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Uncertainty quantification
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Nuclear current in chiral EFT
Symmetries for currents
Nuclear currents up to N3LO
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ṼNN(~r )

r
2n

r2n

✓
1� exp

✓
r
2

R2

◆◆6

=

Z
d
3
l

(2⇡)3
V

prereg
NN (~q �~l )Gprereg

R (l)

1

Symmetry preserving regularization



ChPT and low energy QCD
Spontaneous + explicit (by small quark masses) breaking of chiral symmetry in QCD

     Existence of light weakly interacting Goldstone bosons

     Chiral Perturbation theory (ChPT)
Expansion in small momenta and masses of Goldstone bosons

     Systematic description of QCD by ChPT in low energy sector
          (low momenta and masses                                  )

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
�1.37 1.53 �2.80 1.65 1.74 �2.44 0.47 �3.56 0.04 �1.95 �1.00 �0.55 0.64
�0.91 1.59 �2.03 1.28 2.35 �3.88 1.23 �5.26 �0.14 �6.52 2.45 �0.38 2.96

q,M⇡ ⌧ � ' 1GeV

c1 ! c1 � 2M2
⇡

 

ē22 � 4ē38 +
l̄3c1
F 2
⇡

!

c3 ! c3 + 4M2
⇡ (2ē19 � ē22 � ē36)

c4 ! c4 + 4M2
⇡ (2ē21 � ē37)

1



QCD 

T
ChPT 

T =
...

⇡

1

NN interaction is strong: resummations/nonperturbative methods needed
1/mN

1

- expansion: nonrelativistic problem (                      ) |�pi | � M� ⇥ mN

1

the QM A-body problem

Weinberg ’91

✓ AX

i=1

�⇥2
i

2mN
+O(m�3

N )
◆
+ V2N + V3N + V4N + . . .

�
|�� = E|��

1

derived within ChPT

✓ AX

i=1

�⇥2
i

2mN
+O(m�3

N )
◆
+ V2N + V3N + V4N + . . .

�
|�� = E|��

1

In
te

rn
uc

le
on

  p
ot

en
tia

l (
M

eV
) 

Separation (fm)

unified description of  ππ,  
πN and NN

consistent many-body  
forces and currents

systematically improvable

bridging different reactions 
(electroweak, π-prod., ...)

precision physics with/from 
light nuclei

contact interactions

multiple GB  
exchange (ChPT)

From QCD to nuclear physics



Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Epelbaum, Meißner, ’12 (review)



Long and Short Range Interactions
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Couplings of short-range interactions are fixed from NN - data. 
In the isospin limit we have:

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: no new terms

N2LO [Q3]: no new terms

Long range part of the nuclear forces are predictions (chiral symmetry of QCD) 
once couplings from single-nucleon subprocess are determined
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Redundant Short-Range LECs
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Conventional choice of 𝞬1,2,3 

leads to softer NN interactions
Do↵
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FIG. 1: (Color online) Left panel: Matrix elements of the N4LO potential of Ref. [7] in the 1S0,
3S1 and 3S1-

3D1 channels
in units of GeV�2. Right panel: the corresponding matrix elements after eliminating the redundant contact interactions by
setting Do↵

1S0 = Do↵
3S1 = Do↵

✏1 = 0. In both cases, the cuto↵ is chosen to be R = 0.9 MeV.

the parameters, which result in almost equally good �2 values. The flatness of the �2 function poses a challenge to
fitting algorithms, and it becomes extremely di�cult to find a minimum irrespective of its statistical significance.

It is instructive to compare the partial wave momentum-space matrix elements of the N4LO potential with and
without redundant contact interactions as visualized in Fig. 1. Clearly, the peaks in the o↵-diagonal matrix elements
in the 1S0, 3S1 channels for momenta of the order of ⇠ 600 MeV are driven by the o↵-shell contact interactions. Notice
that the corresponding LECs / Do↵

1S0
and / Do↵

3S1
were found in Ref. [6] to be rather large. The behavior of these

matrix elements suggests that the removal of the redundant interactions should lead to softer and more perturbative
interactions. The standard method for quantifying perturbativeness of a potential is based on the Weinberg eigenvalue

Softness of NN interaction 
for made choice of 𝞬1,2,3 
confirmed by Weinberg
eigenvalue analysis

+O(Q5)
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Regularization of NN Force I

Long-range behavior (prediction of chiral EFT) 
of the NN force should be unaffected by regulator

Short-range part strongly depends on regulator
Short-range interactions are responsible for
restoring regulator independence
Increasing number of short-range interactions
remove regulator dependence

Short-range Intermediate Long

Regularize nuclear force in coordinate space: 
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Epelbaum, HK, Meißner ’15

Inconvenient for currents (momentum space regulator preferable)

Appearance of deeply-bound states for higher cut-offs make many-body 
calculations for A > 3 unfeasible

Regulator which minimizes finite-Λ artifacts is crucial!



Regularization of NN Force II
Regularize one-pion-exchange propagator: (inspired by Rijken ’91)

all 1/Λ-corrections are short-range interactions

Reinert, HK, Epelbaum ’17 

Implement similar regularization for two-pion exchange

J
µ

jµ

�,W,Z

p

N

1

q2 +M2
⇡

!

exp
⇣
�

q2+M2

⇡
⇤2

⌘

q2 +M2
⇡

=
1

q2 +M2
⇡

�
1

⇤2
+

q
2 +M

2
⇡

2⇤4
+ . . .

V (q) =
2

⇡

Z 1

2M⇡

dµµ
⇢(µ)

q2 + µ2
! V⇤(q) =

2

⇡

Z 1

2M⇡

dµµ
⇢(µ)

q2 + µ2
exp

✓
�
q
2 + µ

2

2⇤2

◆

400MeV < ⇤ < 550MeV

X(⌫, t) =
1X

m,n=0

xmn⌫
m
t
n

⌫̄µ µ
�

W
�

mp = 938MeV, mn = 940MeV

pi ⌧ ⇤�

mN ⇠ 1GeV ⇠ ⇤�

E
i
kin ⌧ mN

E
i
kin =

p
2
i

2mN
+O(1/m2

N )

h A|

AX

i=1

�
E

i
kin =

q
p
2
i +m

2
N �mN

�
| Ai < E

A
b ⌧ AmN

h A|

AX

i=1

p
2
i

mN
| Ai < Eb ⌧ AmN

Q/⇤�

l
0

A
0(~k = 0, k0 = 0) = A

0
LO(~k = 0, k0 = 0)

(g⇢)unquenched = 2.21(8)

�
2
/dof

T⇡ > 250MeV

d14�15 = �9.88(7)

⇤b ⇠ 600MeV

1

J
µ

jµ

�,W,Z

p

N

1

q2 +M2
⇡

!

exp
⇣
�

q2+M2

⇡
⇤2

⌘

q2 +M2
⇡

=
1

q2 +M2
⇡

�
1

⇤2
+

q
2 +M

2
⇡

2⇤4
+ . . .

V (q) =
2

⇡

Z 1

2M⇡

dµµ
⇢(µ)

q2 + µ2
! V⇤(q) =

2

⇡

Z 1

2M⇡

dµµ
⇢(µ)

q2 + µ2
exp

✓
�
q
2 + µ

2

2⇤2

◆

400MeV < ⇤ < 550MeV

X(⌫, t) =
1X

m,n=0

xmn⌫
m
t
n

⌫̄µ µ
�

W
�

mp = 938MeV, mn = 940MeV

pi ⌧ ⇤�

mN ⇠ 1GeV ⇠ ⇤�

E
i
kin ⌧ mN

E
i
kin =

p
2
i

2mN
+O(1/m2

N )

h A|

AX

i=1

�
E

i
kin =

q
p
2
i +m

2
N �mN

�
| Ai < E

A
b ⌧ AmN

h A|

AX

i=1

p
2
i

mN
| Ai < Eb ⌧ AmN

Q/⇤�

l
0

A
0(~k = 0, k0 = 0) = A

0
LO(~k = 0, k0 = 0)

(g⇢)unquenched = 2.21(8)

�
2
/dof

T⇡ > 250MeV

d14�15 = �9.88(7)

⇤b ⇠ 600MeV

1

Compared to simple gaussian regulator                 πN-coupling gets quenched
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Chiral Expansion of np Phase Shifts

Good convergence of chiral expansion & excellent agreement with NPWA data— N4LO+ yields currently the best description of low-energy NN data below Elab = 300 MeV 
— About 40% less parameters (LECs) than in high-precision potentials [CD Bonn, AV18, Nijm I,II …]

— Clear evidence of the (parameter-free) chiral 2π exchange 

 NN data analysis
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th]

Convergence of the chiral expansion for np phase shifts
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Uncertainty Quantification
Effective range, deuteron properties and phase-shift with quantified uncertainty 

Reinert, HK, Epelbaum ’17 
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FIG. 15: (Color online) Deuteron wave functions in coordinate space based on the SMS N4LO+ potentials of this work (left
panel) and N4LO+ potentials of Ref. [8] (right panel). Black dotted, brown dashed, red solid, blue dashed-dotted and green
dashed-double-dotted lines show the results obtained using the cuto↵s ⇤ = 350, 400, 450, 500 and 550 MeV, respectively.

