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The magnetic field in heavy-ion collisions

B

QUARK-GLUON PLASMA

NON-CENTRAL COLLISIONS

In heavy-ion collisions, two magnetic fields from the
projectiles overlap along the same direction out of
reaction plane

eB ~ (300 MeV)? ~ T2,
but the life time may be short = < 1 fm/c
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Variables in hydrodynamics

Variables of hydrodynamics are local equilibrium
parameters related to conserved quantities

Eg: T(x), u*(x), u(x), etc, such that when they are
constant, the system doesn’t evolve

The system changes arbitrarily slowly when these
parameters vary arbitrary small in gradient expansion
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Hydrodynamics with External, Non-dynamic
Magnetic Field?

We will see that the transverse components of fluid
velocity perpendicular to the magnetic field is not a
hydrodynamic variable in a new emerging
hydrodynamics at sufficiently low energy regime

Remark: This is not the case when we have dynamical
electromagnetic fields in magneto-hydrodynamics
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Let us start from the conventional hydrodynamics
with a background magnetic field B

f=0cE", E'Y=F"u,
In non-relativistic limit v* = v(1, v) = (1, v) we have
j: oV X B

This can be understood from the fact that in the rest
frame of the fluid with velocity v, there is an electric
field E = v, x B, so there is an Ohmic current j, = ¢E.
Or simply, the microscopic origin is the Lorentz force.

J=0(VxB
8 (VxB)

—
\Y
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From the spatial component of the energy-momentum
conservation 0, 7" = F"*j, with the constitutive
relatlon Tt = (e + p)v., we get

1, o|BJ? 1
OV, =——fjxB=——7—<Vv, =——V
GO (+p) "=

This is also the Lorentz force

4 J=5(VxB)

Py

F=JxB
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We see that the transverse velocity v, relaxes to zero

with a relaxation time 7 = S‘E"’Q

They are no longer the hydrodynamic variables below
this time scale, rather they are quasi-normal modes

The basic reason is the loss of conservation of
transverse momentum in a background magnetic field
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Absence of Transverse Conductivity

Suppose we apply a small transverse electric field E | .
From J* = o F**u,, we have

jZO'(EL+VlXB)

and the energy-momentum conservation gives

1 o
0 = j x B = E B- B
V| (€+p)l X (E+p) ( 1 X VJ_)
1 ELXB

fr— —;(Veq— VJ_), Veq = B2

that is, v, relaxes to v, with the same relaxation time
Tr. At equilibrium v, = v,,, the current vanishes

Ho-Ung Yee Hydrodynamics and QCD Critical Point in Magnetic Field



V->Veq=ExB/B"2

L




The charged particles get momentum kicks to the
Poynting vector direction E, x B, and the fluid moves
along that direction until it reaches v,,. In the frame

with v, E' = y(E, + Ve, x B) vanishes.

This is impossible when :LEH > B. In this case the
fluid moves with v, = £.:° where the magnetic field

vanishes in the fluid rest frame, and the electric field
is E/ = E, (1 — B?/E?). We have a current

BZ
j=cE =0E, (1 ——) ©(E, — B)

E2
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Dynamical Electromagnetism:
Magnetohydrodynamics

8 / E=VxB

@ —
V

The situation is different in magnetohydrodynamics.
Since EM fields are dynamical, the E and v, can
coordinate with each other to achieve an equilibrium

E+v, xB=0

v, is now a dynamical variable, and E is slaved to v, .
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Given v, from Maxwell eq,
OE = —j = —o(E+ vy x B) = —0(E — E¢)

where E,, = —v, x B. The E relaxes to the equilibrium
value with the relaxation time 1/o.

From o;n= -V -j= -0V - E = —on, the charge
density n is also not a variable in
magnetohydrodynamics.

The variables in magnetohydrodynamics below the
scale of o are T(x), v(x) (or u*(x)) and B(x), whereas
the electric field is slaved to be

E:—va—i—leB—i—---
g

Ho-Ung Yee Hydrodynamics and QCD Critical Point in Magnetic Field



Alfven Waves

In the presence of background B, consider a
transverse velocity fluctuation /v, , and the electric
fieldis 0E, = dv, x B,. This implies a magnetic field

fluctuation by 0;,6B = V x /E, and the current by
0j = V x 6B. From the Lorentz force

1
= —0fj x B,
oA EJFpchx 0

we have

1
Pv, = V x V x 6E|) x B,
t Vi €+p( J_) 0
1
= 6+p(V><V><(5VL><BO))><BO
Bf oo 2 Bj
- €+pvuVL, VA/fven:m




Back to non-dynamical B case: Reduction of
hydro variables in the new low energy
hydrodynamics below 75

We have T(x) and 1+1 dimensional longitudinal
velocity u|/(x), but note that x contains all directions

The most general constitutive relation for the
energy-momentum tensor

™ = (e+ ,0||)U|TU‘I‘/ + p||gﬂ”' +pigy
MU+ 0 0) — (U + )+ (g )Oeth)

with one shear viscosity » and two bulk
viscosities ((, (')
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Computation of 7 in finite T perturbative
QCD in leading log

The QCD Boltzmann eq. in leading log is well known
(Monien-Pethick-Ravenhall-Baym,
Arnold-Moore-Yaffe, Hong-Teaney).
g +p- a_f + of
ot P ox TP 5p
p=+qep x (eB). Cl[f] ~g*Tlog(1/g)

= C[f]
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We assume eB ~ g*log(1/9) T? so that the cyclotron
orbit size is comparable to the mean-free path

