
Correlation Functions and

Nuclear Contact Formalism

Axel Schmidt

MIT

March 28, 2018

LNS
Laboratory for Nuclear Science

1



Short Range Correlations Collaboration

Prof. Or Hen

Dr. Shalev Gilad

Dr. Adi Ashkenazi

Dr. George Laskaris

Dr. Maria Patsyuk

Dr. Axel Schmidt

Barak Schmookler

Rey Cruz-Torres

Afro Papadopoulou

Efrain Segarra

Prof. Lawrence Weinstein

Dr. Florian Hauenstein

Mariana Khachatryan

Prof. Eli Piasetzky

Dr. Igor Korover

Erez Cohen

Meytal Duer

2



Our canonical experiment is the break-up of an

SRC pair.

CLAS 6 (Hall B)
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Je↵erson Lab Spectrometers

High-Resolution Spectrometer

Hall A

Flight path: 23.4 m

�p/p = 10�4

Mom. acceptance: ±4.5%
Angular acceptance: 6 msr

CEBAF Large Acceptance Spec.

Hall B

Flight path: ⇡ 5 m
�p/p ⇡ 1%
Mom. acceptance: 0.3–10 GeV

Angular acceptance: > 2⇡

6



All high-momentum nucleons

have a correlated partner.
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E. Piasetzky et al., PRL 97 162504 (2006)

p scattering from Carbon:

Always a correlated partner

Anti-parallel momenta
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Between 300–600 MeV, np pairs predominate.

These kinematic settings covered (e,e'p) missing
momenta, which is the momentum of the
undetected particles, in the range from 300 to
600 MeV/c, with overlap between the different
settings. For highly correlated pairs, the missing
momentum of the (e,e'p) reaction is balanced
almost entirely by a single recoiling nucleon,
whereas for a typical uncorrelated (e,e'p) event,
themissingmomentum is balanced by the sum of
many recoiling nucleons. In a partonic picture, xB
is the fraction of the nucleon momentum carried
by the struck quark. Hence, when xB > 1, the
struck quark has more momentum than the entire
nucleon, which points to nucleon correlation. To
detect correlated recoiling protons, a large
acceptance spectrometer (“BigBite”) was placed
at an angle of 99° to the beam direction and 1.1
m from the target. To detect correlated recoiling
neutrons, a neutron array was placed directly
behind the BigBite spectrometer at a distance of 6
m from the target. Details of these custom proton
and neutron detectors can be found in the
supporting online material (16).

The electronics for the experiment were set
up so that for every 12C(e,e'p) event in the HRS
spectrometers, we read out the BigBite and
neutron-detector electronics; thus, we could deter-
mine the 12C(e,e'pp)/12C(e,e'p) and the 12C(e,e'pn)/
12C(e,e'p) ratios. For the 12C(e,e'pp)/12C(e,e'p)
ratio, we found that 9.5 ± 2% of the (e,e'p) events
had an associated recoiling proton, as reported in
(12). Taking into account the finite acceptance of
the neutron detector [using the same procedure
as with the proton detector (12)] and the neutron
detection efficency, we found that 96 ± 22% of
the (e,e'p) events with a missing momentum above
300 MeV/c had a recoiling neutron. This result
agrees with a hadron beam measurement of
(p,2pn)/(p,2p), in which 92 ± 18% of the (p,2p)
events with a missing momentum above the Fermi

momentum of 275 MeV/c were found to have a
single recoilingneutroncarrying themomentum(11).

Because we collected the recoiling proton
12C(e,e'pp) and neutron 12C(e,e'pn) data simulta-
neously with detection systems covering nearly
identical solid angles, we could also directly
determine the ratio of 12C(e,e'pn)/12C(e,e'pp). In
this scheme, many of the systematic factors
needed to compare the rates of the 12C(e,e'pn)
and 12C(e,e'pp) reactions canceled out. Correct-
ing only for detector efficiencies, we determined
that this ratio was 8.1 ± 2.2. To estimate the effect
of final-state interactions (that is, reactions that
happen after the initial scattering), we assumed
that the attenuations of the recoiling protons and
neutrons were almost equal. In this case, the only
correction related to final-state interactions of the
measured 12C(e,e'pn)/12C(e,e'pp) ratio is due to a
single-charge exchange. Because the measured
(e,e'pn) rate is about an order of magnitude larger
than the (e,e'pp) rate, (e,e'pn) reactions followed
by a single-charge exchange [and hence detected
as (e,e'pp)] dominated and reduced the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Using the Glauber
approximation (17), we estimated that this effect
was 11%. Taking this into account, the corrected
experimental ratio for 12C(e,e'pn)/12C(e,e'pp) was
9.0 ± 2.5.

To deduce the ratio of p-n to p-p SRC pairs in
the ground state of 12C, we used the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Because we used
(e,e'p) events to search for SRC nucleon pairs, the
probability of detecting p-p pairs was twice that
of p-n pairs; thus, we conclude that the ratio of
p-n/p-p pairs in the 12C ground state is 18 ± 5
(Fig. 2). To get a comprehensive picture of the
structure of 12C, we combined the pair faction
results with the inclusive 12C(e,e') measurements
(4, 5, 14) and found that approximately 20% of
the nucleons in 12C form SRC pairs, consistent

with the depletion seen in the spectroscopy ex-
periments (1, 2). As shown in Fig. 3, the com-
bined results indicate that 80% of the nucleons in
the 12C nucleus acted independently or as de-
scribed within the shell model, whereas for the
20% of correlated pairs, 90 ± 10% were in the
form of p-n SRC pairs; 5 ± 1.5%were in the form
of p-p SRC pairs; and, by isospin symmetry, we
inferred that 5 ± 1.5% were in the form of SRC
n-n pairs. The dominance of the p-n over p-p
SRC pairs is a clear consequence of the nucleon-
nucleon tensor force. Calculations of this effect
(18,19) indicate that it is robust anddoes not depend
on the exact parameterization of the nucleon-
nucleon force, the type of the nucleus, or the
exact ground-state wave function used to de-
scribe the nucleons.