TABLE IX: Predictions for the asymptotic S state normalization AS and asymptotic D/S state ratio ⌘ at N4LO+ for the cuto↵
values of ⇤ = 400, 450, 500 and 550 MeV. The first uncertainty is statistical, the second one corresponds to the truncation
error at N4LO, the third one estimates the sensitivity to the ⇡N LECs while the last uncertainty reflects the sensitivity to
the choice of the maximum energy in the fits as explained in the text. The statistical uncertainty of AS is calculated from
the corresponding allowed variation of the �2/datum as described in section VII E 1. For ⌘, the estimations are based on the
quadratic approximation in Eq. (7.88) along with the corresponding covariance matrices.

⇤ = 400 MeV ⇤ = 450 MeV ⇤ = 500 MeV ⇤ = 550 MeV Empirical

AS (fm�1/2) 0.8847(+3)
(�3)(6)(4)(4) 0.8847(+3)

(�3)(3)(5)(1) 0.8849(+3)
(�3)(1)(7)(0) 0.8851(+3)

(�3)(3)(8)(1) 0.8846(8) [117]

⌘ 0.0255(+1)
(�1)(1)(3)(2) 0.0255(+1)

(�1)(1)(4)(1) 0.0257(+1)
(�1)(1)(5)(1) 0.0258(+1)

(�1)(1)(5)(1) 0.0256(4) [118]

by the Granada group of Ref. [92], which quotes the values of AS = 0.8829(4) fm1/2 and ⌘ = 0.02493(8) (where the
uncertainties are of the purely statistical nature). The systematics of the various error sources of AS and ⌘ with
respect to the cuto↵ variation appears to be similar to the one discussed in section VII F in the context of the e↵ective
range parameters. Notice that in spite of a significant dependence of AS and ⌘ on the values of the ⇡N LECs, it
is not possible to discriminate between the di↵erent sets given the accuracy of the empirical values (and statistical
and truncation uncertainties of our results). We do not quote the uncertainty for the remaining deuteron properties
either because they are not observable (hTkini, PD) or since our present calculations of them are incomplete (rd, Q).
Interestingly, these features are also clearly reflected in the cuto↵ variation for these quantities, which reaches ⇠ 23%
(⇠ 40%) for hTkini (PD) for ⇤ = 350� 550 MeV. For Q and rd, the cuto↵ variation is smaller and amounts to ⇠ 4%

Example: deuteron asymptotic normalization
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We have provided new reference values for various low-energy quantities (effective 
range parameters, deuteron properties, phase shifts) with quantified uncertainties. 

 Error analysis
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th]
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statistical error variation of Emax

truncation error πN LECs

Example: deuteron asymptotic normalizations (relevant for nuclear astrophysics)

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton phase shifts
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton phase shifts
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism



Siegert theorem + N4LO
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FIG. 1. (Color online) The total cross section σtot for the γ + d → p + n reaction. The chiral
N4LO, R=0.9 fm predictions for the SNC (SNC+Siegert) current model are shown with the dashed

red (thick black dashed) curve. The AV18 predictions for the SNC, SNC+Siegert and SNC+MEC
current models are shown with the double-dotted-dashed green, dotted violet and solid blue curve,
respectively. The experimental data are from Ref. [46] (black ”x”), [47] (magenta squares), [48]

(open circles), [49] (black pluses) and [50] (black dots).

obtain very similar predictions, practically indistinguishable at photon energies below ap-
proximately 30 MeV. At the higher energies a small difference develops between the chiral
and the AV18 potential, with the chiral predictions lying closer to the data.

Next we study a more detailed observable, namely the differential cross section at two
photon laboratory energies Eγ=30 MeV (Fig. 2, the upper row) and Eγ=100 MeV (Fig. 2,
the lower row). In the left panel we show the convergence of predictions for R=0.9 fm with
respect to the order of the chiral expansion. In the middle panel the uncertainty of theoretical
predictions due to the truncation of higher order contributions is given. Finally, in the right
panel, we demonstrate the dependence of predictions on the values of the regulator R at
N4LO using five different values of R: 0.8, 0.9, 1.0, 1.1 and 1.2 fm. Our best prediction,
SNC+Siegert for R=0.9 fm is represented by the thick black dashed curve and is shown
both in the left and right panels. For the sake of comparison, also the AV18 prediction given
by the thick violet dotted line is displayed in these two panels. The same arrangement of
curves will be preserved also in Figs. 3-6, 8 and 12.

It is clear that for both energies one has to go beyond the leading order (LO) to describe
data. At the lower energy all the higher than LO predictions are close to each other, but
at Eγ=100 MeV the convergence is reached only at N3LO. The truncation errors presented
in the central panel confirm this observation and the band at N4LO lies on the N3LO
one. A small but visible width of the N4LO band for the higher energy suggests that some
contributions from higher orders are still possible for this observable. The cut-off dependence
of the cross section is very small at lower energy and increases with energy, reaching at
Eγ=100 MeV about 20% at small proton c.m. scattering angles. However, a more careful
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FIG. 6. (Color online) The differential cross section d2σ/dΩ for the n + d →3 H + γ reaction at
En=9.0 MeV (top) and for the p+d →3 He+ γ reaction at Ep=29 MeV (middle) and Ep=95 MeV

(bottom). The left column shows the convergence of predictions at R=0.9 fm with respect to the
order of the chiral expansion (curves as in Fig. 2). The middle column shows the truncation errors

(see text) at the different orders of the chiral expansion (bands as in Fig. 2). The right column
shows the dependence of the predictions at N4LO on the value of the R parameter (curves as in
Fig. 2 ). The data at En=9.0 MeV are from [59], at Ep=29 MeV from [60] and at Ep=95 MeV

from [61].

section at photon laboratory energy Eγ= 40 MeV and 120 MeV as a function of the final
proton energy for the proton emerging at four angles Θp with respect to the photon beam:
Θp = 0◦, 60◦, 120◦ and 180◦. Since we focus here on predictions of the new local chiral
potential, we refer the reader to Refs. [64] and [36] for the discussion on the origin of
structures observed in the spectra.

In Fig. 9 we show the convergence of predictions with respect to the order of the chiral
expansion for the detected proton at Eγ= 40 MeV (top) and Eγ= 120 MeV (bottom). Only
predictions at LO are far away from the rest and are surely not sufficient to describe the
data. The other predictions are close to each other and, in particular the N3LO and N4LO
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shows the convergence of the predictions at R=0.9 fm with respect to the order of the chiral
expansion (curves as in Fig. 2). The middle column shows the truncation errors at the different
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MeV are from [62, 63] and at Ep=95 MeV from [61].
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Fig. 2 ). The data at En=9.0 MeV are from [59], at Ep=29 MeV from [60] and at Ep=95 MeV

from [61].

section at photon laboratory energy Eγ= 40 MeV and 120 MeV as a function of the final
proton energy for the proton emerging at four angles Θp with respect to the photon beam:
Θp = 0◦, 60◦, 120◦ and 180◦. Since we focus here on predictions of the new local chiral
potential, we refer the reader to Refs. [64] and [36] for the discussion on the origin of
structures observed in the spectra.

In Fig. 9 we show the convergence of predictions with respect to the order of the chiral
expansion for the detected proton at Eγ= 40 MeV (top) and Eγ= 120 MeV (bottom). Only
predictions at LO are far away from the rest and are surely not sufficient to describe the
data. The other predictions are close to each other and, in particular the N3LO and N4LO
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FIG. 1. (Color online) The total cross section σtot for the γ + d → p + n reaction. The chiral
N4LO, R=0.9 fm predictions for the SNC (SNC+Siegert) current model are shown with the dashed

red (thick black dashed) curve. The AV18 predictions for the SNC, SNC+Siegert and SNC+MEC
current models are shown with the double-dotted-dashed green, dotted violet and solid blue curve,
respectively. The experimental data are from Ref. [46] (black ”x”), [47] (magenta squares), [48]

(open circles), [49] (black pluses) and [50] (black dots).

of including many-body contributions to the current operator give quite similar predictions,
which are in a very good agreement with the data, when the AV18 NN potential is used
to generate the 2N states. Further, the SNC+Siegert approach to the current operator
works equally well with the chosen chiral and the AV18 NN potentials. In both cases we
obtain very similar predictions, practically indistinguishable at photon energies below ap-
proximately 30 MeV. At the higher energies a small difference develops between the chiral
and the AV18 potential, with the chiral predictions lying closer to the data.

