
Thermodynamics of the polarized  
unitary Fermi gas from complex Langevin 
Joaquín E. Drut 
University of North Carolina 
at Chapel Hill

INT, July 2018



Acknowledgements 

J. Braun, L. Rammelmueller

Organizers


Group at UNC-CH (esp. Andrew Loheac)


UW & INT


+ Disclaimer



A sequence of papers 

Come to Andrew’s talk! Tomorrow at 3:15pm

Thermal equation of state of polarized fermions in one dimension via complex chemical potentials 
A. C. Loheac, J. Braun, J. E. Drut, D. Roscher 
Phys. Rev. A 92, 063609 (2015) 

Third-order perturbative lattice and complex Langevin analyses of the finite-temperature  
equation of state of non-relativistic fermions in one dimension 
A. C. Loheac, J. E. Drut 
Phys. Rev. D 95, 094502 (2017) 

Surmounting the sign problem in non-relativistic calculations: a case study with  
mass-imbalanced fermions 
L. Rammelmueller, W. J. Porter, J. E. Drut, J. Braun 
Phys. Rev. D 96, 094506 (2017) 

Polarized fermions in one dimension: density and polarization from complex Langevin calculations,  
perturbation theory, and the virial expansion 
A. C. Loheac, J. Braun, J. E. Drut 
arXiv:1804.10257 

Finite-temperature equation of state of polarized fermions at unitarity
L. Rammelmueller, A. C. Loheac, J. E. Drut, J. Braun
arXiv:1807.04664



Outline 
Definition, motivation, and “some” history of the UFG 

Formalism and technique: Path integrals and CL 

Results: Equations of state  

Summary & Conclusions 



Definition: Hamiltonian & scales
Two species of fermions with a contact two-body force 

Ĥ =

Z
d
3
x

2

4
X

s=",#
 ̂
†
s(x)

✓
�~2r2

2m

◆
 ̂s(x)� gn̂"(x)n̂#(x)

3

5

[g] = LCoupling is dimensionful

Renormalize by solving the two-body problem and  
relating bare coupling to scattering length
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Two-body problem
Bound state appears at a critical attractive coupling 
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Scattering length and density determine the  
physical dimensionless coupling for the  
many-body problem
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Unitarity
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Scale invariance & universality
Lack of scales other than the density 
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Dimensionful observables must get their  
units from powers of kF
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E.g. the ground-state energy
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Bertsch parameter

Beyond: Tan’s contact, epsilon expansion, 
              NR conformal invariance, sum rules, viscosities, 
              Efimov effect,…



Motivation: Nuclear physics
Dilute neutron matter

6Li         

104 Bohr

20 Bohr 3 fm

 -19 fm

Neutrons

r0

a
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Bertsch Many-body X Challenge

Is the unitary limit stable? If so, what is the ground-state energy?



Bose-Einstein 
condensates 
(1995)

Fermionic condensates 
(2004)

Motivation: Ultracold atoms



- Temperature (Superfluid transitions) 
- Polarization (LOFF-type phases, polarons) 
- Coupling (BEC-BCS crossover) 
- Shape of external trapping potential 
- Mass imbalance (different isotopes) 
- Dimension (highly anisotropic traps & lattices) 
- Bosons, fermions, mixtures: Li, K, Sr, Yb, Dy, Er,… 

Astonishing degree of control…

… and astonishing degree of measurement/detection… 
- Thermodynamics 
- Phase transitions 
- Collective modes 
- Spin response 
- Hydrodynamic response 
- Entanglement 
- Time-dependent dynamics 
- …

Motivation: Ultracold atoms



First thermodynamic measurements

A bit of history…

L. Luo et al 
PRL 98, 080402 (2007)



“Best” experiments

A bit of history…

Density EoS

M. Ku et al 
Science 335, 563 (2012)

Pressure EoS



“Best” experiments

A bit of history…

Pressure-Compressibility plot

M. Ku et al 
Science 335, 563 (2012)



On the theory side: ground-state energy 
The Bertsch parameter as a function of time

A bit of history…
Endres et al 
PRA 87, 023615 (2013)



More on the theory side: finite temperature EoS

A bit of history…

Bulgac, Drut, Magierski 
PRL 96, 090404 (2006)  



…and an update

A bit of history…

Drut, Lähde, Wlazłowski, Magierski 
PRA 85, 051601(R) (2012) 
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Objective
Explore the thermodynamics and phase transitions of 
the unitary Fermi gas at finite polarization.

Normal

NormalT

 BEC
Superfluid

?
 BCS

Superfluid

?