If neutron stars consisted only of neutrons, the
relatively weak n-n short-range interaction would
mean that they could be reasonably well approxi-
mated as an ideal Fermi gas, with only perturba-
tive corrections. However, theoretical analysis of
neutrino cooling data indicates that neutron stars
contain about 5 to 10% protons and electrons in
the first central layers (20–22). The strong p-n
short-range interaction reported here suggests
that momentum distribution for the protons and
neutrons in neutron stars will be substantially
different from that characteristic of an ideal Fermi
gas. A theoretical calculation that takes into
account the p-n correlation effect at relevant
neutron star densities and realistic proton concen-
tration shows the correlation effect on the mo-
mentum distribution of the protons and the
neutrons (23). We therefore speculate that the
small concentration of protons inside neutron
stars might have a disproportionately large effect
that needs to be addressed in realistic descriptions
of neutron stars.
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1. L. Lapikas, Nucl. Phys. A. 553, 297 (1993).
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Fig. 2. The fractions of correlated pair combinations in carbon as obtained from the (e,e'pp) and (e,e'pn)
reactions, as well as from previous (p,2pn) data. The results and references are listed in table S1.

Fig. 3. The average fraction of nucleons in the
various initial-state configurations of 12C.
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An absence of pp pairs has been verified in a

wide-range of nuclei.

nuclei. This backward peak is a strong signature
of SRC pairs, indicating that the two emitted
protons were largely back-to-back in the initial
state, having a large relative momentum and a
small center-of-mass momentum (8, 9). This is a
direct observation of proton-proton (pp) SRC
pairs in a nucleus heavier than 12C.
Electron scattering fromhigh–missing-momentum

protons is dominated by scattering from protons
in SRC pairs (9). The measured single-proton
knockout (e,e′p) cross section (where e denotes
the incoming electron, e′ the measured scattered
electron, and p the measured knocked-out pro-
ton) is sensitive to the number of pp and np SRC
pairs in the nucleus, whereas the two-proton
knockout (e,e′pp) cross section is only sensitive to
the number of pp-SRC pairs. Very few of the
single-proton knockout events also contained a
second proton; therefore, there are very few
pp pairs, and the knocked-out protons predom-
inantly originated from np pairs.
To quantify this, we extracted the [A(e,e′pp)/

A(e,e′p)]/[12C(e,e′pp)/12C(e,e′p)] cross-section dou-
ble ratio for nucleus A relative to 12C. The double
ratio is sensitive to the ratio of np-to-pp SRC
pairs in the two nuclei (16). Previous measure-
ments have shown that in 12C nearly every high-
momentum proton (k > 300 MeV/c > kF) has a
correlated partner nucleon, with np pairs out-
numbering pp pairs by a factor of ~20 (8, 9).
To estimate the effects of final-state interac-

tions (reinteraction of the outgoing nucleons in
the nucleus), we calculated attenuation factors
for the outgoing protons and the probability of
the electron scattering from a neutron in an np
pair, followed by a neutron-proton single-charge
exchange (SCX) reaction leading to two outgoing
protons. These correction factors are calculated
as in (9) using the Glauber approximation (22)
with effective cross sections that reproduce pre-
viously measured proton transparencies (23), and
using themeasured SCX cross section of (24).We
extracted the cross-section ratios and deduced the
relative pair fractions from the measured yields
following (21); see (16) for details.
Figure 3 shows the extracted fractions of np

and pp SRC pairs from the sum of pp and np
pairs in nuclei, including all statistical, systematic,
and model uncertainties. Our measurements are
not sensitive to neutron-neutron SRC pairs. How-
ever, by a simple combinatoric argument, even in
208Pb these would be only (N/Z)2 ~ 2 times the
number of pp pairs. Thus, np-SRC pairs domi-
nate in all measured nuclei, including neutron-
rich imbalanced ones.

The observed dominance of np-over-pp pairs
implies that even in heavy nuclei, SRC pairs are
dominantly in a spin-triplet state (spin 1, isospin
0), a consequence of the tensor part of the nucleon-
nucleon interaction (17, 18). It also implies that
there are as many high-momentum protons as
neutrons (Fig. 1) so that the fraction of protons
above the Fermi momentum is greater than that
of neutrons in neutron-rich nuclei (25).
In light imbalanced nuclei (A≤ 12), variational

Monte Carlo calculations (26) show that this re-
sults in a greater average momentum for the
minority component (see table S1). The minority
component can also have a greater average mo-
mentum in heavy nuclei if the Fermimomenta of
protons and neutrons are not too dissimilar. For
heavy nuclei, an np-dominance toy model that
quantitatively describes the features of the mo-
mentum distribution shown in Fig. 1 shows that
in imbalanced nuclei, the average proton kinetic
energy is greater than that of the neutron, up to
~20% in 208Pb (16).
The observed np-dominance of SRC pairs in

heavy imbalanced nuclei may have wide-ranging
implications. Neutrino scattering from two nu-
cleon currents and SRC pairs is important for the
analysis of neutrino-nucleus reactions, which are
used to study the nature of the electro-weak in-
teraction (27–29). In particle physics, the distribu-
tion of quarks in these high-momentum nucleons
in SRC pairs might be modified from that of free
nucleons (30, 31). Because each proton has a
greater probability to be in a SRC pair than a
neutron and the proton has two u quarks for
each d quark, the u-quark distribution modifica-
tion could be greater than that of the d quarks
(19, 30). This could explain the difference be-
tween the weak mixing angle measured on an
iron target by the NuTeV experiment and that of
the Standard Model of particle physics (32–34).
In astrophysics, the nuclear symmetry energy

is important for various systems, including neu-
tron stars, the neutronization of matter in core-
collapse supernovae, and r-process nucleosynthesis
(35). The decomposition of the symmetry energy
at saturation density (r0 ≈ 0.17 fm−3, the max-
imum density of normal nuclei) into its kinetic
and potential parts and its value at supranuclear
densities (r > r0) are notwell constrained, largely
because of the uncertainties in the tensor com-
ponent of the nucleon-nucleon interaction (36–39).
Although at supranuclear densities other effects
are relevant, the inclusion of high-momentum
tails, dominated by tensor-force–induced np-SRC
pairs, can notably soften the nuclear symmetry