Next we study a more detailed observable, namely the differential cross section at two
photon laboratory energies Eγ=30 MeV (Fig. 2, the upper row) and Eγ=100 MeV (Fig. 2,
the lower row). In the left panel we show the convergence of predictions for R=0.9 fm with
respect to the order of the chiral expansion. In the middle panel the uncertainty of theoretical
predictions due to the truncation of higher order contributions is given. Finally, in the right
panel, we demonstrate the dependence of predictions on the values of the regulator R at
N4LO using five different values of R: 0.8, 0.9, 1.0, 1.1 and 1.2 fm. Our best prediction,
SNC+Siegert for R=0.9 fm is represented by the thick black dashed curve and is shown
both in the left and right panels. For the sake of comparison, also the AV18 prediction given
by the thick violet dotted line is displayed in these two panels. The same arrangement of
curves will be preserved also in Figs. 3-6, 8 and 12.

It is clear that for both energies one has to go beyond the leading order (LO) to describe
data. At the lower energy all the higher than LO predictions are close to each other, but
at Eγ=100 MeV the convergence is reached only at N3LO. The truncation errors presented
in the central panel confirm this observation and the band at N4LO lies on the N3LO
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with the accuracy of ~ 1.5%

1 Introduction

In 2013 we published the final result of the MuCap experiment [2], which is a precision determination of gP ,
the weak-pseudoscalar coupling of the proton. The hydrogen time projection chamber (TPC) technique
employed is relatively immune to the poorly known molecular physics complications that plagued previous
e↵orts. The result, gP = 8.06±0.55, settles a long-standing experimental challenge. It provides a sensitive
test of QCD symmetries and finally confirms a fundamental prediction of chiral perturbation theory. The
result was recognized as an Editor’s Suggestion and described in an American Physical Society synopsis
and in several press releases.
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Figure 2: Recent theoretical and experimental results on muon capture rate ⇤d from the doublet state of
the µd atom. The pion-less EFT calculation [3] cannot be readily expressed by a single value and is not
included. Bertin 1973 is o↵ scale (c.f. [4]). Experimental results scatter widely and the most accurate
result is inconsistent with modern theory. The ambitious precision goal of MuSun is indicated.

The good agreement between the MuCap result and theory demonstrates that all parameters entering
the one-nucleon weak amplitudes are well under control. This allows the MuSun experiment to extend
this program with a precise determination of the strength of the weak interaction in the two-nucleon
system, using the process

µ+ d ! n+ n+ ⌫. (1)

MuSun will determine the sole unknown low-energy constant involved in modern – QCD-based – e↵ective
field theory (EFT) calculations of weak nuclear reactions. The anticipated precision is 5 times greater
than presently available from the 2N system and will be essential for calibrating these reactions in a model-
independent way. This will provide a benchmark for extending the EFT method to more complicated
few-body processes. Regarding the 2N system, muon capture will provide unique constraints on electro-

3

µ- + d ➝ νµ + n + n
Main goal: measure the doublet capture rate Λd in 

This will strongly constrain the short-range 
axial current 

d

n n

µ-

νµ

W
L1,A

EFT

The resulting axial exchange current can be used to make precision calculations for

triton half life, fT1/2 = 1129.6 ± 3.0 s, and the muon capture rate on 3He, 
Λ0 = 1496 ± 4 s-1  →   precision tests of the theory

weak reactions of astrophysical interest such 
as e.g. the pp chain of the solar burning: 

p + p ➝ d + e+ + νe
p + p + e- ➝ d + νe

p + 3He ➝ 4He + e+ + νe
7Be + e- ➝ 7Li + νe

8B ➝ 8Be* + e+ + νe

L1,A governs the leading 3NF

MuSun experiment at PSI
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Unitary transformations for currents
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In general, a time-dependent unitary transformation U(t) of a given Hamiltonian H (which might have an explicit time
dependence through external sources) is not just given by U

†(t)HU(t). This can be easily seen from the Schrödinger
equation

i
@

@t
 = H , (2.14)

that leads to

i
@

@t
U(t)U†(t) = U(t)i

@

@t
U

†(t) +

✓
i
@

@t
U(t)

◆
U

†(t) = HU(t)U†(t) . (2.15)

Multiplying both sides by U
†(t) and bringing the term with the time-derivative of the unitary transformation on the

right-hand side, we obtain the Schrödinger equation for the transformed state  0 = U
†(t) in the form

i
@

@t
 0 =


U

†(t)HU(t)� U
†(t)

✓
i
@

@t
U(t)

◆�
 0

. (2.16)

Thus, the unitary transformation of the Hamiltonian H is given by

H ! U
†(t)HU(t) +

✓
i
@

@t
U

†(t)

◆
U(t). (2.17)

We see that in the case of a time-dependent UT, there is an additional term which depends on the time-derivative of
the operator U(t). For this reason, the transformed Hamiltonian in our case depends on external sources and their
time derivatives:

He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] =

⌘U
†[a, v, s, p]U †

⌘
U

†

Okubo
H[a, v, s, p]UOkuboU⌘U [a, v, s, p]⌘ + ⌘

✓
i
@

@t
U

†[a, v, s, p]

◆
U [a, v, s, p]⌘. (2.18)

For a = v = p = 0 and s = mq we obtain the nuclear potential

V := He↵ [a = 0, ȧ = 0, v = 0, v̇ = 0, s = mq, ṡ = 0, p = 0, ṗ = 0]�H0, (2.19)

where H0 is the free nucleon Hamiltonian. The individual contributions to V have a form similar to those obtained
in TOPT and are given by a sequence of vertices and the corresponding energy denominators. For example, the
leading and subleading contributions to the nuclear force V

(Q
0
) and V

(Q
2
) constructed solely from the lowest order

⇡N coupling proportional to the nucleon axial-vector constant gA from L
(1)

⇡N
have the form

V
(Q

0
) = �⌘H

(1)

2,1

�
1

E⇡

H
(1)

2,1
⌘ ,

V
(Q

2
) = �

1

2
⌘H

(1)

2,1

�
1

E⇡

H
(1)

2,1

�
2

E⇡

H
(1)

2,1

�
1

E⇡

H
(1)

2,1
⌘ +

1

2
⌘H

(1)

2,1

�
1

E2
⇡

H
(1)

2,1
⌘H

(1)

2,1

�
1

E⇡

H
(1)

2,1
⌘ + h.c. , (2.20)

where we have adopted the notation introduced in [36] with H
()

a,b
denoting an interaction from the Hamiltonian

with a nucleon and b pion fields. Further, �i denotes a projection operator onto states with i pions while E⇡ =P
i
!i =

P
i

p
~pi

2 +M2
⇡
is the pion kinetic energy. The operator V

(Q
0
) contributes to the nucleon self-energy and

gives rise to the one-pion exchange 2N potential while the terms in V
(Q

2
) contribute to the nucleon self-energy,

renormalization of the one-pion exchange 2N potential, the leading two-pion exchange 2N potential and the tree-level
two-pion exchange 3N forces (which, however, turn out to vanish). The explicit form of these contributions is easily

obtained by substituting the explicit expressions for the vertices H(1)

2,1
, written in second quantization, and performing

the algebra. Here and in what follows, all loop integrals are calculated in the standard way using dimensional
regularization. Finally, we emphasize that the contributions which do not involve reducible topologies can be more
e�ciently calculated using the Feynman graph technique. This is, in fact, the way some of the presented results are
obtained.
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where we have adopted the notation introduced in [36] with H
()

a,b
denoting an interaction from the Hamiltonian

with a nucleon and b pion fields. Further, �i denotes a projection operator onto states with i pions while E⇡ =P
i
!i =

P
i

p
~pi

2 +M2
⇡
is the pion kinetic energy. The operator V

(Q
0
) contributes to the nucleon self-energy and

gives rise to the one-pion exchange 2N potential while the terms in V
(Q

2
) contribute to the nucleon self-energy,

renormalization of the one-pion exchange 2N potential, the leading two-pion exchange 2N potential and the tree-level
two-pion exchange 3N forces (which, however, turn out to vanish). The explicit form of these contributions is easily

obtained by substituting the explicit expressions for the vertices H(1)

2,1
, written in second quantization, and performing

the algebra. Here and in what follows, all loop integrals are calculated in the standard way using dimensional
regularization. Finally, we emphasize that the contributions which do not involve reducible topologies can be more
e�ciently calculated using the Feynman graph technique. This is, in fact, the way some of the presented results are
obtained.