Tc

Tc

Unitarity

1/kFa
1 ⌧ kF |a|

�h
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Btw: also interesting for QCD



Many-body formalism
Path integral formulation

Z = Tr
h
e��(Ĥ�µ"N̂"�µ#N̂#)

i
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Many-body formalism
Path integral formulation

Z =

Z
D� detM"[�]detM#[�] exp (�S[�])

Z = Tr
h
e��(Ĥ�µ"N̂"�µ#N̂#)

i
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Many-body formalism
Path integral formulation

Z =

Z
D� detM"[�]detM#[�] exp (�S[�])

Big problem:
Conventional QMC approaches
require a constant-sign integrand

Z = Tr
h
e��(Ĥ�µ"N̂"�µ#N̂#)

i
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�̇ = ��S

��
+ ⌘

Methods: Stochastic quantization
Langevin approach: use random force field to explore  
                                 configuration space 

Computational sampling
Langevin algorithm:
Sample configuration space using random noise 
(closely related to hybrid Monte Carlo)

�1

�2

�3
�4

P [�] = detM [�]e�Sg [�]

S[�] = � lnP [�]



Stochastic quantization gone complex

�̇R = �Re


�S

��

�
+ ⌘

�̇I = �Im


�S

��

�

Computational sampling

Complex Langevin algorithm:
Make your field complex 
Sample configuration space using random noise

�1

�2

�3
�4

�̇ = ��S

��
+ ⌘

Methods: Complex Langevin



Problems

Methods: Complex Langevin

Numerical instabilities 

Uncontrolled excursions into the complex plane  

Singular drift



Results
First, a few definitions:

h = (µ" � µ#)/2
<latexit sha1_base64="uMgqEqPn2kzUm1t1OjTHVS3q5Qg=">AAACDXicjVBLSwMxGMzWV62vVY9egqVQD9ZtEdSDUPTisYJrhXZZsmm2Dc0mSx6WUvoLvPhXvHhQ8erdm//GdNuDioIDgcnMN3zJRCmjSnveh5Obm19YXMovF1ZW19Y33M2tayWMxMTHggl5EyFFGOXE11QzcpNKgpKIkWbUP5/4zVsiFRX8Sg9TEiSoy2lMMdJWCt1SD57CcjsxYdukSEoxgPswu3bEgGfC3kEtdIvVipcB/k2KYIZG6L7bPDYJ4RozpFSr6qU6GCGpKWZkXGgbRVKE+6hLWpZylBAVjLLvjGHJKh0YC2kP1zBTvyZGKFFqmER2MkG6p356E/E3r2V0fByMKE+NJhxPF8WGQS3gpBvYoZJgzYaWICypfSvEPSQR1rbBwv9K8GuVk4p3eVisn83ayIMdsAvKoAqOQB1cgAbwAQZ34AE8gWfn3nl0XpzX6WjOmWW2wTc4b5+6r5rc</latexit><latexit sha1_base64="uMgqEqPn2kzUm1t1OjTHVS3q5Qg=">AAACDXicjVBLSwMxGMzWV62vVY9egqVQD9ZtEdSDUPTisYJrhXZZsmm2Dc0mSx6WUvoLvPhXvHhQ8erdm//GdNuDioIDgcnMN3zJRCmjSnveh5Obm19YXMovF1ZW19Y33M2tayWMxMTHggl5EyFFGOXE11QzcpNKgpKIkWbUP5/4zVsiFRX8Sg9TEiSoy2lMMdJWCt1SD57CcjsxYdukSEoxgPswu3bEgGfC3kEtdIvVipcB/k2KYIZG6L7bPDYJ4RozpFSr6qU6GCGpKWZkXGgbRVKE+6hLWpZylBAVjLLvjGHJKh0YC2kP1zBTvyZGKFFqmER2MkG6p356E/E3r2V0fByMKE+NJhxPF8WGQS3gpBvYoZJgzYaWICypfSvEPSQR1rbBwv9K8GuVk4p3eVisn83ayIMdsAvKoAqOQB1cgAbwAQZ34AE8gWfn3nl0XpzX6WjOmWW2wTc4b5+6r5rc</latexit><latexit sha1_base64="uMgqEqPn2kzUm1t1OjTHVS3q5Qg=">AAACDXicjVBLSwMxGMzWV62vVY9egqVQD9ZtEdSDUPTisYJrhXZZsmm2Dc0mSx6WUvoLvPhXvHhQ8erdm//GdNuDioIDgcnMN3zJRCmjSnveh5Obm19YXMovF1ZW19Y33M2tayWMxMTHggl5EyFFGOXE11QzcpNKgpKIkWbUP5/4zVsiFRX8Sg9TEiSoy2lMMdJWCt1SD57CcjsxYdukSEoxgPswu3bEgGfC3kEtdIvVipcB/k2KYIZG6L7bPDYJ4RozpFSr6qU6GCGpKWZkXGgbRVKE+6hLWpZylBAVjLLvjGHJKh0YC2kP1zBTvyZGKFFqmER2MkG6p356E/E3r2V0fByMKE+NJhxPF8WGQS3gpBvYoZJgzYaWICypfSvEPSQR1rbBwv9K8GuVk4p3eVisn83ayIMdsAvKoAqOQB1cgAbwAQZ34AE8gWfn3nl0XpzX6WjOmWW2wTc4b5+6r5rc</latexit>