energy (36–39). Our measurements of np-SRC
pair dominance in heavy imbalanced nuclei can
help constrain the nuclear aspects of these cal-
culations at saturation density.
Based on our results in the nuclear system, we

suggest extending the previous measurements of
Tan’s contact in balanced ultracold atomic gases
to imbalanced systems in which the number of
atoms in the two spin states is different. The
large experimental flexibility of these systems will
allow observing dependence of the momentum-
sharing inversion on the asymmetry, density,
and strength of the short-range interaction.
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Fig. 3. The extracted
fractions of np (top)
and pp (bottom) SRC
pairs from the sum of
pp and np pairs in
nuclei.The green and
yellow bands reflect
68 and 95% confidence
levels (CLs), respec-
tively (9). np-SRC pairs dominate over pp-SRC pairs in all measured nuclei.
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Our current picture of short-range correlations:

⇡20% of nucleons are in pairs at any moment.
All nucleons above kF have a correlated partner

High high-relative momentum

Low center-of-mass momentum

np-dominance $ tensor force

10



Meytal Duer has identified high-momentum

neutrons for the first time.

M. Duer et al., submitted to Nature
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n/p ratio is constant with asymmetry!
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SRC fraction for neutrons saturates.
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SRC fraction for neutrons saturates.
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np/pp ratio is constant over all species.
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Our current picture of short-range correlations:

⇡20% of nucleons are in pairs at any moment.
All nucleons above kF have a correlated partner

High high-relative momentum

Low center-of-mass momentum

np-dominance $ tensor force
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My talk today:

1 Scale Separation and Nuclear Contact Formalism

2 Correlation Functions

3 Short-range correlations and the EMC e↵ect
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Scale separation

At short distance scales, long-range structure can factor out.

At high momentum scales, low-momentum structure can factor out.
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Contact formalism (as given by S. Tan)

In a dilute spin-1/2 system:

r

e↵.

<< a, d

a is the scattering length, d is the average inter-particle distance

Wave function at short distances:

 (rij ! 0) =
�
1

rij
�
1

a

�
⇥ �(~Rk ,~ri 6=j)
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Contact formalism (as given by S. Tan)

In a dilute spin-1/2 system:

r

e↵.

<< a, d

a is the scattering length, d is the average inter-particle distance

Wave function at short distances:

 (kij !1) =
1

k

4

ij

⇥ �(~Kk ,~ki 6=j)
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Contact formalism (as given by S. Tan)

In a dilute spin-1/2 system:

r

e↵.

<< a, d

a is the scattering length, d is the average inter-particle distance

Wave function at short distances:

 (kij !1) =
1

k

4

ij

⇥ C
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Contact behavior has been confirmed

in atomic systems.

Dilute 40K atoms

J.T. Stewart et al., PRL 104 235301 (2010)

22



A nucleus is not dilute.

Can we see scale separation?

r

e↵.

<< a, d

r

e↵.

⇡ 1/2m⇡ ⇡ 0.7 fm
d ⇡ (2/⇢)1/3 ⇡ 2.3 fm
a ⇡ 5.4 fm
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Inclusive e� scattering at x > 1

shows scale separation.
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At high x , quasielastic scattering can only proceed

from a high-momentum nucleon.
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a2 plateaus tell us that high-momentum tails

are universal.
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Nucleus-dependence should appear in the

center-of-mass momentum distribution.

Erez Cohen

in preparation

2

FIG. 1: (color online) The number of A(e, e�pp) events plotted
versus the components of �pc.m.perpendicular to �pmiss. The
red and blue histograms show the x̂ and ŷ directions respec-
tively. The data are shown before corrections for the CLAS
detector acceptance. The dashed lines show the results of
Gaussian fits to the data. The widths in parentheses with
uncertainties are corrected for the CLAS acceptance as dis-
cussed in the text.

