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Today’s main Question
Q. Why T = (e + p)utu” + pgh” + -+ 2

AHSWQI 1. Fluid Mechanics

Answer2. My talk
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Relativistic hydrodynamics
from quantum field theory?

& APPROACH:
QFT for initial local Gibbs distribution

@ rESWLTS:

Derivation of Navier-Stokes eq.
& anomaly-induced transports




Hydrodynamics is

» Effective theory for macroscopic dynamics
» Universal description, not depending on details

+ Only conserved quantity

Quark-Gluon Plasma Hydro: {5(x), v(x)} Neutron Star

& il R
T ~ 102K
VN ae f al -

http://www.bnl.aov/rhic/news2/news.asp?a=1403&t=pr




Motivation

Neutron Star (Magnetar)

Microscopic Macroscopic
- Quark-Gluon Plasma (OGP)

X
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http://www.bnl.gov/rhic/news2/news.asp?a=1403&t=pr

QFT 2

- Haehl et al. (2015)

- Question. - Harder et al. (2015)
- Crossley et al. (2015)

d.o.f. How to bridge the gap

Quark, Gluon between micro and macro?




How to construct hydrodynamics

Micro

. QET .
(QCD/QED]...)

Kinetic theory

Only app_licable Expansion around

to weak coupling Boltzmann eq. some distributions



How to construct hydrodynamics




Another motivation



Hydrodynamics is

» Effective theory for macroscopic dynamics
» Universal description, not depending on details

+ Only conserved quantity

Quark-Gluon Plasma Hydro: {5(x), v(x)} Neutron Star

& il R
T ~ 102K
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Hydrodynamics is

» Effective theory for macroscopic dynamics

» Universal description, not depending on details

Quark-Gluon Plasma Hydro: {5(x), v(x)} Neutron Star
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Symmetry breaking & Hydro

¢ Spontaneous symmetry breaking

Micro - Selecting vacuum Macro : Superfluid

¢ Symmetry breaking by quantum anomaly

Micro : m° decay Macro : Anomalous transport

~

[Adller (1969), Bell-Jackiw (1969)] [Erdmenger et al. (2008), Son-Surowka (2009)]



Anomaly-induced transport

o . [Fukushima et al.(2008), Vilenkin (1980)]
¢ Chiral Magnetic Effect (CME) ’

EML5 B
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[Erdmenger et al. (2008), Son-Surowka (2009)]

¢ Chiral Vortical Effect (CVE)




Motivation: How to construct hydro?
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Motivation: How to construct hydro?

Nakajima (1957), Mori (1958), McLennan (1960)
Zubarev et al. (1979), Becattini et al. (2015)
Hayata-Hidaka-MH-Noumi (2015)

Micro Macro

Local Thermal equil.
+ Small deviation

Also applicable to I

strong coupling
Physical Properties
EOS, Kubo formula, ...

QFT

QCD/QED/ ) Hydro

Origin of Chiral transport?




More on
“What is hydro?”



Hydrodynamic equation?




Hydrodynamic equation?

— Conservation laws

Vi{I"(2)) =0, Vu(J*(x)) =0




Simple case: Diffusion equation

— Conservation law

372, - =

— Constitutive relation
— —

j=-DV

— Physical properties

Value of diffusion constant )

on
ot

DV*n =0



Hydrodynamic equation?

— Conservation laws

Vi{I"(2)) =0, Vu(J*(x)) =0

—3 \/ Constitutive relations

Avg. of current op. is determined by charge density!
(T () = THT, J°) = TH[8", 1]
(Ji(x)) = JHT, IO = JH(B", v

— %/ Physical properties
Equation of State (static): P = p[T%, J°1 = p[B”, V]
Trasport coeft. (dynamic): L; = L, [TOV, J O] = L;|6", V]
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& APPROACH:
QFT for initial local Gibbs distribution

@ rESWLTS:

Derivation of Navier-Stokes eq.
& anomaly-induced transports




Non-equilibrium
tatistical Mechanics in a Nutshell

(4 pages)



How to treat dissipation?

Ex. Relaxation by shear viscosity

Friction-like phenomena between velocity gradient

From the 2nd law Entropy_’

How the 2nd law is derived for equilibrium?




