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1. Basics of Open Quantum System
2. Application to Quarkonium in QGP
3. Quantum State Diffusion Simulation for a Heavy Quark

What do we learn from heavy-ion data?
Can we understand the data in terms of in-medium QCD forces at high T?
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Basics of Open Quantum System
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Open quantum systems

@it | = O~

1. Total system consists of system (S) and environment (E)

Hit = Hs @ HE
2. Hamiltonian
Ho=Hs®1+1@Hp+H;, Hi=Y H®oH®

3. Reduced density matrix & Master equation

.d . d
pPs (t) = TrEptot(t), Z%ptot = [Htot, ptot] — laps =?

Markovian limit

4. Theoretical methods

> Influence functional — path integral representation for the master equation
> Schwinger-Dyson equation — time evolution equation for the density matrix



Time scale hierarchies

Three basic time scales \

» Environment correlation time 75
> System intrinsic time scale 75

» System relaxation time 7

T>T
Time scale hierarchies
> Quantum Brownian motion
TE K TR , TE < Ts  — good description in phase space
—— ——
Markov approx. derivative expansion
> Quantum optical system
TE K TR , T7¢ K TR~ — good description in eigenbasis
N—_—— ——

Markov approx. rotating wave approx.

It is very important to estimate the relevant time scales
We adopt QBM-type approximation scheme to study quarkonium



Time scales of a quarkonium quantum Brownian motion in QGP

» Environment (QGP) correlation time 7z
1. Time scales of QGP

Particle collision intervals soft ~ 1/¢2T, hard ~ 1/¢*T
Field correlation times electric ~ 1/gT, magnetic ~ 1/g*TIn(1/g)

2. Heavy quarks mostly couple to electric field

TR~ —
E o

» System (Quarkonium) intrinsic time scale 75
Orbital period = inverse energy gap = formation time

1 1
AE Ma?
——

Coulomb bound states

TS ~ 3 ~ OO

above threshold

» System relaxation time 7r
Kinetic equilibration / color relxation (for a single HQ / longer for a quarkonium)

Tkin M 1 color 1
R ~ — ) TR ~ —

T g*Tn(1/g) 9°T
=Time scale hierarchy for quarkonium quantum Brownian motion

m< T TE<Ts g <1, ¢l <« X « 10
E R, TE s —g 9 9 T a2 g3

color kinetic potential

Scale hierarchy satisfied/challenged at weak/strong coupling



Open quantum system by path integral

1. Path integral

z,y,X,Y

prot(t, z,y, X,Y) :/dacodyodXodYo/ Dlz,9,X,Y]

% ptot(07 Zo, Yo, Xo, YO) eistot[iaj(]—istot[@?]

factorizable pg(0) ® p‘j,:q7

2. Influence functional Sig [Feynman-Vernon (63)]

ps(tag) = [ dXAYS(X ~Y) pia(tip. X, V)

trace out EZ = path closed at ¢

0:Y0

Influence functional contains all the information of the open system

T,y e e e e e =
/dxodyops(o,mo,yo)/ D[i’g]elss[1]*135[y]+23u:[17y]



Coarse graining for quantum Brownian motion

1. Influence functional up to quadratic order

. 1 ¢ G11 —G12 x
1Sz, y] = — 7/ dtrdta(z,y) () (
2 Jo Y A=Gn Gz (t1,t2) Y (t2)

correlation function of E

2. Choice of time after coarse graining
t7 = max(t1,t2), §=|t1 — ta]

3. Derivative expansion in s when 75 > 75

iSie[z, y] =2ymT /Ot dt” (z,y) (‘11 _11) (z)

momentum diffusion (fluctuation)

+i’ym/0t dt” (z, ) <_11 _11> (i) 4o

drag force (dissipation)