nA
c.m.(�pc.m.), from measurements of the A(e, e�pp) reac-65

tion in C, Al, Fe, and Pb.66

To increase sensitivity to the initial state properties67

of pp-SRC pairs, the measurement was done using high68

energy electrons scattering at large momentum transfer69

(hard scattering). The specific kinematics of the mea-70

sured A(e, e�pp) reaction were chosen such that the dom-71

inant process is breakup of SRC pairs, as discussed in72

detail in [13].73

The extracted width of nA
c.m.(�pc.m.) is smaller than74

the Fermi momentum, ranging from 140 MeV/c to 17075

MeV/c for the measured nuclei, and is in overall agree-76

ment with theoretical calculations [31, 38].77

The data presented here were collected as part of the78

EG2 run period that took place in 2004 in Hall B of the79

Thomas Je�erson National Accelerator Facility (Je�er-80

son Lab). The experiment used a 5.014 GeV electron81

beam, impinging on 2H, and natural C, Al, Fe, and Pb82

targets at the CEBAF Large Acceptance Spectrometer83

(CLAS) [39]. The analysis was carried out as part of the84

Je�erson Lab Hall B Data-Mining project [40].85

CLAS used a toroidal magnetic field and six indepen-86

dent sets of drift chambers for charged particle track-87

ing, time-of-flight scintillation counters for hadron iden-88

tification, and Čerenkov counters and electro-magnetic89

calorimeters for electron/pion separation. The polar an-90

gular acceptance was 8o � � � 140o and the azimuthal91

angular acceptance ranged from 50% at small polar an-92

gles to 80% at larger polar angles. See Ref. [10, 41] for93

details on the electron and proton identification and mo-94

mentum reconstruction procedures.95

The EG2 run period used a specially designed target96

setup, consisting of an approximately 2-cm LD2 cryotar-97

get followed by one of six independently-insertable solid98

targets (thin Al, thick Al, Sn, C, Fe, and Pb, all with99

natural isotopic abundance, ranging between 0.16 and100

0.38 g/cm2), see Ref. [42] for details. The LD2 target101

cell and the inserted solid target were separated by about102

4 cm. The few-mm vertex reconstruction resolution for103

both electrons and protons was su�cient to unambigu-104

ously separate particles originating in the cryotarget and105

the solid target.106

The identification of exclusive A(e, e�pp) events, dom-107

inated by scattering o� 2N-SRC pairs, was done in two108

stages: (1) selection of A(e, e�p) events in which the elec-109

tron predominantly interacts with a single proton belong-110

ing to an SRC pair in the nucleus [8, 10, 41], and (2) se-111

lection of A(e, e�pp) events by requiring the detection of112

a second, recoil proton in coincidence with the A(e, e�p)113

reaction.114

We selected A(e, e�p) events in which the knocked-115

out proton belonged to an SRC pair by requiring a116

large Bjorken scaling parameter xB = Q2/(2mp�) � 1.2117

(where Q2 = �q 2 � �2, �q and � are the three-momentum118

and energy, respectively, transferred to the nucleus and119

mp is the proton mass). This requirement also sup-120

pressed the e�ect of inelastic reaction mechanisms (e.g.,121

pion and resonance production) and resulted in Q2 � 1.4122

GeV2 [7, 43]. We also required large missing momentum123

300 � |�pmiss| � 600 MeV/c, where �pmiss = �pp��q with �pp124

the measured proton momentum. We further suppressed125

contributions from inelastic excitations of the struck nu-126

cleon by limiting the reconstructed missing mass of the127

two-nucleon system mmiss = [(�+2m�Ep)2�p2
miss]

1/2 �128

1.1 GeV/c2 (where Ep is the total energy of the leading129

proton). We identified events where the leading pro-130

ton absorbed the transferred momentum by requiring131

that its momentum �pp was within 25o of �q and that132

0.60 � |�pp|/|�q| � 0.96 [10, 41]. As shown by previous133

experimental and theoretical studies, these conditions en-134

hance the contribution of scattering o� nucleons in SRC135

pairs and suppress contribution from competing e�ects136

[43–50].137

A(e, e�pp) events were selected by requiring that the138

A(e, e�p) event had a second, recoil proton with momen-139

tum |�precoil| � 350 MeV/c. There were no events in140

which the recoil proton passed the leading proton selec-141

tion cuts described above. The recoil proton was emitted142

opposite to �pmiss [10]. This back-to-back angular correla-143

tion is a clear indication of the pairs having large relative144

momentum and small c.m. momentum.145

In the Plane Wave Impulse Approximation (PWIA),
where the nucleons do not rescatter as they leave the
nucleus, �pmiss and �precoil are equal to the initial momenta
of the two protons in the nucleus before the interaction.
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CoM momentum distribution width

saturates with nuclear size. 3

FIG. 2: (color online) The nuclear mass dependence of
the width of the c.m. momentum distribution. The data
points obtained in this work (red full circles) are com-
pared to previous measurements (blue full squares and trian-
gles) [5, 7, 9] and theoretical calculations by Ciofi and Simula
(open stars) [38], and Colle et al., considering all mean-field
nucleon pairs (dashed line) and only 1S0 pairs (solid line) [31],
see text for details.

In that case we can write

�pc.m. = �pmiss + �precoil = �pp � �q + �precoil (2)

�prel =
1

2
(�pmiss � �precoil). (3)