2nd law: Kelvin’s principle

5 7.2
 H(I) = Q;n -V (7T, T YY)

Consider a operation s.t.

v(t): v(0)=v(r)
NN~

Vo 74}

When the system evolvesas 1" — ['; with the Hamilton EoM,
work definedby W(I') = H,,(I'y) — H,, (I')
satisfies (W (I')) > 0 for equilibrium state T




Derivation of Kelvin’s principle

For equilibrium state I" (W (I')) > 0 is satisfied

R

For canonical ensamble > I’

1
/ Al — e PHvo MW/ (1) > 0

A4
Proof.
! / dle BW L) o =BH .y, (I) L / JTe—B(Huy (D)= Hoo (T)) ;= BHug (T)
Zﬁ’yo ZB,VO

1 dl’; A
— dr v —BHV (Ft) — Bayl _
/ “ar|© Zows |




Supplement: Jarzynski equality

Recalling Z5, = e PEBY) Jeads to

[Jarzynski, 1997]

(e PW )Y — o=AF(Bv1)=F(Bv0))

Proof.
! / dle BW L) o =BH .y, (I) L / JTe—B(Huy (D)= Hoo (T)) ;= BHug (T)
Zﬁ’yo ZB,VO

N : /dft & e_BH'/l(Ft) — Zﬁ’m
ZﬁaVO dr Zﬁﬂ/o




Lesson from simple exercise

Prepare an appropriate initial ensamble
which describes local thermodynamics




Setup



Local thermal equilibrium

Determined only by local temperature, local velocity... at that time



How to describe local thermal equil.

Global thermal equilibrium:

Gibbs distribution:

A

PG = e_ﬁﬁ_qj[ﬁ], U[3] = log Tre P

Localize

Local thermal equilibrium:

Local Gibbs (LG) distribution:

bre = e~ K-VIB (@).w()]

K = —/d3$ (ﬁ“(w)fou(a:‘) + V(w)jo(az))




What is Local Gibbs distribution?

Gibbs distribution

What is the state with maximizing
information entropy: S(p) = —Trplogp

~ under constraints: - ----ccccecaaaaaa- :

AN A

(H) = E = const., (N) = N = const.

Lagrange multipliers: A = {5, v = Bu}

—Local Gibbs distribution —

What is the state with maximizing
information entropy: S(p) = —Trplog p
~ under constraints: - -c---ccccceccacaaa- :

(19,(2)) = pu(x), (J°(x)) = n(z)

Answer:

b = e J AT e (BT IO w8 ]

Lagrange multipliers: \*(z) = {8"(z),v(x)}




Introducing background metric

Flat spacetime

t = const.

K = —/dga: (5“(33)5?%(@ + V(:c)jo(m))

Curved spacetime

— Ex. Bjorken coord. -

U A Y.

9w t \/
F=r=t2—22

d¥, < d,t >,

- {

(D Formulation becomes manifestly covariant

(2) Background metric plays a role as external field coupled to TV




Dissipative part



Difficulty of problem

[Sasa PRL (2014), Hayata, Hidaka, MH, Noumi PRD (2015)]

Initial density operator: pA(to) = prclto; A| = exp [—S to; A]}

A

Taking Heisenberg picture: <(’> (x)) = Trp(tg)O(x)

LG dist. with 8" (z)

=) Naive perturbation breaks down due to time evolution!!



Renormalized/optimized perturbation

When we cannot solve problem exactly

& naive perturbation

' Choosing an appropriate
& reorganizing perturbation often works!!

— Renormalized/optimized perturbation

In the case of hydrodynamics,
an appropriate 1S

thermal equilibrium!!




RPT/OPT for Time evolution

p(fo) = pralfo; A = exp | —Slfo; Al

= exp | =S{H A+ (S A = Slto; A))
\ { ) R/_J} | "X

LG dist. with  A(?) [t to] : Deviation from LG

(“Ground state”) (“Perturbation”)

1
~ B VO b, Uliio) = Trexp ([ arSife ol
0

(O(x)) = (UO(2))°




Condition to determine parameters

<(’>((L‘)> = <ﬁ@(£€)>|%(} <Parameter ?