H̃[a, v, s, p] ! U
†[a, v]H̃[a, v, s, p]U [a, v] +

✓
i
@

@t
U

†[a, v]

◆
U [a, v]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

=: He↵ [a, ȧ, v, v̇]

A
b
µ(~x, t) :=

�

�aµ,b(~x, t)
He↵ [a, ȧ, v, v̇]

���
a=v=0

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

1

Due to time-derivatives (   ,   ) the currents 
depend on energy transfer if transformed
into momentum space
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D. Chiral symmetry constraints and the continuity equations

Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.
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D. Chiral symmetry constraints and the continuity equations

Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.
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D. Chiral symmetry constraints and the continuity equations

Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.

Chiral symmetry constraints
Chiral symmetry transformations on the path integral level

Gasser, Leutwyler Ann. Phys. (1984) 142:

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

1

8

D. Chiral symmetry constraints and the continuity equations

Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.

Chiral                           rotation
does not change the generating
functional        Ward identities 
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D. Chiral symmetry constraints and the continuity equations

Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.

Chiral symmetry transformations on the Hamiltonian level

There exists a unitary transformation                such that from Schrödinger eq.

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

1

takes the form

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

1

Transformed Hamiltonian is unitary equivalent to the untransformed one

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1



Continuity equation

Expanding both sides in           , comparing the coefficients and transforming to 
momentum space we get the continuity equation

H̃[a, v, s, p] ! U
†[a, v]H̃[a, v, s, p]U [a, v] +

✓
i
@

@t
U

†[a, v]

◆
U [a, v]

i
@

@t
 = He↵ [a, ȧ, v, v̇] 

i
@

@t
U

†(~✏V ,~✏A) = He↵ [a
0
, ȧ

0
, v

0
, v̇

0]U †(~✏V ,~✏A) 

He↵ [a
0
, ȧ

0
, v

0
, v̇

0] = U
†(~✏V ,~✏A)He↵ [a, ȧ, v, v̇]U(~✏V ,~✏A)+

✓
i
@

@t
U

†(~✏V ,~✏A)

◆
U(~✏V ,~✏A)

U(~✏V ,~✏A)

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

=: He↵ [a, ȧ, v, v̇]

A
b
µ(~x, t) :=

�

�aµ,b(~x, t)
He↵ [a, ȧ, v, v̇]

���
a=v=0

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

1

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

Infinitesimally we have                                and   

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1
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D. Chiral symmetry constraints and the continuity equations

Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

v̇µ ! v̇
0
µ = @µ✏̇V + . . .

ȧµ ! ȧ
0
µ = @µ✏̇A + . . .

1

Expressed in                               and                                we have  
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Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.
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Under chiral SU(2)L⇥SU(2)R rotations, the external sources transform as

rµ ! r
0

µ
= RrµR

† + iR @µR
†
,

lµ ! l
0

µ
= L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0
� i p

0 = L(s� i p)R†
. (2.21)

The vector and axial-vector sources can be expressed as a linear combination of the left- and right-handed sources:

vµ =
1

2
(rµ + lµ) and aµ =

1

2
(rµ � lµ) . (2.22)

In the above expressions, R and L denote independent chiral SU(2) transformations which can be parametrized in
the exponential form

R = exp

✓
i

2
⌧ · ✏R(~x, t)

◆
and L = exp

✓
i

2
⌧ · ✏L(~x, t)

◆
. (2.23)

Using the standard parametrization of the external sources in terms of the isoscalar and isovector components,

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p , (2.24)

(XXX why no factor 1/2 in s and p? XXX) the transformation properties of the sources with respect to
infinitesimal SU(2)

L
⇥ SU(2)

R
rotations have the form

vµ ! v0

µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0

µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0

0
= s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0

0
= i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A), (2.25)

where

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) . (2.26)

Notice that as it is well known, the singlet axial-vector current is not conserved as the U(1)A is anomalously broken.

We now proceed similar to Ref. [61]. Starting with the original Schrödinger equation2

i
@

@t
 = He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] , (2.27)

we expect that there is an (in general, time-dependent) unitary transformation U on the Fock space such that

i
@

@t
U

† = He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]U† , (2.28)

which means that observables are not a↵ected by chiral rotations. In other words, we expect that the Hamiltonians
He↵ [a0, ȧ0, v0, v̇0, s0, ṡ0, p0, ṗ0 ] and He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ] are unitary equivalent:

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ] = U
†
He↵ [a, ȧ, v, v̇, s, ṡ, p, ṗ]U +

✓
i
@

@t
U

†

◆
U. (2.29)

2 In general, also second and higher order time-derivatives of external sources can appear in the Hamiltonian. These terms, however, are
only relevant at higher chiral orders beyond the accuracy of the current work.

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

v̇µ ! v̇
0
µ = @µ✏̇V + . . .

ȧµ ! ȧ
0
µ = @µ✏̇A + . . .

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0]

1

is a function of         

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

v̇µ ! v̇
0
µ = @µ✏̇V + . . .

ȧµ ! ȧ
0
µ = @µ✏̇A + . . .

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0]

✏V , ✏̇V , ✏̈V , ✏A, ✏̇A, ✏̈A

1
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We make an ansatz for the unitary transformation U by writing it in the form

U = exp

✓
i

Z
d
3
x
⇥
Rv

0
(~x) · ✏V (~x, t) +Rv

1
(~x) · ✏̇V (~x, t) +Ra

0
(~x) · ✏A(~x, t) +Ra

1
(~x) · ✏̇A(~x, t)

⇤◆
, (2.30)

with R
v,a

0,1
(~x) being some Hermitian field operators in the Schrödinger picture. Eq. (2.29) can be used to derive the

continuity equation for the currents. Setting v = v̇ = a = ȧ = p = ṗ = ṡ = s = 0 and s0 = mq = (mu +md)/2 on the
right-hand side of Eq. (2.29) and keeping only terms linear in ✏V , ✏A and their time derivatives, we obtain

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]|v=v̇=a=ȧ=p=ṗ=ṡ=0,s=mq =

W +

Z
d
3
x

⇣
i
⇥
W,Rv

0
(~x)

⇤
· ✏V (~x, t) + i

⇥
W,Rv

1
(~x)

⇤
· ✏̇V (~x, t) + i

⇥
W,Ra

0
(~x)

⇤
· ✏A(~x, t) (2.31)

+i
⇥
W,Ra

1
(~x)

⇤
· ✏̇A(~x, t) +Rv

0
(~x) · ✏̇V (~x, t) +Rv

1
(~x) · ✏̈V (~x, t) +Ra

0
(~x) · ✏̇A(~x, t) +Ra

1
(~x) · ✏̈A(~x, t)

⌘
,

with W ⌘ H0 + V . On the other hand, we can directly expand the left-hand side of Eq. (2.29) in ✏V , ✏A and their
time derivatives to get

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ

0
, p

0
, ṗ

0 ]|v=v̇=a=ȧ=p=ṗ=ṡ=s=0,s0=mq =

W +

Z
d
3
x

⇣
V (0)

µ
(~x) · @µ✏V (~x, t) + V (1)

µ
(~x) · @µ✏̇V (~x, t) +A(0)

µ
(~x) · @µ✏A(~x, t) +A(1)

µ
(~x) · @µ✏̇A(~x, t)

+mq P
(0)(~x) · ✏A(~x, t) +mq P

(1)(~x) · ✏̇A(~x, t)
⌘
, (2.32)

where the vector, axial-vector and pseudoscalar currents are defined by

V
(0)j

µ
(~x) :=

�He↵

�v
µ

j
(~x, t)

, V
(1)j

µ
(~x) :=

�He↵

�v̇
µ

j
(~x, t)

, A
(0)j

µ
(~x) :=

�He↵

�a
µ

j
(~x, t)

,

A
(1)j

µ
(~x) :=

�He↵

�ȧ
µ

j
(~x, t)

, P
(0)

j
(~x) :=

�He↵

�pj(~x, t)
, P

(1)

j
(~x) :=

�He↵

�ṗj(~x, t)
, (2.33)

with j = 1, 2, 3 an isospin index. In all these expressions, the functional derivatives are taken at v = v̇ = a = ȧ = p =
ṗ = ṡ = s = 0 and s0 = mq. Matching Eqs. (2.31) and (2.32) with respect to ✏̈V (~x, t) and ✏̈A(~x, t), we read o↵

