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Dark matter and its bound state 

	q  elementary particle: QCD-like , SUSY … 
composite particle like dark nucleons 

q  Dark nucleosynthesis by  
radiative fusion : d+dN è dN+1+ mediator 
recombination : 3 d è d+d2 , d2+dN è dN+1 +d 

q  Without mediator, 3-body recombination forms dark 
deuteron and is the bottleneck for N-body cluster. 
How many deuterons can be produced? 

q  Use a simple and very predictive model  
with two parameters mass and scattering length a 
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Outline 

	q Universal 2-body physics and small scale 
structure problem 

q 3-body physics and recombination process 

q Production of bound state in early 
universe 
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Universal physics at low energy 

a shallow state remains the same by tuning depth and width 

simultaneously  

1.   universal regardless of microscopic physics 

2.   fine tuned state: large scattering length (a) >> re,… 

3.   point-like interactions can be used. 

V	

r	
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Large scattering length system 
q Quantum Mechanics at low energy 

 
 
q At very low energy (k << 1/range),  

 f(k) depends only on scattering length (a)  
q For large a (≥ 1/k), nonperturbative problem! 
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Large scattering length system 
q Cross section 

~1/E in scaling region (E >>1/a2) 
~a2 in threshold region (E << 1/a2) 

q Molecule (dark deuteron) for positive a>0 

q binding energy 

q size 

Scale invariance for a  

E2 =
1

a2

�(E) =
8⇡

1/a2 + E



Universal physics at low energy 
He2 

Deuteron (n+p) X(3872)* 

*candidate 

Weakly bound molecules in nature! 

n p D⇤0 D̄0

Van der Waals potential 
(Coulomb) 

Nuclear potential (strong force) 

Eb=0.11 μeV Eb=2.2 MeV Eb=0.3 ± 0.4 MeV 

a ≈ 20 rVdW a ≈ 3.9 rπ a ~ 200 rπ 

1 K= 8.6 10-5 eV 

1 eV=1.2 104 K 

rVdW = 5 Å 

rπ = 1.4 fm 

� ⇡ 4⇡a2

rrms ⇡ a/
p
2,

Universal physics with large scattering length 

Regardless of microscopic interactions (QED or QCD)! 

Eb ⇡ 1/a2
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Tunable scattering length in ultracold atoms 
Near Feshbach resonance, a varies with the B field ! 
Molecule association in Laboratory. 

simulating neutron gas (a = -19 fm) 

Why cold atoms? 

a model system for strongly interacting quantum matter  
like high Tc superconductor, dense nuclear matter 
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EFT for identical boson 

 

 

 
 
Self interaction: 
 
 
Annihilation into visible matter:  

Renormalization 

NR	kinetic	term	+	

occurring atoms with large scattering lengths, such as the 4He atom. There are

other atoms whose scattering lengths can be controlled and made arbitrarily large

by using Feshbach resonances [45]. In this subsection, we use the concise language

of atomic physics for the particles with large scattering lengths and their bound

clusters. The particle d is referred to as an atom, and the two-body bound cluster

d2 is called a dimer. We make factors of Planck’s constant ~ explicit.

We denote the mass of the atom d by m. It has short-range self-interactions with

range r0 and an S-wave scattering length a that is much larger than r0. The range

and the scattering length provide a high energy scale E0 = ~2/mr
2
0 and a low energy

scale E2 = ~2/ma
2. At energies well below E0, the two-body physics is universal

in the sense that it is completely determined by a. It depends on the nature of the

particles and on the details of their short-range interactions only through a. The

universal behavior becomes exact in the zero-range limit r0 ! 0. In this limit, all

higher partial-wave interactions go to 0, so two-body scattering is purely S-wave.

The universal region for the scattering of two atoms is when the collision energy

E, which is the kinetic energy in the center-of-mass frame, is well below E0. The

universal elastic scattering cross section for identical bosons is

�elastic(E) =
8⇡

1/a2 +mE/~2 . (2.1) {eq:sigma}

[eb,dk] If the two colliding atoms are distinguishable particles, such as the two spin

states of a spin-12 fermion, the numerator is replaced by 4⇡. The cross section has

dramatic energy dependence. When the collision energy E decreases below E0, the

elastic cross section begins increasing in accordance with Eq. (2.1). In the scaling

region E2 ⌧ E ⌧ E0, the cross section nearly saturates the S-wave unitarity bound

8⇡~2/mE. As the energy decreases below E2, the cross section levels o↵ and ap-

proaches its maximum value 8⇡a2 as E ! 0. In the limit a ! ±1, the scaling

behavior 8⇡~2/mE extends down to arbitrarily low energy. Since this cross section

saturates the S-wave unitarity bound, the limit a ! ±1 is called the unitary limit.

A universal bound state is one that has properties determined by a. Its binding

energy per pair of particles must be less than E0. Whether or not there is a universal

dimer d2 depends on the sign of a. If a < 0, there is no universal dimer. If a > 0,

there is a single universal dimer. The universal binding energy of d2 in the zero-range

limit is

E2 = ~2/ma
2
. (2.2) {eq:E2}

[eb,dk]

A beautiful example in atomic physics of a boson with a large scattering length

is the 4He atom. Its scattering length is about 200 a0, where a0 is the Bohr radius.

The scattering length is larger than the e↵ective range by about a factor of 15, so

the cross section increases at low energies by more than two orders of magnitude.

The 4He dimer is a universal two-body bound state with the tiny binding energy
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E2 = 1.4⇥ 10�7 eV. The 4He dimer was first observed in 1993 using electron impact

ionization [46]. The universal low-energy behavior of particles with a large scattering

length is illustrated even more dramatically by experiments with ultracold trapped

atoms. The scattering length a of the atoms can be controlled and made arbitrarily

large by tuning the magnetic field to a Feshbach resonance [45]. Thus the binding

energy of the universal dimer can be controlled and made arbitrarily small.

If the atoms have inelastic scattering channels, the scattering length a is complex

with a negative imaginary part. If the only inelastic scattering channels are highly

inelastic, the inclusive inelastic cross section is also universal and determined by a.

The universal inelastic scattering cross section for identical bosons is

�inelastic(E) =
8⇡ Im[1/a]

(mE/~2)1/2
⇥
1/a2 +mE/~2

⇤ . (2.3) {eq:sigmain}

[eb,dk] We have assumed the imaginary part of 1/a is tiny compared to the real part

of 1/a, in which case the imaginary part can be ignored except in the numerator

where it appears as a multiplicative factor. lnelastic atom-atom scattering channels

are also decay channels for the dimer. The universal expression for the decay rate is

�2 =
4~ Im[1/a]

ma
. (2.4) {eq:Gamma2}

[eb,dk] The imaginary part of a should be ignored in the denominator. The energy

~�2 is twice the imaginary part of the complex binding energy given by Eq. (2.2)

with complex a. Note that the imaginary part of 1/a cancels in the ratio of the

inelastic cross section in Eq. (2.3) and the decay rate in Eq. (2.4).

2.2 Dark matter parameters
{sec:param}

The small-scale structure problems of the universe can be solved by self-interacting

dark matter that becomes strongly interacting at low energies [43, 47–49]. In Ref. [1],

Kaplinghat, Tulin, and Yu determined self-interaction reaction rates hv �elastici for

dark matter particles from astrophysical data on dwarf galaxies, low-surface-brightness

galaxies, and galaxy clusters [50–53]. Their data points are shown as a function of

the mean relative velocity hvi of the dark atoms in Figure 1. In the galaxies, hvi

ranges from about 20 km/s to about 200 km/s. The values of hv �elastici for the

galaxies only are roughly compatible with an energy-independent cross section with

�elastic/m = 2 cm2/g. In the galaxy clusters, hvi is about 2000 km/s. The values

of hv �elastici for the clusters only are compatible with an energy-independent cross

section with �elastic/m = 0.1 cm2/g. To fit the results for both the galaxies and the

clusters requires a cross section that increases dramatically with increasing velocity.

The results for hv �elastici versus hvi can be fit by a dark-photon model with three

parameters: the dark matter mass m�, the dark photon mass µ, and the coupling
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Small-scale structure problem 

A dark photon model needs 3 parameters (dashed curve) 

Excellent fit (blue curve) with 2 parameters  

 

Kaplinghat, Tuling, 
and Yu [PRL 16] 

Figure 1. Self-interaction reaction rate hv �elastici for dark matter particles as a function

of the mean velocity hvi. The data points are from dwarf galaxies (red), low-surface-

brightness galaxies (blue), and galaxy clusters (green) [1]. The curves are the best fit for a

dark-photon model with ↵0 = 1/137 [1] (dashed) and the best fit to Eq. (2.5) (solid). The

diagonal lines are for energy-independent cross sections. This plot follows the same style

as in Ref. [1]. {fig:vsigma-v}

constant ↵
0 for a Yukawa potential. Kaplinghat et al. included additional system-

atic errors of 0.3 in log(hv �elastici/m) and 0.1 in log(hvi) for each system to take

into account the uncertainty in their modeling. They fixed the coupling constant at

↵
0 = 1/137 and fit the parameters m� and µ. Their fitted values are m� = 15+7

�5 GeV

and µ = 17±4 MeV. The curve for their best fit with m� = 15 GeV and µ = 17 MeV

is shown in Figure 1.

