ; k=1, ..., Ns.

Which is to say, the first Ns columns of P and the first Ns rows of P−1. Note this means we do need matrix elements Pi,k
and Pk,i

−1 for i>Ns, i.e. outside the upper left block. For Pi,k, we will find these are zero, however we need to consider how
to determine the matrix elements Pk,i

−1.
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moment, assuming we diagonalize Sg′ to obtain Sg′=P ′Λ(P ′)−1, then an eigenvalue decomposition of U can be obtained from
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P−1=P ′−1(QΠ†)†. The eigenvalues are identical.

To compute the density matrix ρ,
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−1,

where nk=1/(1+λk
−1). For the fully unoccupied states k >Ns, corresponding to elements of Null(S), nk=0. We therefore
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U =QDR=

⎛

⎝
x x x
x x x
x x x

⎞

⎠
(
X

X
X

)⎛

⎝
x x x
x x x
x x x

⎞

⎠

S=DRQ=

⎛

⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X

X X X X X

. . . . .

⎞

⎟⎟⎟⎠

Ns×Ns

S ′=D ′RQ=

⎛

⎜⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X

0 0 0 0 0
0 0 0 0 0

⎞

⎟⎟⎟⎟⎠

Ns×Ns

,

y=

⎛

⎜⎜⎜⎜⎝

y1
···
yNr
0
···

⎞

⎟⎟⎟⎟⎠
, (λ=/ 0) .

1

S0y = �y ,



Truncated diagonalization cont.
‣ Transformation matrices have the form  (for                      ,                                 ) 


‣ The the only physically relevant part of       is    , which is obtained automatically.


‣ The matrix A is unknown, so         needs to be determined from matrix algebra: 


‣ This procedure effectively reduces the dimension of the propagator by omitting 
unoccupied states.


‣ Typical dimensions                                              at temperatures of interest


‣ Particularly relevant at low densities 
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U =QDR=
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⎝
x x x
x x x
x x x

⎞

⎠
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X

X
X
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⎝
x x x
x x x
x x x

⎞
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X X X X X
X X X X X
X X X X X
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⎞

⎟⎟⎟⎟⎠

Ns×Ns
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y=

⎛

⎜⎜⎜⎜⎝

y1
···
yNr
0
···

⎞

⎟⎟⎟⎟⎠
, (λ=/ 0) .

S̃y=λy

1
NFT

∑

m=1

NFT

eiϕm(N−N
′)=

{
1, N =N ′ (modNFT)
0, otherwise

.

eβµN

NFT

∑

m=1

NFT

e−iϕmN Tr(eiϕm N̂eβµN̂Û)=
∑

k=0,±1,...
TrN+kNFT(e

βµN̂Û).

⟨ai
†aj ak

† al⟩σ=
e−βµ

ZNs

∑

m=1

Ns

e−iϕmN ⟨ai
†aj ak

† al⟩(m)ηm

γij
(m)=

∑

α

Piα(1+λα
−1e−βµ e−iϕm)Pα

−1.

1+λα
−1e−βµ e−iϕm=

{
λαeβµeiϕm(1−λαeβµeiϕm+ ...), λαeβµ< 1
1− (λαeβµeiϕm)−1+ ... λαeβµ> 1

.

P ′=

⎛

⎜⎜⎜⎜⎜⎝

P̃ basis for
Null(S ′)

0 0 0
0 0 0

⎞

⎟⎟⎟⎟⎟⎠
,

P ′−1=

⎛

⎜⎜⎜⎜⎜⎝

P̃−1 A

x x x x x
x x x x x

⎞

⎟⎟⎟⎟⎟⎠
.

1
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⎠
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···

⎞
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0, otherwise

.
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e−iϕmN Tr(eiϕm N̂eβµN̂Û)=
∑

k=0,±1,...
TrN+kNFT(e

βµN̂Û).

⟨ai
†aj ak

† al⟩σ=
e−βµ

ZNs

∑

m=1

Ns

e−iϕmN ⟨ai
†aj ak

† al⟩(m)ηm

γij
(m)=

∑

α

Piα(1+λα
−1e−βµ e−iϕm)Pα

−1.
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−1e−βµ e−iϕm=
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λαeβµeiϕm(1−λαeβµeiϕm+ ...), λαeβµ< 1
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P ′=

⎛

⎜⎜⎜⎜⎜⎝

P̃ basis for
Null(S ′)

0 0 0
0 0 0

⎞

⎟⎟⎟⎟⎟⎠
,

P ′−1=

⎛

⎜⎜⎜⎜⎜⎝

P̃−1 A

x x x x x
x x x x x

⎞

⎟⎟⎟⎟⎟⎠
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X X X X X
X X X X X
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′)=
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1, N =N ′ (modNFT)
0, otherwise

.

eβµN

NFT

∑

m=1

NFT

e−iϕmN Tr(eiϕm N̂eβµN̂Û)=
∑

k=0,±1,...
TrN+kNFT(e
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†aj ak

† al⟩σ=
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m=1
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e−iϕmN ⟨ai
†aj ak

† al⟩(m)ηm

γij
(m)=

∑

α

Piα(1+λα
−1e−βµ e−iϕm)Pα

−1.

1+λα
−1e−βµ e−iϕm=

{
λαeβµeiϕm(1−λαeβµeiϕm+ ...), λαeβµ< 1
1− (λαeβµeiϕm)−1+ ... λαeβµ> 1

.
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Null(S ′)

0 0 0
0 0 0

⎞

⎟⎟⎟⎟⎟⎠
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⎛

⎜⎜⎜⎜⎜⎝

P̃−1 A

x x x x x
x x x x x

⎞

⎟⎟⎟⎟⎟⎠
.

P ′ij
−1=

∑

k=1

Ns

Xik
−1 (RQ)kj , Xik=

∑

l=1

Ns

(RQ)ilPlk
′ , i, k=1:Ns, j=1:N.

1



Timing - unitary Fermi gas

‣ At fixed filling 


‣ Canonical projection becomes effectively negligible in cost for most observables 
in dilute systems
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Two-body observables
‣ General matrix elements                  .  For e.g., spin susceptibility. 

 
 
 
            to compute all         matrices.


1. Reduce number of points in Fourier transform: approximate projection 
 

2. Omit unoccupied states α such that  


3. Optimize calculations for states far from the Fermi surface: 
 
 
 
 
Contributions from                   are  more efficient to compute than those from   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∑
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1

U =QDR=

⎛

⎝
x x x
x x x
x x x

⎞

⎠
(
X

X
X

)⎛

⎝
x x x
x x x
x x x

⎞

⎠

S=DRQ=

⎛

⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X

X X X X X

. . . . .

⎞

⎟⎟⎟⎠

Ns×Ns

S ′=D ′RQ=

⎛

⎜⎜⎜⎜⎝

X X X X X
X X X X X
X X X X X

0 0 0 0 0
0 0 0 0 0

⎞

⎟⎟⎟⎟⎠

Ns×Ns

,

y=

⎛

⎜⎜⎜⎜⎝

y1
···
yNr
0
···

⎞

⎟⎟⎟⎟⎠
, (λ=/ 0) .

