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Light-ν-Exchange Matrix Elements
Recent Values

Significant spread. And all
the models may miss
important physics. And
uncertainty hard to quantify

but

we’re making progress on
ab-initio nuclear-structure
calculations of these.

Basic ingredients, on the
other hand. . .

Rate ∝ |M0ν|2 m2
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Nuclear Matrix Element (Simplified)

M0ν = g2
A M0ν

GT − g2
V M0ν

F + . . .

with

M0ν
GT = 〈f|

∑
a,b

HGT(rab)~σa · ~σbτ
+
a τ

+
b |i〉

M0ν
F = 〈f| |

∑
a,b

HF(rab)τ
+
a τ

+
b |i〉

HGT(r) ≈ HF(r) ≈
Rnucl.

r

Dominant
piece

Also:

M2ν = g2
A

∑
m

〈f|∑a ~σaτ
+
a |m〉 · 〈m|

∑
b ~σbτ

+
b |i〉

Em − Ef+Ei
2
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Gamow-Teller β Decay

Leading order decay operator is ~στ+.

40-Year-Old Problem: Effective gA needed in all calculations of
shell-model type.

NUCLEAR SHELL MODEL 43 

() parameters can be empirically extracted as the residuals between a set 
of experimental values and the values of the matrix elements calculated 
with the free-nucleon operators. Our results are discussed in Sections 3.2 
and 3.3 for the GT and M I  operators, respectively. Values for the () 
parameters in the effective operator can also be calculated from fun­
damental considerations. Our empirical results are compared with such 
calculations in Section 3.4. 

3.2 Gamow-Teller Results 

The relationships between experimental GT matrix elements from sd-shell 
beta decays and the predictions of the W interaction have been studied 
comprehensively in (57). This study incorporated a compilation of extant 
beta decay in A = 17-39 nuclei together with shell-model calculations 
for all the initial and final states concerned. The essential conclusions 
drawn in (57) can be inferred from the comparisons of experimental and 
theoretical matrix elements presented in Figure 6. The values of the 
matrix elements are normalized to reflect the 3(N - Z) sum rule, such 
that R(GT) = M(GT)/W, where W = 19A/9vl[(2Jj+ 1)3(Nj _Zj)]1/2 for 
Ni i= Zi and W = 19A/9vl[(2Jr+ 1)3(Nr - Zr)]1/2 for Ni = Zi' The matrix 
elements M(GT) are obtained from it = 6170j[B(F)+B(GT)], where 
B(GT) = M(GT)2j(2Ji + I). B(GT) is the GT transition probability (which 
depends on the transition direction). M(GT) is the GT reduced matrix 
element (which is independent of the transition direction). 

It is evident from inspection of the left side of Figure 6 that the exper­
imental values of GT matrix elements in the sd shell are systematically 
smaller than the predictions of the W-interaction wave functions coupled 
with the free-nucleon operator, by a factor of about 0.77 (indicated by the 
lower line on the left side of Figure 6). The same wave functions combined 
with the effective operator account for most of the data extremely well. 

R(GT) 

FREE-NUCLEON EFFECTIVE 
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THEORY 
Figure 6 Theoretical vs experimental R(GT) matrix elements (see Sections 3 and 3.2). 
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Other Tests of ~στ Strength Also Show Suppression
From Yako et al., PRL 103, 012503 (2009)

spectra, respectively. Here the uncertainties were evaluated
by using harmonic-oscillator wave functions, other optical
model potentials [28,29], and other average energies of
IVSM excitation [26]. However, there are also other
sources of uncertainty for which no assessment is currently
available, such as possible quenching of IVSM strengths or
interference between GT and IVSM [26].

The GT� plus IVSM� strength integrated up to an exc-
itation energy of 30 MeVof 48Sc is

P
BðGT�þ IVSM�Þ¼

15:3 � 0:1ðstatÞ � 1:9ðsystÞ � 0:1ðMDÞ � 1:2ð�̂GTÞ �
0:1ðIASÞ, corresponding to 64� 9% of the sum-rule value
of 3ðN � ZÞ ¼ 24. The integrated BðGTþ þ IVSMþÞ
value yields 2:8� 0:1ðstatÞ � 0:1ðsystÞ � 0:1ðMDÞ �
0:2ð�̂GTÞ. The systematic uncertainties of MD denoted
here are the ones due to inputs of the DWIA calculations
described above. The obtained strengths at lower excitation
energies are generally in good agreement with the existing
data within the uncertainties [7,8,11,12].