µ = (µ" + µ#)/2
<latexit sha1_base64="z5yaYb6iyFzuymsEN5LDOcls4dU=">AAACD3icjVBLSwMxGMzWV62vVY9egkWsCHVbBPUgFL14rOBqoV2WbJq2oUl2ycNSlv4EL/4VLx5UvHr15r8x3fagouBAyGTmG5JMlDCqtOd9OLmZ2bn5hfxiYWl5ZXXNXd+4VrGRmPg4ZrFsREgRRgXxNdWMNBJJEI8YuYn652P/5pZIRWNxpYcJCTjqCtqhGGkrhe5uixt4Ckt2C1smQVLGA7gPs2M7HohM2Duohm6xUvYywL9JEUxRD913m8eGE6ExQ0o1K16igxRJTTEjo0LLKJIg3Edd0rRUIE5UkGYfGsEdq7RhJ5Z2CQ0z9WsiRVypIY/sJEe6p356Y/E3r2l05zhIqUiMJgJPLuoYBnUMx+3ANpUEaza0BGFJ7Vsh7iGJsLYdFv5Xgl8tn5S9y8Ni7WzaRh5sgW1QAhVwBGrgAtSBDzC4Aw/gCTw7986j8+K8TkZzzjSzCb7BefsEZPibxA==</latexit><latexit sha1_base64="z5yaYb6iyFzuymsEN5LDOcls4dU=">AAACD3icjVBLSwMxGMzWV62vVY9egkWsCHVbBPUgFL14rOBqoV2WbJq2oUl2ycNSlv4EL/4VLx5UvHr15r8x3fagouBAyGTmG5JMlDCqtOd9OLmZ2bn5hfxiYWl5ZXXNXd+4VrGRmPg4ZrFsREgRRgXxNdWMNBJJEI8YuYn652P/5pZIRWNxpYcJCTjqCtqhGGkrhe5uixt4Ckt2C1smQVLGA7gPs2M7HohM2Duohm6xUvYywL9JEUxRD913m8eGE6ExQ0o1K16igxRJTTEjo0LLKJIg3Edd0rRUIE5UkGYfGsEdq7RhJ5Z2CQ0z9WsiRVypIY/sJEe6p356Y/E3r2l05zhIqUiMJgJPLuoYBnUMx+3ANpUEaza0BGFJ7Vsh7iGJsLYdFv5Xgl8tn5S9y8Ni7WzaRh5sgW1QAhVwBGrgAtSBDzC4Aw/gCTw7986j8+K8TkZzzjSzCb7BefsEZPibxA==</latexit><latexit sha1_base64="z5yaYb6iyFzuymsEN5LDOcls4dU=">AAACD3icjVBLSwMxGMzWV62vVY9egkWsCHVbBPUgFL14rOBqoV2WbJq2oUl2ycNSlv4EL/4VLx5UvHr15r8x3fagouBAyGTmG5JMlDCqtOd9OLmZ2bn5hfxiYWl5ZXXNXd+4VrGRmPg4ZrFsREgRRgXxNdWMNBJJEI8YuYn652P/5pZIRWNxpYcJCTjqCtqhGGkrhe5uixt4Ckt2C1smQVLGA7gPs2M7HohM2Duohm6xUvYywL9JEUxRD913m8eGE6ExQ0o1K16igxRJTTEjo0LLKJIg3Edd0rRUIE5UkGYfGsEdq7RhJ5Z2CQ0z9WsiRVypIY/sJEe6p356Y/E3r2l05zhIqUiMJgJPLuoYBnUMx+3ANpUEaza0BGFJ7Vsh7iGJsLYdFv5Xgl8tn5S9y8Ni7WzaRh5sgW1QAhVwBGrgAtSBDzC4Aw/gCTw7986j8+K8TkZzzjSzCb7BefsEZPibxA==</latexit>