The results for the self-interaction reaction rates in Ref. [1] can be fit equally

well by a short-range interaction model with a large scattering length. We assume

dark nucleons are identical spin-0 bosons with a large real and positive scattering

length. The parameters required to describe the universal two-body physics of dark

nucleons are their mass m� and the scattering length a. The elastic cross section is

given in Eq. (2.1). The reaction rate as a function of the relative velocity v is

v �elastic(v) =
8⇡a2v

1 + (am�/2)2v2
. (2.5) {eq:vsigma}

[eb,dk] Our fit to the data points for hv �elastici versus hvi shown in Figure 1 gives

m� = 19+3
�2 GeV , (2.6a) {eq:mass}

a = 17± 3 fm . (2.6b) {eq:a}
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3-body physics: Efimov Trimers            
q  Infinitely many three-body bound states with 

accumulation point at 0 binding energy at a=  
q Energies differ by 22.72 = 515 

q Sizes differ by 22.7 

Discrete scale invariance in 3-body system  
as a consequence of broken scale invariance!! 

Vitaly Efimov [1970] 
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EFT for 3-body sector 
q Interaction 
 
q  Integral equation for 3-body amplitude 

Log-periodic function! 
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q Interactions 

q  Integral equation for 3-body amplitude 

q  Renormalized 3-body parameter       is determined up to 
multiplicative factors of scaling factor exp[2π/s0]=22.72. 

EFT for 3-body sector 

Bedaque,	Hammer,	and	van	Kolck	[PRL	1999]	

⇤⇤



q  STM equation for the S-wave 

q  Analytic solution in scaling limit 

q  Phase shift 
 

q  analytic log-periodic dependence in the S-wave  

 

q  higher-partial waves depend on x only. 

A. STM Equation

Three-body observables for systems with a large scattering length can be calculated by
solving an integral equation called the Skorniakov–Ter-Martirosian (STM) equation [30]. In
momentum space, the STM equation can be expressed in the form [2]

A(p, k; E) = −
16π/a

mE − (p2 + p · k + k2) + iϵ

−
∫

d3q

(2π)3

8π

mE − (p2 + p · q + q2) + iϵ

A(q, k; E)

−1/a +
√

−mE + 3q2/4 − iϵ
.(35)

The solution is, up to a normalization constant, the amplitude for an atom with momentum
p and energy p2/(2m) and a pair of atoms with total momentum −p and total energy
E − p2/(2m) to evolve into an atom with momentum k and energy k2/(2m) and a pair of
atoms with total momentum −k and total energy E − k2/(2m). The STM amplitude can
be resolved into the contributions from channels with orbital angular momentum quantum
number J :

AJ(p, k; E) = 1
2

∫ 1

−1

dy PJ(y)A(p, k; E) , (36)

where y = p · k/pk and PJ(y) is a Legendre polynomial.
In a specific angular momentum channel, the STM equation in Eq. (35) reduces to an

integral equation with a single integration variable q. In the case J = 0, the behavior of the
integral is sufficiently singular at large q that it is necessary to impose an ultraviolet cutoff
q < Λ, where Λ is much greater than p, k and (m|E|)1/2. The STM equation for J = 0
reduces to

A0(p, k; E, Λ) =
8π

apk
ln

p2 + pk + k2 − mE − iϵ

p2 − pk + k2 − mE − iϵ

+
2

π

∫ Λ

0

dq
q

p
ln

p2 + pq + q2 − mE − iϵ

p2 − pq + q2 − mE − iϵ

A0(q, k; E, Λ)

−1/a +
√

3q2/4 − mE − iϵ
.(37)

It can be shown that changing the ultraviolet cutoff Λ corresponds to changing the Efimov
parameter κ∗ [31–33]. The values of Λ and κ∗ differ simply by a multiplicative constant:

ln(Λ/κ∗) ≈ 1.74 mod (π/s0) . (38)

The solutions of Eq. (37) are log-periodic functions of Λ. If Λ is increased by a factor of
eπ/s0 ≈ 22.7, it corresponds to the same value of κ∗. The S-wave atom-dimer phase shift
δ(0)
AD(E) can be obtained from the amplitude with both momentum arguments p and k set

equal to kE = (4
3m(ED + E))1/2:

A0(kE, kE; E, Λ) =
3π

kE cot δ(0)
AD(E) − ikE

. (39)

This phase shift depends not only on the parameter a but also on the parameter κ∗ through
the dependence of the amplitude on Λ.
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3-body amplitude In the case J ≥ 1, no ultraviolet cutoff is required and the partial wave projection of the
STM equation leads to (see, e.g. Ref. [34])

AJ(p, k; E) =
16π

apk
(−1)J QJ

(

p2 + k2 − mE − iϵ

pk

)

+
4

π

∫ ∞

0

dq
q

p
QJ

(p2 + q2 − mE − iϵ

pq

) (−1)J AJ(q, k; E)

−1/a +
√

3q2/4 − mE − iϵ
, (40)

where

QJ(z) =
1

2

∫ 1

−1

dx
PJ(x)

z − x
(41)

is a Legendre function of the second kind. The atom-dimer phase shift δ(J)
AD(E) can be

obtained from

AJ(kE , kE; E) =
3π

kE cot δ(J)
AD(E) − ikE

, for J ≥ 1 . (42)

This phase shift is a function of the dimensionless variable ma2E/h̄2.

B. Universal scaling functions for J ≥ 1

We calculate the atom-dimer phase shifts δ(J)
AD(E) for J = 1, 2, . . . , 6 as functions of the

energy E from 10−2ED to 102ED. The scaling variable x defined in Eq. (12) then ranges
from 0.1 to 10. For each energy E, we solve the STM equation in Eq. (40) and determine the

phase shift δ(J)
AD(E) using Eq. (39). The universal scaling function fJ(x) defined in Eq. (18)

is then determined from the imaginary part of the phase shift. Our numerical method loses
accuracy for x smaller than values that range from 0.1 for J = 2 to x = 0.45 for J = 6. To
determine fJ(x) for smaller values of x, we fit our results for the lowest 10 accurate points
to the form

fJ(x) = aJx2λJ+4 + bJx2λJ +6, (43)

where λ1 = 3 and λJ = J for J ≥ 2. We use the formula in Eq. (43) to extrapolate to small
values of x where our numerical method loses accuracy. Our results are shown in Fig. 1. For
J ≥ 2, fJ(x) is a decreasing function of J . This pattern is broken by f1(x), which is smaller
than f2(x) and f3(x) at small x but eventually becomes larger than f2(x) around x = 9.

C. Universal scaling functions for J = 0

We calculate the atom-dimer phase shift δ(0)
AD(E) by solving the STM equation for J = 0

with an ultraviolet cutoff Λ, which is given in Eq. (37), for energies E ranging from 10−2ED

to 102ED. We choose values of the ultraviolet cutoff Λ that are equally spaced on a log
scale and cover three quarters of a discrete scaling cycle from Λ0 to 10.4Λ0. The smallest
cutoff Λ0 is chosen to be much greater than 1/a and (m|E|/h̄2)1/2 and large enough that
the calculated phaseshift is unchanged if Λ is increased by a factor of 22.7. For each energy
E, we calculate the phase shift as a function of log(aΛ) and fit it to the universal formula

exp
(

2iδ(J=0)
AD (E)

)

= s22(x) +
s12(x)2 exp[2is0 ln(a/a∗0)]

1 − s11(x) exp[2is0 ln(a/a∗0)]
(44)
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energy of the more weakly bound 4He trimer relative to the 3-atom threshold is about

2.3 ⇥ 10�7 eV, which is about a factor of 2 larger than that of the 4He dimer. It

has been observed only recently using Coulomb explosion imaging [68]. The first

Efimov trimer observed in cold atom physics was a 133Cs trimer observed in 2008 as

a resonance in the atom loss rate from 3-body recombination [69].

3.2 Dimer-atom scattering

The dimer-atom scattering processes are elastic scattering (d2 + d ! d2 + d) and

dimer-breakup scattering (d2 + d ! d + d + d). The collision energy, which is the

total kinetic energy of the atom and dimer in the center-of-momentum frame, is

E =
3~2k2

4m
, (3.2) {eq:Ecm}

[eb,dk] where ~k is the relative momentum of the atom and dimer. The partial wave

expansion for the elastic scattering amplitude is

fk(✓) =
1X

J=0

2J + 1

k cot �J(k)� ik
PJ(cos ✓). (3.3) {eq:fktheta}

[eb,dk] The phase shifts �J(k) are dimensionless functions of k. The scattering is

purely elastic for energies between the atom-dimer threshold E = 0 and the dimer-

breakup threshold E = E2. The phase shifts are therefore real for E < E2 and

complex for E > E2. The cross sections for elastic scattering and for breakup

scattering can be expressed in terms of the phase shifts:

�elastic(E) =
4⇡

k2

1X

J=0

(2J + 1)
��ei�J (k) sin �J(k)

��2 , (3.4a) {eq:sigmaelastic}

�breakup(E) =
⇡

k2

1X

J=0

(2J + 1)
⇣
1�

��e2i�J (k)
��2
⌘
. (3.4b) {eq:sigmabreakup}

[eb,dk] {eq:sigmaAD}

In the universal regime where the energy E is much smaller than the energy scale

E0 set by the range, the only relevant interaction parameters are the scattering length

a and the Efimov parameter ⇤. The S-wave phase shift �0(k) is a dimensionless

function of ka and a⇤ that depends only log-periodically on a⇤. It can be expressed

in the form [35]

exp
�
2i�0(E)

�
= s22(x) +

s12(x)2 exp[2is0 log(a/a+)]

1� s11(x) exp[2is0 log(a/a+)]
, (3.5) {eq:sigmaelbreakup}

[eb,dk] where s0 = ⇡/ log �0 ⇡ 1.00624 is a universal constant and a+ is an alternative

3-body parameter that di↵ers from 
�1
⇤ by a multiplicative factor: a+ = 0.3165�1

⇤
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its solution AS(p, k; E) to behave asymptotically as p → ∞ like a pure power of p. Neglecting the inhomogeneous
term, neglecting E and 1/a2 compared to q2, and setting AS ≈ps−1, the integral equation reduces to [6,45,46,158]

ps−1 = 4√
3!p

∫ ∞

0
dq qs−1 ln

p2 + pq + q2

p2 −pq + q2 . (349)

Making the change of variables q = xp, the dependence on p drops out, and we obtain

1 = 4√
3!