S̃y=λy

1
NFT

∑

m=1

NFT

eiϕm(N−N
′)=

{
1, N =N ′ (modNFT)
0, otherwise

.

eβµN

NFT

∑

m=1

NFT

e−iϕmN Tr(eiϕm N̂eβµN̂Û)=
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Timing— two-body observables
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Finite-temperature unitary Fermi gas
‣ Spin-1/2 particles interact in 3D with range                   (pure s-wave scattering)


‣ Only length scales:       , s-wave scattering length a, thermal wavelength 

‣ Universal physics independent of the short-range structure of the particles 

‣ BCS-BEC crossover obtained as a function of 


‣ Pseudogap regime: pairing without condensation                      . 
There is a long-running debate about its existence in the unitary limit.
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Introduction 

Two-component (spin up/down) fermionic atoms interacting with a short-range 
interaction                 characterized by a scattering length    .  a

Of particular interest is the unitary 
Fermi gas (UFG) describing the limit 
of strongest interaction 
or                 

	a→∞

Many interesting properties: universality, scale invariance,… 

•  A challenging non-perturbative many-body problem 

			V0δ(r− r')

A crossover from BCS for   
to BEC for   

		 (kFa)
−1 ∼ −∞

		 (kFa)
−1 ∼ +∞

Randeria and Taylor (2014) 

		(kFa)
−1 =0

kF
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F
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Pseudogap regime above     Fermi liquid behavior above  	Tc	Tc

Sagi et al, Boulder (PRL 2015): 
Backbending above     in photoemission 
spectroscopy   	Tc

Nascimbene et al, Paris  (PRL 2011): 
Spin response compatible with Fermi 
liquid behavior 
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FIG. S2. Gaussian fits to PES data at (kFa)�1
= 0.1. a, The white circles indicate the centers

from weighted gaussian fits to EDCs at fixed k. The white line shows the free-particle dispersion,

E = k2. b, Individual EDCs (blue points) are shown, along with the fitted gaussians (red lines).

Here, each EDC is individually normalized to have the same area, as in Ref. [12]. A solid black

line marks E = EF . Red stars show the center of each gaussian, and the dashed red line is a guide

to the eye.
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Ku et al, MIT (Science 2012): 
Equation of state is well described  
by Fermi liquid theory  

Photoemission spectroscopy at unitarity

Sagi, et al. (PRL 2015)Unitary limit 

Tc < T < T ⇤
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Randeria and Taylor (2014)

See our review: S. Jensen, CG, Y. Alhassid arXiv:1807.03913



Lattice model
‣ Fixed number                          of particles interact at finite temperature, on a cubic 

lattice (Nx
3 points), with periodic boundary conditions, and an on-site interaction.


‣ Length scales: L (box volume), 1/kF (Fermi wavelength), δx (lattice spacing), λT 
(thermal wavelength)


‣ Homogeneous unitary gas obtained in the limits


‣ Single-particle model space  


‣ This lattice model has an effective  
range re = 0.337 δx   (Werner, Castin 2012) 

!16

2

cube of side length �x. The lattice Hamiltonian is

Ĥ =
X

k,�

✏kâ
†
k,�âk,� + g

X

x

n̂x,"n̂x,# , (1)

where â†k,� and âk,� are creation and annihilation opera-
tors for fermions with momentum k and spin � = ±1/2.

The single-particle dispersion relation is ✏k = ~2k2
/2m

and n̂x,� =  ̂†
x,� ̂x,� where  ̂†

x,�,  ̂x,� obey anticommu-

tation relations { ̂†
x,�,  ̂x0,�0} = �x,x0��,�0 . The coupling

constant is g = V0/(�x)3.
Our single-particle model space consists of all single-

particle states with spin � = ±1/2 and momentum k
within the complete first Brillouin zone of the lattice, de-
scribed by a cube |ki|  kc (i = x, y, z) with kc = ⇡/�x.
The thermodynamic limit of the UFG is recovered in the
limits of zero density (N/N3

L
! 0) and large number of

atoms (N ! 1).
We choose V0 to reproduce the two-particle scattering

length a [32]

1

V0
=

m

4⇡~2a �
Z

B

d3k

(2⇡)32✏k
, (2)

which can be derived by solving the Lippmann-Schwinger
equation. We use the complete first Brillouin zone B
when calculating the integral in (2). Solving the scat-
tering problem numerically on the lattice, we find that
Eq. (2) is very accurate even for finite lattices: on the
93 lattice it yields a�1 = 0.006 (�x)�1 and e↵ective range
of re = 0.34 �x [33], in close agreement with its value
re = 0.336 �x in the limit of large lattices [32].

Finite-temperature AFMC.— The AFMC method (for
a recent review, see Ref. [34]) is based on the Hubbard-
Stratonovich (HS) transformation [35, 36], which ex-

presses the thermal propagator e��Ĥ (� = 1/kBT is the
inverse temperature with Boltzmann constant kB) as a
path integral over external auxiliary fields.

Dividing the imaginary time � into N⌧ time slices of
length ��, we use a symmetric Trotter decomposition

e��Ĥ = [e���Ĥ0/2e���V̂ e���Ĥ0/2]N⌧ +O((��)2) , (3)

where Ĥ0 and V̂ are, respectively, the kinetic energy
and interaction terms of the Hamiltonian Ĥ in Eq. (1).
Rewriting the interaction as V̂ =

P
x g(n̂

2
x� n̂x)/2 where

n̂x = n̂x,"+n̂x,#, and expressing exp
�
���gn̂2

x/2
�
at each

of the N3
L
lattice points x and N⌧ time slices ⌧n = n��

(n = 1, 2, . . . , N⌧ ) as a Gaussian integral over an auxil-
iary field �x(⌧n), the propagator becomes

e��Ĥ =

Z
D[�]G�Û� +O((��)2) . (4)

Here D[�] =
Q

x,n

h
d�x(⌧n)

p
��|g|/2⇡

i
is the integra-

tion measure, G� = e�
1
2 |g|��

P
x,n �

2
x(⌧n) is a Gaussian

weight, and Û� =
Q

n
e���Ĥ0/2e���ĥ�(⌧n)e���Ĥ0/2 (a

time-ordered product) with ĥ�(⌧n) = g
P

x �x(⌧n)n̂x �
gN̂/2 is the many-particle propagator of non-interacting
fermions in time-dependent external fields �x(⌧). As in
Refs. [13, 15, 31], we use a fast Fourier transform to ef-
ficiently change basis between coordinate and momen-
tum space in order to implement the potential and the
quadratic single-particle dispersion relation, respectively.
We discretize the integral over each of the � fields using
a three-point Gaussian quadrature [37].
The thermal expectation value of an observable Ô is

hÔi = Tr(Ôe��Ĥ)