n0
<latexit sha1_base64="/CDlIlv33l3XnRhOGpIhYz3rQyU=">AAAB6XicjVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4jukZIQpid9CZDZmeXmV4hLPkELx5UvPpH3vwbJ4+DioIFDUVVN91dYaqkJd//8AoLi0vLK8XV0tr6xuZWeXvn1iaZERiIRCXmLuQWldQYkCSFd6lBHocKm+HwYuI379FYmegbGqXYiXlfy0gKTk661l2/W67Uqv4U7G9SgTka3fJ7u5eILEZNQnFrWzU/pU7ODUmhcFxqZxZTLoa8jy1HNY/RdvLpqWN24JQeixLjShObql8nch5bO4pD1xlzGtif3kT8zWtlFJ12cqnTjFCL2aIoU4wSNvmb9aRBQWrkCBdGuluZGHDDBbl0Sv8LITiqnlX9q+NK/XyeRhH2YB8OoQYnUIdLaEAAAvrwAE/w7Cnv0XvxXmetBW8+swvf4L19AmzQjWs=</latexit><latexit sha1_base64="/CDlIlv33l3XnRhOGpIhYz3rQyU=">AAAB6XicjVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4jukZIQpid9CZDZmeXmV4hLPkELx5UvPpH3vwbJ4+DioIFDUVVN91dYaqkJd//8AoLi0vLK8XV0tr6xuZWeXvn1iaZERiIRCXmLuQWldQYkCSFd6lBHocKm+HwYuI379FYmegbGqXYiXlfy0gKTk661l2/W67Uqv4U7G9SgTka3fJ7u5eILEZNQnFrWzU/pU7ODUmhcFxqZxZTLoa8jy1HNY/RdvLpqWN24JQeixLjShObql8nch5bO4pD1xlzGtif3kT8zWtlFJ12cqnTjFCL2aIoU4wSNvmb9aRBQWrkCBdGuluZGHDDBbl0Sv8LITiqnlX9q+NK/XyeRhH2YB8OoQYnUIdLaEAAAvrwAE/w7Cnv0XvxXmetBW8+swvf4L19AmzQjWs=</latexit><latexit sha1_base64="/CDlIlv33l3XnRhOGpIhYz3rQyU=">AAAB6XicjVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4jukZIQpid9CZDZmeXmV4hLPkELx5UvPpH3vwbJ4+DioIFDUVVN91dYaqkJd//8AoLi0vLK8XV0tr6xuZWeXvn1iaZERiIRCXmLuQWldQYkCSFd6lBHocKm+HwYuI379FYmegbGqXYiXlfy0gKTk661l2/W67Uqv4U7G9SgTka3fJ7u5eILEZNQnFrWzU/pU7ODUmhcFxqZxZTLoa8jy1HNY/RdvLpqWN24JQeixLjShObql8nch5bO4pD1xlzGtif3kT8zWtlFJ12cqnTjFCL2aIoU4wSNvmb9aRBQWrkCBdGuluZGHDDBbl0Sv8LITiqnlX9q+NK/XyeRhH2YB8OoQYnUIdLaEAAAvrwAE/w7Cnv0XvxXmetBW8+swvf4L19AmzQjWs=</latexit>