Influence functional is single time integral after coarse graining



Caldeira-Leggett master equation

1. From path integral to differential equation
z,y . . R .
ps(tsa,) = [ deodyops(0.a0,0) [ Dfa,gletSslei St isie
Z0,Y0
.0
=iz ps(tay) = H(z)ps(t,z,y) — H(y)ps(t,z,y)
— iy [2mT (@ = 1)’ + (@ = 1)(0: = 8,)] ps(t,2,)

fluctuation dissipation

> Equivalent to Fokker-Planck equation through Wigner transform

2. Ehrenfest equations

G0 =20, Gt = a0 (1) - )

Quantum mechanical description for Brownian motion



Caldeira-Leggett master equation is NOT Lindblad

1. Positivity of the density matrix
V]e) = (alps|a) = 0

2. Any Markovian positive map is written by the Lindblad equation [Lindblad (76)]

N

d . 1 1

aﬂs(t) = —i[H, ps] + g Vi (LipSLI - QLILz‘PS - §PSL3L1>
i=1

3. Lindblad form is obtained when higher order expansion is included [piosi (93)]

SiE = Stuct + Sdiss + S(2)
—~ ~
X TT X T x &@

Caldeira-Leggett

If L ~z+d, then L'L 3 &%

Lindblad equation is not a must, but theoretically more complete
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Application to Quarkonium in QGP
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Influence functional for heavy quarks

1.

2.

3.

4.

Heavy quarks in the non relativistic limit
Lr=—gA§ [Q"°Q+ Qe QL] = —g A5 "

Influence functional: —gAgp® is a source term for QGP

ciSiEle /D[A qlpger[4, 4] exp[ /

zcCTP

{Lacr (4, q) — gASp“}]

Perturbative expansion in terms of gluon correlators in QGP
> Choose ¢~ = max(t1,t2) as a single time variable in Si¢

GF —G< a
iSF=—g / / P1» P2 (t,x) />0 |: _G> GF’ :| ( Zé )( :
t—s,y

Derivative expansion based on hierarchy of time scales between G and p
> Expand in s

(s,z—y)

S|F = Spot + Sﬂuct + Sdiss + S(Z) + -
< pp X PP o pp



More on influence functional for heavy quarks

1. Gluon correlators at low frequencies

V(r) = *Grlw=0,r), D(r)=gT-L o(w=0,r)
oW —_—_—

spectral function

2. Using the ra-basis: p, = (p1 + p2)/2, pa = p1 — p2
> potenital

Spr= [ [ Vie=wpa(@rnw)
tJaxy
> fluctuation
i .
Stuct = — // D(z — y)pa(z)pa(y) & Sﬂc;ft = 2iymTa2
2 tJxey
> dissipation

1 . .
Sue = — / / D(@ — y)pa(@)ir(y) & SEE = —2ymaas,
2T tJxy

i D(x —y) . .
S~ /t/my 7(8T2 Y pu(z)a(v)

Fluctuation-dissipation theorem in QGP sector relates Shyct and Saiss

> 2nd order
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Master equation from influence functional

THIS IS THE MOST DIRTY PART
1. From path integral to functional differential equation
> Analogous to “Schrodinger equation from path integral”

inn

. . 1,2 . . .
pslt. Q1. QF) = [ dQi% psl0.Q1, Q) [ " D[y aferSsINSsl@aI e 122
N———— N——————— J ini

init
QTS

“wave function” at t initial “wave function”
0
— Eps [t7 Q17 QQ] = ‘C[Qla QQ],DS [t7 Q1> QQ]
2. From functional density matrix to density matrix
(i) Recall that the basis of the functional space is the coherent state
Q) ~ e~ Jo Q@)Q"(2) |0
(i) Introduce a heavy quark by functional differentiation
)
6Q1 () 5Q2(y)

There must be several ways to derive the master equation from Sie

pq(t,x,y) ~ ———pslt, Q1,Q2]lg=0



Lindblad equation for a quarkonium in QGP

dthQ (t) [H pQQ] + Z (LkaQL 2L LkaQ QpQQLkLk>

+ heavy antiquark

Li = /D{R)e’/? [1+ ik -V, ]eikm/z

AMT
——

Az ~ k/MT

v

Scattering Qg — Qg with momentum transfer k with rate D(k)

v

Momentum transfer without recoil = stochastic potential (no dissipation)