Tr(e��Ĥ)
=

R
D[�]hÔi�W���R

D[�]W���

, (5)

where W� = G�|Tr(Û�)|, �� = Tr(Û�)/|Tr(Û�)| is the
Monte Carlo sign, and hÔi� = Tr(ÔÛ�)/Tr(Û�) is the
expectation of Ô with respect to a field configuration
�. In AFMC, we sample uncorrelated field configura-
tions according to the positive-definite weight W� and
use them to estimate hÔi and its statistical fluctuation.
We project onto fixed particle number N� for each spin

� using the discrete Fourier transform

P̂N� =
e��µN�

M

MX

m=1

e�i'mN�e(�µ+i'm)N̂� , (6)

where 'm = 2⇡m
M

and M = N3
L
is the number of lattice

points. The chemical potential µ in (6) ensures the nu-
merical stability of the Fourier sum. The traces in (5)
are then computed as canonical traces, TrN",N#X̂ =

Tr(P̂N" P̂N#X̂) or TrN X̂ = Tr(P̂N X̂) (N = N" + N#),
which are sums of grand-canonical traces using the pro-
jection formula (6). These grand-canonical traces can be
computed using the matrix U� that represents Û� in the
single-particle space, e.g.,

TrGC[e
(�µ+i'm)N̂ Û�] = det[11 + e(�µ+i'm)U�] . (7)

We use the diagonalization method of Refs. [38, 39] to
compute the Fourier sums in the number projection.
Results.— We have performed AFMC simulations for

N = 20, 40, 80 and 130 particles on lattices of size
73, 93, 113 and 133, respectively, keeping the density low
and constant at ⌫ ⌘ N/N3

L
' 0.06. The ratio of the ef-

fective range re ⇡ 0.337�x [32] to the Fermi wavelength
is then kFre ' 0.41, or alternatively kF/kc ' 0.39. This
value is comparable to that of previous AFMC studies
of the psuedogap [13, 15]. We use multiple �� values
for each � and a quadratic fit to extrapolate the ob-
servables to �� = 0. For each run, we collect typically
between 3,000 and 30,000 thermalized and uncorrelated
samples [33].
(i) Thermal energy: In Fig. 1(a), we show for di↵er-

ent particle numbers N the thermal energy of the UFG
in units of the free Fermi gas energy EFG = 3

5N"F as

N = N" +N#
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Ĥ =
X

k,�

~2k2
2m

a
†
k,�ak,� +
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FIG. 4. Fits of the e↵ective-range expansion (11) to the low-
momentum phase shift determined by exact diagonalization
for two particles with zero total center-of-mass momentum
(solid symbols) on a 93 lattice. (a) Including the full first
Brillouin zone of the single-particle momentum, with a fit
including terms through k2 in the e↵ective-range expansion
(solid line). (b) Using a spherical cuto↵ in the lab-frame
single-particle momenta, |k|  kc = ⇡/�x. The solid line in-
cludes terms through order k2, while the dashed line includes
therms through order k4. All fits were done in the range
0  k  1.75 (�x)�1. The error bars reflect uncertainties in
the phase shifts due to lattice artifacts.

s-wave phase shift can be expanded

k cot � = �a�1 +
1

2
rek

2 � Pr3
e
k4 + . . . ; , (11)

where a is the scattering length, re is the e↵ective range,
and P is the shape parameter. Using a value for the
coupling constant V0 determined by Eq. (2) in the main
text in the unitary limit a�1 = 0, we find that our cal-
culated phase shift fits well the expansion (11) up to k2

(i.e., for P = 0). Although the radius of convergence of
this expansion is unknown, the fit parameters a�1 and
re are not very sensitive to the range of k used for a fit
below k ⇡ 1.75(�x)�1. In Fig. 4(a) we show the exam-
ple of a 93 lattice, where a fit to (11) with P = 0 gives
a�1 ⇡ 0.006 (�x)�1 and re ⇡ 0.34 �x (solid line). The
latter is rather close to its value re = 0.336 . . . �x in the
limit of large lattices [1].

SPHERICAL CUTOFF IN MOMENTUM SPACE

To determine how a spherical cuto↵ |k|  kc = ⇡/�x
in the single-particle momentum space a↵ects the results,
we performed spherical cuto↵ AFMC simulations for the
unitary gas on a 93 lattice, which can be compared with
the results presented in the main text.

Numerical scattering calculations similar to those done
for the cubic model space (i.e., including the complete
first Brillouin zone) verify that our coupling constant

used with the spherical cuto↵ is correct. We show this in
Fig. 4(b) for the 93 lattice, with the coupling constant V0

determined using Eq. (2) in the main text in the unitary
limit and with B being a sphere of radius kc. We note
that when using the spherical cuto↵, a nonzero shape pa-
rameter P is required to obtain a good fit in the same
range of k as for the cubic model space, and the indi-
vidual wavefunctions also do not fit the asymptotic form
A [cos(�)j0(kr)� sin(�)y0(kr)] as well as with the cubic
model space, which is reflected in the larger error bars.
We find a�1 ⇡ 0.0 (�x)�1, re ⇡ 0.25 �x and P ⇡ �1.7.

FIG. 5. Low-lying energies for the two-particle system with
zero center-of-mass momentum K = 0 as a function of the
number of lattice points NL in the x-direction. Solid points
show the results using the CC and open circles show the re-
sults using the SC. Solid line is a linear fit vs. 1/NL to the
CC energies and the dashed line is a linear fit to vs. 1/NL

to the SC energies. In the limit of large lattices the energies
agree.

As shown in Ref. [1], the spherical cuto↵ a↵ects the
two-body physics even in the limit kF re ! 0. As a
concrete demonstration, we show in Figs. 5 and 6 the
energies of the two-particle system at center-of-mass mo-
menta K = 0 and K = 2⇡(1, 1, 1)/L, respectively. The
spherical-cuto↵ results are noisier due to lattice artifacts
related to using a sphere as a cuto↵ within a cubic mo-
mentum lattice. AtK = 0, we find the two-particle ener-
gies are consistent with those using the cubic model space
in the limit of large lattices. For K = 2⇡(1, 1, 1)/L, on
the other hand, one sees that the energies disagree with
those using the full first Brillouin zone in the limit of large
lattices. This limit satisfies kF /kc ! 0 and shows that
the one should not expect calculations using the spherical

k cot(�) = �a�1 +
1

2
rek

2 + . . .
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a function of T/TF , where "F = (~2/2m)(3⇡2⇢)2/3 and
TF = "F /kB are the Fermi energy and Fermi tempera-
ture of a free Fermi gas with density ⇢ = ⌫/(�x)3. We
compare to the experimental results of Ref. [5] and the
AFMC results of Ref. [29].