Rv

1
(~x) = V (1)

0
(~x), Ra

1
(~x) = A(1)

0
(~x) . (2.34)

Next, matching the coe�cients in front of the first derivatives ✏̇V (~x, t) and ✏̇A(~x, t) yields

Rv

0
(~x) + i

⇥
W,Rv

1
(~x)

⇤
= V (0)

0
(~x)� ~r · ~V

(1)

(~x),

Ra

0
(~x) + i

⇥
W,Ra

1
(~x)

⇤
= A(0)

0
(~x)� ~r · ~A

(1)

(~x) +mqP
(1)(~x). (2.35)

Finally, matching the coe�cients in front of ✏V (~x, t) and ✏A(~x, t) gives

i
⇥
W,Rv

0
(~x)

⇤
= �~r · ~V

(0)

(~x),

i
⇥
W,Ra

0
(~x)

⇤
= �~r · ~A

(0)

(~x) +mqP
(0)(~x). (2.36)

Combining these relations, we obtain the continuity equations

i
⇥
W,V (0)

0
(~x)� ~r · ~V

(1)

(~x)� i
⇥
W,V (1)

0
(~x)

⇤⇤
= �~r · ~V

(0)

(~x),

i
⇥
W,A(0)

0
(~x)� ~r · ~A

(1)

(~x)� i
⇥
W,A(1)

0
(~x)

⇤
+mqP

(1)(~x)
⇤

= �~r · ~A
(0)

(~x) +mqP
(0)(~x). (2.37)

Notice that the form of the continuity equation we obtain di↵ers from the usual one with V (1)

µ
(~x) = A(1)

µ
(~x) =

P (1)(~x) = 0. In our case, these terms originate from the additional unitary transformations involving external
sources, and they cannot be discarded.3 Clearly, V (1)

µ
(~x),A(1)

µ
(~x) and P (1)(~x) are proportional to the unitary phases

3 It has already been mentioned in the literature that the continuity equation gets modified if one uses time-dependent unitary transfor-
mations [62].

new term
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(1)
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�i
⇥
~e · ~K,Aµ(k)

⇤
= A?

µ (k)� ~e · ~rk

⇥
Hstrong,Aµ(k)

⇤
� ~e · ~k

@

@k0
Aµ(k).

=: He↵ [a, ȧ, v, v̇]

C(~k, k0) =
h
Hstrong,A0(~k, k0)

i
� ~k · ~A(~k, k0) + imqP (~k, k0)

C(~k, 0) +
@

@k0

h
Hstrong, C(~k, k0)

i
= 0

A
b
µ(~x, t) :=

�

�aµ,b(~x, t)
He↵ [a, ȧ, v, v̇]

���
a=v=0

2⇡ � 1⇡

1⇡�

A0
reg(k)

⇡N

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

4
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�

⌫µ
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S
ax
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⇡
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S
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⇡

A
(0)
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1 1

E⇡
H

(1)
2,1⌘

�i
⇥
~e · ~K,Aµ(k)

⇤
= A?

µ (k)� ~e · ~rk

⇥
Hstrong,Aµ(k)

⇤
� ~e · ~k

@

@k0
Aµ(k).

=: He↵ [a, ȧ, v, v̇]

C(~k, k0) =
h
Hstrong,A0(~k, k0)

i
� ~k · ~A(~k, k0) + imqP (~k, k0)

C(~k, 0) +
h
Hstrong,

@

@k0
C(~k, k0)

i
= 0

A
b
µ(~x, t) :=

�

�aµ,b(~x, t)
He↵ [a, ȧ, v, v̇]

���
a=v=0

2⇡ � 1⇡

1⇡�

A0
reg(k)

⇡N

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN
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Unitary ambiguities
34 different unitary transformations are possible at the order Q

H̃[a, v, s, p] ! U
†[a, v]H̃[a, v, s, p]U [a, v] +

✓
i
@

@t
U

†[a, v]

◆
U [a, v]

i
@

@t
 = He↵ [a, ȧ, v, v̇] 

i
@

@t
U

†(~✏V ,~✏A) = He↵ [a
0
, ȧ

0
, v

0
, v̇

0]U †(~✏V ,~✏A) 

He↵ [a
0
, ȧ

0
, v

0
, v̇

0] = U
†(~✏V ,~✏A)He↵ [a, ȧ, v, v̇]U(~✏V ,~✏A)+

✓
i
@

@t
U

†(~✏V ,~✏A)

◆
U(~✏V ,~✏A)

U(~✏V ,~✏A)

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

Ui(a) = exp (Sax

i � h.c.)

S
ax
1

= ↵
ax
1
⌘A

(0)

2,0⌘H
(1)

2,1�
1
1

E3
⇡

H
(1)

2,1⌘,

S
ax
2

= ↵
ax
2
⌘H

(1)

2,1�
1
1

E2
⇡

A
(0)

2,0�
1
1

E⇡
H

(1)

2,1⌘

=: He↵ [a, ȧ, v, v̇]
h
Hstrong,A0(~k, 0)�

@

@k0

~k · ~A(~k, k0) +
@

@k0

h
Hstrong,A(~k, k0)

ii
= ~k · ~A(~k, 0)

A
b
µ(~x, t) :=

�

�aµ,b(~x, t)
He↵ [a, ȧ, v, v̇]

���
a=v=0

a
b
µ

�

�0

�0

1

H̃[a, v, s, p] ! U
†[a, v]H̃[a, v, s, p]U [a, v] +

✓
i
@

@t
U

†[a, v]

◆
U [a, v]

i
@

@t
 = He↵ [a, ȧ, v, v̇] 

i
@

@t
U

†(~✏V ,~✏A) = He↵ [a
0
, ȧ

0
, v

0
, v̇

0]U †(~✏V ,~✏A) 

He↵ [a
0
, ȧ

0
, v

0
, v̇

0] = U
†(~✏V ,~✏A)He↵ [a, ȧ, v, v̇]U(~✏V ,~✏A)+

✓
i
@

@t
U

†(~✏V ,~✏A)

◆
U(~✏V ,~✏A)

U(~✏V ,~✏A)

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

Ui(a) = exp (Sax

i � h.c.)

S
ax
1

= ↵
ax
1
⌘A

(0)

2,0⌘H
(1)

2,1�
1
1

E3
⇡
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S
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1
1

E2
⇡
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(0)
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1
1

E⇡
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(1)

2,1⌘

=: He↵ [a, ȧ, v, v̇]
h
Hstrong,A0(~k, 0)�
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@k0

~k · ~A(~k, k0) +
@

@k0

h
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= ~k · ~A(~k, 0)

A
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�
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He↵ [a, ȧ, v, v̇]
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a
b
µ

�

�0

�0

1

…

Reasonable constraints come from

Perturbative renormalizability of the current

Large unitary ambiguity is related to appearance of the axial-vector-one-pion interaction
(30 out of 34 transformations depend on it)

H
()
n,p

Aµ(k) ! U
†Aµ(k)U, P (k) ! U

†P (k)U, Hstrong ! U
†
HstrongU

Aµ(k) ! U
†Aµ(k)U, ~K ! U

† ~KU, Hstrong ! U
†
HstrongU, Xµ ! U

†XµU

Xµ ! Xµ � i

h
~e · ~K,Y µ(~k)

i
+ ~e · ~rk

h
Hstrong,Y µ(~k)

i
� Y ?