: noninteracting, unpolarized 
  density

Lattice parameters:
Nx = 7, 9, 11

<latexit sha1_base64="RVF7K144OHJBuQZsFUAi4PNjvfk=">AAAB9HicjVDLSgMxFL3js9ZX1aWbYBFclDIjQu1CKLpxJRUcW2jHkkkzbWiSGZKMWob+hxsXKm79GHf+jeljoaLggQuHc+7lHk6YcKaN6344c/MLi0vLuZX86tr6xmZha/tax6ki1Ccxj1UzxJpyJqlvmOG0mSiKRchpIxycjf3GLVWaxfLKDBMaCNyTLGIEGyvdXHTu0QmqlFC1hDyvUyh6ZXcC9Dcpwgz1TuG93Y1JKqg0hGOtW56bmCDDyjDC6SjfTjVNMBngHm1ZKrGgOsgmqUdo3ypdFMXKjjRoon69yLDQeihCuymw6euf3lj8zWulJjoOMiaT1FBJpo+ilCMTo3EFqMsUJYYPLcFEMZsVkT5WmBhbVP5/JfiH5WrZvTwq1k5nbeRgF/bgADyoQA3OoQ4+EFDwAE/w7Nw5j86L8zpdnXNmNzvwDc7bJzXhj+g=</latexit><latexit sha1_base64="RVF7K144OHJBuQZsFUAi4PNjvfk=">AAAB9HicjVDLSgMxFL3js9ZX1aWbYBFclDIjQu1CKLpxJRUcW2jHkkkzbWiSGZKMWob+hxsXKm79GHf+jeljoaLggQuHc+7lHk6YcKaN6344c/MLi0vLuZX86tr6xmZha/tax6ki1Ccxj1UzxJpyJqlvmOG0mSiKRchpIxycjf3GLVWaxfLKDBMaCNyTLGIEGyvdXHTu0QmqlFC1hDyvUyh6ZXcC9Dcpwgz1TuG93Y1JKqg0hGOtW56bmCDDyjDC6SjfTjVNMBngHm1ZKrGgOsgmqUdo3ypdFMXKjjRoon69yLDQeihCuymw6euf3lj8zWulJjoOMiaT1FBJpo+ilCMTo3EFqMsUJYYPLcFEMZsVkT5WmBhbVP5/JfiH5WrZvTwq1k5nbeRgF/bgADyoQA3OoQ4+EFDwAE/w7Nw5j86L8zpdnXNmNzvwDc7bJzXhj+g=</latexit><latexit sha1_base64="RVF7K144OHJBuQZsFUAi4PNjvfk=">AAAB9HicjVDLSgMxFL3js9ZX1aWbYBFclDIjQu1CKLpxJRUcW2jHkkkzbWiSGZKMWob+hxsXKm79GHf+jeljoaLggQuHc+7lHk6YcKaN6344c/MLi0vLuZX86tr6xmZha/tax6ki1Ccxj1UzxJpyJqlvmOG0mSiKRchpIxycjf3GLVWaxfLKDBMaCNyTLGIEGyvdXHTu0QmqlFC1hDyvUyh6ZXcC9Dcpwgz1TuG93Y1JKqg0hGOtW56bmCDDyjDC6SjfTjVNMBngHm1ZKrGgOsgmqUdo3ypdFMXKjjRoon69yLDQeihCuymw6euf3lj8zWulJjoOMiaT1FBJpo+ilCMTo3EFqMsUJYYPLcFEMZsVkT5WmBhbVP5/JfiH5WrZvTwq1k5nbeRgF/bgADyoQA3OoQ4+EFDwAE/w7Nw5j86L8zpdnXNmNzvwDc7bJzXhj+g=</latexit>

N⌧ = 160
<latexit sha1_base64="Xn6gRqklosCe1k8WPNKBNbG0Gdk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8hV0RHwch6MWTRHBNILuE2clsMmT2wUyPEJb8hhcPKl79Gm/+jZPHQUXBgoaiqpsuKsql0Oi6H87c/MLi0nJppby6tr6xWdnavtOZUYz7LJOZakVUcylS7qNAyVu54jSJJG9Gg8ux37znSossvcVhzsOE9lIRC0bRSsF1J0BqyDnxjt1OperV3AnI36QKMzQ6lfegmzGT8BSZpFq3PTfHsKAKBZN8VA6M5jllA9rjbUtTmnAdFpPMI7JvlS6JM2UnRTJRv14UNNF6mER2M6HY1z+9sfib1zYYn4aFSHODPGXTR7GRBDMyLoB0heIM5dASypSwWQnrU0UZ2prK/yvBP6yd1dybo2r9YtZGCXZhDw7AgxOowxU0wAcGOTzAEzw7xnl0XpzX6eqcM7vZgW9w3j4BdGKQLw==</latexit><latexit sha1_base64="Xn6gRqklosCe1k8WPNKBNbG0Gdk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8hV0RHwch6MWTRHBNILuE2clsMmT2wUyPEJb8hhcPKl79Gm/+jZPHQUXBgoaiqpsuKsql0Oi6H87c/MLi0nJppby6tr6xWdnavtOZUYz7LJOZakVUcylS7qNAyVu54jSJJG9Gg8ux37znSossvcVhzsOE9lIRC0bRSsF1J0BqyDnxjt1OperV3AnI36QKMzQ6lfegmzGT8BSZpFq3PTfHsKAKBZN8VA6M5jllA9rjbUtTmnAdFpPMI7JvlS6JM2UnRTJRv14UNNF6mER2M6HY1z+9sfib1zYYn4aFSHODPGXTR7GRBDMyLoB0heIM5dASypSwWQnrU0UZ2prK/yvBP6yd1dybo2r9YtZGCXZhDw7AgxOowxU0wAcGOTzAEzw7xnl0XpzX6eqcM7vZgW9w3j4BdGKQLw==</latexit><latexit sha1_base64="Xn6gRqklosCe1k8WPNKBNbG0Gdk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8hV0RHwch6MWTRHBNILuE2clsMmT2wUyPEJb8hhcPKl79Gm/+jZPHQUXBgoaiqpsuKsql0Oi6H87c/MLi0nJppby6tr6xWdnavtOZUYz7LJOZakVUcylS7qNAyVu54jSJJG9Gg8ux37znSossvcVhzsOE9lIRC0bRSsF1J0BqyDnxjt1OperV3AnI36QKMzQ6lfegmzGT8BSZpFq3PTfHsKAKBZN8VA6M5jllA9rjbUtTmnAdFpPMI7JvlS6JM2UnRTJRv14UNNF6mER2M6HY1z+9sfib1zYYn4aFSHODPGXTR7GRBDMyLoB0heIM5dASypSwWQnrU0UZ2prK/yvBP6yd1dybo2r9YtZGCXZhDw7AgxOowxU0wAcGOTzAEzw7xnl0XpzX6eqcM7vZgW9w3j4BdGKQLw==</latexit>

