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Theoretical search.
Precision models of the nuclear force

?
⇔ bound neutron cluster

I) Modify AV18/IL2∗∗

•∆VNN(
1S0) long range (2π exchange)

⇒ ∆δNN(
1S0) ≈ 12◦

⇒ 4n→ 2n− 2n

•∆VNN(
1S0) short range

⇒ 4n→ 2n− 2n

•VNNN(T = 3/2)

⇒ B(6Li, 6He)� Bexp.

•VNNNN(T = 2)

⇒ B(5H‖) > 0

II) Enhance†† only 3PF2 channel of
AV14, Reid 93, Nijm II, AV18

⇓

stable 3n

and

unbound 2n

Fine tuning is necessary to avoid devastating effects on other nuclear systems.

∗∗S. C. Pieper, Phys. Rev. Lett. 90, 252501 (2003)
††R. Lazauskas and J. Carbonell, Phys. Rev. C 71, 044004 (2005)
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Theoretical search.
Hierarchy

‡‡
between 3- and 4-neutron resonances.

VWoods-Saxon
trap + Vχ

nn + Vχ
nnn

‡‡S. Gandolfi, H.-W. Hammer, P. Klos, J. E. Lynn, A. Schwenk, Phys. Rev. Lett. 118, 232501 (2017)



Theoretical search.
Hierarchy

‡‡
between 3- and 4-neutron resonances.

VWoods-Saxon
trap + Vχ

nn + Vχ
nnn

E∗(3n) < E∗(4n)

‡‡S. Gandolfi, H.-W. Hammer, P. Klos, J. E. Lynn, A. Schwenk, Phys. Rev. Lett. 118, 232501 (2017)



Search for a stable neutron cluster.

How do significant 2n
uncertainties translate to the Nn
systems?

i) Relevant uncertainties.

ii) Appropriate parameterization of ∆(2n).

iii) Most susceptible Nn observables.
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Search for a stable neutron cluster.

How do significant 2n
uncertainties translate to the Nn
systems?

i) Relevant uncertainties.

ii) Appropriate parameterization of ∆(2n).

iii) Most susceptible Nn observables.

(P. F. Bedaque, J.-W. Chen, H. W. Hammer, D. B. Kaplan, U. van Kolck, G. Rupak, M. J. Savage (199x-201y))

For~knn → 0, use EFT(/π):

Ĥnucl = −
A
∑
i

∇2
i

2m +
A
∑
i<j

[
cΛ

S P̂S=0 + cΛ
T P̂S=1

]
e−

Λ2
4 r2

ij +
A
∑

i<j<k
∑
cyc

dΛ
3
(

1/2− 1/6τi · τj
)
e−

Λ2
4

(
r2
ij+r2

ik

)

+
A
∑
i<j

P̂Tz=−1
[
ε1 L · S + ε2 Ŝij

]
e−

Λ2
4 r2

ij



Search for a stable neutron cluster.

How do significant 2n
uncertainties translate to the Nn
systems?

i) Relevant uncertainties.

ii) Appropriate parameterization of ∆(2n).

iii) Most susceptible Nn observables.
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2 consequences of anti-symmetrization

{
Exclusion of components.
Sign inversion of effective interactions.
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uncertainties translate to the Nn
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Lore – Jπ of ground state maximizes the number of configurations in minimal
angular-momentum states with attractive pair and effective interactions.
‘‘A bound state has no overlap with a basis state which contains repellent – assuming E-independence – substructures.”



Isospin symmetry.
Effect of a (non-perturbative) tensor interaction: neutron-neutron vs. proton-proton

1 2 3 4

−0.4

−0.2

0.2

0.4

0.6

Ec.m. [MeV]

δpp [Deg]

3P2

3P1

3P0

3P0 +
3P1 +

3P2

i) Comparison between PWA (- - -) and EFT(/π) (tetra-neutron critical, —) :

Seemingly small difference in low-energy P-wave phase shifts.

†Workman, Briscoe, Strakovsky, NN PWA, PRC (2016)



Isospin symmetry.
Effect of a (non-perturbative) tensor interaction: deuteron & neuteron

0.1 1 10

2

4

6

8

10

4n unbound

4n bound

εtensor

B
(2
)
[M

eV
]

3P2 − 3F2 (nn)

3S1 − 3D1 (np)

i) Coupled “low-L” neutron-proton system most ε-sensitive;

ii) Many “higher-L” pairs more sensitive than one;

iii) Hence, without P̂Tz=−1, the iterated tensor is inconsistent with B(np) = 2.22 MeV.



Isospin symmetry.
Comparison of renormalization schemes: εspin-orbit , εtensor , εLS+S12 & Λ.