L = /D(k)e™™ + heavy antiquark
—_————

Apg =k

v

Quantum dissipation from heavy quark recoil during a collision

v

Coefficient 1/4MT fixed by fluctuation-dissipation theorem for QGP correlators



Quantum State Diffusion Simulation for a Heavy Quark
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Quantum State Diffusion simulation for Lindblad equation

1. Lindblad equation

N
d _ 1 1
SPs(®) = —ilH, ps] + > i (LmsLI — 5 LiLips — ipsLILi)

i=1

2. Stochastic unravelling
> Equivalent to a nonlinear stochastic Schrédinger equation [Gisin-Percival (92)]

BOUBO] _y, [100)(60)
ps(t) NWNZ ||¢z { EOIE ]
H,—/

=1

@(t) unnormalized

|dg) = —iHp(t))dt + Z( 2(LL)oLn ~LhLn ) [B()dt + > Lalé(t))dén,
nonllnear in ¢ "
(d&ndEr,) = 28pmdt
——

complex noise

Apply this technique to heavy quark Lindblad equation
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Nonlinear stochastic Schrodinger equation for a heavy quark

> Nonlinear stochastic Schrédnger equation

do(z,t) = ¢(x, t + dt) — ¢(x,t)
~ (2% - 1p(0 >) o(x)dt + dE(2)(z)
dt

T le@IE /d yD(z = y)¢™ (y)(y)d(x) + O(T/M)

> Correlation of complex noise field

(d§(z)d€™ (y)) = D(x —y)dt, (d€(x)dE(y)) = (d™ (x)d€™ (y)) =

» Density matrix for a heavy quark

pa(@,y,t) =M [W}

eI

What is the equilibrium solution of the Lindblad equation?
How does a heavy quark approach equilibrium?
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QSD simulation for a single heavy quark in an external potential

Numerical setups

o 1 2.2 o
‘/ext(m) - 07 2Mw x bl m
D(z) = vexp [—mQ/l?m}
Ax At N T 5y Leorr w «@ Te
1/M 01M(Az)® 128,127 | 0.1M T/m 1/T | 0.04M 03 1/M
1 10 128
Ax = — corr = - N Az = —
T =97 <l N < T i

Do the density matrix approach o exp(—H/T)?
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Solitonic wave function in one sampling

0.1

0.08

0.06

w12Mm

0.04

0.02

Wave function is localized because of the nonlinear evolution equation
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Equilibration of a heavy quark: Vo =0

Time evolution of momentum distribution
> Relaxation time of corresponding classical system M Trejax ~ 300

100

0.01

0.0001

M*N(p.t)

1e-06

M*t=1240

1e-08 620
248 +——x—1
1e-10 | 124 —8—
62 —=—i
Boltzmann ======-
1e-12 L L L
0 0.5 1 1.5 2

p/M

Equilibrium momentum distribution is the Boltzmann distribution!
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Equilibration of a heavy quark: Vext = Vio/coulomb

Time evolution of eigenstate occupation (lowest 3 levels)

» Harmonic

No(t)

N (t)

Na(t)

" Harmonic: &/M=0.04, Ny (0)=1

1(0)=1 s
N2(0)=1 —x—

| | | | | | |
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; T T T T T T ]
08 ,
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M*t

No(t)

No(t)

potential (left), regularized Coulomb potential (right)

Eigenstate occupation relaxes to a static state
Relaxation time depends on the initial state and rate equation is inapplicable

régularized (foulomb: a¥0.3, N0(0)=‘1 ——
N{(0)=1 +——
Np(0)=1 s
0 1000 2000 3000 4000 5000
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Equilibrium distribution of a heavy quark: Ve = Vho/cCoulomb

Equilibrium distribution of eigenstates (lowest 10 levels)
» Harmonic potential (top), regularized Coulomb potential (bottom)