1 = ` ⌧ �T ,�F ⌧ L = Nx`
<latexit sha1_base64="Pt/Z4V2KkiHMgFIhN6GdvyRWMaI=">AAACGXicjVDNSsNAGNzUv1r/oh69LBbBg5REBPUgFAXxIFKhsYUmhM1m0y7dbMLuRiyhz+HFV/HiQcWjnnwbt2kFFQUHPhhm5uPbnSBlVCrLejdKU9Mzs3Pl+crC4tLyirm6diWTTGDi4IQloh0gSRjlxFFUMdJOBUFxwEgr6J+M/NY1EZImvKkGKfFi1OU0ohgpLfmmbcMj6BLGoFuM3gyR39z5ZKeFfq5DF/5NEfTNql2zCsC/SRVM0PDNVzdMcBYTrjBDUnZsK1VejoSimJFhxc0kSRHuoy7paMpRTKSXF18bwi2thDBKhB6uYKF+3chRLOUgDnQyRqonf3oj8Tevk6nowMspTzNFOB4fijIGVQJHPcGQCoIVG2iCsKD6rRD3kEBY6TYr/yvB2a0d1qzLvWr9eNJGGWyATbANbLAP6uAMNIADMLgF9+ARPBl3xoPxbLyMoyVjsrMOvsF4+wB4qZ4/</latexit><latexit sha1_base64="Pt/Z4V2KkiHMgFIhN6GdvyRWMaI=">AAACGXicjVDNSsNAGNzUv1r/oh69LBbBg5REBPUgFAXxIFKhsYUmhM1m0y7dbMLuRiyhz+HFV/HiQcWjnnwbt2kFFQUHPhhm5uPbnSBlVCrLejdKU9Mzs3Pl+crC4tLyirm6diWTTGDi4IQloh0gSRjlxFFUMdJOBUFxwEgr6J+M/NY1EZImvKkGKfFi1OU0ohgpLfmmbcMj6BLGoFuM3gyR39z5ZKeFfq5DF/5NEfTNql2zCsC/SRVM0PDNVzdMcBYTrjBDUnZsK1VejoSimJFhxc0kSRHuoy7paMpRTKSXF18bwi2thDBKhB6uYKF+3chRLOUgDnQyRqonf3oj8Tevk6nowMspTzNFOB4fijIGVQJHPcGQCoIVG2iCsKD6rRD3kEBY6TYr/yvB2a0d1qzLvWr9eNJGGWyATbANbLAP6uAMNIADMLgF9+ARPBl3xoPxbLyMoyVjsrMOvsF4+wB4qZ4/</latexit><latexit sha1_base64="Pt/Z4V2KkiHMgFIhN6GdvyRWMaI=">AAACGXicjVDNSsNAGNzUv1r/oh69LBbBg5REBPUgFAXxIFKhsYUmhM1m0y7dbMLuRiyhz+HFV/HiQcWjnnwbt2kFFQUHPhhm5uPbnSBlVCrLejdKU9Mzs3Pl+crC4tLyirm6diWTTGDi4IQloh0gSRjlxFFUMdJOBUFxwEgr6J+M/NY1EZImvKkGKfFi1OU0ohgpLfmmbcMj6BLGoFuM3gyR39z5ZKeFfq5DF/5NEfTNql2zCsC/SRVM0PDNVzdMcBYTrjBDUnZsK1VejoSimJFhxc0kSRHuoy7paMpRTKSXF18bwi2thDBKhB6uYKF+3chRLOUgDnQyRqonf3oj8Tevk6nowMspTzNFOB4fijIGVQJHPcGQCoIVG2iCsKD6rRD3kEBY6TYr/yvB2a0d1qzLvWr9eNJGGWyATbANbLAP6uAMNIADMLgF9+ARPBl3xoPxbLyMoyVjsrMOvsF4+wB4qZ4/</latexit>