∫ ∞

0
dx xs−1 ln

1 + x + x2

1 −x + x2 . (350)

The integral is a Mellin transform that can be evaluated analytically. The resulting equation for s is

1 = 8√
3s

sin(!s/6)

cos(!s/2)
. (351)

This is identical to the angular eigenvalue (129) in the limit R?|a| in the adiabatic hyperspherical representation of
the 3-body Schrödinger equation. The solutions with the lowest values of |s| are purely imaginary: s = ± is0, where
s0 ≈1.00624. The most general asymptotic solution therefore has two arbitrary constants:

AS(p, k; E) −→ A+ p−1+is0 + A−p−1−is0 as p → ∞. (352)

The inhomogeneous term in the integral (336) will determine one of the constants. The role of the 3-body term in the
integral equation is to determine the other constant, thus giving the integral equation a unique solution.

By demanding that the solution of the integral (336) has a well-defined limit as " → ∞, Bedaque, Hammer, and
van Kolck deduced the "-dependence of H and therefore of g3 [61,62]. The leading dependence on " on the right side
of the STM3 integral equation in Eq. (336) as " → ∞ is a log-periodic term of order "0 that comes from the region
q ∼ ". There are also contributions of order 1/" from the region |a|−1, k, |E|1/2>q>", which have the form

8

!
√

3

∫ "
dq

(
1
q2 + H

"2

)
(A+ q+is0 + A−q−is0). (353)

The sum of the two terms will decrease even faster as 1/"2 if we choose the function H to have the form

H(") = A+"is0/(1 −is0) + A−"−is0/(1 + is0)

A+"is0/(1 + is0) + A−"−is0/(1 −is0)
. (354)

The tuning of H that makes the term in Eq. (353) decrease like 1/"2 also suppresses the contribution from the region
q ∼ " by a power of 1/" so that it goes to 0 in the limit " → ∞ [61,62]. By choosing A± = (1 + s2

0 )1/2"∓is0∗ /2 in
Eq. (354), we obtain the expression for H in Eq. (337).

The dimensionless 2-body coupling constant ĝ2 is introduced in Eq. (309). It is convenient to also introduce a
dimensionless 3-body coupling constant ĝ3 by

ĝ3(") = "4g3

144!4 . (355)

Using Eqs. (335) and (306), the dimensionless 3-body coupling constant can be written as

ĝ3(") = −
(

a"
a" −!/2

)2

H("). (356)

As " is varied with a and "∗ fixed, the expression for ĝ3 in Eq. (355) maps out RG trajectory. The RG trajectories for
a fixed value of "∗ and various values of a are illustrated in Fig. 41. All the points on a given trajectory represent the
same physical theory with given values of a and "∗. As " increases, the dimensionless coupling constant in Eq. (356)
flows towards an ultraviolet limit cycle:

ĝ3(") −→ −cos[s0 ln("/"∗) + arctan s0]
cos[s0 ln("/"∗) −arctan s0]

as " → ∞. (357)

a+ = 3-body param 
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We can also obtain a simple analytic approximation for K2(T ) in the scaling

region, where kT is much larger than E2 and much smaller than the energy scale E0 =

~2/mr
2
0 set by the range. In the scaling region E2 ⌧ kT ⌧ E0, the breakup cross

section in Eq. (3.12) is dominated by the higher partial-wave contributions. Figure 4

shows that at kT = 100E2, the sum of the higher partial waves is already more than

an order of magnitude larger than the maximum J = 0 contribution. The dependence

on the S-wave scattering length a can therefore be neglected. Since the interactions

provide no other length scales smaller than the range, the dependence of the rate

coe�cient on T can be determined up to a numerical coe�cient by dimensional

analysis:

K2(T ) �! c2
~�T

m
. (4.8)

[dk,eb] [[REPLACE BY]]

K2(T ) �! c�

p
6

⇡

~�T

m
. (4.9) {eq:K2scaling}

where �T = (2⇡~2/mkT )1/2 is the thermal wavelength and [[c� is estimated in

Eq. (3.7)]]. The rate can already be approximated by this scaling behavior at

kT = 100E2. The numerical constant c2 can therefore be estimated by fitting K3(T )

at kT = 100E2: [[DELETE:

c2 ⇡ 11 . (4.10) {eq:c2}

]] The extrapolation in T provided by the scaling behavior in Eq. (4.9) is shown as

a dashed line in Figure 4.

4.3 Three-body recombination

The three-body recombination reaction ddd ! dd2 increases the number of dimers

by 1 and decreases the number of atoms by 2. We assume the final-state atom and

the final-state dimer are thermalized by elastic atom-atom scattering and by elastic

atom-dimer scattering, respectively. In a homogeneous system, the rate at which the

number density n2 of dimers increases from 3-body recombination is proportional to

n
3
1:

d

dt
n2 = +K3(T )n

3
1. (4.11) {eq:dn2/dt:K3}

[dk,eb] The rate coe�cient K3(T ) depends on the temperature and can be expressed

as a Boltzmann average of the three-body recombination rate. Alternatively it can

be expressed as a weighted integral over the dimer-breakup cross section:

K3(T ) =
16
p
3 ⇡~3

m2(kT )3

Z 1

0

dE e
�E/kT (E2 + E) �breakup(E2 + E). (4.12) {eq:K3T}

[eb,dk] We can use Eq. (4.5) to rewrite K3(T ) in terms of K2(T ):

K3(T ) = 2
p
2�3

T e
E2/kT K2(T ) . (4.13) {eq:K3T-K2T}
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by 1 and decreases the number of atoms by 2. We assume the final-state atom and

the final-state dimer are thermalized by elastic atom-atom scattering and by elastic

atom-dimer scattering, respectively. In a homogeneous system, the rate at which the

number density n2 of dimers increases from 3-body recombination is proportional to

n
3
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3
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[dk,eb] The rate coe�cient K3(T ) depends on the temperature and can be expressed

as a Boltzmann average of the three-body recombination rate. Alternatively it can

be expressed as a weighted integral over the dimer-breakup cross section:

K3(T ) =
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0

dE e
�E/kT (E2 + E) �breakup(E2 + E). (4.12) {eq:K3T}

[eb,dk] We can use Eq. (4.5) to rewrite K3(T ) in terms of K2(T ):
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d

dt
n1 = �2K3(T )n

3
1

energy of the more weakly bound 4He trimer relative to the 3-atom threshold is about

2.3 ⇥ 10�7 eV, which is about a factor of 2 larger than that of the 4He dimer. It

has been observed only recently using Coulomb explosion imaging [68]. The first

Efimov trimer observed in cold atom physics was a 133Cs trimer observed in 2008 as

a resonance in the atom loss rate from 3-body recombination [69].

3.2 Dimer-atom scattering

The dimer-atom scattering processes are elastic scattering (d2 + d ! d2 + d) and

dimer-breakup scattering (d2 + d ! d + d + d). The collision energy, which is the

total kinetic energy of the atom and dimer in the center-of-momentum frame, is

E =
3~2k2

4m
, (3.2) {eq:Ecm}

[eb,dk] where ~k is the relative momentum of the atom and dimer. The partial wave

expansion for the elastic scattering amplitude is

fk(✓) =
1X

J=0

2J + 1

k cot �J(k)� ik
PJ(cos ✓). (3.3) {eq:fktheta}

[eb,dk] The phase shifts �J(k) are dimensionless functions of k. The scattering is

purely elastic for energies between the atom-dimer threshold E = 0 and the dimer-

breakup threshold E = E2. The phase shifts are therefore real for E < E2 and

complex for E > E2. The cross sections for elastic scattering and for breakup

scattering can be expressed in terms of the phase shifts:

�elastic(E) =
4⇡

k2

1X

J=0

(2J + 1)
��ei�J (k) sin �J(k)

��2 , (3.4a) {eq:sigmaelastic}

�breakup(E) =
⇡

k2

1X

J=0

(2J + 1)
⇣
1�

��e2i�J (k)
��2
⌘
. (3.4b) {eq:sigmabreakup}

[eb,dk] {eq:sigmaAD}

In the universal regime where the energy E is much smaller than the energy scale

E0 set by the range, the only relevant interaction parameters are the scattering length

a and the Efimov parameter ⇤. The S-wave phase shift �0(k) is a dimensionless

function of ka and a⇤ that depends only log-periodically on a⇤. It can be expressed

in the form [35]

exp
�
2i�0(E)

�
= s22(x) +

s12(x)2 exp[2is0 log(a/a+)]

1� s11(x) exp[2is0 log(a/a+)]
, (3.5) {eq:sigmaelbreakup}

[eb,dk] where s0 = ⇡/ log �0 ⇡ 1.00624 is a universal constant and a+ is an alternative

3-body parameter that di↵ers from 
�1
⇤ by a multiplicative factor: a+ = 0.3165�1

⇤
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n1: nucleon density  
n2: deuteron density 
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as a Boltzmann average of the three-body recombination rate. Alternatively it can
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E2/kT K2(T ) . (4.13) {eq:K3T-K2T}

– 17 –

d

dt
n1 = �2K3(T )n

3
1

on a/a+:

K3(T ) �! C3(a/a+)
~a4
m

, (4.14) {eq:K3threshold}

[dk] where C3(a/a+) can be approximated by Eq. (4.7). In the scaling region

E2 ⌧ kT ⌧ E0, the rate coe�cient scales as the power of temperature required

by dimensional analysis:

K3(T ) �! 2
p
2 c2

~�4
T

m
, (4.15)

[dk] [[REPLACE BY]]

K3(T ) �! c�
4
p
3

⇡

~�4
T

m
, (4.16) {eq:K3scaling}

where [[c� is estimated in Eq. (3.7). c2 is estimated in Eq. (4.10).]] The extrapolation

in T provided by the scaling behavior in Eq. (4.16) is shown as a dashed line in

Figure 5.