We use a coordinate system where ẑ is parallel to p̂miss,146

and x and y are transverse to it and defined by: ŷ �147

�q � �pmiss and x̂ = ŷ � ẑ.148

Figure 1 shows the distribution of the x- and y- compo-149

nents of �pc.m., as extracted from the measured A(e, e�pp)150

events using Eq. 2. The data shown is not corrected for151

the CLAS acceptance and resolution e�ects. Both px
c.m.152

and py
c.m. are normally distributed around zero for all nu-153

clei, supporting the expectation that nA
c.m.(�pc.m.) can be154

approximated by a three-dimensional Gaussian [5, 7, 9,155

31, 38].156

There are three main e�ects that complicate the inter-157

pretation of the raw (directly extracted) c.m. momentum158

distribution parameters (i.e., �c.m.): (1) kinematical o�-159

sets of the c.m. momentum in the p̂miss direction, (2)160

reaction mechanism e�ects, and (3) detector acceptance161

and resolution e�ects. We next explain how each e�ect162

is accounted for in the data analysis.163

(1) Kinematical o�sets in the c.m. momentum direc-164

tion: Since the relative momentum distribution of pairs165

falls rapidly for increasing |�prel|, it is more likely for an166

event with a large nucleon momentum (�pmiss) to be the167

result of a pair with smaller �prel and a �pc.m. oriented in168

the direction of the nucleon momentum. This kinemati-169

cal e�ect will manifest as a shift in the mean of the c.m.170

momentum distribution in the p̂miss (nucleon initial mo-171

mentum) direction. To isolate this e�ect, we worked in172

a reference frame in which ẑ � p̂miss and x̂ and ŷ are173

perpendicular to p̂miss. The extracted c.m. momentum174

distributions in the x̂ and ŷ directions were observed to175

be independent of pmiss, as expected.176

(2) Reaction mechanism e�ects: These include mainly177

contributions from meson-exchange currents (MECs),178

isobar configurations (ICs), and rescattering of the out-179

going nucleon (final-state interactions or FSI) that can180

mimic the signature of SRC pair breakup and/or distort181

the measured distributions [44–46].182

This measurement was performed at an average Q2 of183

about 2.1 GeV2 and xB � 1.2 to minimize the contribu-184

tion of MEC and IC relative to SRC breakup [43, 47–49].185

FSI includes both rescattering of the struck nucleon from186

its correlated partner and from the other A�2 nucleons.187

Rescattering of the struck nucleon from its correlated188

partner will change each of the measured individual nu-189

cleon momenta by equal and opposite amounts, but will190

not change �pc.m. (see Eq. 2) [43, 49]. Nucleons leaving the191

nucleus can be e�ectively “absorbed”, where they scatter192

out of the phase-space of accepted events. The nuclear193

transparency is the probability that a nucleon was not194

absorbed, and has been measured to range from about195

0.5 for C to about 0.2 for Pb [41, 51–54]. To minimize196

the e�ects of rescattering from the other A � 2 nucleons,197

we selected largely anti-parallel kinematics, where �pmiss198

has a large component antiparallel to �q [43]. Relativistic199

Glauber calculations show that, under these conditions,200

FSI are largely confined to within the nucleons of the201

pair [43, 49, 50].202

The probability of the struck nucleon rescattering from203

the A � 2 nucleons is expected to increase with A. Such204

rescattering should lead to a broadening of the extracted205

c.m. momentum distribution. The observation here,206

that the measured widths do not increase strongly with207

A serves as an experimental verification of the calcula-208

tions [43, 49, 50], predicting that in the chosen kinematics209

of this measurement FSI with the A-2 nucleons are not210

significant and that Eq. 2 is valid.211

(3) Detector acceptance and resolution e�ects: While212

CLAS has a large acceptance, it is not perfect, and the213

measured c.m. momentum distribution needs to be cor-214

rected for any detector related distortions. Following215

previous analyses [7–9], we corrected for the CLAS ac-216

ceptance in a 6-stage process: (1) We modeled the c.m.217

momentum distribution as a three-dimensional Gaussian,218

parametrized by a width and a mean in each direc-219

tion. In the directions transverse to p̂miss the widths220

were assumed to be constant and equal to each other221

(�x = �y = �t) and the means were fixed at zero. In222

the direction parallel to p̂miss, both the mean and the223

width were varied over a wide range. (2) For a given set224

of parameters characterizing the c.m. momentum dis-225

tribution in step (1) we generated a synthetic sample of226

A(e, e�pp) events by performing multiple selections of a227

random event from the measured A(e, e�p) events and a228

random �pc.m. from the 3D Gaussian. The combination229
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Even though a nucleus is not dilute,

we can see scale separation.

r

e↵.

<< a, d

r

e↵.

⇡ 1/2m⇡ ⇡ 0.7 fm
d ⇡ (2/⇢)1/3 ⇡ 2.3 fm
a ⇡ 5.4 fm
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Replace the contact-force with

a two-body NN force.

Ronen Weiss, Rey Cruz-Torres et al.

“The nuclear contacts and short range correlations in nuclei”

Phys. Lett. B 780 211–215 (2018)
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Replace the contact-force with

a two-body NN force.

For r ! 0, approximate two-body densities:

⇢

pp
2

(r) =C s=0pp |'s=0pp (r)|2

⇢

pn
2

(r) =C s=0pn |'s=0pn (r)|2 + C s=1pn |'s=1pn (r)|2

⇢

nn
2

(r) =C s=0nn |'s=0nn (r)|2

'

s
ij(r) are zero-energy Schrödinger eq. solutions with NN potential.
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Asymptotic distributions
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Asymptotic distributions
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Replace the contact-force with

a two-body NN force.

For k !1, approximate two-body momentum densities:

⇢̃

pp
2

(k) =C s=0pp |'̃s=0pp (k)|2

⇢̃

pn
2

(k) =C s=0pn |'̃s=0pn (k)|2 + C s=1pn |'̃s=1pn (k)|2

⇢̃

nn
2

(k) =C s=0nn |'̃s=0nn (k)|2

'̃

s
ij(k) are zero-energy Schrödinger eq. solutions with NN potential.

In symmetric nuclei:

C

s=0
pp ⇡ C s=0nn
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Replace the contact-force with

a two-body NN force.

For k !1, approximate two-body momentum densities:

⇢̃

pp
2

(k) =C s=0pp |'̃s=0pp (k)|2

⇢̃

pn
2

(k) =C s=0pn |'̃s=0pn (k)|2 + C s=1pn |'̃s=1pn (k)|2

⇢̃

nn
2

(k) =C s=0nn |'̃s=0nn (k)|2

'̃

s
ij(k) are zero-energy Schrödinger eq. solutions with NN potential.

In symmetric nuclei:

C

s=0
pp ⇡ C s=0nn

35



Contacts can be bench-marked against ab initio

calculations.

VMC calculations by the Argonne group

Wiringa, Pieper, Lonardoni et al.

Extraction in k�space must be performed at very large momentum.
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Extractions in position space can predict

momentum-space distributions.214 R. Weiss et al. / Physics Letters B 780 (2018) 211–215

Fig. 2. (left) 4He one-body momentum densities extracted from ab-initio VMC cal-
culations (solid black band) and using the nuclear contact formalism (solid red 
band). The dashed lines show the contribution of different channels to the total 
contact calculation, using the contacts extracted in momentum space. The resid-
ual plot shows the ratio of the contact calculations to the VMC. The shaded region 
marks the 10% agreement region. The width of the black and red lines represents 
the individual uncertainties in the calculations. (right) The same, without error 
bands, comparing VMC calculations (dashed lines) and the nuclear contact formal-
ism (solids lines) for different nuclei. The contacts used to calculate the distributions 
on the right plot were extracted in coordinate space.

details. Within the contact formalism, these experimental quanti-
ties can be expressed as:

a2(A/d)

∞∫

kF

|ψ̃d(k)|2dk =
C s=0

nn + C s=0
pp + C s=0

pn + C s=1
pn

A/2
(6)

S RC pp

S RC pn
(k) =

C s=0
pp |ϕ̃s=0

pp (k)|2
C s=0

pn |ϕ̃s=0
pn (k)|2 + C s=1

pn |ϕ̃s=1
pn (k)|2

(7)

where ψ̃d(k) is the deuteron wave function, normalized to one. In 
Eq. (7) it is assumed that the c.m. motion of SRC pairs is small, and 
similar for the different types of pairs in a given nucleus, as ob-
served experimentally [46–48,58]. The experimental values of the 
contacts, shown in Table 1, were extracted for symmetric nuclei 
using these relations, assuming isospin symmetry.

The agreement between the values of the contacts that were 
extracted in momentum and coordinate space, points to a quan-
titative equivalence between high-momentum and short-range 
physics in nuclear systems. The agreement with the experimental 
extraction is an important indication for the validity of the con-
tact formalism to nuclear systems. Another interesting feature of 
the extracted values is that, for symmetric nuclei, the momentum 
space s = 0 pp and pn contacts are the same within uncertainties, 
in contrast to combinatorial expectations.