The curves in Fig. 3 show the SM predictions for the
BðGT�Þ distribution with T ¼ 3 by Horoi et al. [3]. Here,

the full fp shell-model space and the GXPF1A interaction
[30] are employed with the effective operator ð�t�Þeff ¼
0:77�t�. The calculation, when folded by Gaussian dis-
tributions to simulate the experimental energy resolution,
gives a qualitative description of the experimental
BðGT� þ IVSM�Þ spectrum below 15 MeV, which in-
cludes the region of the GT giant resonance. The experi-
mental strength distribution extends beyond the giant
resonance region due to configuration mixing between
states with 1p1h and 2p2h configurations [10,31].
The predicted BðGTþÞ distribution in Fig. 3(b) also

agrees qualitatively with the data up to an excitation energy
of 8 MeV. By contrast, the strengths above 8 MeV are
clearly underestimated. The experimentally obtained total
strength of

P
BðGTþÞ ¼ 1:9� 0:5 after subtracting the

estimated IVSM contribution is consistent with or even
larger than the SM predictions without quenching, i.e., 1.0–
1.6 [2,3,32]. Some approaches with quasiparticle random
phase approximation account for the large BðGTþÞ in the
high excitation energy region [33,34]. There is, however,
also a possibility of underestimating the IVSM contribu-
tion in our analysis.
If the GTþ plus IVSMþ strengths in the excitation

energy region above 8 MeV are mainly due to the GT
transitions, they might contribute to M2�. Figure 3(c)
shows the experimental cumulative sum defined by
Eq. (3) with a band and the SM prediction with a dashed
line. The experimental value of �M2�þ becomes twice as
much as the SM prediction due to the strengths above
8 MeV. Therefore, the energy denominator in Eq. (3) alone
does not diminish the possible importance of the BðGTÞ
distributions in the continuum.
In summary, we measured the double-differential cross

sections at 300 MeV for the 48Caðp; nÞ48Sc and
48Tiðn; pÞ48Sc reactions to study the GT strengths for
excitation energies up to 30 MeV. These precise data sets
allowed us to apply the MD technique to the measured
cross sections to extract the distribution of the �L ¼ 0
cross sections in the continuum reliably. The�L ¼ 0 cross
sections amount to

P
BðGT�Þ ¼ 15:3� 2:2 andP

BðGTþÞ ¼ 2:8� 0:3, including the possible contribu-
tions from IVSM. Although the recent SM calculation by
Horoi et al. gives a good qualitative description in the low
excitation energy region for both spectra, the strengths are
significantly underestimated for higher excitation energies
above 15 MeV in the ðp; nÞ spectrum and above 8 MeV in
the ðn; pÞ spectrum.
This work is supported financially in part by KAKENHI

(10304018 and 17002003) and JSPS core-to-core program,
EFES.

[1] For example, J. Suhonen and O. Civitarese, Phys. Rep.
300, 123 (1998).

[2] E. Caurier et al., Rev. Mod. Phys. 77, 427 (2005).

FIG. 3 (color). The GT plus IVSM strength distributions ob-
tained by MD analysis of the (a) 48Caðp; nÞ48Sc and
(b) 48Tiðn; pÞ48Sc reactions. The curves are the SM predictions
[3]. The cumulative sums of the nuclear matrix elements defined
by Eqs. (1)–(3) are shown in (c). The experimental data and the
predictions are shown in the band and the dashed curve, respec-
tively. The thin horizontal line shows the result of decay mea-
surement [5].

PRL 103, 012503 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
3 JULY 2009

012503-4

Only about 2/3 of theoretically expected strength observed.



And 2νββ Decay. . .
Anti-neutrinos come out instead of being exchanged

From F. Iachello

J. BAREA, J. KOTILA, AND F. IACHELLO PHYSICAL REVIEW C 91, 034304 (2015)

TABLE IX. IBM-2 matrix elements with Argonne SRC and
isospin restoration for neutrinoless β+β+, ECβ+, and ECEC com-
pared with available QRPA calculations.

