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Hydrodynamic fluctuations

Navier Stokes



Hydrodynamic fluctuations

Random motion in each fluid cell




Hydrodynamic fluctuations

Microscopic random motion can effectively
transfer momentum between fluid cells



Hydrodynamic fluctuations

Shear viscosity receives contributions from these
microscopic collective motion of the constituents



Hydrodynamic fluctuations

Transport Properties of Helium near the Liquid—Vapor
Critical Point. IV. The Shear Viscosity of *He and ‘He
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Critical behaviour of the shear viscosity is small but
these effects are larger for the bulk viscosity and heat
conductivity




Hydrodynamic fluctuations

For dilute Fermi gas at unitarity Jn was calculated and the
bounds on the shear viscosity were determined

Chafin and Schafer PRA 87 (2013) 023629

In this talk:

How to calculate 6 ? What are the bounds on the values of
the bulk viscosity due to hydrodynamic fluctuations?
Martinez and Schafer PRA 96 (2017) 063607



Hydrodynamic fluctuations

The leading non-analytic contribution to the
hydrodynamic correlators are due to
hydrodynamic fluctuations



Outline

e Short review of hydrodynamics

o Kubo formula for bulk viscosity

e Hydrodynamic tails: formalism

e Fluctuation bound of the bulk viscosity
e Conclusions and Outlook



Short review of
hydrodynamics



Hydrodynamics

» Hydrodynamics: Effective field theory of long wavelength, low
frequency dynamics of ANY many body system

Op + 0;(pv;)) =0, wep Continuity equation

conservation of mass
E Euler equation
Oy (P’Ui) =+ ajHij =0, Momentum conservation

pv°
O (e | : ) + 0;7; = 0, == Energy conservation




Hydrodynamics

» Hydrodynamics: Effective field theory of long wavelength, low
frequency dynamics of ANY many body system
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H,,;j — pdﬁj -+ p”Uf,;’Uj



Hydrodynamics

» Hydrodynamics: Effective field theory of long wavelength, low
frequency dynamics of ANY many body system

8tp -+ az (p/U,L) — () =) Continuity equation

conservation of mass
E Euler equation
Oy (P’Uz‘) =+ 8jHij =0, Momentum conservation
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Hydrodynamics

» Hydrodynamics: Effective field theory of long wavelength, low
frequency dynamics of ANY many body system

Oip + 0;(pv;) = 0, wep Continuity equation

conservation of mass

Euler equation
Oy (P’Uz‘) =+ ajHij =0,= Momentum conservation

pv°
@( | ) + 0;7; = 0, == Energy conservation

Ideal fluid \

poij + P’Uz"Uj — 2ij

Dissipative
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Hydrodynamics

» Hydrodynamics: Effective field theory of long wavelength, low
frequency dynamics of ANY many body system

8“0 + 0, (/O’Uz') =0, = Continuity equation

conservation of mass

Euler equation
at(pvi) - 8sz‘j =0, = Momentum conservation

2
Oy (E | p72) ) + 0;7; = 0, == Energy conservation




Kubo formula for the bulk
viscosity




Kubo formula for ¢

The retarded correlator of the stress tensor Hij 1S
G 1) = —i / i / e =%Q(4) 1T, x), 7190, 0)).

Kubo formula for bulk viscosity Is obtained by
considering the trace of the stress tensor

( = — lim iIme(w 0).

w—0 9w

However, bulk viscosity is usually related with breaking of scale
Invariance and thus, it would be nice to see this explicitly in the
Kubo formula



Kubo formula for ¢

The retarded correlator of the stress tensor Hij 1S
G 1) = —i / i / e =%Q(4) 1T, x), 7190, 0)).

Kubo formula for bulk viscosity is obtained by
considering the trace of the stress tensor

1
( = — lim —Ime(w 0).
w—0 Y
We can use any combination of the form
1 ..
O = §H” + c&€

For simplicity c= -2/3



Kubo formula for ¢

The retarded correlator of the stress tensor Hij 1S
G 1) = —i / i / e =%Q(4) 1T, x), 7190, 0)).

Kubo formula for bulk viscosity is obtained by
considering the trace of the stress tensor

2
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( = - lim iImG ”(w 0) = (=-lim iImGOO(w 0)

w—( 9 w—() 9



Hydrodynamic tails:
formalism



Statistical field theory method

It is convenient to calculate the symmetric
correlation function

GO (w,k) = / dt / dx gtk <%{0(t,x),0(0,0)}> .

Fluctuation-dissipation theorem gives us the
retarded correlation function

21
Gs(w, k) ~ —?Im Gr(w, k).



Statistical field theory method
GO (w,k) = /dt/dxei‘”t—ik'x<%{O(t,x),0(0,0)}> .

Expand operator O to second order in (AT,Ap)

O0=0p+0a,Ap+arAT + OLpp(Ap)2 + a,r ApAT + arp(AT) + ...

ea  ,a ., a. arethermodynamical quantities

e Linear terms in the perturbations do not matter
e Second-order terms contribute to the non-
singular terms (see NN-slides)



Statistical field theory method

A

arr arr  Gpp

A & At

In the Gaussian approximation (white random noise)

Gg / / 2(1 SAY (W k) AY (w — W' k)

+ %TAgp(w J)AG (= o k) + 207 A8 (W KA (0 -, k)] -

.

e Symmetrized correlation functions

e These correlators are obtained from the solutions to the
linearized hydro equations!!!
(see Kovtun & Yaffe, Kadanoff-Martin, etc)



Statlstlcal field theory method

fi{Q:” ---Q Q
A

In the Gaussian approximation (white random noise)

3
G901, 0) = / / dk 2 AL K)AY (w — oK)

¥ apTA@%w )AL (@ — ' k) + 203, AL (W KA (w - o k)]

0T Dk Dominated by the
AL (w k) = . diffusive heat wave
7 cp w? + (DTkQ)Q

Fk4 1 ACP DTk2
(w? — 2k2)* 4+ (Twk?)? 2 w2+ (Dpk?)”