— Fastest Apparent Convergence (FAC)

Corrections for conserved charges should be minimized!

A

(UsT%(2)f% =0 & (T%) = (T ()¢

= Determine new parameters g"(z), v(x) on Xz

=) Avg.of current is calculable !! (in principle)



Entropy production and 2nd law

— Entropy production operator

St to] = S[t; A] — Slto; Al (60 = O — (0)E%)

_ /t 4o {(Vuﬁ’/)&iwy + (vuV)de}

- Quantum fluctuation theorem & 2nd law of thermodynamics
(S[t,10]) >0 & (S[,A]) — (S[to, A]) > 0

- Y} is proportional to derivatives: (O(z)) = (UO(z))FC

I dr3 . [t,to] »

“Expansionof U = T ¢ = Derivative expansion



Dissipative derivative expansion

(T (x)) = (UT" ()¢

= (T"" ()7 + /01 dr (T, [T, to] TH () EC |+ - -




Constitutive relation & Kubo formula

Constitutive relations

<5TMV(ZI?)>(O,1) — _%h,uvhpavpﬁa QZh’uphygv(chﬂ
A K 2
OJ*(2))(0,1) = —Eh“ Vv (h*"n, = 0)

Kubo formulae

t 1 R .
Czﬁ(x)/_ d4x’/0 dT(@KTSﬁ(x’)e_KTSﬁ(x»%G

s 6(1‘) ' 4 1 ' Krirpvi 1\, . —K715aspo L
= [+ D=2 /_Ooda:/O dr(e™Tont (z")e O (x)>tGhup(x)hm(x)

K =

6($) ' 4 1 ' KT57 N —KT5% v LG
T d*x dr{e”"0J"(x")e” " T0J" ()7 huw(x)
_ — 00 0
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Non-dissipative part



Non-dissipative part

(T () = (UT (2));°

(TH () EC 1t /O | A (T, S, [E, T T (2)) 2G|+ - -

=[(J#(2)) |+ /01 dr (T, 5, [, £o) J* () YO + - -




(Local) Thermodynamic Potential

= log Ir exp

LG distributionw/ A = {8* v}

Ult; A] = log Trexp




Variation formula for local equil.

[Banerjee et al. (2012), Jensen et al. (2012), Haehl et al. (2015), MH (2017)]

— Variation formula in “hydrostatic gauge”

Y (2 \BG 2 0 - TH () \BG —
<T ( )>t \/Tg5gw(m)qj[t’)\]’ <J ( )>t \/TQ5AM($)

1 _
0 Uit; Al




(Local) Thermodynamic Potential

= log Ir exp

LG distributionw/ A = {8* v}

Ult; A] = log Trexp




Hydrostatic gauge fixing

Picture before gauge fixing Picture in hydrostatic gauge

Future time
direction

We can choose the time direction vector t"(z) = Oz

—Hydrostatic gauge fixing

Let us choose t"(x) = " (x)/Bo, Ag(z) = v(x)




Variation formula for local equil.

[Banerjee et al. (2012), Jensen et al. (2012), Haehl et al. (2015), MH (2017)]

— Variation formula in “hydrostatic gauge”
2 5 — -~ LG 1 5 —

(@) = =gy VAL (T (@) = o= s VIR

— Proof. Consider time derivative of VPN ]

OpU[E; ] = / A1z /—g (V ( WBATH ) S + (Vv + FVMB”)<f”>z)
N / ™2y ~g GWMBV + VB ()i + (B"V Ay + AV ) (J M>t>

= [ @ tav=g (G Lagu TR + £,

On the other hand, since t* = g* , we can express the LHS as

_ ow o
orVU[t; A| = /dd 17 <£ Gy —— ‘|‘°€5Au—>
0A,

09

Matching them gives the above variation formulal ]



Q. How can we calculate WV = log Z ?



Thermal QFT in a Nutshell

—— Thermal QFT (Matsubara formalism) —

Global equil- Bo [ Matsubara, 1955 |
QFT in the
[’ = const. Path int. dT BOE flat spacetime
; with size [
XL
e PN )i
Gibbs dist.: pg = G =€ a

—— Thermodynamic potential with Euclidean action

(B, v] = log Tre P =#N) zlog/CM iplePH=1N) )

zlog/ Dpe +Sele , / dT/d3$£E P, Opp)
p(B)==E¢(0)




QFT for local thermal equilibrium?