Decay 0+
1 0+

2

IBM-2 QRPAa IBM-2 QRPA

58Ni 2.61 1.55 2.44
64Zn 5.44 0.70
78Kr 3.92 4.16 0.90
96Ru 2.85 3.23 4.29b 0.04 2.31b

106Cd 3.59 4.10 7.54c 1.72 0.61c

124Xe 4.74 4.76 0.80
130Ba 4.67 4.95 0.34
136Ce 4.54 3.7 0.38
156Dy 3.17 1.75
164Er 3.95 1.13
180W 4.67 0.31

aReference [28]. No isospin restoration.
bReference [29] (UCOM SRC). No isospin restoration.
cReference [30] (UCOM SRC). No isospin restoration.

TABLE X. NMEs (dimensionless) for heavy neutrino exchange
for neutrinoless β+β+/ECβ+/ECEC decay in IBM-2 with isospin
restoration, Argonne SRC, and gV /gA = 1/1.269.

Nucleus 0+
1 0+

2

M
(0ν)
GT M

(0ν)
F M

(0ν)
T M (0ν) M

(0ν)
GT M

(0ν)
F M

(0ν)
T M (0ν)

58Ni 55.1 −23.1 18.6 88.0 36.3 −15.8 8.33 54.5
64Zn 103 −38.9 −18.5 109 10.1 −3.20 −2.00 10.1
78Kr 89.8 −38.5 −30.6 83.1 21.1 −9.12 −7.22 19.5
96Ru 67.5 −30.6 12.5 99.0 0.32 −0.08 0.32 0.59
106Cd 87.8 −38.1 26.5 138 34.0 −14.7 8.75 51.9
124Xe 105 −47.9 −25.0 110 18.1 −8.24 −4.31 18.9
130Ba 103 −46.4 −23.7 108 8.07 −3.68 −1.90 8.45
136Ce 95.8 −43.2 −21.8 101 8.24 −3.73. −1.89 8.66
156Dy 82.6 −37.0 17.5 123 47.6 −21.4 10.4 71.3
164Er 108 −46.8 32.9 170 23.6 −9.95 5.96 35.8
180W 119 −53.3 28.1 180 10.7 −4.85 2.91 16.6

TABLE XI. Final β+β+, ECβ+, and ECEC IBM-2 matrix
elements with isospin restoration, Argonne SRC, and their error
estimate.

Decay Light neutrino exchange Heavy neutrino exchange

58Ni 2.61(42) 88(25)
64Zn 5.44(87) 109(31)
78Kr 3.92(63) 83(23)
96Ru 2.85(46) 99(28)
106Cd 3.59(57) 138(39)
124Xe 4.74(76) 110(31)
130Ba 4.67(75) 108(30)
136Ce 4.54(73) 101(28)
156Dy 3.17(51) 123(34)
164Er 3.95(63) 170(48)
180W 4.67(75) 180(50)

TABLE XII. 2νβ−β− matrix elements (dimensionless) to the
ground state (columns 2 and 3) and to the first excited state (columns
4 and 5) using the microscopic interacting boson model (IBM-2) with
isospin restoration and Argonne SRC in the closure approximation.

Nucleus 0+
1 0+

2

M
(2ν)
GT M

(2ν)
F M

(2ν)
GT M

(2ν)
F

48Ca 1.64 −0.01 5.07 −0.01
76Ge 4.44 −0.01 2.02 −0.00
82Se 3.59 −0.01 1.05 −0.00
96Zr 2.28 −0.00 0.04 −0.00
100Mo 3.05 −0.00 0.81 −0.00
110Pd 3.08 −0.00 0.38 −0.00
116Cd 2.38 −0.00 0.83 −0.00
124Sn 2.86 −0.01 2.19 −0.00
128Te 3.71 −0.01 2.70 −0.00
130Te 3.39 −0.01 2.64 −0.00
134Xe 3.69 −0.01 2.34 −0.00
136Xe 2.82 −0.01 1.65 −0.00
148Nd 1.31 −0.00 0.18 −0.00
150Nd 1.61 −0.00 0.31 −0.00
154Sm 1.95 −0.00 0.35 −0.00
160Gd 3.08 −0.00 0.53 −0.00
198Pt 1.06 −0.00 0.03 −0.00
232Th 2.75 −0.00 0.08 −0.00
238U 3.35 −0.00 0.24 −0.00