In experiments with ultracold trapped atoms, the atoms form an extremely dilute

gas in the sense that the typical interatom spacing is much larger than the range of

the interactions between atoms: hn1i
1/3

r0 ⌧ 1, where hn1i is the density-weighted

average of the number density. Three-body recombination can be important in these

experiments, because the dimer and atom in the final state often have enough kinetic

energy to escape from the trapping potential. In that case, every recombination event

results in the loss of three atoms. In an experiment with 133Cs atoms in 2005, the

dramatic increase of the 3-body recombination rate at low temperature when the

scattering length was tuned to near the negative value a� = �1.5�1
⇤ was used to

discover an Efimov trimer [69].

5 Early universe
{sec:universe}

In this section, we study the production of dark deuterons through three-body re-

combination of dark nucleons during the Hubble expansion of the early universe

under the assumption that the dark nucleons are identical bosons with a large posi-

tive scattering length. We calculate the fraction of dark matter in the form of dark

deuterons as a function of the redshift.

5.1 Rate equations
{sec:rate-eq}

After the decoupling of dark matter from ordinary matter, the densities of dark

nucleons and larger dark nuclei evolve in thermal equilibrium until they are captured

by the gravitational potential wells of galaxies. The time evolution is due to the

Hubble expansion and to reactions among the dark nuclei. Assuming that the larger

dark nuclei are weakly bound, the density and temperature at decoupling are large

enough that any larger dark nucleus that is formed is immediately broken up by a
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Figure 4. Rate coe�cient K2(T ) for dimer breakup as a function of the temperature T .

The upper band is the envelope of K2(T ) for all possible values of the three-body parameter

a+. The dashed line is the extrapolation from the scaling behavior in Eq. (4.9). The lower

band is the envelope of the J = 0 contribution to K2(T ) for all possible values of a+. The

curves inside the lower band are for 8 values of a+: a+/a = �n/8
0 , n = 0, 1, . . . , 7. {fig:K2}

whose envelope corresponds to minimizing and maximizing the rate with respect to

a+. The upper band is the total rate coe�cient, and the lower band is the contribu-

tion from J = 0. The curves inside the lower band are for 8 values of a+/a between

1 and �0 that are equally spaced on a log scale.

We can obtain a simple analytic approximation for K2(T ) in the low-temperature

limit, where kT is much smaller than the energy scale E2 = ~2/ma
2 set by the

scattering length. In the low-temperature limit kT ⌧ E2, the breakup cross section

in Eq. (3.12) is dominated by the S-wave contribution. The limiting behavior of the

rate coe�cient is

K2(T ) �!
C3(a/a+)

2
p
2

e
�E2/kT

✓
a

�T

◆3 ~a
m

, (4.6) {eq:K2threshold}

[dk] where C3(a/a+) is the coe�cient of ~a4/m in the 3-body recombination rate at

zero collision energy in Eq. (3.15). It can be approximated with an error of less than

1% by the simpler expression

C3(a/a+) ⇡ 67.1 sin2[s0 log(a/a+)]. (4.7) {eq:C3}

[dk] Note that the dimer-breakup rate coe�cient in Eq. (4.6) is exponentially sup-

pressed by the Boltzmann factor.
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K3 at T≈0 in ultracold atom  
Physics 3, 9 (2010)

FIG. 3: Observations of Efimov resonances in optically trapped
gases of ultracold cesium. The panel on the left-hand side
shows experimental results [24] on atomic three-body re-
combination, where a prominent triatomic Efimov resonance
shows up for a < 0; here loss is expressed in terms of a re-
combination length r µ L

1/4
3 [22]. The dots represent measure-

ments taken at 10 nK, while the other data have been taken
between 200 and 450 nK. The panel on the right-hand side dis-
plays the two-body loss rate coefficient b measured for inelas-
tic atom-dimer collisions [26] at two different temperatures,
40 nK (open triangles) and 170 nK (filled squares). Here a
prominent atom-dimer Efimov resonance shows up for a > 0.
The solid lines represent fits based on universal effective-field
theory [27, 28].

a general a
4 scaling [20, 21] and a dimensionless func-

tion C(a)[28]. The function C(a) reveals the Efimov
physics in the problem, following a logarithmically pe-
riodic dependence according to Efimov’s scaling law,

C(22.7a) = C(a). (4)

For the function C(a), analytic expressions are avail-
able, based on effective field theory [28]. The experi-
mental results can be fitted with the predictions of ef-
fective field theory, which involves two free parameters.
Such fits are shown by the solid lines in Fig. 3. The
two parameters are related to the resonance position and
their width. The position is directly related to the (uni-
versal) three-body parameter, whereas the width corre-
sponds to the lifetime of Efimov states against decay
into more deeply bound states, which is beyond univer-
sal physics.

The cesium experiments in Innsbruck were the first to
observe Efimov states by detecting the basic resonance
phenomena for both negative and positive values of the
scattering length. They also showed indications of a re-
combination minimum as another important feature re-
lated to universal three-body physics [22, 29]. The tun-
ing range in these cesium experiments, however, was
restricted by the special properties of the low-field Fesh-
bach resonance that was exploited. Therefore an impor-
tant ingredient of Efimov physics, the existence of the
universal scaling factor, remained unobserved.

In 2009, three other groups reported experimental ob-
servations of Efimov states in bosonic quantum gases
near a Feshbach resonance and provided further insight
studying the decay properties near a Feshbach reso-
nance. In these experiments, the complete tuning range
across full Feshbach resonances could be exploited. The

FIG. 4: Observations of Efimov physics on Feshbach reso-
nances in 39K and 7Li. The decay of the trapped atomic sam-
ples is analyzed according to Eq. (2) and expressed in terms of
the loss rate coefficient L3 as a function of the s-wave scatter-
ing length a. The results in (a) were obtained in Florence on a
broad Feshbach resonance in 39K atoms [30]. The data in (b)
and (c) show the results on 7Li from Bar Ilan University [31]
and Rice University [32], respectively. These two experiments
employed Feshbach resonances in two different atomic states.

results of these experiments are compiled in Fig. 4.
The Florence experiment on 39K [30] provided a first

observation of Efimov’s scaling factor. Besides the ob-
servation of a triatomic resonance for a < 0 similar to the
cesium work, the major breakthrough of this work con-
sisted of the observation of two consecutive minima in
the three-body recombination rate for a > 0. Such min-
ima arise from the destructive interference between two
recombination pathways [22], and they provide another
signature of Efimov physics. The Florence group ob-
served a ratio of 25± 4 for the scattering lengths where
the consecutive minima occurred. Within the experi-
mental uncertainties, this value is consistent with Efi-
mov’s scaling factor of 22.7. A further prediction of uni-
versal theory is that these recombination minima should
be located in between the positions of atom-dimer res-
onances. Surprisingly, although being performed with
an atomic gas (and not an atom-molecule mixture), the
Florence experiments also revealed signatures of these
atom-dimer resonances. These observations took ad-
vantage of an avalanche effect caused when a dimer is
formed in a three-body recombination event. At a reso-
nance, the dimer has a large cross section for secondary
collisions with atoms, which can lead to enhanced trap
loss with nl >> 3 in Eq. (3).
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loss. We ascribe this observation to a high
probability for dimers to undergo vibrational
relaxation collisions that result in kinetic energies
much greater than U. Four-body processes
proceed in a similar fashion (6, 15).

The equation describing the dynamics of
three- and four-body loss is

1
N
dN
dt

¼ −
gð3Þ

3!
L3〈n2〉 −

gð4Þ

4!
L4〈n3〉 ð1Þ

where N is the total number of atoms in the trap
at time t, and the brackets denote averages over
the density distribution n (17). For a thermal
gas, the spatial correlation coefficients g(3) and
g(4) are, respectively, 3! and 4!, whereas for a
BEC, both are set to 1 (20, 21). We have ver-
ified that heating from recombination is small
for our short observation times and therefore
omit this effect in our analysis (15, 19). By fitting
the time evolution of the number of atoms to the
solution of Eq. 1, we extract L3 and L4 as a

function of a. Figure S1 shows the loss of atoms
as a function of time in regimes where either L3
or L4 dominates (17). Four-body loss is readily
distinguished from three-body loss by the shape
of the loss curve.