Acp__ (w? = k%) Drk ¥ Mix of sound and
2 (w? — 2k2)? + (Twk?)? [« diffusive modes

AP (w. k) = QpT{




Statlstlcal field theory method

OO O

After a long algebra plus pole analysis of propagators

G99 (w,0) = —ApL(w, A\, 2Dyp) — ApL(w, A, T)

\

1 A3 WA T [ w 3/2

\ /

Contributes to the compressibility.
Renormalizes the pressure



Statlstlcal field theory method

OO O

After a long algebra plus pole analysis of propagators

G99 (w,0) = —ApL(w, A\, 2Dyp) — ApL(w, A, T)

1 A3 WA T [ w 3/2

Contributes to the bulk viscosity
(cut-off dependence)



Statlstlcal field theory method

O OO

After a long algebra plus pole analysis of propagators

G99 (w,0) = —ApL(w, A\, 2Dyp) — ApL(w, A, T)

( )

1 A3 dwA T w \ 32
L(w,A, D;) = — ——((14+12) [ — Cel P
(w, A, D;) 5213 T D, 2\/§< +z)(D.) +..p

\ /

Hydrodynamic tail: /

e Imaginary part: contribution to the frequency dependent {(w)

e Real Part non-analytic contribution to the bulk relaxation time which
signals breaking of hydrodynamics



Fluctuation bound of the bulk
viscosity



RG argument

In the short wavelenght regime w < A

Ar A\ G
ol =Ganl)- L+ 25 ) 25

Cphys — gbar + CA

1 ArA N ArA
2D I'

((w)

> A= g

N\ w
e w < A: Stochastic hydrodynamics
ew = A: Matched to some microscopic theory
o thys IS cut off Independent

dehys o
A T 0
3 Zbar: Cbar (A)




RG argument

In the short wavelenght regime w < A

) Ar A\ VB
ol =Ganl)- L+ 25 ) 25

Cphys — gbar + CA

1 ArA N ArA
2D I'

((w)

> A= g

N\ w

The largest A is determined by the breaking scale
of hydrodynamics

= determined by the dispersion relation of the
sound and di f fusive modes



Estimation of the bound

1. Diffusive mode w ~ Drk® < (1.) "
Using kinetic theory Tk = (m/f) / (CPT)

A\ 1 T 1/2
= DT m .




Estimation of the bound

1. Diffusive mode w ~ Drk® < (1.) "
Using kinetic theory Tk = (m/f) / (CPT)

A\ 1 T 1/2
= DT T .

2. Sound mode W ~ ¢k < T'k?

For a weakly interacting gas c; = (OP)/(0p)s/n = (5T)/(3m)

1 /oP\Y?
A~ = | — .
' \ Op

s/n



Estimation of the bound

1. Diffusive mode w ~ Drk® < (1.) "
Using kinetic theory Tk = (m/f) / (CPT)

A\ 1 T 1/2
= DT m .

2. Sound mode W ~ ¢k < T'k?

For a weakly interacting gas c; = (OP)/(0p)s/n = (5T)/(3m)
1/2

Ap o L (a_P) |

I 810 s/n

The combination of these two estimates gives us

Ar  VBAp\ |T

sz’n — QD% | \/§F2 m .




Estimation of the bound: cold
Fermi gas near unitarity

Lower : :
Bound 0-100 High frequency behaviour
: OPE
0.050 i . /
2 \
3 0.010 | ‘~‘~
0.005 | \ _ ’
* Interpolation
ooj % /1w 0L A |
0 2 4 6 8 10
Low frequency behaviour w/T

C(W) - gmz'n - C\/@

o= (5 + s )V




Conclusions

e We studied the role of hydrodynamic
fluctuations in the bulk stress correlation
function

e Hydro fluctuations provide a lower bound on
the bulk viscosity. The bound depends on
shear viscosity and thermal conductivity and
scale breaking of the EOS

2
Cmin: (73—%8) ZDZ_2

e For cold Fermi gas near unitarity

S >01

S



Outlook

¢ Relativistic expanding fluids

¢ Role of critical fluctuations in the vecinity of a
second order phase transition: enhancement
of bulk viscosity near critical point



Backup slides



Kubo formula for ¢

The retarded correlator determines the stress induced by a small
strain g, = 6ij+hij(t,x)

1 ..
JIRNE —ingl(w,k)hkl(w,k)

Stress tensor Is expanded in gradients in the
presence of a background metric

_ 170 1
ng = pv;v; + Pg;; Ideal

H,}j = —N0;j — Cgij <O’> Navier-Stokes
, 2
Oij — vr,;”Uj -+ vjvi + gi5 — gg’ij <O-> )
(0) =V - v+ L

Qg’



Kubo formula for ¢

The retarded correlator determines the stress induced by a small
strain g, = 6ij+hij(t,x)

1 ..
JIRNE —iG%kl(w,k)hkl(w,k)

The response to a bulk strain hij(t,x)~h gt 6ijgives us to O(w)

%ngj<w70> — = (gp o (%) P) _ WC,

.1 iijj
Thus ¢ = — lim o—1Im G (w,0).  Kubo formula

Usually bulk viscosity is related with breaking of scale invariance
and thus, it would be nice to see this explicitly in the Kubo formula



Some thermodynamical
quantities

Dy = k/cp

202, T3  2a p*T(Acp)?
Ar = TQT + = 1 + 5
% ? cpc?

azppT*Acp P
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