2 4 6 8 10

1

2

3

4

ε̃(S12 + LS)

ε(LS)

ε(S12)

ε(S12 + LS)

EFT(/π)

Ec.m. [MeV]

∑
J δnn (

3PJ) [Deg]

i) lim
Λ→∞

δnn(P, contact) = 0 but lim
Λ→∞

δnn(P, εc) = finite

ii) The tetraneutron can be stabilized with an interaction with smaller impact on the
same 2-neutron partial wave.



Stability through increasing neutron number.
Comparison of critical interaction strengths: dineutron & trineutron

−10

−5−0.20

−0.10
−0.10

−0.05
a(3P0) [fm

3]
a(3P1) [fm

3]

E0(
3n) [MeV]

∝ L · S
∝ (0.5 L · S − 0.12 S12)

∝ (0.515 L · S − 0.115 S12)

i) An increasing attraction in the relative nn P-wave binds the trineutron (Jπ = 1
2
−

)
before any 3PJ dineutron.



Stability through increasing neutron number.
Comparison of critical interaction strengths: dineutron & trineutron
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i) Effective 3P2
D− n interaction too weak to stabilize 3n before 2n ...

ii) The ε disturbance cannot overcome the limit set by the multiplicity of a 3P0 or
3P1 dineutron in the 1

2
−

trineutron state.

iii) Λ (RG) invariance.



Stability through increasing neutron number.
Comparison of critical interaction strengths: dineutron & trineutron

4 6 8 10 12
0.5

1.0

1.5

2.0

2.5

2/3

×0 ×0 ×0 ×0

×1 ×1
×1 ×1

×2
×2

×2 ×2

Λ [fm−1]

ε
[3
n

]
/
ε

[2
n

]

×0 Jnn−GS = 0 ×1 Jnn−GS = 1 ×2 Jnn−GS = 2

i) and for Jπ = 1
2
−

, there is no contribution from a 3P2
S− n state.

ii) The ε disturbance cannot overcome the limit set by the multiplicity of a 3P0 or
3P1 dineutron in the 1

2
−

trineutron state.

iii) Λ (RG) invariance.



Stability through increasing neutron number.
Comparison of critical interaction strengths: dineutron & trineutron

4 6 8 10 12
0.5

1.0

1.5

2.0

2.5

2/3

×0 ×0 ×0 ×0

×1 ×1
×1 ×1

×2
×2

×2 ×2

Λ [fm−1]

ε
[3
n

]
/
ε

[2
n

]

×0 Jnn−GS = 0 ×1 Jnn−GS = 1 ×2 Jnn−GS = 2

i) and for Jπ = 1
2
−

, there is no contribution from a 3P2
S− n state.

ii) The ε disturbance cannot overcome the limit set by the multiplicity of a 3P0 or
3P1 dineutron in the 1

2
−

trineutron state.

iii) Λ (RG) invariance.



Stability through increasing neutron number.
Comparison of critical interaction strengths: dineutron & trineutron

4 6 8 10 12
0.5

1.0

1.5

2.0

2.5

2/3

×0 ×0 ×0 ×0

×1 ×1
×1 ×1

×2
×2

×2 ×2

Λ [fm−1]

ε
[3
n

]
/
ε

[2
n

]

×0 Jnn−GS = 0 ×1 Jnn−GS = 1 ×2 Jnn−GS = 2

i) and for Jπ = 1
2
−

, there is no contribution from a 3P2
S− n state.

ii) The ε disturbance cannot overcome the limit set by the multiplicity of a 3P0 or
3P1 dineutron in the 1

2
−

trineutron state.

iii) Λ (RG) invariance.



Stability through increasing neutron number.
Comparison of critical interaction strengths: triton & trineutron
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The stability of 3H reflects the insignificance of relative P-waves
in its ground state.



Stability through increasing neutron number.
Comparison of critical interaction strengths: trineutron & tetraneutron

4 6 8 10 12

0.6

0.7

0.8

0.9

1.0

2/3

×0
×0

×0

×0

×1 ×1
×1

×1

Λ [fm−1]

ε
[4
n

]
/
ε

[3
n

]

×0 Jnn−GS = 0 ×1 Jnn−GS = 1

The tetraneutron is significantly more sensitive wrt. P-wave attraction compared with
the trineutron.



Stability through increasing neutron number.
Comparison of critical interaction strengths: A<4n & tetraneutron
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Λ [fm−1]

ε
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H
e]
/
ε
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N
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4He/4n 4He/3n 4He/2n

4He/3H

Numerical refinements⇒ ∆ε(A) < ∆ε(A′) < 0 for A′ < A.