Continuum limit

�T ' 7

�F ' 3
<latexit sha1_base64="SJnQGNWoI6tai6C5vzV6QJpbBjU=">AAACD3icjZBNS8MwHMbT+TbrW9Wjl+AQPY1OheltKIjHCasbrKWkWbqFJWlNUmGUfQQvfhUvHlS8evXmtzF7AxUFHwj8+T3PnyRPlDKqtOt+WIW5+YXFpeKyvbK6tr7hbG5dqySTmHg4YYlsRUgRRgXxNNWMtFJJEI8YaUb985HfvCVS0UQ09CAlAUddQWOKkTYodPZ9ZsIdFDagrygnN7Dq+/YMXszgUeiUKmV3LPj3UAJT1UPn3e8kOONEaMyQUu2Km+ogR1JTzMjQ9jNFUoT7qEvaZhSIExXk4w8N4Z4hHRgn0hyh4Zh+3cgRV2rAI5PkSPfUT28Ef/PamY5PgpyKNNNE4MlFccagTuCoHdihkmDNBmZAWFLzVoh7SCKsTYf2/0rwDsunZffquFQ7m7ZRBDtgFxyACqiCGrgEdeABDO7AA3gCz9a99Wi9WK+TaMGa7myDb7LePgH7a5t7</latexit><latexit sha1_base64="SJnQGNWoI6tai6C5vzV6QJpbBjU=">AAACD3icjZBNS8MwHMbT+TbrW9Wjl+AQPY1OheltKIjHCasbrKWkWbqFJWlNUmGUfQQvfhUvHlS8evXmtzF7AxUFHwj8+T3PnyRPlDKqtOt+WIW5+YXFpeKyvbK6tr7hbG5dqySTmHg4YYlsRUgRRgXxNNWMtFJJEI8YaUb985HfvCVS0UQ09CAlAUddQWOKkTYodPZ9ZsIdFDagrygnN7Dq+/YMXszgUeiUKmV3LPj3UAJT1UPn3e8kOONEaMyQUu2Km+ogR1JTzMjQ9jNFUoT7qEvaZhSIExXk4w8N4Z4hHRgn0hyh4Zh+3cgRV2rAI5PkSPfUT28Ef/PamY5PgpyKNNNE4MlFccagTuCoHdihkmDNBmZAWFLzVoh7SCKsTYf2/0rwDsunZffquFQ7m7ZRBDtgFxyACqiCGrgEdeABDO7AA3gCz9a99Wi9WK+TaMGa7myDb7LePgH7a5t7</latexit><latexit sha1_base64="SJnQGNWoI6tai6C5vzV6QJpbBjU=">AAACD3icjZBNS8MwHMbT+TbrW9Wjl+AQPY1OheltKIjHCasbrKWkWbqFJWlNUmGUfQQvfhUvHlS8evXmtzF7AxUFHwj8+T3PnyRPlDKqtOt+WIW5+YXFpeKyvbK6tr7hbG5dqySTmHg4YYlsRUgRRgXxNNWMtFJJEI8YaUb985HfvCVS0UQ09CAlAUddQWOKkTYodPZ9ZsIdFDagrygnN7Dq+/YMXszgUeiUKmV3LPj3UAJT1UPn3e8kOONEaMyQUu2Km+ogR1JTzMjQ9jNFUoT7qEvaZhSIExXk4w8N4Z4hHRgn0hyh4Zh+3cgRV2rAI5PkSPfUT28Ef/PamY5PgpyKNNNE4MlFccagTuCoHdihkmDNBmZAWFLzVoh7SCKsTYf2/0rwDsunZffquFQ7m7ZRBDtgFxyACqiCGrgEdeABDO7AA3gCz9a99Wi9WK+TaMGa7myDb7LePgH7a5t7</latexit>



Results: Density EoS (check)