V. RESULTS FOR 2νββ

Isospin restoration has a major consequence on matrix
elements for 2νββ decay, since F matrix elements vanish when
isospin restoration is imposed. 2νββ matrix elements can be
easily calculated in IBM-2 using the closure approximation
(CA). In this approximation the matrix elements M2ν , which

from experimental τ1 2 ISM
gA,effISM 1.269A 0.12

from experimental τ1 2 IBM 2 CA SSD
gA,effIBM 2 1.269A 0.18
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FIG. 5. (Color online) Value of gA,eff extracted from experiment
for IBM-2 and the ISM.

034304-6

If quenching is this severe in 0ν decay,
experimentalists will not be happy.

What explains all this quenching?

In current paradigm —— chiral EFT + ab initio computation ——
answer must be combination of many-body approximations
and chiral currents.
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Axial Weak Current in Chiral EFT
Simplified. . .

Leading order:

π

c3, c4 cDgA, gP
Three orders down:

π

c3, c4 cD



Two-Body Currents and Quenching in Light Nuclei
Pastore et al: β Decay with Quantum Monte Carlo

4

gs ex
LO 2.334 2.150

N2LO –3.18×10−2 –2.79×10−2

N3LO(CT) 2.79×10−1 2.36×10−1

OPE –2.99×10−2 –2.44×10−2

N4LO(2b) –1.61×10−1 –1.33×10−1

N4LO(3b) –6.59×10−3 –4.86×10−3

TABLE II. Individual contributions to the 7Be ε-capture
Gamow-Teller RMEs obtained at various orders in the chiral
expansion of the axial current (Λ = 500 MeV) with VMC wave
functions. The rows labeled LO and N2LO refer to, respec-
tively, the first term and the terms proportional to 1/m2 in
Eq. (1); the rows labeled N3LO(CT) and OPE, and N4LO(2b)
and N4LO(3b), refer to panel (a) and panels (b) and (f), and
to panels (c)-(e), (g) and panel (h) in Fig. 1, respectively.

The contributions of the axial current order-by-order in
the chiral expansion are given for the GT matrix ele-
ment of the 7Be ε capture in Table II. Those beyond
LO, with the exception of the CT at N3LO, have oppo-
site sign relative to the (dominant) LO. The loop cor-
rections N4LO(2b) are more than a factor 5 larger (in
magnitude) than the OPE. This is primarily due to the
accidental cancellation between the terms proportional
to c3 and c4 in the OPE operator at N3LO (which also
occurs in the tritium GT matrix element [27]). It is also
in line with the chiral filter hypothesis [35–37], according
to which, if soft-pion processes are suppressed—as is the
case for the axial current—then higher-order chiral cor-
rections are not necessarily small. Indeed, the less than
3% overall correction due to terms beyond LO reported
in Table I (row N4LO) comes about because of destruc-
tive interference between two relatively large (∼ 10%)
contributions from the CT and the remaining [primarily
N4LO(2b)] terms considered here.

Ratios of GFMC to experimental values for the GT
RMEs in the 3H, 6He, 7Be, and 10C weak transitions
are displayed in Fig. 2—theory results correspond to
χEFT axial currents at LO and including corrections
up to N4LO. The experimental values are those listed
in Table I, while that for 3H is 1.6474(24) [27]. These
values have been obtained by using gA = 1.2723(23) [38]
and K/

[
G2
V

(
1 + ∆V

R

)]
= 6144.5(1.4) sec [39], where

K = 2π3 ln 2/m5
e = 8120.2776(9) × 10−10 GeV−4 sec and

∆V
R = 2.361(38)% is the transition-independent radiative

correction [39]. In the case of the β decays, but not for
the ε captures, the transition-dependent (δ′R) radiative
correction has also been accounted for. Lastly, in the ε
processes the rates have been obtained by ignoring the
factors BK and BL1 which include the effects of electron
exchange and overlap in the capture from the K and L1
atomic subshells. As noted by Chou et al. [14] following
Bahcall [40, 41], such an approximation is expected to be
valid in light nuclei, since these factors only account for