We can now utilize the values of the contacts to further in-
vestigate the predictions of the theory. First, we note that as the 
relation between the contacts and the one body momentum dis-
tribution, given in Eq. (3), was not used to fit the values of the 
contacts it can be considered as a verifiable prediction. Fig. 2
compares, for several nuclei, the one-body momentum distribu-
tion obtained from many-body VMC calculations to the prediction 
of Eq. (3). As can be seen, the asymptotic 1-body density, as pre-
dicted by the contact theory, reproduces with 10%–20% accuracy 
the many-body calculation starting from kF to 5 fm−1, where the 
momentum density varies over 3 orders of magnitude. It is worth 

emphasizing that even though the contacts fitting range was only 
k > 4 fm−1 using the two-body momentum distribution, the one-
body momentum distribution is reproduced starting from kF , as 
expected.

The contacts can also be used to calculate the pp to pn SRC 
pairs ratio using Eq. (7). This ratio can be compared with exper-
imental electron induced two-nucleon knockout data [44–48] as 
shown for 4He in Fig. 1. A similar comparison for 12C [46] also 
shows a good agreement [57]. We can see that the contact predic-
tions are in a good agreement with the experimental results and 
ab-initio calculations.

The contact formalism also allows us to evaluate the contribu-
tions of the different two-body channels to SRC pairs. Such de-
composition is shown in Fig. 2 (left panel) for 4He. The values of 
the contacts clearly show the expected dominance of the deuteron 
channel in SRC pairs. The fact that the contact formalism repro-
duces the VMC one-body momentum density to 10%–20% accu-
racy, without utilizing the spin–isospin ST = 11 channels, indicates 
their small importance to SRCs in the nuclei considered here. This 
stands in contrast to other works that do find a non-negligible 
contribution of ST = 11 pairs [59,60]. A possible explanation for 
this difference goes back to our discussion of the regions where 
the two-body momentum distribution describes SRCs. In these two 
papers, the c.m. momentum was not limited to small values and, 
thus, contributions from non-correlated pairs are expected to be 
significant. The contact theory provides a simple framework to per-
form such decompositions for SRC channels.

Conclusions – Even though nuclear systems do not strictly ful-
fill the scale-separation conditions required by the contact theory, 
both ab-initio one body momentum distribution above kF and the 
experimental data are well reproduced using factorized asymptotic 
wave-functions and nuclear contact theory.

Consistent contacts extracted by separately fitting coordinate 
and momentum space two-body densities show equivalence be-
tween high-momentum and short-range dynamics in nuclear sys-
tems. Experimental extraction of the contacts gives also similar 
results. The values of the contacts allow a proper analysis of the 
spin–isospin quantum numbers of SRC pairs, and also reveal the 
non-combinatorial isospin-spin symmetry of SRCs.

This work provides clear evidence for the applicability of the 
generalized contact formalism to nuclear systems, and open the 
path towards further SRC studies.
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Small pair center-of-mass momentum is required

to select correlated pairs.

R. Weiss et al. / Physics Letters B 780 (2018) 211–215 213

Table 1
The nuclear contacts for a variety of nuclei. The contacts are extracted by fitting the asymptotic expressions of Eq. (4) to the VMC two-body 
densities in momentum (k) and coordinate (r) space separately. For 4He and 12C the contacts extracted from electron scattering data are 
also shown. The nuclear contacts are divided by A/2 and multiplied by 100 to give the percent of nucleons above kF in the different SRC 
channels.

A k-space r-space

C s=1
pn C s=0

pn C s=0
nn C s=0

pp C s=1
pn C s=0

pn C s=0
nn C s=0

pp

4He
12.3±0.1 0.69±0.03 0.65±0.03

11.61±0.03 0.567±0.004
14.9±0.7 (exp) 0.8±0.2 (exp)

6Li 10.5±0.1 0.53±0.05 0.49±0.03 10.14±0.04 0.415±0.004
7Li 10.6 ± 0.1 0.71 ± 0.06 0.78 ± 0.04 0.44 ± 0.03 9.0 ± 2.0 0.6 ± 0.4 0.647 ± 0.004 0.350 ± 0.004
8Be 13.2±0.2 0.86±0.09 0.79±0.07 12.0±0.1 0.603±0.003
9Be 12.3±0.2 0.90±0.10 0.84±0.07 0.69±0.06 10.0±3.0 0.7±0.7 0.65±0.02 0.524±0.005
10B 11.7±0.2 0.89±0.09 0.79±0.06 10.7±0.2 0.57±0.02

12C
16.8±0.8 1.4±0.2 1.3±0.2

14.9±0.1 0.83±0.01
18±2 (exp) 1.5±0.5 (exp)

16O 11.4±0.3 0.68±0.03
40Ca 11.6±0.3 0.73±0.04

Fig. 1. The ratio of proton–proton to proton–neutron SRC pairs in 4He as a function 
of the pair momentum extracted from 4He(e,e’pN) measurements [47]. The colored 
lines show the equivalent ab-initio two-body momentum densities ratio integrated 
over the c.m. momentum from 0 to Kmax that varies from zero to infinity [16]. 
The solid (dashed) black line is the contact theory prediction calculated using the 
contacts extracted in momentum (coordinate) space (Eq. (7)). (For interpretation of 
the colors in the figure(s), the reader is referred to the web version of this article.)

consider pairs with high relative momentum k, and low c.m. mo-
mentum K . The cut on K reduces the contributions from mean 
field nucleons significantly, and identifies SRC pairs with lower rel-
ative momentum. It should be noted that in the limit of heavy 
nuclei the contribution of uncorrelated nucleon pairs with low c.m. 
momentum could increase.