Our results agree with experiment at high tempera-
tures, and are somewhat above the experimental results
in the vicinity and below the experimental critical tem-
perature Tc ' 0.17TF . This is likely due to finite-range
e↵ects: at low temperature our result for the thermal en-
ergy is comparable with the value of the Bertsch param-
eter ⇠ = E(T =0)/EFG calculated in Ref. [40] to be ⇠ ⇡
0.405(2) at a similar e↵ective range of kFre ' 0.38 [41].
The AFMC results of Ref. [29], which also included the
complete first Brillouin zone, are slightly lower than our
results, possibly due to their lower value of kFre ' 0.3.

(ii) Heat capacity: The heat capacity is typically di�-
cult to compute in quantum Monte Carlo simulations due
to large statistical fluctuations. To address this, we use
the same set of auxiliary field to compute the derivative
CV = (@E/@T )V , which greatly reduces the statistical
errors [42]. The heat capacity for 20, 40, and 80 particles
is shown in Fig. 1(b) along with the experimental results
of Ref. [5], as well as Nozières and Schmitt-Rink (NSR)
result of Ref. [43] and the diagrammatic t-matrix result
of Ref. [18]. We observe overall good agreement of our
calculated heat capacity with the experimental results
except for a shift in the peak to a lower temperature due
to the finite density of the gas.

In Ref. [43] it was shown that in a model including
pairing fluctuations above Tc, the heat capacity at Tc is
enhanced in the unitary regime compared to the BCS
and BEC regimes, an e↵ect attributed to metastable
cooper pairs existing prior to condensation. We note
that, though the di↵erences between the strong coupling
results of Refs. [18, 43] seem significant, when plotted
as a function of T/Tc on the horizontal axis, the agree-
ment becomes much better and provides an interesting
comparison as in Ref. [43].

(iii) Condensate fraction: The existence of o↵-
diagonal long-range order in the two-body density ma-
trix h ̂†

k1," ̂
†
k2,# ̂k3,# ̂k4,"i is equivalent to this matrix

having a large eigenvalue which scales with the sys-
tem size [44]. We calculated the condensate fraction
n from the largest eigenvalue �, which satisfies � 
N(M �N/2 + 1)/(2M)  N/2, using the definition

n = h�i/[N(M �N/2 + 1)/(2M)] , (8)

where M = N3
L
. In Fig. 2(a), we show the AFMC con-

densate fraction for 20, 40, 80, and 130 particles. We
compare with the experimental values of Ref. [5] (open
circles) and the simulations of Ref. [31] (open squares);
for the latter we show the results of the largest lattice
reported, 103.

To obtain the thermodynamic limit and the limit of
zero e↵ective range, one must extrapolate to infinite par-
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FIG. 1. (a) AFMC thermal energy (solid symbols) compared
to experiment [5] (open circles), the AFMC results of Ref. [29]
(open squares), and the ground state result with finite e↵ec-
tive range kF re ' 0.38 of Ref. [40] (open triangle). (b) The
AFMC heat capacity (solid symbols) is compared to experi-
ment [5] (open circles) as well as the NSR result of Ref. [43]
(dashed line) and the t-matrix result of Ref. [18] (solid line).

ticle number and zero density [26, 45]. To obtain Tc in the
thermodynamic limit at fixed density, we have performed
a finite-size scaling extrapolation using the condensate
fraction (see Fig. 4 of the supplementary material). We
find Tc ' 0.130(15) at our density ⌫ = 0.06, shown by the
vertical band in Fig. 2. This is consistent with the po-
sition of the peak in our heat capacity at T ' 0.135(10)
for the 113, N = 80 system. The limit ⌫ ! 0 requires
larger lattices with the same numbers of particles and we
leave this to future studies.
(iv) Energy-staggering pairing gap: Using the canoni-

cal ensemble, we calculated a model-independent thermal
energy-staggering pairing gap

�E=[2E(N", N#�1)�E(N", N#)�E(N"�1, N#�1)]/2 .
(9)

Here E(N", N#) is the thermal energy for a system with
N" spin-up particles and N# spin-down particles. In the
calculation of (9), we have used the particle-number re-
projection method of Refs. [38, 46].

S. Jensen, CG, Y. Alhassid, arxiv:1801.06163
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a function of T/TF , where "F = (~2/2m)(3⇡2⇢)2/3 and
TF = "F /kB are the Fermi energy and Fermi tempera-
ture of a free Fermi gas with density ⇢ = ⌫/(�x)3. We
compare to the experimental results of Ref. [5] and the
AFMC results of Ref. [29].

Our results agree with experiment at high tempera-
tures, and are somewhat above the experimental results
in the vicinity and below the experimental critical tem-
perature Tc ' 0.17TF . This is likely due to finite-range
e↵ects: at low temperature our result for the thermal en-
ergy is comparable with the value of the Bertsch param-
eter ⇠ = E(T =0)/EFG calculated in Ref. [40] to be ⇠ ⇡
0.405(2) at a similar e↵ective range of kFre ' 0.38 [41].
The AFMC results of Ref. [29], which also included the
complete first Brillouin zone, are slightly lower than our
results, possibly due to their lower value of kFre ' 0.3.

(ii) Heat capacity: The heat capacity is typically di�-
cult to compute in quantum Monte Carlo simulations due
to large statistical fluctuations. To address this, we use
the same set of auxiliary field to compute the derivative
CV = (@E/@T )V , which greatly reduces the statistical
errors [42]. The heat capacity for 20, 40, and 80 particles
is shown in Fig. 1(b) along with the experimental results
of Ref. [5], as well as Nozières and Schmitt-Rink (NSR)
result of Ref. [43] and the diagrammatic t-matrix result
of Ref. [18]. We observe overall good agreement of our
calculated heat capacity with the experimental results
except for a shift in the peak to a lower temperature due
to the finite density of the gas.

In Ref. [43] it was shown that in a model including
pairing fluctuations above Tc, the heat capacity at Tc is
enhanced in the unitary regime compared to the BCS
and BEC regimes, an e↵ect attributed to metastable
cooper pairs existing prior to condensation. We note
that, though the di↵erences between the strong coupling
results of Refs. [18, 43] seem significant, when plotted
as a function of T/Tc on the horizontal axis, the agree-
ment becomes much better and provides an interesting
comparison as in Ref. [43].

(iii) Condensate fraction: The existence of o↵-
diagonal long-range order in the two-body density ma-
trix h ̂†

k1," ̂
†
k2,# ̂k3,# ̂k4,"i is equivalent to this matrix

having a large eigenvalue which scales with the sys-
tem size [44]. We calculated the condensate fraction
n from the largest eigenvalue �, which satisfies � 
N(M �N/2 + 1)/(2M)  N/2, using the definition

n = h�i/[N(M �N/2 + 1)/(2M)] , (8)

where M = N3
L
. In Fig. 2(a), we show the AFMC con-

densate fraction for 20, 40, 80, and 130 particles. We
compare with the experimental values of Ref. [5] (open
circles) and the simulations of Ref. [31] (open squares);
for the latter we show the results of the largest lattice
reported, 103.