1 1.1 1.2

Ratio to EXPT

10
C

10
B

7
Be

7
Li(gs)

6
He

6
Li

3
H

3
He

7
Be

7
Li(ex)

gfmc 1b
gfmc 1b+2b(N4LO)
Chou et al. 1993 - Shell Model - 1b

FIG. 2. (Color online) Ratios of GFMC to experimental
values of the GT RMEs in the 3H, 6He, 7Be, and 10C weak
transitions. Theory predictions correspond to the χEFT axial
current in LO (blue circles) and up to N4LO (magenta stars).
Green squares indicate ‘unquenched’ shell model calculations
from Ref. [14] based on the LO axial current.

a redistribution of the total strength among the different
subshells (however, it should be noted that BK and BL1

were retained in Ref. [11], and led to the extraction of
experimental values for the GT RMEs about 10% larger
than reported here).

We find overall good agreement with data for the 6He
β-decay and ε captures in 7Be, although the former is
overpredicted by ∼ 2%, a contribution that comes almost
entirely from 2b and 3b chiral currents. The experimental
GT RME for the 10C β-decay is overpredicted by ∼ 10%,
with two-body currents giving a contribution that is com-
parable to the statistical GFMC error. The presence of
a second (1+; 0) excited state at ∼ 2.15 MeV can poten-
tially contaminate the wave function of the 10B excited
state at ∼ 0.72 MeV, making this the hardest transition
to calculate reliably. In fact, a small admixture of the
second excited state (' 6% in probability) in the VMC
wave function brings the VMC reduced matrix element
in statistical agreement with the the measured value, a
variation that does not spoil the overall good agreement
we find for the reported branching ratios of 98.54(14)%
(< 0.08%) to the first (second) (1+, 0) state of 10B [14].
Because of the small energy difference of these two levels,
it would require an expensive GFMC calculation to see if
this improvement remains or is removed; in lighter sys-
tems we have found that such changes of the trial VMC
wave function are removed by GFMC.

We note that correlations in the wave functions sig-
nificantly reduce the matrix elements, a fact that can
be appreciated by comparing the LO GFMC (blue cir-
cles in Fig. 2) and the LO shell model calculations
(green squares in the same figure) from Ref. [14]. More-
over, preliminary variational Monte Carlo studies, based

Most of the effects are from correlations outside the valence shell.
Two-body currents don’t do much.



. . .And in the sd-Shell
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Shell model seems to
include most correlations.
Bulk of quenching comes
from two-body current.



. . .And in 100Sn
Coupled-Cluster Calculation of β Decay

Hagen et al, unpublished
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Again, most of the quenching accounted for by two-body current.

And Quenching increases with mass.
Spectator nucleons contribute coherently to two-body current.



Naive Inclusion in 0νββ Decay

Use closure approximation:

Ô ∝
∫

J+(~q)J+(−~q)
q(q + Ē)

d3q

Leading diagram (electron lines omitted):
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Product of Currents

In first quantization, let∑
i

Ô1b
i = 1-body operator in J+∑

ij

Ô2b
ij = 2-body operator in J+

J+(~q)J+(−~q) =
∑

ij

Ô1b
i Ô1b

j +

3-body op.︷ ︸︸ ︷∑
ijk

(
Ô2b

ij Ô1b
k + Ô1b

i Ô2b
jk

)
+ 4-body

+
∑

ij

(
Ô2b

ij [Ô
1b
i + Ô1b

j ] + [Ô1b
i + Ô1b

j ]Ô2b
ij

)

︸ ︷︷ ︸
2-body op.



Two-Body Currents in 0νββ Decay

Diagrams for these contributions:
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Prior Work on Effects in Heavy Systems
Javier, Doron, Achim: Symmetric Nuclear Matter

Normal ordered two-body current, to get effective one-body
current. Corresponds to:
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+ I(ρ, P)
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3
+

1
6m

)]

I(ρ, P) ≈ 2/3 at nuclear density, with weak dependence on P.