These two approaches can be demonstrated by comparing the 
two-body density calculations to data. Fig. 1 shows the calculated 
and measured proton–proton (pp) to proton–neutron (pn) pairs 
density ratio in 4He as a function of their relative momentum. The 
experimental data are obtained from recent electron induced two-
nucleon knockout measurements performed in kinematics domi-
nated by breakup of SRC pairs [47]. The calculated pair density 
ratio is shown as a function of the relative pair momentum and 
is given by: 

∫ Kmax
0 dK F pp(k, K )/ 

∫ Kmax
0 dK Fnp(k, K ), where Kmax

varies from zero to infinity. As can be seen, as long as the maximal 
c.m. momentum is small, i.e. Kmax < 1–1.5 fm−1 ∼ kF , the calcu-
lated ratio describes well the experimental data for k > kF . This 
demonstrates the above second approach. These results are inline 
with those of Ref. [49]. On the other hand, demonstrating the first 
approach, if we concentrate on very high relative momentum, i.e. 
k > 4 fm−1, we can see that the ratios are largely insensitive to the 
value of Kmax .

Equipped with these observations, we are now in position to 
utilize the two-body densities to extract the values of the nuclear 
contacts.

Extracting the nuclear contacts – As explained above, we con-
sider four main nuclear contacts: singlet ℓ = 0 pn, pp, and nn, 
and triplet pn deuteron channel. For symmetric nuclei, spin-zero 
pp and nn pairs are identical, leaving three nuclear contacts: C s=0

nn , 
C s=0

pn , and C s=1
pn . Isospin symmetry can be used to relate the various 

s = 0 contacts, leaving two independent contacts: spin-singlet and 
spin-triplet. For what follows, we do not impose isospin symmetry 
in order to study its manifestation in the case of SRC pairs.

We will extract the values of the contacts for nuclei up to 40Ca 
in three different methods. In the first two methods we use the 
available two-body densities [16], in momentum space and coor-
dinate space, separately. In the third method, we use experimental 
data. The results are summarized in Table 1, where one can see a 
good agreement between all three methods.

In the first (second) method, the values are extracted by fit-
ting the factorized two-body momentum (coordinate) space ex-
pressions of Eq. (4) to the equivalent two-body density obtained 
from many-body VMC calculations [16]. The s = 0 pp and nn con-
tacts are obtained by fitting the VMC pp and nn two-body density 
respectively. The s = 1 and s = 0 pn contacts are obtained from 
simultaneously fitting the spin–isospin ST = 10 pn two-body den-
sity and the total pn two-body density. In view of the discussion 
above, the fitting range was 4 fm−1 to 4.8 fm−1, as F N N(k) is dom-
inated by SRC pairs only for k > 4 fm−1. In coordinate space the 
fitting was done in the range from 0.25 fm to 1 fm. The determi-
nation of the uncertainties is described in [57]. As VMC coordinate 
space distributions are not available for the different spin–isospin 
states, we assumed isospin symmetry (i.e. equal s = 0 contacts) for 
the symmetric nuclei. The universal functions ϕα

i j were calculated 
using the AV18 potential [57].

Experimentally, the nuclear contacts can be evaluated using 
the measured pp-to-pn SRC pairs ratio discussed above, S RC pp

S RC pn
(k), 

and the high-momentum scaling factor, a2(A/d). The latter is ex-
tracted from large momentum transfer inclusive electron scattering 
cross-section ratios and determines the relative number of high-
momentum (k > kF ) nucleons in a nucleus, A, relative to deu-
terium [9,40–43], assuming the effects of Final-State Interactions 
and other reaction channels are suppressed in the kinematics of 
these measurements due to the large momentum transfer and the 
use of cross-section ratios, see Ref. [8,55] and references therein for 
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Contact extraction from data would allow us to

go beyond small nuclei.
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Key ingredient would be pp/np ratio.

Adin Hrnjic

A. Schmidt
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My talk today:

1 Scale Separation and Nuclear Contact Formalism

2 Correlation Functions

3 Short-range correlations and the EMC e↵ect
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Applying contact formalism to

nuclear correlation functions.

“Short range correlations and the isospin dependence of nuclear

correlation functions”

R. Cruz-Torres, A. Schmidt, G. A. Miller et al.

arXiv:1710.07966, submitted to Phys. Lett. B
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Applying contact formalism to

nuclear correlation functions.

⇢

2

(~x ,~y) = F (~x ,~y)⇥ ⇢(~x)⇢(~y)

⇢

2

(r) = F (r)

�
d3~R⇢(~R +~r/2)⇢(~R �~r/2)

⇢

2

(r) = F (r)⇢uncorr.
2

(r)

43



Applying contact formalism to

nuclear correlation functions.

⇢

2

(~x ,~y) = F (~x ,~y)⇥ ⇢(~x)⇢(~y)

⇢

2

(r) = F (r)

�
d3~R⇢(~R +~r/2)⇢(~R �~r/2)

⇢

2

(r) = F (r)⇢uncorr.
2

(r)

44



Applying contact formalism to

nuclear correlation functions.

⇢

2

(~x ,~y) = F (~x ,~y)⇥ ⇢(~x)⇢(~y)

⇢

2

(r) = F (r)

�
d3~R⇢(~R +~r/2)⇢(~R �~r/2)

⇢

2

(r) = F (r)⇢uncorr.
2

(r)

45



Correlation functions from VMC
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Correlation functions from VMC
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Short-range and long-range behavior can be

blended with the same scheme for pp and pn
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Blending function g(r )
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The isospin-dependent correlations are driven

entirely by short-range interactions.

0.2

0.4

0.6

0.8

1

1.2

F (r)

CVMC

16O, pp/nn
16O, pn
40Ca, pp/nn
40Ca, pn

This work

16O, pp/nn
16O, pn
40Ca, pp/nn
40Ca, pn

0.2

0.4

0.6

0.8

1

1.2

�10%

+10%

0 0.5 1 1.5 2 2.5 3

R
es

id
ua

ls

r [fm]

�10%

+10%

0 0.5 1 1.5 2 2.5 3

50



Would it make more sense to account for Pauli

exchange?

Classical:

⇢

uncorr.
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There are a few ways to calculate

the exchange term.

1 Infinite nuclear matter approximation

⇢

exch.

2

= a[3j
1

(kF r)/(kF r)]2

Fix a, kF?

2 Shell-model calculation

Evaluate integrals over single-particle states
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There are a few ways to calculate

the exchange term.
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There are a few ways to calculate

the exchange term.
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Conclusions

Isospin di↵erences are driven by short-range physics.