1 T T T T T T
Harmonic: No(b)=1, ®/M=0.09 +——1
o4 I w/M=0.04 1
-1 o /M=0.01
~~~~~ N 0.05*exp(-E/T) -------
g L ]
z T
000t f T ]
L TaM=0095 —— Wl ]
0.0001 oo ——
0104 —— e
16-05 h L L L L L Tee
. 01 02 03 04 05 06 07 08 09
"regularized Coulomb: Ng(0)=1, a=0.2 ——
a=0.3
a=0.4
~~~~~ 0.02*exp(-E/T) ==-----
A R
oot T
TWM=01007 —— Tl
01004 —— e
00966 —— o me]
0.01 . . . . .
025 -02 015 01 -0.05 0 0.05
E/M

We also checked that off-diagonal part is O within statistical fluctuation

Eigenstate distribution in the external potential is also the Boltzmann distribution
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QSD simulation without quantum dissipation (= stochastic potential)

Heavy quark is overheated because energy increases without dissipation
> Neglect O(T'/M) terms in the nonlinear stochastic Schrédinger equation

03 Ny(0)=1, Free: w/o diss., Ny(t) '
=1, Free: N ——i
025 | 0 Ng(t) M
02+ \ Ny (t) —e—
= ol t wi diss., No(t) - |
z y \
(R R
100 oos | = 5ena - )
; o . . : ; i ;
0 200 400 600 800 1000 1200
0.01 1 " Harmonic: w/M=0.04, wio diss., N(t) —— |
NS(D) e
= 0.8 -\ Np(t) s
z& 0.0001 g_ 06 | &, - w/ diss., Ng(t) =--=--+ |
B -
= 16-06 04 | E"E‘EE-E-E-ELE—EE—ELE—Eﬂ—nﬂ-spﬂ—ﬁ
02| i
16-08 0 L L L L T I

0 200 400 600 800 1000 1200 1400
regulariied Coulomb: a=0.3, wlo diss., No(b ——

1e-10

0.8 Na(t) s
1e-12 o Y w/ diss., Ng(t) ege-s
= .

0.4 i

0.2

0 == Dt "
0 1000 2000 3000 4000 5000
Mt

Dissipation is more important for smaller bound state because decoherence is ineffective
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Summary and outlook

Quantum State Diffusion simulation for Lindblad equation

» Equivalent to nonlinear stochastic Schrodinger equation (integro-differential
equation)

» Numerically confirm the equilibration of a heavy quark — Can be shown analytically?

Possible application
» Quarkonium evolution in heavy-ion collisions [akamatsu et al, in progress]
» Dark matter bound state in early universe? [kim-Laine (17)]

» Cold atomic gases? [Braaten-Hammer-Lepage (16)]
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Explicit form of gluon correlators in HTL approximation

e~ mDT

GR(W = O,T’) =

47Tr ’

ik
mm3e’
O'abOO F) / 27T3kk2+m )

22
m%:gT <N +Nf>

3
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Example 1 — Quantum optical master equation

sl e

> A two-level atom in a photon gas

.d 1 1
i—pa =7 (N(wo) +1) |0-pacy — S040-pa— Spacio-
dt Nah g A 2 2

emission

1 1
+7 N(wo) |04pac— — 50-04pa — Spac—oy
—— 2 2

absorption
» Approximations

poe(t) = pa(t) ® py, T8 KTR=1/7, Ta=1/wo L TR

Born approx. (weak coupling) Markov approx. rotating wave approx.

» Environment correlation time 75
> System intrinsic time scale 74, system relaxation time T

Master equation is an effective description at 7r > 7 for T4 < Tr
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Example 2 — Quantum Brownian motion

Caldeira-Leggett model [caldeira-Leggett (83)]

» Brownian particle linearly coupled to harmonic oscillators

.d .
P = [Ha, pa] +v[z, {p, pa}] — 2iymT [z, [z, pa]]

drag force momentum diffusion

» Approximations

t) ~ H®PS, m<K<TR=1/7, B L T
prot(t) =~ pa(t) ® pg B R /v B A

Born approx. (weak coupling) Markov approx. derivative expansion

> Environment correlation time 7
> System intrinsic time scale 74, system relaxation time 7

Master equation is an effective description at 7 > 75 for T4 > 78