To obtain the thermodynamic limit and the limit of
zero e↵ective range, one must extrapolate to infinite par-

FIG. 1. (a) AFMC thermal energy (solid symbols) compared
to experiment [5] (open circles), the AFMC results of Ref. [29]
(open squares), and the ground state result with finite e↵ec-
tive range kF re ' 0.38 of Ref. [40] (open triangle). (b) The
AFMC heat capacity (solid symbols) is compared to experi-
ment [5] (open circles) as well as the NSR result of Ref. [43]
(dashed line) and the t-matrix result of Ref. [18] (solid line).

ticle number and zero density [26, 45]. To obtain Tc in the
thermodynamic limit at fixed density, we have performed
a finite-size scaling extrapolation using the condensate
fraction (see Fig. 4 of the supplementary material). We
find Tc ' 0.130(15) at our density ⌫ = 0.06, shown by the
vertical band in Fig. 2. This is consistent with the po-
sition of the peak in our heat capacity at T ' 0.135(10)
for the 113, N = 80 system. The limit ⌫ ! 0 requires
larger lattices with the same numbers of particles and we
leave this to future studies.
(iv) Energy-staggering pairing gap: Using the canoni-

cal ensemble, we calculated a model-independent thermal
energy-staggering pairing gap

�E=[2E(N", N#�1)�E(N", N#)�E(N"�1, N#�1)]/2 .
(9)

Here E(N", N#) is the thermal energy for a system with
N" spin-up particles and N# spin-down particles. In the
calculation of (9), we have used the particle-number re-
projection method of Refs. [38, 46].
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The pseudogap scenario suggests that pairing correla-
tions appear below a temperature scale T ⇤ > Tc. Such
correlations can have various signatures, including a de-
pression in the single-particle density of states, a gap in
the single-particle excitation spectrum, and a suppression
of the spin susceptibility (referred to as “spin-gap”) [24].
If pair formation is energetically favorable, the energy-
staggering gap �E should be nonzero. However, this is
not evident in our results, shown in Fig. 2(b), where �E

is largely converged on the 133 lattice near Tc for our
density and e↵ectively vanishes above this temperature.

A pairing gap of ' 0.35-0.5"F was reported at T/TF =
0.15 [13, 14] by fitting the AFMC spectral function to
a BCS-like dispersion relation. Those calculations are
shown in Fig. 2(b). It is unclear whether the gap com-
puted from the spectral function and the gap computed
from the energy staggering should agree for the UFG; it
would be interesting to perform calculations using both
definitions within the same framework.

(v) Static spin susceptibility: In the presence of pairing
correlations, spin-flip excitations require the breaking of
pairs, causing a suppression of the spin susceptibility [19,
47, 48]. The uniform static spin susceptibility is given by

�s =
�

V
h(N̂" � N̂#)

2i , (10)

where the expectation value on the r.h.s. of (10) is calcu-
lated for the spin-balanced system hN̂"i = hN̂#i. To cal-
culate �s, we performed AFMC simulations using only
one particle-number projection onto the total number of
particles N = N" +N#. In Fig. 2(c) we show our results
for �s in units of the T = 0 free Fermi gas susceptibil-
ity �0 = 3⇢/2"F . We also compare with the Luttinger-
Ward theory calculation of Ref. [23] (dashed line) and the
AFMC results of Ref. [15] on a 123 lattice (open squares).

Several calculations have found strong suppression of
the spin susceptibility at a temperature greater than Tc

(i.e., at T/TF ⇡ 0.25 or higher) [15, 20]. This has been
interpreted as evidence of a pseudogap or a spin-gap. In
our simulations, we see a significant suppresion of �s only
at much lower temperatures (see also Fig. 8 of the sup-
plementary material). For the A = 130, 133 system, �s is
suppressed for T . 0.17TF . For larger particle numbers,
the suppression occurs at lower temperatures, so we es-
timate an upper bound of T ⇤ ' 0.17TF for the spin-gap
temperature at our density. It is important to note that
the spin susceptibility may then be showing a pseudogap
signature but this is unclear without a thermodynamic
extrapolation as has been done for the superfluid criti-
cal temperature. We also observe that our large-lattice
results agree remarkably well with the theoretical results
of Ref. [23].

Model space and spherical cuto↵.— Signatures of a
pseudogap have been observed in the simulations of
Refs. [13–15] for temperatures below ⇠ 0.25TF . Those
calculations used a single-particle model space with a

FIG. 2. (a) AFMC condensate fraction n compared with ex-
periment [5] (open circles) and previous AFMC results [31]
(open squares). (b) AFMC energy-staggering pairing gap
compared with experiment [49] (open triangle) and previous
AFMC results [13] (open squares). (c) AFMC spin suscep-
tibility compared with results based on Luttinger-Ward the-
ory [23] (dashed line) and previous AFMC results [15] (open
squares). The vertical band is extracted from finite-size scal-
ing of AFMC data Tc ' 0.130(15).

spherical cuto↵ |k|  kc = ⇡/�x in momentum. It has
been shown in Ref. [32] that when using such a cuto↵,
the inverse of the low-momentum scattering amplitude
acquires a linear dependence on the center-of-mass mo-
mentum K, and therefore this model does not reproduce
the unitary gas even in the limit kF /kc ! 0 (or equiv-
alently kF re ! 0). In Fig. 7 of the Supplementary Ma-
terial we demonstrate explicitly that for K 6= 0 the two-
particle energies calculated in the spherical cuto↵ di↵er

N" +N#
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The pseudogap scenario suggests that pairing correla-
tions appear below a temperature scale T ⇤ > Tc. Such
correlations can have various signatures, including a de-
pression in the single-particle density of states, a gap in
the single-particle excitation spectrum, and a suppression
of the spin susceptibility (referred to as “spin-gap”) [24].
If pair formation is energetically favorable, the energy-
staggering gap �E should be nonzero. However, this is
not evident in our results, shown in Fig. 2(b), where �E

is largely converged on the 133 lattice near Tc for our
density and e↵ectively vanishes above this temperature.

A pairing gap of ' 0.35-0.5"F was reported at T/TF =
0.15 [13, 14] by fitting the AFMC spectral function to
a BCS-like dispersion relation. Those calculations are
shown in Fig. 2(b). It is unclear whether the gap com-
puted from the spectral function and the gap computed
from the energy staggering should agree for the UFG; it
would be interesting to perform calculations using both
definitions within the same framework.

(v) Static spin susceptibility: In the presence of pairing
correlations, spin-flip excitations require the breaking of
pairs, causing a suppression of the spin susceptibility [19,
47, 48]. The uniform static spin susceptibility is given by

�s =
�

V
h(N̂" � N̂#)

2i , (10)

where the expectation value on the r.h.s. of (10) is calcu-
lated for the spin-balanced system hN̂"i = hN̂#i. To cal-
culate �s, we performed AFMC simulations using only
one particle-number projection onto the total number of
particles N = N" +N#. In Fig. 2(c) we show our results
for �s in units of the T = 0 free Fermi gas susceptibil-
ity �0 = 3⇢/2"F . We also compare with the Luttinger-
Ward theory calculation of Ref. [23] (dashed line) and the
AFMC results of Ref. [15] on a 123 lattice (open squares).