Figure 1 shows the extracted values of L3
across the Feshbach resonance, exhibiting the
expected a4 scaling (22, 23), but with several
dips and peaks punctuating this trend. Two
prominent peaks, labeled a−1 and a−2 in Fig. 1A,
dominate the landscape for a< 0. We attribute

Fig. 1. (A) L3 as a func-
tion of a. Data shown
with purple diamonds
correspond to a thermal
gas withN~106, T~1 to
3 mK (31), and U ~ 6 mK
and were taken with
radial and axial trapping
frequencies wr = (2p)
820 Hz and wz = (2p)
7.3 Hz, respectively. The
remaining data corre-
spond to a BEC with N ~
4 × 105, T < 0.5 TC, U ~
0.5 mK, and wr = (2p)
236Hz.Weadjustwz (17)
to enhance or reduce
three-body loss, where
wz = (2p) 1.6 Hz (red tri-
angles), wz = (2p) 4.6 Hz
(blue circles), and wz =
(2p)16Hz (greensquares).
The black dashed lines
show an a4 scaling, and
the thick black solid lines
are fits to an analytic
theory (2, 17). The thin
green lines show the
square of the energies (in arbitrary units) of the first and second Efimov states,
as predicted from the universal theory (2), where we have fixed the location of the
first Efimov state to overlap with a1−, and the atom-dimer continuum is coincident
with the dashed line for a > 0. Several representative error bars indicating the SE

from the fit are shown (17). (B toD) Detail around the loss features associated with
the atom-dimer and two possible dimer-dimer resonances. The black dotted lines
are fits to eq. S4, whereas the black solid lines include additional super-
imposed Gaussian fits to account for the features not described by eq. S4.

Table 1. Locations (in a0) of three- and four-body loss fea-
tures and inelasticity parameters (dimensionless) (17). The fea-
tures a ∗2,1 and a ∗2,2 are tentatively assigned. The first number
in parentheses characterizes the range over which c2 of the
fit to theory increases by one while simultaneously adjusting
the other parameters in the fit. The second number charac-
terizes the systematic uncertainties in the determination of
a (17).

a > 0 a < 0

a 1þ ¼ 119(11)(0) a 1− ¼ −298(10)(1)
a 2þ ¼ 2676(67)(128) a 2− ¼ −6301(264)(740)
a 2∗ ¼ 608(11)(7) a 1,1T ∼ −120(20)(0)
[a 2,1∗ ≈ 1470(15)(38)] a 1,2T ≈ −295(35)(1)
[a 2,2∗ ≈ 3910(60)(278)] a 2,1T ≈ −2950(200)(150)
h1þ ¼ 0:079(32)(20) a 2,2T ≈ −6150(800)(700)
h2þ ¼ 0:039(4)(10) h− ¼ 0:13(1)(3)

Table 2. Relative locations of loss features, those predicted by theory, and the percent
difference D = (data/theory – 1). The uncertainties are those propagated from Table 1.

Ratio Data Theory D(%)
a > 0 a 2þ=a 1þ 22.5(22)(11) 22.7* −1(9)(5)

a 2þ=a 2∗ 4.40(14)(16) 4.46* −1(3)(4)
a 2,1∗ =a 2∗ ≈2.42(5)(4) 2.37‡ +2(2)(2)
a 2,2∗ =a 2∗ ≈6.4(2)(4) 6.6‡ −3(2)(6)

a < 0 a 2−=a 1− 21.1(11)(24) 22.7* −7(5)(11)
a 1,1T =a 1− ~0.40(7)(0) 0.43† −6(16)(0)
a 1,2T =a 1− ≈0.99(12)(0) 0.90† +10(14)(0)
a 2,1T =a 2− ≈0.47(4)(4) 0.43† +9(9)(9)
a 2,2T =a 2− ≈0.98(13)(1) 0.90† +8(14)(1)

a → T∞ ja 1−j=a 1þ 2.5(2)(0) 4.9* −49(5)(0)
ja 2−j=a 2þ 2.4(1)(4) 4.9* −52(2)(9)
ja 1−j=a 2∗ 0.49(2)(1) 0.97* −49(2)(1)
ja 2−j=a 2∗ 10.4(5)(14) 22.0* −53(2)(6)

*See (2). †See (7). ‡See (28).
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on a/a+:

K3(T ) �! C3(a/a+)
~a4
m

, (4.14) {eq:K3threshold}

[dk] where C3(a/a+) can be approximated by Eq. (4.7). In the scaling region

E2 ⌧ kT ⌧ E0, the rate coe�cient scales as the power of temperature required

by dimensional analysis:

K3(T ) �! 2
p
2 c2

~�4
T

m
, (4.15)

[dk] [[REPLACE BY]]

K3(T ) �! c�
4
p
3

⇡

~�4
T

m
, (4.16) {eq:K3scaling}

where [[c� is estimated in Eq. (3.7). c2 is estimated in Eq. (4.10).]] The extrapolation

in T provided by the scaling behavior in Eq. (4.16) is shown as a dashed line in

Figure 5.

In experiments with ultracold trapped atoms, the atoms form an extremely dilute

gas in the sense that the typical interatom spacing is much larger than the range of

the interactions between atoms: hn1i
1/3

r0 ⌧ 1, where hn1i is the density-weighted

average of the number density. Three-body recombination can be important in these

experiments, because the dimer and atom in the final state often have enough kinetic

energy to escape from the trapping potential. In that case, every recombination event

results in the loss of three atoms. In an experiment with 133Cs atoms in 2005, the

dramatic increase of the 3-body recombination rate at low temperature when the

scattering length was tuned to near the negative value a� = �1.5�1
⇤ was used to

discover an Efimov trimer [69].

5 Early universe
{sec:universe}

In this section, we study the production of dark deuterons through three-body re-

combination of dark nucleons during the Hubble expansion of the early universe

under the assumption that the dark nucleons are identical bosons with a large posi-

tive scattering length. We calculate the fraction of dark matter in the form of dark

deuterons as a function of the redshift.

5.1 Rate equations
{sec:rate-eq}

After the decoupling of dark matter from ordinary matter, the densities of dark

nucleons and larger dark nuclei evolve in thermal equilibrium until they are captured

by the gravitational potential wells of galaxies. The time evolution is due to the

Hubble expansion and to reactions among the dark nuclei. Assuming that the larger

dark nuclei are weakly bound, the density and temperature at decoupling are large

enough that any larger dark nucleus that is formed is immediately broken up by a
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Figure 4. Rate coe�cient K2(T ) for dimer breakup as a function of the temperature T .

The upper band is the envelope of K2(T ) for all possible values of the three-body parameter

a+. The dashed line is the extrapolation from the scaling behavior in Eq. (4.9). The lower

band is the envelope of the J = 0 contribution to K2(T ) for all possible values of a+. The

curves inside the lower band are for 8 values of a+: a+/a = �n/8
0 , n = 0, 1, . . . , 7. {fig:K2}

whose envelope corresponds to minimizing and maximizing the rate with respect to

a+. The upper band is the total rate coe�cient, and the lower band is the contribu-

tion from J = 0. The curves inside the lower band are for 8 values of a+/a between

1 and �0 that are equally spaced on a log scale.

We can obtain a simple analytic approximation for K2(T ) in the low-temperature

limit, where kT is much smaller than the energy scale E2 = ~2/ma
2 set by the

scattering length. In the low-temperature limit kT ⌧ E2, the breakup cross section

in Eq. (3.12) is dominated by the S-wave contribution. The limiting behavior of the

rate coe�cient is

K2(T ) �!
C3(a/a+)

2
p
2

e
�E2/kT

✓
a

�T

◆3 ~a
m

, (4.6) {eq:K2threshold}

[dk] where C3(a/a+) is the coe�cient of ~a4/m in the 3-body recombination rate at

zero collision energy in Eq. (3.15). It can be approximated with an error of less than

1% by the simpler expression

C3(a/a+) ⇡ 67.1 sin2[s0 log(a/a+)]. (4.7) {eq:C3}

[dk] Note that the dimer-breakup rate coe�cient in Eq. (4.6) is exponentially sup-

pressed by the Boltzmann factor.
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q Rate equation in homogeneous distribution: 

 
q Relation to K3 

  low T: suppressed by Boltzmann factor 
  high T:                    scaling 

  Breakup 

d

dt
n2 = �K2(T )n1n2

d

dt
n1 = +2K2(T )n1n2

K2(T ) =
e�E2/kT

2
p
2�3

T

K3(T )

�T / 1/
p
T



 

 

q  S-wave dominant at low T but suppressed at high T 
q  Bands due to all possible values of 3-body parameter a+ 

q  K3: constant at low T and T-2 at high T 
q  K2: exponentially small at low T and T-1/2 at high T 
q  Recombination is more efficient at low T 
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Temperature dependence 
total 

S-wave 



q  Evolution starts  
after DM decoupling from visible matter: very small or 
zero coupling to matter 

q  Initial condition: pure dark nucleons,  
bound state broken immediately at high Tdc>>E2 

q  Evolution ends in early universe  
before DM captured by gravitational potential of galaxies 

q  Primary interest is deuteron number or fraction:  
including recombination K3 and breakup K2 
but omitting 3-, more-body cluster formations  
 4-body recombination (4d èd3 d) suppressed by nd

4 
 2-body reaction (2d2 èd3 d) needed for many d2’s 
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Evolution in early universe 



q  Including up to n1
3 and up to n2  

 
 

q  Hubble expansion H, annihilation via d-d scattering K1 and via 
d2 decay Γ2 

q  ignoring K1 and Γ2 : upper bound for n2 

q  Rate for total density is simply the Hubble expansion.  
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Rate equation 

collision with a dark nucleon. Thus we can take as an initial condition that the dark

matter consists entirely of dark nucleons at the decoupling time.