0νββ decay quenched by about 30%, somewhat less than
2νββ decay because of q dependence of effective gA.
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More Complete Nuclear Matter Calculation
With Simplest Operator: gA at one-body vertex, cD at two-body vertex

Goldstone (Time-Ordered) Diagrams
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Need counter-term
to renormalize these



76Ge in Good Approximation to Shell Model
L.J. Wang has done calculation with approximate 76Ge wave
function in fp shell, inert core underneath.

Three-body operators
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Two-Body Operators
With Nucleon Form Factors

Right side includes regulator.
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Meanwhile. . .
Vincenzo, Emanuele, Jordy, Bira, Saori, Wouter D., Michal G.: EFT for ββ

At N2LO:

8

(a)

(f)
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(p)

(b) (c) (d) (e)

(g) (h) (i) (j)

(l) (m) (n) (o)
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FIG. 3. Loop diagrams contributing to an effective npnpe−e− vertex.

FIG. 4. Diagrams in the low-energy nuclear EFT contributing to the matching at N2LO. The gray circle
denotes an insertion of the LO strong potential of Eq. (11). The gray box denotes an insertion of the LO
∆L = 2 potential Vν,0. The remaining notation is as in Fig. 1.

In the literature, the dipole parameterization of the vector and axial form factors is often used

gV (q2) =

(
1 +

q2

Λ2
V

)−2

, gA(q2) =

(
1 +

q2

Λ2
A

)−2

, (16)

with vector and axial masses ΛV = 850 MeV and ΛA = 1040 MeV. The magnetic and induced
pseudoscalar form factors are then assumed to be given by

gM (q2) = (1 + κ1)gV (q2), gP (q2) = −2mNgA(q2)

q2 +m2
π

, (17)

where κ1 = 3.7 is the nucleon isovector anomalous magnetic moment. Expanding Eqs. (16) and
(17) for small |q|, one recovers the LO and, for gA(q2), the N2LO χPT expressions of the nucleon
form factors. In the case of gV , gP and gM , the N2LO χPT results, given for example in Ref. [50],
deviate from Eqs. (16) and (17). However, any parameterization that satisfactorily describes the
observed nucleon form factors can be used in the neutrino potential (14).

The potential Vν,2 is induced by one-loop diagrams with a virtual neutrino and pions contribut-
ing to nn → ppee, built out of the leading interactions of Eqs. (8). They can be separated into

Need contact to renormalize these; would also renormalize ours.



Furthermore. . .



So, to Sum Up. . .

1. Nice operators (three-body and long-range part of two-body
in product of currents) quench 0νββ less than previously. cD
contributes very little.

2. Divergent pieces require contact term with unknown
coefficient.

3. There is a similar contact term even at leading order.
4. Alternative to EFT in absence of data/QCD input?

That’s all; thanks.



So, to Sum Up. . .

1. Nice operators (three-body and long-range part of two-body
in product of currents) quench 0νββ less than previously. cD
contributes very little.

2. Divergent pieces require contact term with unknown
coefficient.

3. There is a similar contact term even at leading order.
4. Alternative to EFT in absence of data/QCD input?

That’s all; thanks.



So, to Sum Up. . .

1. Nice operators (three-body and long-range part of two-body
in product of currents) quench 0νββ less than previously. cD
contributes very little.

2. Divergent pieces require contact term with unknown
coefficient.

3. There is a similar contact term even at leading order.

4. Alternative to EFT in absence of data/QCD input?

That’s all; thanks.



So, to Sum Up. . .

1. Nice operators (three-body and long-range part of two-body
in product of currents) quench 0νββ less than previously. cD
contributes very little.

2. Divergent pieces require contact term with unknown
coefficient.

3. There is a similar contact term even at leading order.
4. Alternative to EFT in absence of data/QCD input?

That’s all; thanks.



So, to Sum Up. . .

1. Nice operators (three-body and long-range part of two-body
in product of currents) quench 0νββ less than previously. cD
contributes very little.

2. Divergent pieces require contact term with unknown
coefficient.

3. There is a similar contact term even at leading order.
4. Alternative to EFT in absence of data/QCD input?

That’s all; thanks.