µ

h
~e · ~K,Hstrong

i
= i~e · ~P

h
i~e · ~K, i

h
Hstrong, Yµ(~k)
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Hstrong,
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ii
� i~e · ~k Yµ(~k)
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✓
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Z
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◆
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✓
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Z
d
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◆
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h
Hstrong,Y µ(~k)

i
� i k0Y µ(~k)

P (k) ! P (k) + i

h
Hstrong,Z(~k)

i
� i k0Z(~k)

lhs of cont. eq. ! lhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

rhs of cont. eq. ! rhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

lhs of cont. eq. ! lhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

rhs of cont. eq. ! rhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0
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i
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i
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0
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0]U†(R,L) 
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2
⌧ · ✏R(x)
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⌧ · ✏L(x)
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0
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0
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0] = U
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✓
i
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◆
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h
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i
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i

= ~k · ~A(~k, 0)� imqP (~k, 0)

1

Vertices without axial source are denoted by 

Vertices with one axial source are denoted by 
H

()
n,p

n p  = d+
3

2
n+ p+ a� 4

Aµ(k) ! U
†Aµ(k)U, P (k) ! U

†P (k)U, Hstrong ! U
†
HstrongU

Aµ(k) ! U
†Aµ(k)U, ~K ! U

† ~KU, Hstrong ! U
†
HstrongU, Xµ ! U

†XµU

Xµ ! Xµ � i

h
~e · ~K,Y µ(~k)

i
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h
Hstrong,Y µ(~k)
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h
i~e · ~K, i

h
Hstrong, Yµ(~k)

ii
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h
Hstrong,
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i~e · ~K,Yµ(~k)
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� i~e · ~k Yµ(~k)

U [a] = exp

✓
i

Z
d
3
xY µ(~x) · aµ(~x, x0)

◆

U [p] = exp

✓
i

Z
d
3
xZ(~x) · p(~x, x0)

◆

Aµ(k) ! Aµ(k) + i

h
Hstrong,Y µ(~k)

i
� i k0Y µ(~k)

P (k) ! P (k) + i

h
Hstrong,Z(~k)

i
� i k0Z(~k)

lhs of cont. eq. ! lhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

rhs of cont. eq. ! rhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

lhs of cont. eq. ! lhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

rhs of cont. eq. ! rhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
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i
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@t
U

†(R,L) = He↵ [a
0
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0
, s
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0]U†(R,L) 
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⌧ · ✏R(x)
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⌧ · ✏L(x)
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✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

— number of nucleons
H

()
n,p

n p  = d+
3

2
n+ p+ a� 4

Aµ(k) ! U
†Aµ(k)U, P (k) ! U

†P (k)U, Hstrong ! U
†
HstrongU

Aµ(k) ! U
†Aµ(k)U, ~K ! U

† ~KU, Hstrong ! U
†
HstrongU, Xµ ! U

†XµU

Xµ ! Xµ � i

h
~e · ~K,Y µ(~k)

i
+ ~e · ~rk

h
Hstrong,Y µ(~k)
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h
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Hstrong, Yµ(~k)

ii
= i

h
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ii
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U [a] = exp

✓
i

Z
d
3
xY µ(~x) · aµ(~x, x0)

◆

U [p] = exp

✓
i

Z
d
3
xZ(~x) · p(~x, x0)

◆

Aµ(k) ! Aµ(k) + i

h
Hstrong,Y µ(~k)

i
� i k0Y µ(~k)

P (k) ! P (k) + i

h
Hstrong,Z(~k)

i
� i k0Z(~k)

lhs of cont. eq. ! lhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

rhs of cont. eq. ! rhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

lhs of cont. eq. ! lhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

rhs of cont. eq. ! rhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
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⌧ · ✏L(x)

He↵ [a
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0
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, v̇

0
, s
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, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

— number of pions
H

()
n,p

n p  = d+
3

2
n+ p+ a� 4

Aµ(k) ! U
†Aµ(k)U, P (k) ! U

†P (k)U, Hstrong ! U
†
HstrongU

Aµ(k) ! U
†Aµ(k)U, ~K ! U

† ~KU, Hstrong ! U
†
HstrongU, Xµ ! U

†XµU

Xµ ! Xµ � i

h
~e · ~K,Y µ(~k)

i
+ ~e · ~rk

h
Hstrong,Y µ(~k)

i
� Y ?

µ

h
~e · ~K,Hstrong

i
= i~e · ~P

h
i~e · ~K, i

h
Hstrong, Yµ(~k)

ii
= i

h
Hstrong,

h
i~e · ~K,Yµ(~k)

ii
� i~e · ~k Yµ(~k)

U [a] = exp

✓
i

Z
d
3
xY µ(~x) · aµ(~x, x0)

◆

U [p] = exp

✓
i

Z
d
3
xZ(~x) · p(~x, x0)

◆

Aµ(k) ! Aµ(k) + i

h
Hstrong,Y µ(~k)

i
� i k0Y µ(~k)

P (k) ! P (k) + i

h
Hstrong,Z(~k)

i
� i k0Z(~k)

lhs of cont. eq. ! lhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

rhs of cont. eq. ! rhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

lhs of cont. eq. ! lhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

rhs of cont. eq. ! rhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

H
()
n,p

n p  = d+
3

2
n+ p+ a� 4

Aµ(k) ! U
†Aµ(k)U, P (k) ! U

†P (k)U, Hstrong ! U
†
HstrongU

Aµ(k) ! U
†Aµ(k)U, ~K ! U

† ~KU, Hstrong ! U
†
HstrongU, Xµ ! U

†XµU

Xµ ! Xµ � i

h
~e · ~K,Y µ(~k)

i
+ ~e · ~rk

h
Hstrong,Y µ(~k)

i
� Y ?

µ

h
~e · ~K,Hstrong

i
= i~e · ~P

h
i~e · ~K, i

h
Hstrong, Yµ(~k)

ii
= i

h
Hstrong,

h
i~e · ~K,Yµ(~k)

ii
� i~e · ~k Yµ(~k)

U [a] = exp

✓
i

Z
d
3
xY µ(~x) · aµ(~x, x0)

◆

U [p] = exp

✓
i

Z
d
3
xZ(~x) · p(~x, x0)

◆

Aµ(k) ! Aµ(k) + i

h
Hstrong,Y µ(~k)

i
� i k0Y µ(~k)

P (k) ! P (k) + i

h
Hstrong,Z(~k)

i
� i k0Z(~k)

lhs of cont. eq. ! lhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

rhs of cont. eq. ! rhs of cont. eq.+ i

h
Hstrong,

~k · ~Y (~k)
i

lhs of cont. eq. ! lhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

rhs of cont. eq. ! rhs of cont. eq.+mq

h
Hstrong,Z(~k)

i

h0out|0inia,v,s,p = exp (i Z[a, v, s, p]) = exp (i Z[a0, v0, s0, p0]) = h0out|0inia0,v0,s0,p0

U(R,L)

i
@

@t
 = He↵ [a, v, s, p] 

i
@

@t
U

†(R,L) = He↵ [a
0
, v

0
, s

0
, p

0]U†(R,L) 

R = 1 +
i

2
⌧ · ✏R(x)

L = 1 +
i

2
⌧ · ✏L(x)

He↵ [a
0
, ȧ

0
, v

0
, v̇

0
, s

0
, p

0] = U
†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

1

— number of axial sources

inverse mass dimension

A
(�1)
0,1

H
()
n,p

n p  = d+
3

2
n+ p+ a� 4

Aµ(k) ! U
†Aµ(k)U, P (k) ! U

†P (k)U, Hstrong ! U
†
HstrongU

Aµ(k) ! U
†Aµ(k)U, ~K ! U

† ~KU, Hstrong ! U
†
HstrongU, Xµ ! U

†XµU

Xµ ! Xµ � i

h
~e · ~K,Y µ(~k)

i
+ ~e · ~rk

h
Hstrong,Y µ(~k)

i
� Y ?

µ

h
~e · ~K,Hstrong

i
= i~e · ~P

h
i~e · ~K, i

h
Hstrong, Yµ(~k)

ii
= i

h
Hstrong,

h
i~e · ~K,Yµ(~k)

ii
� i~e · ~k Yµ(~k)

U [a] = exp

✓
i

Z
d
3
xY µ(~x) · aµ(~x, x0)

◆

U [p] = exp

✓
i

Z
d
3
xZ(~x) · p(~x, x0)

◆

Aµ(k) ! Aµ(k) + i

h
Hstrong,Y µ(~k)

i
� i k0Y µ(~k)

P (k) ! P (k) + i

h
Hstrong,Z(~k)

i
� i k0Z(~k)

lhs of cont. eq. ! lhs of cont. eq.+ i
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A cancellation of the UV divergences in the loop contributions to the single nucleon and to the one-pion exchange
axial charge operators by the counterterms fixed by the �-functions listed above yields additional constraints
on the unitary phases:

↵
ax

10
+ ↵

ax

11
= �

1

2
,

↵
ax,Tadpole

16
= ↵

ax,Static

16
= ↵

ax,LO

16
= �1. (2.121)

A more general requirement of the cancellation of power-low divergences in addition to the logarithmic ones,
which are taken care of in dimensional regularization, implies that the current should be renormalizable in d = 3
dimensions. This yields an additional constraint
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Thus, in total, we obtain 19 constraints from the requirement that the axial-vector current is renormalizable.