Given an initial state consisting only of dark nucleons, larger dark nuclei can be

formed by N -body recombination reactions in which N dark nuclei collide and some

of them form bound states. At su�ciently low dark nucleon number density n1, the

N -body recombination rate is proportional to n
N
1 . Thus if a dark deuteron d2 exists,

the most favorable reaction is 3-body recombination (d+d+d $ d2+d). Once dark

deuterons have been produced, larger dark nuclei can be formed by rearrangement

collisions, such as dn+d2 ! dn+1+d. The formation of dark deuterons is a bottleneck

that must be overcome by 3-body recombination in order to form the larger dark

nuclei. We wish to determine whether this bottleneck can be overcome in the early

universe when the dark matter is still in thermal equilibrium. To answer this, we

can ignore dark nuclei dn with n � 3 and consider only the time evolution for dark

nucleons and dark deuterons. The only reactions we need to take into account are

3-body recombination and the dark deuteron breakup reaction (d2 + d $ d+ d+ d).

We wish to determine whether a significant population of dark deuterons can be

generated in the early universe.

We denote the number densities of the dark nucleon and the dark deuteron by

n1(t) and n2(t). We assume the number densities of dark nuclei with larger dark

baryon number are negligible, so the total dark baryon number density is

ndark(t) = n1(t) + 2n2(t). (5.1) {eq:dn12}

[eb,dk] The time evolution equations for n1(t) and n2(t) obtained from the Boltzmann

equation are
✓

d

dt
+ 3H

◆
n1 = �2K3(T )n

3
1 + 2K2(T )n1n2 � 2K1(T )n

2
1 , (5.2a) {eq:dn1}

✓
d

dt
+ 3H

◆
n2 = K3(T )n

3
1 �K2(T )n1n2 � �2 n2 , (5.2b) {eq:dn2}

[eb,dk] where H is the Hubble function, K3(T ), K2(T ), and K1(T ) are temperature- {eq:dn1n2}

dependent event rate coe�cients, and �2 is the dark deuteron decay rate. The

Hubble function H(t) depends on time, being determined by the scale factor a(t) of

the universe: H = d ln(a)/dt. The rate coe�cients are functions of the temperature

T (t) of the dark matter, which also depends on time.

We neglect the e↵ects of the annihilation of dark nucleons into ordinary matter.

We therefore set K1(T ) = 0 and �2 = 0 in the rate equations in Eqs. (5.2). If there

were such an annihilation process, it would decrease n1 through annihilation collisions

of two dark nucleons and it would decrease n2 through the annihilation of the two

constituents of the dark deuteron. The rates for both processes are determined by

the same parameter Im[1/a], which appears as a multiplicative parameter in both
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K1(T ) and �2. When �2 is much larger than 3H(t), the number density n2 of dark

deuterons decreases exponentially. Any dimers that have been produced by 3-body

recombination would decay quickly on a cosmological time scale. The net e↵ect is

that n2 would remain essentially 0, and the decrease in n1 would be given by the

3-body recombination term in Eq. (5.2a). Since we ignore the annihilation of dark

nucleons, our results for the number density of dark deuterons can be interpreted as

upper bounds.

If we ignore the annihilation terms in the evolution equations in Eqs. (5.2), we

get a simpler equation for the total dark baryon number density:
✓

d

dt
+ 3H(t)

◆
ndark(t) = 0 . (5.3) {eq:dndark}

[eb,dk] Using dt = H
�1
d ln a, the solution is

ndark(t) = ndark(0)

✓
a(0)

a(t)

◆3

. (5.4) {eq:ndarkt}

[eb,dk] The time evolution of the total dark baryon number density does not depend

on the dark matter interactions; it is just diluted by the Hubble expansion.

It is convenient to use the redshift z as an alternative time variable. The redshift

is related to the scale factor a by 1 + z(t) = a(0)/a(t). The solution for the total

dark baryon number density in Eq. (5.4) can be expressed as

ndark(z) =
⇢cdm

m�
(1 + z)3 , (5.5) {eq:ndarkz}

[eb,dk] where ⇢cdm = 2.23⇥ 10�30 g/cm3 is the present average mass density of dark

matter in the universe [77] and m� is the mass of the dark nucleon. The Hubble

function in terms of redshift is given by

H(z) = H0

⇥
⌦�z

4 + ⌦mz
3 + ⌦⇤

⇤1/2
, (5.6) {eq:Hz}

[dk] where the Hubble constant H0 = 67.8 km s�1 Mpc�1, and the fractions of the

critical density of the Universe for CMB photons (⌦�), matter (⌦m), and dark energy

(⌦⇤) are 5.4⇥ 10�5, 0.26, and 0.69, respectively.

Since the dark nucleons are nonrelativistic after the decoupling, their temper-

ature T (z) is proportional to the square of their average momentum [78]. On the

other hand, the temperature T�(z) of the photons is proportional to their average

momentum. The Hubble expansion changes the momentum of a particle by a factor

of 1 + z. Thus the two temperatures are di↵erent functions of the redshift:

T (z) ⇡ T (0) (1 + z)2 , (5.7a) {eq:Tdark}

T�(z) ⇡ Tcmb (1 + z) , (5.7b) {eq:Tgam}
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dt = �H
�1 ln(1 + z)

n1: nucleon density  
n2: deuteron density 

z: redshift 



q  Temperature of DM (NR) and photon (relativistic):  

Typical decoupling temp Tdc=m/20  
   defines redshift zdc at Tdc: 
 
   determines T(0): 
 
  redshift  z2=1010

 at E2=7 keV 

q  Hubble function from PDG 
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In term of redshift 
[eb] where T (0) is the present temperature of dark matter that has not been captured {eq:Tdarkgam}

by gravitational potential wells and Tcmb = 2.73 K is the present temperature of

the photons. At decoupling, the dark matter and ordinary matter are in thermal

equilibrium: T (zdc) = T�(zdc), where zdc is the redshift at decoupling. We are not

displaying the dependence on the Standard Model degrees of freedom in these and

the following expressions of the temperature for simplicity. The variation due to

the three-body parameter is larger than the e↵ects from the decreasing number of

relativistic degrees of freedom. The dark matter temperature is therefore

T (z) ⇡ Tcmb
(1 + z)2

1 + zdc
. (5.8) {eq:T-z}

[eb] The decoupling redshift can be expressed as zdc ⇡ T (zdc)/Tcmb. If the thermal

decoupling of dark matter and ordinary matter occurs not long after their chemical

decoupling, the decoupling redshift can be determined by the condition that the tem-

perature just after decoupling is approximately m�/20 [79]. The decoupling redshift

can therefore be approximated as

zdc ⇡
m�/20

Tcmb
. (5.9) {eq:zdc}

[dk] The mass fraction of the dark matter in the form of dark deuterons is

f2(z) = 2n2(z)/ndark(z) . (5.10) {eq:dfraction}

[eb,dk] If we ignore the annihilation terms in the evolution equations in Eqs. (5.2),

the dark deuteron fraction satisfies the di↵erential equation

d

dz
f2 =

1

(1 + z)H

h
� 2K3(T )n

2
dark (1� f2)

3 +K2(T )ndark f2(1� f2)
i
. (5.11) {eq:df2}

[eb,dk] We have used dt = �[(1 + z)H]�1
dz to replace the time derivative by a

redshift derivative. Given H(z), ndark(z), and T (z) in Eqs. (5.6), (5.5), and (5.8),

our problem reduces to solving this single di↵erential equation for f2(z) subject to

the initial condition f2(zdc) = 0, where zdc is given in Eq. (5.9).

5.2 Approximation in scaling and threshold regions
{sec:approx}

The evolution equation for the dark deuteron fraction with redshift in Eq. (5.11)

involves the rate coe�cients K2(T ) and K3(T ). If dark nucleons are identical bosons

with a large positive scattering length, the rate coe�cients have simple behavior in

the low-temperature limit kT ⌧ E2, where E2 = 1/(m�a
2) is the dark deuteron

binding energy, and in the scaling region E2 ⌧ kT ⌧ E0, where E0 = 1/(m�r
2
0)

is the energy scale set by the range. We can use those results to determine the

qualitative behavior of the dark deuteron fraction in those regions.
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K1(T ) and �2. When �2 is much larger than 3H(t), the number density n2 of dark

deuterons decreases exponentially. Any dimers that have been produced by 3-body

recombination would decay quickly on a cosmological time scale. The net e↵ect is

that n2 would remain essentially 0, and the decrease in n1 would be given by the

3-body recombination term in Eq. (5.2a). Since we ignore the annihilation of dark

nucleons, our results for the number density of dark deuterons can be interpreted as

upper bounds.

If we ignore the annihilation terms in the evolution equations in Eqs. (5.2), we

get a simpler equation for the total dark baryon number density:
✓

d

dt
+ 3H(t)

◆
ndark(t) = 0 . (5.3) {eq:dndark}

[eb,dk] Using dt = H
�1
d ln a, the solution is

ndark(t) = ndark(0)

✓
a(0)

a(t)

◆3

. (5.4) {eq:ndarkt}

[eb,dk] The time evolution of the total dark baryon number density does not depend

on the dark matter interactions; it is just diluted by the Hubble expansion.