Local equil. {8(z), o(z)} Local Thermal QFT

‘‘‘‘‘‘

______

--------

-----
- .
o= s._‘_—

‘‘‘‘‘‘

L d
»

- -
™

S

Chiral Magnetic Effect Chiral Vortical Effect



Case study 1: Scalar field
g
2

-

[ —

Oy — V()

2 0S5 N A
= 0"90" ¢ + g"" L(¢, 0, 0)

I
vV — 9 5g,u1/

Ult; ] = log Trexp -—/dd_lfﬁﬁ“(x)fou(m)-
~ log / Dé exp (S, B]) = log / Dé exp (S5, 3)

6—20 —0

Sle, B"] = /OBO dT/d3£¢fgeau0 {— ()2 — —=

0q/= 0,,~
2uug uug

w0~ 5 (474 e

uU-"up

u’L

> 0;00;0 — V()

_ /OBO dT/d3£\/j§ [—% p P05 — V((b)] (7™ = B(z)/Bo)



\ in terms of thermal metric

W[E; A = log / Dé exp (S5, 3)

Thermal metric , Inverse thermal metric
I —20 —0,,j
e e “u
s —e? e’ uz\ — =
v = o ) T ulug uOug
e Ui Vi 9 = —0,)i i
€ U 7 u U
olx) — — : A fy ' N
(7™ = B(z)/ o) g udug udug

— o Interpretation of above result
WUlt; A] is described by QFT in "curved spacetime” s. t.

15 = —e2 (df + ayda’)? + yL-dada

(CL; — e_aug, ’7%5 — Yij + Uz U5, df — —idT)




Case study 2: Dirac field

L= (1ef By~ Due) v — i

Symmetric energy-momentum tensor

T% = 2L — 20" By + 75 BF — Do — D)o

— & Result of path integral

Ult; A] = log Trexp /dZtV (5”(93)TVM

(z) + v(x)J" ()

_ log/DlﬂDw exp (SEWa?ESéD

)




\ in terms of thermal vielbein

W[t A] = log / DYDY exp (Sgv, ¥; é])

— & Euclidean action with thermal vielbein
Bo ~ _
pl.did = | dr [ d'a { “B—Ewé“)w—mw}

o, Q ~ a a

Thermal vielbein - 60 —e u, ¢ —=¢€; (60 = 5(37)/50)

— & Interpretation of above result

WU(t; A] is described by QFT in "curved spacetime” s. t.
ds? = & napdat da” = —e* (df + azda’)? + ~f-da’ da?

(Clg =e u;, ’7;5 — ’7{5 -+ UZU5, dg . —ZdT)




Local Thermal QFT

—— Thermal QFT (Matsubara formalism) —

Global equll. 50 [ Matsubara, 1955 ]
QFT in the
' = const. Path int. dT 50 flat spacetime
: with size [
>
X
, , Local Thermal QFT
Local eqUIlo {6 (CE‘ )7 ”U(CE‘)} [ Hayata-Hidaka-MH-Noumi PRD(2015) ]
. . [ MH (2017) |
QFT in the

B “curved spacetime”
] Path int.

with “line element”

ds* = ds5*(B, )




Two ways to construct ¥V = log Z

-1. Use diffeo & gauge 1nvar1ance

{ - W js expressed by {G,., A, } '
- W is diffeo & gauge invariant!
» W is expressed in terms of [ = 7{ ds, Bu= ¢ A, R, ﬁ’

-2. Use symmetry from imaginary-time nature! -

{ - W is spatial diffeomorphism invariant

- W is Kaluza-Klein gauge invariant!

» U = log Z should respect these two symmetries!!

[cf. Hydrostatic partition function method Banerjee et al.(2012), Jensen et al.(2012)]




Two ways to construct ¥V = log Z

-2. Use symmetry from imaginary-time nature! -

{ - W is spatial diffeomorphism invariant

- W is Kaluza-Klein gauge invariant!