Mostly Pauli exchange

VMC calculations show same behavior as Simkovic.

Taking di↵erence to Miller-Spencer as systematic may not be

appropriate.

Contact formalism gives us new insight into Simkovic

Spin-isospin decomposition

Universal short range  ! nucleus-dependent long-range
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There is a suggestive correlation between

SRC pairing and the EMC e↵ect.
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Nuclear contact in EFT and the EMC e↵ect

Chen, Detmold, Lynn, Schwenk, PRL 119, 262502 (2017)
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We tried to model the modification

of a single np-SRC pair.

Work in collaboration with Barak Schmookler
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We tried to model the modification

of a single np-SRC pair.
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We tried to model the modification
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EMC data vary significantly by nucleus.
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The SRC-modification function seems universal.
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The SRC-modification function seems universal.
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To recap:

Nuclear contacts

Correlation functions

SRCs in the EMC e↵ect

214 R. Weiss et al. / Physics Letters B 780 (2018) 211–215

Fig. 2. (left) 4He one-body momentum densities extracted from ab-initio VMC cal-
culations (solid black band) and using the nuclear contact formalism (solid red 
band). The dashed lines show the contribution of different channels to the total 
contact calculation, using the contacts extracted in momentum space. The resid-
ual plot shows the ratio of the contact calculations to the VMC. The shaded region 
marks the 10% agreement region. The width of the black and red lines represents 
the individual uncertainties in the calculations. (right) The same, without error 
bands, comparing VMC calculations (dashed lines) and the nuclear contact formal-
ism (solids lines) for different nuclei. The contacts used to calculate the distributions 
on the right plot were extracted in coordinate space.

details. Within the contact formalism, these experimental quanti-
ties can be expressed as:

a2(A/d)

∞∫

kF

|ψ̃d(k)|2dk =
C s=0

nn + C s=0
pp + C s=0

pn + C s=1
pn

A/2
(6)

S RC pp

S RC pn
(k) =

C s=0
pp |ϕ̃s=0

pp (k)|2
C s=0

pn |ϕ̃s=0
pn (k)|2 + C s=1

pn |ϕ̃s=1
pn (k)|2

(7)

where ψ̃d(k) is the deuteron wave function, normalized to one. In 
Eq. (7) it is assumed that the c.m. motion of SRC pairs is small, and 
similar for the different types of pairs in a given nucleus, as ob-
served experimentally [46–48,58]. The experimental values of the 
contacts, shown in Table 1, were extracted for symmetric nuclei 
using these relations, assuming isospin symmetry.

The agreement between the values of the contacts that were 
extracted in momentum and coordinate space, points to a quan-
titative equivalence between high-momentum and short-range 
physics in nuclear systems. The agreement with the experimental 
extraction is an important indication for the validity of the con-
tact formalism to nuclear systems. Another interesting feature of 
the extracted values is that, for symmetric nuclei, the momentum 
space s = 0 pp and pn contacts are the same within uncertainties, 
in contrast to combinatorial expectations.

We can now utilize the values of the contacts to further in-
vestigate the predictions of the theory. First, we note that as the 
relation between the contacts and the one body momentum dis-
tribution, given in Eq. (3), was not used to fit the values of the 
contacts it can be considered as a verifiable prediction. Fig. 2
compares, for several nuclei, the one-body momentum distribu-
tion obtained from many-body VMC calculations to the prediction 
of Eq. (3). As can be seen, the asymptotic 1-body density, as pre-
dicted by the contact theory, reproduces with 10%–20% accuracy 
the many-body calculation starting from kF to 5 fm−1, where the 
momentum density varies over 3 orders of magnitude. It is worth 

emphasizing that even though the contacts fitting range was only 
k > 4 fm−1 using the two-body momentum distribution, the one-
body momentum distribution is reproduced starting from kF , as 
expected.

The contacts can also be used to calculate the pp to pn SRC 
pairs ratio using Eq. (7). This ratio can be compared with exper-
imental electron induced two-nucleon knockout data [44–48] as 
shown for 4He in Fig. 1. A similar comparison for 12C [46] also 
shows a good agreement [57]. We can see that the contact predic-
tions are in a good agreement with the experimental results and 
ab-initio calculations.

The contact formalism also allows us to evaluate the contribu-
tions of the different two-body channels to SRC pairs. Such de-
composition is shown in Fig. 2 (left panel) for 4He. The values of 
the contacts clearly show the expected dominance of the deuteron 
channel in SRC pairs. The fact that the contact formalism repro-
duces the VMC one-body momentum density to 10%–20% accu-
racy, without utilizing the spin–isospin ST = 11 channels, indicates 
their small importance to SRCs in the nuclei considered here. This 
stands in contrast to other works that do find a non-negligible 
contribution of ST = 11 pairs [59,60]. A possible explanation for 
this difference goes back to our discussion of the regions where 
the two-body momentum distribution describes SRCs. In these two 
papers, the c.m. momentum was not limited to small values and, 
thus, contributions from non-correlated pairs are expected to be 
significant. The contact theory provides a simple framework to per-
form such decompositions for SRC channels.

Conclusions – Even though nuclear systems do not strictly ful-
fill the scale-separation conditions required by the contact theory, 
both ab-initio one body momentum distribution above kF and the 
experimental data are well reproduced using factorized asymptotic 
wave-functions and nuclear contact theory.

Consistent contacts extracted by separately fitting coordinate 
and momentum space two-body densities show equivalence be-
tween high-momentum and short-range dynamics in nuclear sys-
tems. Experimental extraction of the contacts gives also similar 
results. The values of the contacts allow a proper analysis of the 
spin–isospin quantum numbers of SRC pairs, and also reveal the 
non-combinatorial isospin-spin symmetry of SRCs.

This work provides clear evidence for the applicability of the 
generalized contact formalism to nuclear systems, and open the 
path towards further SRC studies.
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Conclusions

Scale separation

Valuable tool for attacking problems

New insight into underlying physics

We are looking for new applications for nuclear contacts.
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