It is convenient to use the redshift z as an alternative time variable. The redshift

is related to the scale factor a by 1 + z(t) = a(0)/a(t). The solution for the total

dark baryon number density in Eq. (5.4) can be expressed as

ndark(z) =
⇢cdm

m�
(1 + z)3 , (5.5) {eq:ndarkz}

[eb,dk] where ⇢cdm = 2.23⇥ 10�30 g/cm3 is the present average mass density of dark

matter in the universe [77] and m� is the mass of the dark nucleon. The Hubble

function in terms of redshift is given by

H(z) = H0

⇥
⌦�z

4 + ⌦mz
3 + ⌦⇤

⇤1/2
, (5.6) {eq:Hz}

[dk] where the Hubble constant H0 = 67.8 km s�1 Mpc�1, and the fractions of the

critical density of the Universe for CMB photons (⌦�), matter (⌦m), and dark energy

(⌦⇤) are 5.4⇥ 10�5, 0.26, and 0.69, respectively.

Since the dark nucleons are nonrelativistic after the decoupling, their temper-

ature T (z) is proportional to the square of their average momentum [78]. On the

other hand, the temperature T�(z) of the photons is proportional to their average

momentum. The Hubble expansion changes the momentum of a particle by a factor

of 1 + z. Thus the two temperatures are di↵erent functions of the redshift:

T (z) ⇡ T (0) (1 + z)2 , (5.7a) {eq:Tdark}

T�(z) ⇡ Tcmb (1 + z) , (5.7b) {eq:Tgam}
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Figure 6. Dark-deuteron mass fraction f2(z) in the early universe as a function of the

redshift variable zdc/z on a log scale for m� = 19 GeV and a = 17 fm. The curves are for

8 values of the 3-body parameter: a+/a = �n/8
0 with n = 0, 1, · · · , 7. {fig:fdimer2}

5.3 Numerical Results

Assuming that the dark nucleons are identical bosons with a large scattering length,

the few-body parameters are the dark nucleon mass m�, the scattering length a, and

the three-body parameter a+. For the mass and the scattering length, we use values

that can solve small-scale structure problems of the universe. The values that give the

best fit to the data points for hv �elastici versus hvi in Figure 1 are m� = 19 GeV and

a = 17 fm. For the log-periodic Efimov parameter a+, which is only defined modulo

multiplicative factors of �0 ⇡ 22.69, we consider eight values that are equally spaced

on a log scale: a+/a = �
n/8
0 with n = 0, 1, · · · , 7.

To determine the dark-deuteron mass fraction f2(z) as a function of the redshift

z, we solve the di↵erential equation in Eq. (5.11) subject to the initial condition

f2(zdc) = 0. Given the mass m� = 19 GeV, the decoupling redshift in Eq. (5.9)

is zdc ⇡ 4 ⇥ 1012. We want to determine whether a significant fraction f2 is ever

generated during the subsequent time evolution.

In Figures 6, we show the dark deuteron fraction f2 as a function of a red-

shift variable zdc/z on a log scale, which increases from 1 at the decoupling time

to infinity at the present time. As z decreases from zdc, the dark deuteron fraction

f2(z) increases very quickly to a plateau of about 4 ⇥ 10�11 from thermal equilib-

rium between 3-body recombination and dark deuteron breakup. That equilibrium

value is consistent with the estimate for the scaling region in Eq. (5.13). The ap-

proach to equilibrium may not be described correctly, since the initial dark-matter
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q  Definition 

 
q  High T (z>>z2):  

same scaling behavior in z on RHS and constant f2   

 

q  Low T (z<<z2):  
K2 exponentially small and quartic approach to f2(z=0)  
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[eb] where T (0) is the present temperature of dark matter that has not been captured {eq:Tdarkgam}

by gravitational potential wells and Tcmb = 2.73 K is the present temperature of

the photons. At decoupling, the dark matter and ordinary matter are in thermal

equilibrium: T (zdc) = T�(zdc), where zdc is the redshift at decoupling. We are not

displaying the dependence on the Standard Model degrees of freedom in these and

the following expressions of the temperature for simplicity. The variation due to

the three-body parameter is larger than the e↵ects from the decreasing number of

relativistic degrees of freedom. The dark matter temperature is therefore

T (z) ⇡ Tcmb
(1 + z)2

1 + zdc
. (5.8) {eq:T-z}

[eb] The decoupling redshift can be expressed as zdc ⇡ T (zdc)/Tcmb. If the thermal

decoupling of dark matter and ordinary matter occurs not long after their chemical

decoupling, the decoupling redshift can be determined by the condition that the tem-

perature just after decoupling is approximately m�/20 [79]. The decoupling redshift

can therefore be approximated as

zdc ⇡
m�/20

Tcmb
. (5.9) {eq:zdc}

[dk] The mass fraction of the dark matter in the form of dark deuterons is

f2(z) = 2n2(z)/ndark(z) . (5.10) {eq:dfraction}

[eb,dk] If we ignore the annihilation terms in the evolution equations in Eqs. (5.2),

the dark deuteron fraction satisfies the di↵erential equation

d

dz
f2 =

1

(1 + z)H

h
� 2K3(T )n

2
dark (1� f2)

3 +K2(T )ndark f2(1� f2)
i
. (5.11) {eq:df2}

[eb,dk] We have used dt = �[(1 + z)H]�1
dz to replace the time derivative by a

redshift derivative. Given H(z), ndark(z), and T (z) in Eqs. (5.6), (5.5), and (5.8),

our problem reduces to solving this single di↵erential equation for f2(z) subject to

the initial condition f2(zdc) = 0, where zdc is given in Eq. (5.9).

5.2 Approximation in scaling and threshold regions
{sec:approx}

The evolution equation for the dark deuteron fraction with redshift in Eq. (5.11)

involves the rate coe�cients K2(T ) and K3(T ). If dark nucleons are identical bosons

with a large positive scattering length, the rate coe�cients have simple behavior in

the low-temperature limit kT ⌧ E2, where E2 = 1/(m�a
2) is the dark deuteron

binding energy, and in the scaling region E2 ⌧ kT ⌧ E0, where E0 = 1/(m�r
2
0)

is the energy scale set by the range. We can use those results to determine the

qualitative behavior of the dark deuteron fraction in those regions.
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In the scaling region E2 ⌧ kT ⌧ E0, the rate coe�cients K2(T ) and K3(T )

have the limiting behaviors given in Eqs. (4.9) and (4.16). They scale as �T and �
4
T ,

respectively, where �T is the thermal wavelength, which is proportional to (1+ z)�1:

�T =

✓
2⇡(1 + zdc)

m� k Tcmb

◆1/2 1

1 + z
. (5.12) {eq:lamT}

[eb,dk] Since ndark is proportional to (1+ z)3, the products K2 ndark and K3 n
2
dark are

both proportional to (1+z)2. Thus there can be an equilibrium value of f2 for which

the two terms on the right side of Eq. (5.11) cancel. The ratio of K3(T ) and K2(T )

is given in Eq. (4.13). The equilibrium fraction satisfies

f2

(1� f2)2
= 4

p
2

✓
2⇡(1 + zdc)

m� kTcmb

◆3/2
⇢cdm

m�
. (5.13) {eq:f2equilibrium}

If the equilibrium value of f2 is much less than 1, it can be approximated by the

right side of Eq. (5.13).

In the low-temperature region kT ⌧ E2, the rate coe�cients K2(T ) and K3(T )

have the limiting behaviors given in Eqs. (4.6) and (4.14). They are proportional

to �
�6
T e

��2
T /a2 and �

�6
T , respectively. The dark deuteron breakup is exponentially

suppressed by the Boltzmann factor, so the breakup term in the rate equation can

be dropped. If the value of f2 is much less than 1, we need to keep only the leading

terms in f2 in the recombination term in Eq. (5.11). The rate equation then simplifies

to
d

dz
f2 = �2K3(0)

n
2
dark

(1 + z)H
. (5.14) {eq:df2th}

[eb,dk] The Hubble function in Eq. (5.6) can be approximated as H(z) ⇡ H0⌦
1/2
� z

2,

when z � 104. The solution of Eq. (5.14) is then

f2(z) = f2(0)� C3(a/a+)
a
4
⇢
2
cdm

2H0⌦
1/2
� m3

�

z
4
, (5.15) {eq:f2zero}

[dk] where f2(0) is the present dark-deuteron fraction for dark matter that has not

been captured by gravitational potential wells and C3(a/a+) can be approximated

by Eq. (4.7). The approach to f2(0) is predicted to be z
4 multiplied by a coe�cient

whose dependence on a is C3(a/a+) a4. The value of f2(0) should be determined

by a boundary condition from the region of larger z where kT (z) is comparable to

E2. We are unable to determine f2(0) analytically, but it should have log-periodic

dependence on the three-body parameter a+.

[[EB: Could the dependence on a+ be approximately linear in C3?

f2(0) = A+B C3(a/a+) ?? DK: A ⇡ 5.7⇥ 10�8 and B ⇡ 6.7⇥ 10�9.]]
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to
d

dz
f2 = �2K3(0)

n
2
dark

(1 + z)H
. (5.14) {eq:df2th}

[eb,dk] The Hubble function in Eq. (5.6) can be approximated as H(z) ⇡ H0⌦
1/2
� z

2,

when z � 104. The solution of Eq. (5.14) is then

f2(z) = f2(0)� C3(a/a+)
a
4
⇢
2
cdm

2H0⌦
1/2
� m3

�

z
4
, (5.15) {eq:f2zero}

[dk] where f2(0) is the present dark-deuteron fraction for dark matter that has not

been captured by gravitational potential wells and C3(a/a+) can be approximated

by Eq. (4.7). The approach to f2(0) is predicted to be z
4 multiplied by a coe�cient

whose dependence on a is C3(a/a+) a4. The value of f2(0) should be determined

by a boundary condition from the region of larger z where kT (z) is comparable to

E2. We are unable to determine f2(0) analytically, but it should have log-periodic

dependence on the three-body parameter a+.