» U = log Z should respect these two symmetries!!

[cf. Hydrostatic partition function method Banerjee et al.(2012), Jensen et al.(2012)]




Kaluza-Klein gauge symmetry

~

ds* = —e*? (dt + agdxz)Q + v%dxgdat; (dt = —udT)

. Parameters )\ don’t depend on
. imaginary time 7.

én (")

“Kaluza-Klein” gauge tr.

{f%erx(az)

r — &

a;(x) — a;(z) — Oix ()




Short Summary: Local Thermal QFT

Local Thermal QFT

[ Hayata-Hidaka-MH-Noumi PRD(2015) |
[ MH Ann. Phys. (2017) |

QFT in the
“curved spacetime”
with “line element”
>
X

Local equil. {5(z), v(x)}

ds* = d5* (B, V)

Ult; A] = log Trexp /dZt,, (B“(a:)T”u(a:) + V(at)J”(a;))

. A 2 0
(D W|A| plays a role as the generating functional: (7" Y(x))" = =3 09 (@) WAl

OR'Y% )\ is written in terms of QFT in curved spacetime
dS o U(dt —|— agdxl) —|— ’Y;;dﬂ?zdajj
Symmetry = Spatial difteomorphism + Kaluza-Klein gauge
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Double derivative expansion

(1) Dissipative derivative expansion
prc(to) = pra(t) (1+0(0) + O(9%) + - - )

# Dissipative correction (viscosity etc.)

(2) Non-dissipative derivative expansion

\:[/[5:“7 y] — \IJ(O) [6#7 V] 4+ \P(l)[ﬁM, v, 8] 4 0(62) 4.



Derivative expansion of {

(2) Derivative expansion of

vs", v]

~ [Op

Symmetry property

Non-dissipative constitutive relation

0% LG __ 2 0 T\ = THY )\ (1
TH LG _ 2 0 T _ Tk 7

i\IJ(O) B, y]}—l{\IJ(l)[ﬁu, v, Q]J—I— Od?) + - -

— (0 Parity-even system




Parity-even case




Recipe for Masseiu-Planck fcn.

—— Masseiu-Planck functional

= log / D¢e

[ Banerjee et al.(2012), Jensen et al.(2012) |

TN+ TDIN, 8] + 063
or’) O

- Building blocks < A = {e“,
- Symmetry « Spatial diffeo,
A; ¢ not Kaluza-Klein inwv.

- Power counting scheme -
fﬁ:({}a——aa——

a;, W, Az}

Kaluza-Klein, Gauge

wmp A; = A; — pa;

A= 0(p")

*ff(’)




P© : Order O(p°)

—— Masseiu-Planck functional

log/D¢e = W[\
O(p”)

- Building blocks : A\ = {¢?, a&F, u, A5}

Bo
VACUPY :/0 dT/deWeap(ﬁ,u)

— Pertfect fluid

=) (T (2))¥C = (e + p)utu” + pnt

(J4(@)EC = nu




Derivation of Navier-Stokes eq.

— Conservation laws

Vu{T"(2)) =0, V. (J*(z)) =0

—* Constitutive relations (1st order)
LY % % C V1 po %
(TH (z)) = (e + p)ut'u” 4+ pg"” — Zh*"hPV , B, — QQV“‘ﬁ )

B B
(JH(x)) = nu* — gh‘wvyu

— Y Physical properties

Static properties: V[A] =log / Dp;e®rleidl = / A>T/~ Bp(B, 1)

; o -
Dynamic properties: ¢ = () / d*z’ / dr (" Top(a")e™ Top(x))§" o
— 00 0 .




Parity-odd case

UR 7# UL




Anomaly-induced transport

o . [Fukushima et al.(2008), Vilenkin (1980)]
¢ Chiral Magnetic Effect (CME) ’

EML5 B

]:27'('2

[Erdmenger et al. (2008), Son-Surowka (2009)]

¢ Chiral Vortical Effect (CVE)




Double derivative expansion

(1) Dissipative derivative expansion
prc(to) = pra(t) (1+0(0) + O(9%) + - - )

# Dissipative correction (viscosity etc.)

(2) Non-dissipative derivative expansion

\:[/[5:“7 y] — \IJ(O) [6#7 V] 4+ \P(l)[ﬁM, v, 8] 4 0(62) 4.