Several calculations have found strong suppression of
the spin susceptibility at a temperature greater than Tc

(i.e., at T/TF ⇡ 0.25 or higher) [15, 20]. This has been
interpreted as evidence of a pseudogap or a spin-gap. In
our simulations, we see a significant suppresion of �s only
at much lower temperatures (see also Fig. 8 of the sup-
plementary material). For the A = 130, 133 system, �s is
suppressed for T . 0.17TF . For larger particle numbers,
the suppression occurs at lower temperatures, so we es-
timate an upper bound of T ⇤ ' 0.17TF for the spin-gap
temperature at our density. It is important to note that
the spin susceptibility may then be showing a pseudogap
signature but this is unclear without a thermodynamic
extrapolation as has been done for the superfluid criti-
cal temperature. We also observe that our large-lattice
results agree remarkably well with the theoretical results
of Ref. [23].

Model space and spherical cuto↵.— Signatures of a
pseudogap have been observed in the simulations of
Refs. [13–15] for temperatures below ⇠ 0.25TF . Those
calculations used a single-particle model space with a
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FIG. 2. (a) AFMC condensate fraction n compared with ex-
periment [5] (open circles) and previous AFMC results [31]
(open squares). (b) AFMC energy-staggering pairing gap
compared with experiment [49] (open triangle) and previous
AFMC results [13] (open squares). (c) AFMC spin suscep-
tibility compared with results based on Luttinger-Ward the-
ory [23] (dashed line) and previous AFMC results [15] (open
squares). The vertical band is extracted from finite-size scal-
ing of AFMC data Tc ' 0.130(15).

spherical cuto↵ |k|  kc = ⇡/�x in momentum. It has
been shown in Ref. [32] that when using such a cuto↵,
the inverse of the low-momentum scattering amplitude
acquires a linear dependence on the center-of-mass mo-
mentum K, and therefore this model does not reproduce
the unitary gas even in the limit kF /kc ! 0 (or equiv-
alently kF re ! 0). In Fig. 7 of the Supplementary Ma-
terial we demonstrate explicitly that for K 6= 0 the two-
particle energies calculated in the spherical cuto↵ di↵er

Tc ' 0.13(15)TF
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Spin susceptibility
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15

for a density ⌫ = 0.06 using finite-size scaling, no such thermodynamic limit has been
taken with �s, and the trend for larger systems seems to indicate that the e↵ect will
be smaller in this limit.
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Fig. 13: Spin susceptibility �s for the uni-
form gas computed using our canonical-
ensemble AFMC (solid symbols), the
AFMC result of Ref. [97] (open squares),
the T -matrix result of Ref. [52] (dotted
line), the T -matrix result of Ref. [67]
(dashed line), the fully self-consistent
Luttinger-Ward result of Ref. [51] (solid
line), and the self-consistent NSR result
of Ref. [120] (dashed-dotted line).

Fig. 14: AFMC results for the spin sus-
ceptibility of N = 20 particles calculated
with no cuto↵ on lattice sizes 93, 113 and
with a spherical cuto↵ (SC) on lattice
sizes 93, 113, 133. There is a substantial
di↵erence between the no cuto↵ and spher-
ical cuto↵ results as the continuum is ap-
proached for lower densities. The solid
line is the result of Ref. [51].

6.4 Spherical cuto↵

A spherical cuto↵ in the single-particle momentum of the uniform gas does not repro-
duce the two-particle scattering properties of the unitary gas even in the continuum
limit [12, 17]. The spin susceptibility provides a useful observable for testing the
e↵ects of a spherical cuto↵ on the many-particle physics. In Fig. 14 we show the spin
susceptibility for a fixed number N = 20 of particles on several lattice sizes, with
and without a spherical cuto↵ in the single-particle momentum space. Even at the
lowest densities studied, ⌫ = 0.015, 0.009 (corresponding, respectively, to lattice sizes
of 113, 133), the spherical cuto↵ e↵ects survive and a↵ect predictions for the value of
T ⇤ and pseudogap physics.

7 Conclusion

The nature of the unitary Fermi gas above the critical temperature Tc for superfluidity
has attracted much interest, both theoretically and experimentally. Some of the
measured thermodynamic observables are consistent with Fermi liquid behavior above
Tc (e.g., the pressure, Fig. 3), while others are not (e.g., the heat capacity). Spectroscopy
experiments have seen signatures of quasiparticles and pairing above Tc (Fig. 1). Results
of theoretical calculations still vary considerably, with some predicting pronounced
pseudogap e↵ects and others not. In particular, the heat capacity (Fig. 10) and the
spin susceptibility (Fig. 14) vary widely among di↵erent theories.

S. Jensen, CG, Y. Alhassid arXiv:1807.03913



Auxiliary-field quantum Monte Carlo for heavy nuclei

‣ Shell Model Monte Carlo (SMMC): Np protons and Nn neutrons interact in a 
valence space outside a frozen core.


‣ Canonical-ensemble observables                                    computed using AFMC


‣ Phenomenological pairing + multipole interaction


‣ Rare-earth nuclei (148-154Sm, 144-152Nd, 162Dy) 
  proton orbitals: 0g7/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2 1f7/2 
  neutron orbitals: 0h11/2, 0h9/2, 1f7/2, 1f5/2, 2p3/2, 2p1/2


‣ Successful model for level densities 
& collective properties of  
medium-mass and heavy nuclei

!20

Ĥ = Ĥ0 �
X

⌫=p,n

g⌫ P̂
†
⌫ P̂⌫ �

X

�=2,3,4

�� : (Ô�;p + Ô�;n) · (Ô�;p + Ô�;n) :
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densities assuming a spin cuto↵ formula (40) with a rigid-body moment of inertia in
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field approximation (e.g., Hartree-Fock, HF, or Hartree-Fock-Bogoliubov,
HFB), in which the rotational invariance is broken. An important question
is whether we can observe model-independent signatures of deformation

Book chapter: Y. Alhassid, in ”Emergent Phenomena in Atomic Nuclei from Large-
Scale Modeling: a Symmetry-Guided Perspective," ed. K. D. Launey

hÔi =
TrNp,Nn(Ôe

��Ĥ)

TrNn,Npe
��Ĥ
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Nuclear deformations in AFMC

‣ Mean-field theory is a convenient framework for the study of the intrinsic 
structure of deformed nuclei, but breaks rotational invariance.


‣ It also predicts sharp phase transitions, which are washed out in finite systems.


‣ The challenge is to study nuclear deformation in a framework which preserves 
rotational invariance and captures finite-size effects.