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

Attractive nn
1S0
3PΣ

imply effective trimer-fermion and dimer-dimer interactions⇒
Ground-state quantum numbers of 4n.
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ε = “unphysical” to bind the fragments.
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Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

Attractive nn
1S0
3PΣ

imply effective trimer-fermion and dimer-dimer interactions⇒
Ground-state quantum numbers of 4n.
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Lrel = odd inaccessible for bosons y Jπ(4n) = 0+

∗D. S. Petrov, C. Salomon, and G. V. Shlyapnikov, PRL 93 (2004), P. Pieri and G. C. Strinati, PRB 61 (2000)



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

fermion-fermion attractive⇒ dimer-dimer attractive:

lim
ann/r→∞

aDD

ann
≈ ∗ 0.6

∗D. S. Petrov, C. Salomon, and G. V. Shlyapnikov, PRL 93 (2004), P. Pieri and G. C. Strinati, PRB 61 (2000)



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

2-neutron attraction (assumed) insufficient for bound dimers.
⇒ Detune to analyze V̂eff.

∗D. S. Petrov, C. Salomon, and G. V. Shlyapnikov, PRL 93 (2004), P. Pieri and G. C. Strinati, PRB 61 (2000)



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

Bosonic S-wave dimers:

0 < aDD < ann and − a−1 = k cot δ implies δDD > δnn
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∗D. S. Petrov, C. Salomon, and G. V. Shlyapnikov, PRL 93 (2004), P. Pieri and G. C. Strinati, PRB 61 (2000)



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

Bosonic P-wave dimers:

0 < aDD < ann and − a−1 = k3 cot δ implies δDD > δnn
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)
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Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

⇒ 4n sustains 2 bound states.

lim
Λ→∞

B(0,1)(4n) = lim
r/a→0

B(0,1)(4n) = ∞

6 7 8 9 10 11 12
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ln
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(4
n

)]

ground state

1st excited state

2nd excited, “2×dineutron” state



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

Why is 4n not bound although the 2-2 interaction is more attractive than the 1-1,
which sustains a stable 2n?
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effective interaction is attractive in the Lrel which are relevant for Jπ(4n) = 0+ .



Effective
2n− 2n and

3n− n interactions

ε = “unphysical” to bind the fragments.

Why is 4n not bound although the 2-2 interaction is more attractive than the 1-1,
which sustains a stable 2n?

For energies E(4n) > 2× B(2n) other states could be accessible, e.g. ,
the 1

2
−

trineutron.

Such a channel increases the likelihood of a bound 4n if the trineutron-neutron
effective interaction is attractive in the Lrel which are relevant for Jπ(4n) = 0+ .

Nucleons in a mπ = 806 MeV universe provide a concrete example:

Nuclei from QCD — Nuclear data at mπ = 806 MeV



2 nucleons at mπ = 806 MeV. 

0

5

10

15

20

25

30

140
real world

300
Yamazaki et al.

430
NPLQCD

510
Yamazaki et al.

805
NPLQCD

b

i

n

d

i

n

g

e

n

e

r

g

y

[

M

e

V

℄

mπ [MeV℄

singlet BNN

(
1S0

)

triplet BNN

(
3S1

)

bound np singlet



Elastic
Nn− n scattering @ mπ = 806 MeV.

1 2 3 4 5

−40

−20

20

40

Λ
→
∞

3nPn

2nPn

2n Sn

GWU/CalLat

ε = 0

ε = 1.5

Ec.m. [MeV]

δ(
J
π
)
[D

eg
]

3.5◦



Elastic
Nn− n scattering @ mπ = 806 MeV.

1 2 3 4 5

−40

−20

20

40

Λ
→
∞

3nPn

2nPn

2n Sn

GWU/CalLat

ε = 0

ε = 1.5

Ec.m. [MeV]

δ(
J
π
)
[D

eg
]

3.5◦

(א!
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(ב! With our Λ-ε parametrization, shallow Nn states are fine-tuned.
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Elastic
Nn− n scattering @ mπ = 806 MeV.

1 2 3 4 5

−40

−20

20

40

Λ
→
∞

3nPn

2nPn

2n Sn

GWU/CalLat

ε = 0

ε = 1.5

Ec.m. [MeV]

δ(
J
π
)
[D

eg
]

3.5◦

ε(4n) < ε(3n) < ε(2n)



[...] I scorn the man who is not trying

On his own work to meditate. [...]†
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†Friedrich von Schiller, The Song of the Bell (1798)



[...] I scorn the man who is not trying

On his own work to meditate. [...]†
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∃Acrit :

Acrit-neutron nucleus is
bound at nuclear scales

∀M < Acrit :

the M-neutron is either
unstable or decoupled.

†Friedrich von Schiller, The Song of the Bell (1798)