3. In addition to the renormalizability constraints specified above, we require the irreducible two- and three-nucleon
pion-production amplitudes appearing in the expressions for the current operators to match the corresponding
ones which appear in the expressions for the three- and four-nucleon forces, respectively, as visualized schemati-
cally earlier in Fig. 1. More precisely, we require the following matching condition between the one-pion exchange
contributions to the nuclear forces and the corresponding axial current operator at the pion pole:
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vertex rather than the leading axial-source-pion interaction. This matching condition does not only represent a
very natural choice of unitary phases as it makes the consistency between nuclear forces and current operators
explicit, but is also expected to be advantageous from the practical point of view. In particular, it allows one to
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which are taken care of in dimensional regularization, implies that the current should be renormalizable in d = 3
dimensions. This yields an additional constraint

↵
ax

1
= 0. (2.122)

Thus, in total, we obtain 19 constraints from the requirement that the axial-vector current is renormalizable.

3. In addition to the renormalizability constraints specified above, we require the irreducible two- and three-nucleon
pion-production amplitudes appearing in the expressions for the current operators to match the corresponding
ones which appear in the expressions for the three- and four-nucleon forces, respectively, as visualized schemati-
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) Ãb

µ
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A more general requirement of the cancellation of power-low divergences in addition to the logarithmic ones,
which are taken care of in dimensional regularization, implies that the current should be renormalizable in d = 3
dimensions. This yields an additional constraint
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Thus, in total, we obtain 19 constraints from the requirement that the axial-vector current is renormalizable.

3. In addition to the renormalizability constraints specified above, we require the irreducible two- and three-nucleon
pion-production amplitudes appearing in the expressions for the current operators to match the corresponding
ones which appear in the expressions for the three- and four-nucleon forces, respectively, as visualized schemati-
cally earlier in Fig. 1. More precisely, we require the following matching condition between the one-pion exchange
contributions to the nuclear forces and the corresponding axial current operator at the pion pole:
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(k)ãµb(k). (2.123)

Here, k ⌘ |~k | refers to the momentum of the exchanged pion, while k · ã
b(k) denotes the leading pion-nucleon

vertex rather than the leading axial-source-pion interaction. This matching condition does not only represent a
very natural choice of unitary phases as it makes the consistency between nuclear forces and current operators
explicit, but is also expected to be advantageous from the practical point of view. In particular, it allows one to
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2. The resulting expressions for the axial charge and current operators are required to be properly renormalized.
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where µ is the scale introduced by dimensional regularization. Further, the quantity � is defined as
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with �E = ��0(1) ' 0.577 the Euler constant and d the number of space-time dimensions. The �- and �-
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†(R,L)He↵ [a, ȧ, v, v̇, s, p]U(R,L)+

✓
i
@

@t
U

†(R,L)

◆
U(R,L)

h
Hstrong,A0(~k, 0)�

@

@k0

~k · ~A(~k, k0) +
@

@k0

h
Hstrong,A0(~k, k0)

i
+ i

@

@k0
mqP (~k, k0)

i

= ~k · ~A(~k, 0)� imqP (~k, 0)

v̇µ ! v̇
0
µ = @µ✏̇V + . . .
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ȧµ ! ȧ
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0
, v

0
, v̇

0
, s

0
, p

0]

✏V , ✏̇V , ✏̈V , ✏A, ✏̇A, ✏̈A

2⇡�(E↵�E��k0)h↵|
h
i~e· ~K,Aµ(k)

i
+A?

µ (k)�~e·~rk

h
Hstrong,Aµ(k)

i
�~e·~k @

@k0
Aµ(k)|�i = 0

k · ab

NN⇡
b

NNN

⇠

h
i~e· ~K,Aµ(k)

i
+A?

µ (k)�~e·~rk

h
Hstrong,Aµ(k)

i
�~e·~k @

@k0
Aµ(k)+i

h
Hstrong,Xµ

i
�ik0Xµ = 0

1

=

H̃[a, v, s, p] ! U
†[a, v]H̃[a, v, s, p]U [a, v] +

✓
i
@

@t
U

†[a, v]

◆
U [a, v]

i
@

@t
 = He↵ [a, ȧ, v, v̇] 
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0
µ = @µ✏̇A + . . .

He↵ [a
0
, ȧ
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=! Matching requirement is fulfilled only
for particular choice of unitary phases

Consistent regularization of nuclear forces and currents calls for matching 
requirement between pion-production operators in different processes

After renormalizability and matching requirement there are no further unitary ambiguities!
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two-pion exchange terms derived in Ref. [4]. However, a systematic study of axial current

contributions at N4LO is still lacking. The other goal of the present work is to provide a

numerically exact estimate of these contributions in the 3H GT matrix element.

II. NUCLEAR AXIAL CURRENTS IN �EFT

In this section we report the expressions for the nuclear axial current in the limit of

vanishing external field momentum (denoted as q) [1]. Of course, pion-pole contributions in

Fig. 1 vanish in this limit. The expressions at LO and N2LO read
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At zero momentum transfer the result of Baroni et al. is

The current of Baroni et al. does not exist in the chiral limit!

Two currents have different long range parts!
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FIG. 2: Two-pion exchange 3N diagrams at N3LO. Solid dots (filled rectangles) denote vertices of dimension ∆i = 0 (∆i = 2).
Diagrams which result from the interchange of the nucleon lines and/or application of the time reversal operation are not
shown. For remaining notation see Fig. 1.

(1), (2), (4), (8), (10), (30-32), (34) and (35) just renormalize the external nucleon legs. Similarly, Feynman diagrams
(3), (9), (22-24), (26-28) lead to renormalization of the leading pion-nucleon coupling without producing any new
structures. All these contributions are taken into account by replacing the bare LECs in the leading 2π exchange 3N
scattering amplitude by renormalized ones. This suggests that there are no N3LO corrections to the 3NF from these
graphs since the 2π exchange 3N diagrams at order ν = 2 do not generate any nonvanishing 3NF. Given the fact
that nuclear potentials are, in general, not uniquely defined, the above argument based on the (on-shell) scattering
amplitude should be taken with care. We have, however, verified that this is indeed the case by explicitly calculating
the corresponding 3NF using the method of unitary transformation along the lines of Ref. [23]. From the remaining
graphs in Fig. 2, diagram (11) does not contribute at the considered order due to the 1/m-suppression caused by the
time derivative entering the Weinberg-Tomozawa vertex.3 For the same reason, diagram (25) also leads to a vanishing
result at the order considered. Here, the time derivative acts either on the pions exchanged between two nucleons
leading to a 1/m-suppression or on the pion in the tadpole giving an odd power of the loop momentum l0 to be

3 This graph does not involve reducible time-ordered topologies. Its contribution to the nuclear force is, therefore, most easily obtained
using the Feynman graph technique. The 1/m-suppression from the time derivative entering the Weinberg-Tomozawa vertex follows
then simply from the four-momentum conservation.
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Higher Derivative Regularization

Change leading order pion - Lagrangian (modify free part)

Every derivative should be covariant one
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⇡,⇤ U(~⇡(x)) 2 SU(2)
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Higher Derivative Lagrangian
To construct a parity-conserving regulator it is convenient to work with building-blocks

Possible ansatz for higher derivative pion Lagrangian

Expand         in               Lorentz-invariance only perturbatively 

Use dimensional regularization on top of higher derivative one
for regularization of zeroth component of momenta



Modified Vertices
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Every propagator is suppressed by

Pionic sector becomes unregularized

Use dimensional on top of high derivative regularization 

Dimensional regularization will not affect effective potential and
Schrödinger or LS equations but will regularize pionic sector
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Regularization of Vector Current 
Modify pion-propagators in a vector current

Modify two-pion-photon vertex

Modified two-pion-photon vertex 
leads to exponential increase 
in momenta



Regularization of Vector Current 
Regularization of pion-exchange vector current

Riska prescription: longitudinal part of the current can be derived 
                               from continuity equation

Riska, Prog. Part. Nucl. Phys. 11 (1984) 199
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Higher orders           work in progress
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Summary on Nuclear Forces
Chiral nuclear NN forces are calculated up to N4LO

Phase-shifts, deuteron properties, … with uncertainty quantification

Chiral NN force match in precision phenomenological potentials 
(CD Bonn, Av18,…) with around 40% less parameter

Outlook
Implementation of isospin breaking corrections

Deltafull analysis up to N3LO
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Summary on Currents
Electroweak currents are analyzed up to order Q

There is a high degree of unitary ambiguity

Renormalizability and matching to nuclear forces conditions
lead to unique axial-vector current

Differences in long range part between our results and Baroni et al.