!21

R = R(✓,�) = R0

⇣
1 +

X

�,µ

a⇤�,µY�,µ(✓,�)
⌘

Nuclear shapes

• The most important nuclear deformation is 
the quadrupole (         ), characterized by 
the mass quadrupole operator

� = 2

Q2,µ =

r
16⇡

5

X

i

r2i Y2µ(⌦i) (sum over particles)

CG,  Alhassid, Bertsch, PRC 97, 014315 (2018);  Alhassid, CG, Bertch, PRL 113, 262503 (2014)
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Quadrupole projection
‣ We study the distribution of        by discretizing the Fourier transform


‣ Since        is a one-body operator, we can compute its distribution.


‣                       , unlike in other projections (e.g., particle number, spin): 
 

‣ The distribution          is slow to equilibrate (long decorrelation times).  To resolve 
this problem, we average          over carefully chosen rotations of the system
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FIG. 1: The ground-state distribution Pg.s.(q) vs q/q0 for a
prolate rotor with intrinsic quadrupole moment q0.

moment q0 in its ground state. The distribution of
its spectroscopic quadrupole operator in the laboratory
frame Q20 = q0(3 cos2 θ−1)/2 can be calculated in closed
form. For a prolate rotor (q0 > 0)

Pg.s.(q) =

{

(√
3q0

√

1 + 2 q
q0

)

for − q0
2 ≤ q ≤ q0

0 otherwise
. (5)

This distribution is shown in Fig. 1. The oblate rotor
(q0 < 0) distribution is obtained from (5) by replacing
q with −q and q0 with |q0|. The moments of the dis-
tribution (5) can be calculated from a simple recursion
relation; their values for 2 ≤ n ≤ 5 are given in Table I.

20Ne.— As a simple illustration in nuclear spec-
troscopy, we consider the light deformed nucleus 20Ne.
The orbital part of the single-particle wave functions are
taken to be the states of the N = 2 harmonic oscillator
shell, i.e., the sd-shell. The single-particle eigenvalues of
Q20 are -2, 1, and 4 (in units of b2 [16]) with degeneracies
of 6, 4 and 2, respectively. The many-particle eigenvalues
of Q̂20 for 20Ne in the valence sd-shell thus range from −8
to 16 with a uniform spacing of 3. The distribution Pβ(q)
at β = 0 is just the distribution of these eigenvalues.
We have used this nucleus as a simple test of the

AFMC. Here we take the single-particle energies accord-
ing to the USD interaction [17] and consider an attrac-
tive quadrupole-quadrupole interaction −χQ̃ · Q̃, with
Q̃2µ =

∑

i r
2
i Y2µ(r̂i) and χ = 8π

5
38.5
A5/3 MeV/b4 [18]. In

Fig. 2 we show the quadrupole distribution of the 20Ne
ground state. The discrete nature of the many-particle
eigenvalues of Q̂20 is evident; the distribution is a set δ
functions at integers −8,−5, . . . , 13, 16. The envelope of
the strengths has the skewed shape that looks qualita-
tively similar to the prolate rigid-rotor distribution.
SCMF.— It is instructive to compare our results with

those of the thermal SCMF, e.g., the finite-temperature
Hartree-Fock-Bogoliubov (HFB) approximation. The
HFB solution is characterized by temperature-dependent
one-body density matrix ρβ and pairing tensor κβ . In
general, two types of phase transitions can occur vs
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FIG. 2: The AFMC ground-state quadrupole distribution
Pg.s.(q) for 20Ne. The sharp δ-like peaks demonstrate the
discrete nature of the spectrum of Q̂20 and their envelope
resembles the prolate rigid-rotor distribution in Fig. 1.

temperature, a pairing transition and a deformed-to-
spherical shape transition [19–21]. A shape phase tran-
sition is also the generic result of a Landau theory in
which the order parameter is the quadrupole deforma-
tion tensor [22]. The vast majority of deformed HFB
ground states are axially symmetric [23], i.e., ⟨Q̂2µ⟩ = 0

for µ ≠ 0. The second-order invariant ⟨Q̂ · Q̂⟩ may be
calculated in HFB by using Wick’s theorem

⟨Q̂ · Q̂⟩ = Q2
0 +

∑

µ

(−)µtr [Q2µ (1− ρβ)Q2−µ ρβ]

+
∑

µ

(−)µtr
[

Q2µ κβ Q
T
2−µ κ

∗
β

]

, (6)

where Q0 ≡ tr(Q20ρβ) is the intrinsic axial quadrupole
moment. The remaining terms on the r.h.s. of (6) repre-
sent the contributions due to quantal and thermal fluc-
tuations. We shall compare our AFMC results for rare-
earth nuclei with the HFB theory in the next section.
Rare-earth nuclei.— Here we present results for rare-

earth nuclei. The single-particle orbitals are taken from a
Woods-Saxon potential plus spin-orbit interaction; they
span the 50− 82 shell plus 1f7/2 orbital for protons and
the 82−126 shell plus 0h11/2, 1g9/2 orbitals for neutrons.
We use the same interaction as in Refs. [24, 25]. The
quadrupole moments are scaled by a factor of 2 to ac-
count for the model space truncation.
We first examine 154Sm, a strongly deformed nucleus

with an intrinsic quadrupole moment of Q0 ∼ 1600
fm2, as determined experimentally from in-band electric
quadrupole transitions [26]. AFMC Pβ(q) distributions
are shown in Fig. 3 at three temperatures. The distribu-
tions appear continuous because the many-particle eigen-
values of Q̂20 are closely spaced. At the lowest temper-
ature of T = 0.1 MeV (bottom panel), e−βĤ effectively
projects out the ground-state band. We observe the char-
acteristic skewed distribution of the prolate rotor. The
dashed line is the rotor distribution (5) with q0 taken at
the HFB value of Q0. The middle panel is the distribu-
tion at the HFB shape transition temperature, T = 1.14
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moment q0 in its ground state. The distribution of
its spectroscopic quadrupole operator in the laboratory
frame Q20 = q0(3 cos2 θ−1)/2 can be calculated in closed
form. For a prolate rotor (q0 > 0)

Pg.s.(q) =

{

(√
3q0

√

1 + 2 q
q0

)

for − q0
2 ≤ q ≤ q0

0 otherwise
. (5)

This distribution is shown in Fig. 1. The oblate rotor
(q0 < 0) distribution is obtained from (5) by replacing
q with −q and q0 with |q0|. The moments of the dis-
tribution (5) can be calculated from a simple recursion
relation; their values for 2 ≤ n ≤ 5 are given in Table I.