[[EB: Could the dependence on a+ be approximately linear in C3?

f2(0) = A+B C3(a/a+) ?? DK: A ⇡ 5.7⇥ 10�8 and B ⇡ 6.7⇥ 10�9.]]
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1� f2 = n1(z)/ndark(z)

⇠ 10�11
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Numerical result for m=19 GeV & a= 17 fm  

10 102 103 104 105

10-6

10-7

10-8

10-9

10-10

10-11

q  a plateau 4x10-11 due to equilibrium between K3 and K2 

q  dramatic increase by 103-4 near z2 (T ~ E2) due to enhanced K3 and 
suppressed K2 

q  f2(0) is bounded between 5x10-8 and 5x10-7 

all possible 
a+ 



q  The tiny  fraction ~10-7 suppresses cluster formations 

    but NOT annihilation into visible matter. 
q  Annihilation rate 

 

q  Their ratio is insensitive to coupling  
to visible matter and tells  
which process is more efficient. 

q  ratio =1 for zdc/z = 160 (f2 ~5x10-11) 

It easily reach 104~5 at zdc/z=1000. 
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Small and negligible? 

d

dt
nSM = K1(T )n

2
1 + �2n2

of the 4-body recombination rate at low temperature near a specific value of a was

used to discover the first such universal tetramer [75]. There is theoretical evidence

for universal bound clusters of 5, 6, and even more identical bosons with a large

scattering length [76].

4 Rate Coe�cients at Thermal Equilibrium
{sec:thermal}

In this section, we give expressions for the rate coe�cients for few-body reactions

for identical bosons with large scattering lengths in thermal equilibrium. We use

the concise language of atomic physics for the bosons and their bound clusters. We

consider a gas of atoms with number density n1 and dimers with number density n2 in

kinetic equilibrium at temperature T but not necessarily in chemical equilibrium. For

simplicity, we assume the gas is su�ciently dilute that the Bose-Einstein momentum

distributions of the atoms and dimers can be approximated by Maxwell-Boltzmann

distributions.

4.1 Inelastic atom-atom scattering

We assume the inelastic atom-atom scattering channels are highly inelastic and pro-

duce particles whose scattering cross sections with an atom are small compared to

the elastic atom-atom cross section. The particles produced by an inelastic reaction

can therefore be ignored, and the only e↵ect of the reaction is to decrease the number

of atoms by 2. In a homogeneous system, the rate at which the number density n1

of atoms decreases from inelastic atom-atom scattering is proportional to n
2
1:

d

dt
n1 = �2K1(T )n

2
1. (4.1) {eq:dn1/dt:K1}

[eb,dk] The rate coe�cient K1(T ) depends on the temperature and can be expressed

as a weighted integral over the inelastic cross section:

K1(T ) =
4

p
⇡m (kT )3/2

Z 1

0

dE E e
�E/kT

�inelastic(E). (4.2) {eq:K1T}

[eb,dk] Upon inserting the universal approximation to the inelastic cross section for

identical bosons in Eq. (2.3), we obtain an analytic result:

K1(T ) =

✓
32⇡ g(kT/E2)

E2

kT

◆
~ Im[a]

m
, (4.3) {eq:K1Tanalytic}

[dk] where the dimensionless function g(t) is 1�(⇡/t)1/2e1/t[1�erf(1/
p
t)]. The limit-

ing behavior ofK1(T ) is 16⇡ ~ Im[a]/m in the small-T limit and (32⇡E2/kT )~ Im[a]/m

in the large-T limit.
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E2 = 1.4⇥ 10�7 eV. The 4He dimer was first observed in 1993 using electron impact

ionization [46]. The universal low-energy behavior of particles with a large scattering

length is illustrated even more dramatically by experiments with ultracold trapped

atoms. The scattering length a of the atoms can be controlled and made arbitrarily

large by tuning the magnetic field to a Feshbach resonance [45]. Thus the binding

energy of the universal dimer can be controlled and made arbitrarily small.

If the atoms have inelastic scattering channels, the scattering length a is complex

with a negative imaginary part. If the only inelastic scattering channels are highly

inelastic, the inclusive inelastic cross section is also universal and determined by a.

The universal inelastic scattering cross section for identical bosons is

�inelastic(E) =
8⇡ Im[1/a]

(mE/~2)1/2
⇥
1/a2 +mE/~2

⇤ . (2.3) {eq:sigmain}

[eb,dk] We have assumed the imaginary part of 1/a is tiny compared to the real part

of 1/a, in which case the imaginary part can be ignored except in the numerator

where it appears as a multiplicative factor. lnelastic atom-atom scattering channels

are also decay channels for the dimer. The universal expression for the decay rate is

�2 =
4~ Im[1/a]

ma
. (2.4) {eq:Gamma2}

[eb,dk] The imaginary part of a should be ignored in the denominator. The energy

~�2 is twice the imaginary part of the complex binding energy given by Eq. (2.2)

with complex a. Note that the imaginary part of 1/a cancels in the ratio of the

inelastic cross section in Eq. (2.3) and the decay rate in Eq. (2.4).

2.2 Dark matter parameters
{sec:param}

The small-scale structure problems of the universe can be solved by self-interacting

dark matter that becomes strongly interacting at low energies [43, 47–49]. In Ref. [1],

Kaplinghat, Tulin, and Yu determined self-interaction reaction rates hv �elastici for

dark matter particles from astrophysical data on dwarf galaxies, low-surface-brightness

galaxies, and galaxy clusters [50–53]. Their data points are shown as a function of

the mean relative velocity hvi of the dark atoms in Figure 1. In the galaxies, hvi

ranges from about 20 km/s to about 200 km/s. The values of hv �elastici for the

galaxies only are roughly compatible with an energy-independent cross section with

�elastic/m = 2 cm2/g. In the galaxy clusters, hvi is about 2000 km/s. The values

of hv �elastici for the clusters only are compatible with an energy-independent cross

section with �elastic/m = 0.1 cm2/g. To fit the results for both the galaxies and the

clusters requires a cross section that increases dramatically with increasing velocity.

The results for hv �elastici versus hvi can be fit by a dark-photon model with three

parameters: the dark matter mass m�, the dark photon mass µ, and the coupling

– 6 –
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Mass dependence 

q  Relaxed constraint:                              a is known for given mass.  
q  The fraction scales like m-2.5 

q  Gray region violates Tdc >> E2. (initial condition n2=0 invalid) 
q  The fraction can be as large as 10-3 at mass 1 GeV 
q  40% fraction at 0.1 GeV requires huge rate 
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Figure 7. Dark-deuteron mass fraction f2(z = 0) at late times as a function of the dark

matter mass m� with the scattering length a determined by �elastic/m� = 2 cm2/g. The

curves are for 8 values of the 3-body parameter: a+/a = �n/8
0 with n = 0, 1, · · · , 7. The

vertical dotted line marks the mass m� = 19 GeV used in Figure 6. Masses in and close

to the shaded region [[T (zdc) > E2 ]] are excluded [[by demanding T (zdc) � E2]]. {fig:f2_mass}

temperature kT ⇡ m�/20 may not be below the energy scale E0 set by the range.

the dark matter temperature T decreases below the dark deuteron binding energy

1/(m�a
2) = 7.1 keV, and there is a dramatic increase in f2 by 3 or 4 orders of mag-

nitude. This feature is expected from the exponential suppression of the breakup

process in Eq. (4.6) and from the z
4 dependence at late times that is predicted by

Eq. (5.15). The dark-deuteron fraction plateaus at a value f2(0) that ranges from

4.6⇥ 10�8 to 5.0⇥ 10�7, depending on the 3-body parameter a+. The fraction f2(0)

has its minimum when the value of a+/a is just a few percent lower than 1 (or equiv-

alently �0 = 22.69) [[or �
1/2
0 = 4.76]], which are the values for which there is total

destructive interference in the 3-body recombination rate at zero temperature. It has

its maximum when the value of a+/a is just a few percent lower than [[�1/2
0 = 2.18

or �1/2
0 = 7.04 �

1/2
0 = 4.76]].

The results for f2(z) shown in Figure 6 were for the values m� = 19 GeV and a =

17 fm required to solve small-scale structure problems of the universe, as illustrated

in Figure 1. However there are also mechanisms involving baryonic physics that can

solve or at least ameliorate the small-scale structure problems. We first relax the

constraint on m� and a by ignoring the results for hv �elastici versus hvi from clusters

of galaxies. The results in Figure 1 from galaxies only are roughly compatible with

a cross section that at low velocities approaches �elastic/m = 2 cm2/g. This requires

– 25 –
110 cm2/g
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Kinetic decoupling 

q  Kinetic equilibrium between DM and ordinary matter can be 
maintained longer Tkdc < Tdc. 

q  The fraction decreases and scaling like (Tkdc /Tdc)-1.9 
q  Introducing Tkdc is essentially same as lowering Tdc. 
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Summary 

	
q  Self-interacting dark matter can solve the small-scale 

structure problem  

q  large scattering length system fits to self-
interacting rates: m= 19 GeV,  a=17 fm 

q  Production of bound state in early universe  
by 3-body recombination (bottleneck for large nuclei). 

q  f2~10-11 at high T >>E2 

q  f2 is enhanced by 103~4 and approaches10-7~-8 at 
low T << E2 

q  With relaxed constraint, the fraction can go up to 10-3 
at 1 GeV. 



Thank you! 

29 29 