Modified continuity equation

Outlook
Regularization and PWD of the currents

Electroweak currents up to order Q2



Uncertainty Estimate

Systematic uncertainty due to truncation of the chiral expansion at a given order

Uncertainties in the estimation of πN LECs

Uncertainties in the determination of contact interaction LECs

Uncertainties in the experimental data

Estimate the uncertainty via expected size of higher-order corrections

For a N4LO prediction of an observable            we get an uncertaintyXN
4
LO
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Uncertainties of the fits due to the choice of Emax
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11

0 50 100 150 200
0

5

10

δ 
[d

eg
re

e]
0 50 100 150 200

-10

-5

0

0 50 100 150 200
-2

0

2

0 50 100 150 200

-2
-1
0

δ 
[d

eg
re

e]

0 50 100 150 200
-2

-1

0

0 50 100 150 200
0

15

30

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

δ 
[d

eg
re

e]

0 50 100 150 200
0

0.04

0.08

0 50 100 150 200
pLab [MeV/c]

0

0.1

0.2

0 50 100 150 200
pLab [MeV/c]

-0.2

-0.1

0

S11
S31

P11

P33P13P31

D13 D33 D15

D35

FIG. 4: Results of the fit for πN s, p and d-wave phase shifts using the KH partial wave analysis of Ref. [57]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

using heavy-baryon chiral perturbation theory at orders Q3 and Q4, respectively, because of a different power counting
schemes in the two approaches. On the other hand, it is comforting to see that the extracted values for the ci-, d̄i-
and even some of the ēi-coefficients are comparable to the ones found in Ref. [45] in the fit with the LECs ci being
set to their order-Q3 values, see table 4 of that work. We also stress that the values for c1,3,4 obtained from the fit
to the KH partial wave analysis are in an excellent agreement with the ones determined at order Q3 by using chiral
perturbation theory inside the Mandelstam triangle [58]. It is also worth mentioning that the values of c3,4 are in a
good agreement with the ones determined from the new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably better description of the πN phase shifts at orders Q2

and Q3 by allowing for the LECs ci and d̄i to be tuned rather than keeping their values fixed at order Q4. In fact,
the values of ci are well known to change significantly when performing fits at orders Q2 and Q3. Using the KH
partial wave analysis, employing the order-Q2 expressions for the amplitudes and utilizing the same fitting procedure

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

fit to GW, Ref. [56] −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96

fit to KH, Ref. [57] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

TABLE I: Low-energy constants obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial
wave analysis of Ref. [56] and of Ref. [57]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi,
respectively.
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(2)

i [⇡]N +

X

i

diN̄Ô
(3)

i [⇡]N +

X

i

eiN̄Ô
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Pion-nucleon scattering is calculated up to Q4 in heavy-baryon ChPT
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Q4 �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

⇥3 + Q4 �0.95 1.90 �1.78 1.50 2.40 �3.87 1.21 �5.25 �0.24 �6.35 2.34 �0.39 2.81

�-contribution 0 2.81 �2.81 1.40 2.39 �2.39 0 �4.77 1.87 �4.15 4.15 �0.17 1.32

�p
0(0) = 4.45µ�2 � 8.31µ�1 + 6.03µ0 + 3.22µ + . . . = 4.64 [10�4 fm4]

µ ⇥ M⇥/mN

c�2 = �c�3 = 2c�4 =
4h2

A

9(m� � mN)
⇤ 2.8GeV�1

1

� �i/�
n
⇥, �i = O(1)

Le� = L� + L�N

ci di ei

LEC N2LO fits ⌅ + ⇤ + ⌃

C̃res
1S0 �(0.12 . . . 0.16) �0.12

Cres
1S0 (1.16 . . . 1.37) 1.28

C̃res
3S1 �(0.13 . . . 0.16) �0.10

Cres
3S1 (0.42 . . . 0.72) 0.66

Cres
�1 �(0.36 . . . 0.47) �0.41

LEC Fit value Fit value

g1 1.37 ± 0.30 2.27 (fixed)

b3 [GeV�1] 1.76 ± 0.95 1.79 ± 1.23

b4 [GeV�1] 0.14 ± 0.39 �0.67 ± 0.54

b5 [GeV�1] 4.21 ± 0.47 5.10 ± 0.66

b6 [GeV�1] �2.11 ± 0.97 �2.30 ± 1.23

⇧2/dof 5.15 5.53

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
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Dispersive analysis of πN scattering
Roy-Steiner equations for πN scattering

Partial Wave Decomposition of
Hyperbolic dispersion relations
πN      πN & ππ      NN channels

Input: 
S- and P-waves above
Higher partial waves for all s
Inelasticities for s < sm and scattering lengths                     

dynamically below a matching point sm, whereas the imaginary parts of higher partial waves for all
s, the imaginary parts of the S - and P-waves above sm, and, potentially, inelasticities below sm are
required as input. We choose the matching point at its optimal value sm = (1.38 GeV)2 [18]. In
contrast, there are only three S - and P-waves in the t-channel, f J± , with total angular momentum J and
the subscript referring to parallel/antiparallel antinucleon–nucleon helicities.

Given that data in the t-channel reaction ππ→ N̄N become available only above the two-nucleon
threshold, the solution of the t-channel equations is subject to the additional complication of the large
pseudophysical region 4M2

π ≤ t ≤4m2
N

in this reaction. The amplitudes required for the t-channel
integrals need to be reconstructed from unitarity. While for every partial wave ππ intermediate states
generate by far the dominant contribution, a coupled-channel ππ/K̄K treatment is required for the
S -wave [19], which accounts for the occurrence of the f0(980) resonance.

Once the t-channel problem is solved, the resulting t-channel partial waves are used as input for
the s-channel problem, which then reduces to the form of conventional ππ Roy equations. Eventually,
a full solution of the system can be obtained by iterating this procedure until all partial waves and
parameters are determined self-consistently. The s-channel phase shifts below the matching point are
represented in suitable parametrizations whose free parameters, together with the subtraction con-
stants, are determined by minimizing the difference between the left-hand side (LHS) and right-hand
side (RHS) of (4). We found that the solution is stabilized substantially when the S -wave scattering
lengths, known very precisely from pionic atoms [2, 16, 17], are imposed as constraints on the system,

a
1/2
0+ = (169.8 ± 2.0) ×10−3

M
−1
π , a

3/2
0+ = (−86.3 ± 1.8) ×10−3

M
−1
π . (5)

The minimization then provides us with a new set of subthreshold parameters and S - and P-wave
phase shifts.

We have performed a full error analysis, where the uncertainty estimates include a number of
effects [2]: first, we vary the input for the matching condition as well as for the energy region above
the matching point and higher partial waves, both regarding different partial-wave analyses [20–23]
and truncations of the partial-wave expansion. Furthermore, we vary the πN coupling constant within
g2/(4π) = 13.7(2) [16, 17] and investigate the sensitivity to the parametrization of the low-energy
phase shifts used in the solution. Second, we observe that there are important correlations in the
phase space of parameters, leading to flat fit minima, but with significantly different values for the
subthreshold parameters. To account for this effect, we generated a statistical ensemble of solutions
exploring these shallow minima while imposing sum rules for the higher subthreshold parameters,
and took the observed distribution as an additional source of uncertainty. Third, we propagate the
errors in the scattering lengths, which crucially enter as constraints in the minimization, to the results
for the subthreshold parameters.

The corresponding results for the s-channel partial-wave phase shifts are plotted in Fig. 1; the
solutions for the t-channel are shown in [2]. The complete list of resulting subthreshold parameters is
also given and compared to the Karlsruhe–Helsinki (KH80) values [20, 21] in [2]; here we just quote
the two most important ones in connection to the σ-term,

d
+
00 = (−1.361 ± 0.032)M−1

π (KH80: (−1.46 ± 0.10)M−1
π ),

d
+
01 = (1.155 ± 0.016)M−3

π (KH80: (1.14 ± 0.02)M−3
π ). (6)

We also keep track of the correlations between subthreshold parameters, obtaining a 13×13 covariance
matrix that encodes uncertainties and correlations of the 13 subthreshold parameters, which is relevant
for the matching to ChPT.
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Subthreshold coefficients
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Subthreshold point is closer to kinematical region of NN force than the physical
region of πN scattering

Hoferichter et al., Phys. Rept. 625 (16) 1
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Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2
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NN Data Used in the Fits
From 1950 on around 3000 proton-proton + 5000 neutron-proton scattering data
below 350 MeV have been measured

Not all of these data are compatible. Rejections are required to get a reasonable fit

Granada 2013 base used:                              rejection by 3𝝈-criterion

Reinert, HK, Epelbaum ’17 

Navarro Perez et al. ’13 

31% of np + 11% of pp data have been rejected

Resulting data base consists of 2697 np + 2158 pp data for Elab=0-300 MeV