Derivative expansion of {

(2) Derivative expansion of

\:[/[5:“7 y] :(\IJ(O) [6#7 V]]—l— \P(l)[ﬁM, v, 8] i 0(62) 1.

~ Bp = (0 Parity-even system
Symmetry property

Non-dissipative constitutive relation

iy () \LG 2 0
<T ( )>t \/—795guy(513)

Jh () \ LG — % 0
MVE YW E)

=

U[t; A = Loy [M@)] H T7 A=), VA@)]+ - -

UG A = Jio [M@)] 4 Tf (@), VA@)] - -



Recipe for Massieu-Planck fcn.
— Weyl fermion : £ = %5* (en‘jamﬁﬂ — %Ma e ) & —

W[\ = log / DetDeeSEE A = GO 4 T[N 9] + 0(6?)
O@p’) O

- Building blocks : A = {€°, a;, ur, A;}
- Symmetry « Spatial diffeo, Kaluza-Klein, Gauge
A; ¢ not Kaluza-Klein inv. » A; = A; — pra;

- Power counting scheme : )\ = O(p°)

f@:({}a——aa—— * ff= (’)



P© : Order O(p°)
— Weyl fermion : £ = %S‘L (6#0”13“ — %uﬁm%’f) § —

W = log [ DEIDESES A= WO
O(p°)

- Building blocks : A = {€%, a3, pg, A;}

Bo
TO[\] = / ir / P2/ e p(B i)
0
— Perfect fluid
(TH (2))EC = (e + p)uru” + pnt”

(J(2));® = npu”

—




Y® : Order O(p)
— Weyl fermion : £ = %{f (a,#amﬁu - %uUme#f) § —

U =log [ DeDeesiosAd= 11w
O(p")

- Building blocks : A = {¢7, a;, pr, A;}

/dSEWCl(ﬁ,uR EEA‘@ *Ak » s

(:j
/ BV Co(B, pr)e7* A;050; walhp lm’




Anomalous transport coeflicients

(D Non-perturbative way (WZ consistency condition ...)

[ Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015) ]

— (2 Perturbative evaluation of { in external field

P+Q
2 A
oW A Ayg —igmev Q) HE
5AILL5AV Q @ '0471'2
P

24




Derivation of CME/CVE

| v ", T .
\If(l)[)\] — /d3x€0zgkz S—RQAZC%A]{ - ( g:QR | 24) Aif)’jg()k

A ) N I T S SR
»<J()>(Ol)_\/7514() 47TB_|_(87T2| 24>w

>4 K5 i, HH5
@)y = 25 B+ Lo
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& APPROACH:

QFT for initial local Gibbs distribution ‘ﬁ“"
T

(D Renormalized/optimized perturbation for dissipative part

(2) Path-integral formula for non-dissipative part
W[\ €= QFTin d5° = —e7(dt + a;dx")” + 7;’.3 dz'dz’
Symmetry = Spatial diffteomorphism + Kaluza-Klein gauge

@ rESWLTS:

-2 & =
Derivation of Navier-Stokes eq. ‘\N\Q\A/\z =p T = %B

& anomaly-induced transports




Outlook

) DISSTIPAT ION AMD FLUCTUAT I0ON:

How to implement dissipation and fluctuation based on QFT?

- Zubarev et al. (1979) - Haehl, Loganayagam, Rangamani (2015-)
- Becattini et al. (2015) - Harder, Kovtun, Ritz (2015)
- Hayata, Hidaka, MH, Noumi (2015) - Crossley, Giorioso, Liu (2015-)

- Jensen et al. (2017-)

:?: MON-DISSTPAT IVE TRANSPORT

Evaluation of Masseiu-Planck fcn. in several situations

s.t. in the presence of magnetic field/vorticity ...

- Hattori, Yin(2016) - Becattinil et al. (2015)

SUPERFLUID / MAGMET O-HYDRODYNAMICS

Extension to cases with other zero modes

s.t. Nambu-Goldstone-mode, Photon

- Grozdanov et al. (2017)