20Ne.— As a simple illustration in nuclear spec-
troscopy, we consider the light deformed nucleus 20Ne.
The orbital part of the single-particle wave functions are
taken to be the states of the N = 2 harmonic oscillator
shell, i.e., the sd-shell. The single-particle eigenvalues of
Q20 are -2, 1, and 4 (in units of b2 [16]) with degeneracies
of 6, 4 and 2, respectively. The many-particle eigenvalues
of Q̂20 for 20Ne in the valence sd-shell thus range from −8
to 16 with a uniform spacing of 3. The distribution Pβ(q)
at β = 0 is just the distribution of these eigenvalues.
We have used this nucleus as a simple test of the

AFMC. Here we take the single-particle energies accord-
ing to the USD interaction [17] and consider an attrac-
tive quadrupole-quadrupole interaction −χQ̃ · Q̃, with
Q̃2µ =

∑

i r
2
i Y2µ(r̂i) and χ = 8π

5
38.5
A5/3 MeV/b4 [18]. In

Fig. 2 we show the quadrupole distribution of the 20Ne
ground state. The discrete nature of the many-particle
eigenvalues of Q̂20 is evident; the distribution is a set δ
functions at integers −8,−5, . . . , 13, 16. The envelope of
the strengths has the skewed shape that looks qualita-
tively similar to the prolate rigid-rotor distribution.
SCMF.— It is instructive to compare our results with

those of the thermal SCMF, e.g., the finite-temperature
Hartree-Fock-Bogoliubov (HFB) approximation. The
HFB solution is characterized by temperature-dependent
one-body density matrix ρβ and pairing tensor κβ . In
general, two types of phase transitions can occur vs
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Pg.s.(q) for 20Ne. The sharp δ-like peaks demonstrate the
discrete nature of the spectrum of Q̂20 and their envelope
resembles the prolate rigid-rotor distribution in Fig. 1.

temperature, a pairing transition and a deformed-to-
spherical shape transition [19–21]. A shape phase tran-
sition is also the generic result of a Landau theory in
which the order parameter is the quadrupole deforma-
tion tensor [22]. The vast majority of deformed HFB
ground states are axially symmetric [23], i.e., ⟨Q̂2µ⟩ = 0

for µ ≠ 0. The second-order invariant ⟨Q̂ · Q̂⟩ may be
calculated in HFB by using Wick’s theorem

⟨Q̂ · Q̂⟩ = Q2
0 +

∑

µ

(−)µtr [Q2µ (1− ρβ)Q2−µ ρβ]

+
∑

µ

(−)µtr
[

Q2µ κβ Q
T
2−µ κ

∗
β

]

, (6)

where Q0 ≡ tr(Q20ρβ) is the intrinsic axial quadrupole
moment. The remaining terms on the r.h.s. of (6) repre-
sent the contributions due to quantal and thermal fluc-
tuations. We shall compare our AFMC results for rare-
earth nuclei with the HFB theory in the next section.
Rare-earth nuclei.— Here we present results for rare-

earth nuclei. The single-particle orbitals are taken from a
Woods-Saxon potential plus spin-orbit interaction; they
span the 50− 82 shell plus 1f7/2 orbital for protons and
the 82−126 shell plus 0h11/2, 1g9/2 orbitals for neutrons.
We use the same interaction as in Refs. [24, 25]. The
quadrupole moments are scaled by a factor of 2 to ac-
count for the model space truncation.
We first examine 154Sm, a strongly deformed nucleus

with an intrinsic quadrupole moment of Q0 ∼ 1600
fm2, as determined experimentally from in-band electric
quadrupole transitions [26]. AFMC Pβ(q) distributions
are shown in Fig. 3 at three temperatures. The distribu-
tions appear continuous because the many-particle eigen-
values of Q̂20 are closely spaced. At the lowest temper-
ature of T = 0.1 MeV (bottom panel), e−βĤ effectively
projects out the ground-state band. We observe the char-
acteristic skewed distribution of the prolate rotor. The
dashed line is the rotor distribution (5) with q0 taken at
the HFB value of Q0. The middle panel is the distribu-
tion at the HFB shape transition temperature, T = 1.14

Prolate rigid rotor with intrinsic  
quadrupole moment q0

Test case: 20Ne 
(Q2,0 has a discrete spectrum)
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Spherical-to-deformed shape transitions in samarium

‣ High temperatures: quadrupole distribution           is close to Gaussian


‣ Intermediate temperatures: 148Sm is close to Gaussian, while 150-154Sm show skewed 
distributions


‣ Low temperatures:  148Sm is still Gaussian, while 150-154Sm distributions are similar to 
that of a rigid rotor, a clear signature of deformation.


‣ Applications to level densities:  Mustonen, Gilbreth, Alhassid, arxiv:1804.01617 (PRC, in press) !23

C. N. GILBRETH, Y. ALHASSID, AND G. F. BERTSCH PHYSICAL REVIEW C 97 , 014315 (2018)
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FIG. 5. Distributions P (q ) vs q for an isotope chain of even-mass samarium nuclei at high temperature [top row, panels (a)–(d)], intermediate
temperatures [middle row, panels (e)–(h)], and at low temperature [bottom row, panels (i)–(l)]. In panels (f)–(h) the deformed nuclei (150Sm,
152Sm, 154Sm) are shown near their HFB shape transition temperatures. The solid lines are the rigid-rotor distributions (23) with the ground-state
HFB values of the intrinsic quadrupole moment q0.

This transition from deformed to spherical shape is well known
in the HF and HFB mean-field theories where it is seen as a
sharp phase transition [20–22]. Here we see it as a gradual
change. The distributions P (q ) are still skewed above the
mean-field transition temperature, indicating the persistence
of deformation effects to high temperatures.

C. ⟨ Q̂ · Q̂⟩ vs temperature

We now compare in more detail the AFMC results to those
of the finite-temperature HFB approximation. The HFB solu-
tion is described by temperature-dependent one-body density
matrix (ρβ)i,j = ⟨a†

jai⟩ and pairing tensor (κβ)i,j = ⟨ajai⟩.
The second-order invariant ⟨Q̂ · Q̂⟩ is derived in HFB using
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FIG. 6. Distributions P (q ) vs q for an isotope chain of even-mass neodymium nuclei at high temperatures [top row, panels (a)–(e)],
intermediate temperatures [middle row, panels (f)–(j)], and at low temperature [bottom row, panels (k)–(o)]. In panels (h)–(j) the deformed
nuclei (148Nd, 150Nd, 152Nd) are shown near their HFB shape transition temperatures. Solid lines as in Fig. 5.
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Summary
‣ The canonical ensemble is essential for certain observables, such as the pairing 

gap, and finite-size systems such as atomic nuclei.


‣ We have introduced methods to reduce overall scaling:


- Stabilized diagonalization


- Reduction of model space for each auxiliary field configuration


- Reduced number of quadrature points


- “Fermi surface optimizations” for two-body observables


‣ These methods make canonical-ensemble calculations competitive with the 
grand-canonical ensemble.


‣ Applications to cold atoms & nuclei: pseudogap, level densities, deformation 
properties of nuclei


‣ For an alternative approach, see recent work of [Wang, Assad, Toldin, PRE 96, 042131 
(2017)]
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