/cyclo ~ p/(eB) ~ 1/(94 |og(1 /g) T)
o~ €'~ 1/(g*log(1/9)T)
The collision time is shorter than this /., ~ 1/(gT), so

there is no effect from the magnetic field to the

collision term
The result depends on the dimensionless strength of



The shear viscosity is obtained from
TJ'Z = —778L Vs,

in the presence of slowly varying v,(x, ). The
distribution functions are

(X, P) = faglU(x)) + 6

where C[f,q] = 0 and we obtain the disturbance ¢f from
solving the Boltzmann equation that is linear in the
gradient of uj/(x)

Sf~C 1. (aLVz)
Then

z d3 z
Tlz _ / (2WI)?3PEZ (qu(aqufc-,)wgafg)
F
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1= 1B) iog(i /)
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QCD Critical Point in Magnetic Field:
Dynamic Universality Class

The static universality class of QCD critical point is
the 3D Ising class (or "\¢* theory", Wilson-Fisher)

This is only about the thermal equilibrium distribution
of order parameter fluctuations averaged in time.

How fast the system approaches to this equilibrium
distribution when it is perturbed, say relaxation rates,
or how in real-time this distribution is realized is a

completely independent "dynamics" questions.

In the critical regime k > ¢! (¢: correlation length),
many systems show "dynamical critical behaviors™
with the scaling law for the relaxation frequency
w ~ kZ, with z: dynamic critical exponent
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This dynamical evolution is heavily dependent of
conservation laws: for example, the order parameter
may or may not be conserved. In the former case, we

will have a diffusion-type relaxation with w ~ D(£)k? in
the hydro-regime of k < ¢, while in the latter case,

w ~ f(&, k — 0) is a finite constant even in kK — 0 limit.

The static universality class has no information about
this: it is an additional information on the system

Two systems with the same static universality class

can belong to the different dynamic universality
classes
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Eg. 1) The 3D Ising model:

The order parameter is the net spin density. Since the
spin density is conserved locally, spin fluctuations
can only diffuse.
However, there is no "fluid motion" since there is no
notion of conserved momentum. This gives the
Model C

M
T
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Eg. 2) Gas-Liquid Critical Point:

The order parameter is the relative portion of
gas-liquid, equivalently the mass density. Since the
mass is locally conserved, its fluctuations can only
diffuse. In addition, there are fluctuations of "fluid

motions" due to momentum conservation which also
can only diffuse. The fluid motions can deliver the
mass fluctuations from one place to another place,
enhancing the mass diffusion. This mode-coupling
dynamics becomes important in the critical regime,
mutually enhancing the mass and the momentum
diffusion constants. This gives the Model H
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The QCD critical point belongs to the
dynamic universality class of "model H"
(Son-Stephanov)

The model H :
1) the order parameter is conserved,
2) the total momentum of the fluid is conserved

From 1), the order parameter relaxes by a
diffusion-type w ~ 2k* where ) is the conductivity and
x is the susceptibility
From 2), the shear component of velocity fluctuations
relax with the shear diffusion-type w ~ nk?

But, all these coefficients are "running" with the
scales k itself, due to non-linear couplings in the
dynamics

A(K),  n(k)



With \(k) ~ k=% and y(k) ~ k=2 in the scaling
regime k > ¢
A(K) 2
W~ —=2ke ~ k?
x(k)

The RG running of these transport coefficients are
obtained by doing Wilsonian momentum shell
integration between bA < k < Awith b< 1. Forz > 1,

the w range is elongated quickly to [—oo, +o0]

Smaller scale fluctuations affect the larger scale
properties and renormalize the transport coefficients
at larger scales. The same physics as in the static
RG, but applied to dynamical equations
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The detailed model equations are diffusion-type with
Langevin thermal noise to satisfy
fluctuation-dissipation to reproduce the static
universality class thermal probability P = e F

— = I\ NZoTe — 10
ot Ve o -9 Vi of *
oj o

-4 _ N? 2v72 N? 3+¢/2 o

o= P (v g el )

1 N2 1,
= /d46X (5(3w)2 + %¢2 + EIH ~l||)

We use the «-expansion as in the static case, since it
turns out that the dynamic fixed point constant

f= 8 = A- is order ¢ and we can do perturbation theory
on this small coupling
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It is easiest to do momentum-shell integration after
going to the path integral formulation in the
Schwinger-Keldysh

JAC S IATS) Ju(-k)
¥, (=p), P,(p) 4y, (=p,

w.k=p) y (p-k) Wy, (k=p)

(a) (®)

After all, we get z ~ 4 — Ce = 3.05 with C = 0.947
and ¢ =1
The conductivity diverges as )\ ~ £, the shear

viscosity 7 ~ £(1-0)e
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Back to non-dynamical B

We observe that the transverse component of
velocity is not a critical variable any more due to a
finite relaxation time 75 ~ 1/(\.B5) (\.: transverse

conductivity)

This implies that there is no non-linear dynamics

between )\, and v, fluctuations to give rise to the

previous diverging )\, and )\, is expected to remain
constant as in the model C. Since )| is expected to
diverge, we can neglect )\, in the scaling analysis.

We consider a modification of model H without any

diffusion along dr = 2 transverse dimensions: this

implies a reduction of phase space volume for the
critical non-linear dynamics
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8770 z—4 5F z—3+¢/2 5F
S5¢ = A VH&D gN T — 0

oj
Py
% = P (UL/\ VJ_]” + 77||/\ VH]” + gh\*~ 3+€/2V|77/) 50 E)

This is also obvious since we loose the momentum
conservation in the transverse dimensions.

After all computations, we get z ~ 4 — Ce = 3.15 with
C=0847and ¢ =1

The C gets smaller than the original model H value of

0.947 due to the reduced phase space volume for the
critical non-linear coupling dynamics
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Thank you!
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