Results: Compressibility 



Results: Density EoS
�h = 0.0, 0.4, 0.8, 1.2, 1.6, 2.0

<latexit sha1_base64="ESVuOcLNT0ztB+w5X4RaqH3Y7Sg=">AAACDnicbVDLSsNAFJ34rPUVdelmsCguSkhK0boQim5cVjC20IYymd62QycPZiZCCf0DN/6KGxcqbl2782+ctFlo64U5HM65lzv3+DFnUtn2t7G0vLK6tl7YKG5ube/smnv79zJKBAWXRjwSLZ9I4CwEVzHFoRULIIHPoemPrjO/+QBCsii8U+MYvIAMQtZnlCgtdc2Tjg+K4CG+xLZllzVUM6iVsWNVMjgr44pld82StqeFF4mTkxLKq9E1vzq9iCYBhIpyImXbsWPlpUQoRjlMip1EQkzoiAygrWlIApBeOr1ngo+10sP9SOgXKjxVf0+kJJByHPi6MyBqKOe9TPzPayeqX/NSFsaJgpDOFvUTjlWEs3Bwjwmgio81IVQw/VdMh0QQqnSERR2CM3/yInEr1oVl31ZL9as8jQI6REfoFDnoHNXRDWogF1H0iJ7RK3oznowX4934mLUuGfnMAfpTxucPCTiV3w==</latexit><latexit sha1_base64="ESVuOcLNT0ztB+w5X4RaqH3Y7Sg=">AAACDnicbVDLSsNAFJ34rPUVdelmsCguSkhK0boQim5cVjC20IYymd62QycPZiZCCf0DN/6KGxcqbl2782+ctFlo64U5HM65lzv3+DFnUtn2t7G0vLK6tl7YKG5ube/smnv79zJKBAWXRjwSLZ9I4CwEVzHFoRULIIHPoemPrjO/+QBCsii8U+MYvIAMQtZnlCgtdc2Tjg+K4CG+xLZllzVUM6iVsWNVMjgr44pld82StqeFF4mTkxLKq9E1vzq9iCYBhIpyImXbsWPlpUQoRjlMip1EQkzoiAygrWlIApBeOr1ngo+10sP9SOgXKjxVf0+kJJByHPi6MyBqKOe9TPzPayeqX/NSFsaJgpDOFvUTjlWEs3Bwjwmgio81IVQw/VdMh0QQqnSERR2CM3/yInEr1oVl31ZL9as8jQI6REfoFDnoHNXRDWogF1H0iJ7RK3oznowX4934mLUuGfnMAfpTxucPCTiV3w==</latexit><latexit sha1_base64="ESVuOcLNT0ztB+w5X4RaqH3Y7Sg=">AAACDnicbVDLSsNAFJ34rPUVdelmsCguSkhK0boQim5cVjC20IYymd62QycPZiZCCf0DN/6KGxcqbl2782+ctFlo64U5HM65lzv3+DFnUtn2t7G0vLK6tl7YKG5ube/smnv79zJKBAWXRjwSLZ9I4CwEVzHFoRULIIHPoemPrjO/+QBCsii8U+MYvIAMQtZnlCgtdc2Tjg+K4CG+xLZllzVUM6iVsWNVMjgr44pld82StqeFF4mTkxLKq9E1vzq9iCYBhIpyImXbsWPlpUQoRjlMip1EQkzoiAygrWlIApBeOr1ngo+10sP9SOgXKjxVf0+kJJByHPi6MyBqKOe9TPzPayeqX/NSFsaJgpDOFvUTjlWEs3Bwjwmgio81IVQw/VdMh0QQqnSERR2CM3/yInEr1oVl31ZL9as8jQI6REfoFDnoHNXRDWogF1H0iJ7RK3oznowX4934mLUuGfnMAfpTxucPCTiV3w==</latexit>



Results: Magnetization EoS



Results: Susceptibility



Summary & conclusions
Polarized nonrelativistic matter, in particular the unitary  
Fermi gas (UFG), will typically have a sign problem. 

Complex stochastic quantization (CL) provides a way to  
carry out nonperturbative calculations with complex actions. 
However, its mathematical underpinnings remain uncertain. 

We have carried out multiple explorations of polarized  
matter at finite temperature in 1D, 2D, 3D (UFG), and  
other situations that have a sign problem when using AFQMC. 

Our calculations for the UFG heal to known answers 
(virial, mid/low-T) in the range explored (T > h/2). We see little  
or no variation in the location of the superfluid critical point, but 
much more needs to be done to reach that regime. 



Thank you!


