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The CCSN shock forms at an enclosed mass of ⇠ 0.4M� and the material that is
shock heated increases the effective PNS radius. This provides a reservoir of gravi-
tational potential energy that can be converted into neutrinos. Therefore, around two
thirds of the total energy, ESN is available during the PNS cooling phase.

After the CCSN shock has passed through the PNS, the interior entropy varies be-
tween one and six kb/baryon. Peak temperatures between 30�60MeV are reached
during PNS evolution, while the surface of the PNS has a temperature around
3 � 5MeV. The interior of the PNS is comprised of interacting protons, neu-
trons, and electrons, at densities greater than a few times nuclear saturation density
(rs ⇡ 2.8⇥1014g cm�3) towards the center of the PNS. It is also possible that more
exotic degrees of freedom are present in the inner most regions of the PNS (Prakash
et al, 1997).

During core collapse, electron capture on heavy nuclei removes around 40% of
the electrons from the core before neutrinos become trapped (Hix et al, 2003), leav-
ing behind Ye ⇡ 0.3 in the core. Ye is the number of electrons per baryon and is equal
to the proton fraction by charge conservation. Although this constitutes a large por-
tion of the initial lepton number of the core, a cold NS has an even lower total lepton
number. The lepton number of the PNS is the total number of electrons plus electron
neutrinos minus the number of positrons and electron antineutrinos, which is a con-
served quantity. In a cold NS, the interactions e� + p ! ne +n and n ! n̄e +e� + p
are in equilibrium. Equating these rates and solving for the electron fraction results
in Ye ⇠ 0.1 for the densities encountered in the cores of NSs. Therefore, the PNS
must“deleptonize” to become a NS, which requires losing a total lepton number of
around
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which must be removed from the PNS by neutrinos.
Inside the PNS, a copious number of neutrinos of all flavors are produced and

scattered by weak interactions involving both the baryons and the leptons present
in the medium. The rate at which neutrinos leave the PNS and carry off energy and
lepton number will depend on thermal neutrino mean free path inside the PNS with
energy en ⇠ 60MeV. Using a reference weak interaction neutrino cross-section (see
section 3.1)
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where, GF is the Fermi coupling constant, en is the neutrino energy. A naive estimate
of the neutrino mean free path in the PNS is then
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Energy radiated, mostly in neutrinos : 

Lepton number radiated, also in neutrinos : 

Neutrino Signatures From Young Neutron Stars 3

ESN ⇠
3GM2

pns

5rNS
⇡ 3⇥1053 erg

✓
Mpns

M�

◆2⇣ rNS

12km

⌘�1
. (1)

The CCSN shock forms at an enclosed mass of ⇠ 0.4M� and the material that is
shock heated increases the effective PNS radius. This provides a reservoir of gravi-
tational potential energy that can be converted into neutrinos. Therefore, around two
thirds of the total energy, ESN is available during the PNS cooling phase.

After the CCSN shock has passed through the PNS, the interior entropy varies be-
tween one and six kb/baryon. Peak temperatures between 30�60MeV are reached
during PNS evolution, while the surface of the PNS has a temperature around
3 � 5MeV. The interior of the PNS is comprised of interacting protons, neu-
trons, and electrons, at densities greater than a few times nuclear saturation density
(rs ⇡ 2.8⇥1014g cm�3) towards the center of the PNS. It is also possible that more
exotic degrees of freedom are present in the inner most regions of the PNS (Prakash
et al, 1997).

During core collapse, electron capture on heavy nuclei removes around 40% of
the electrons from the core before neutrinos become trapped (Hix et al, 2003), leav-
ing behind Ye ⇡ 0.3 in the core. Ye is the number of electrons per baryon and is equal
to the proton fraction by charge conservation. Although this constitutes a large por-
tion of the initial lepton number of the core, a cold NS has an even lower total lepton
number. The lepton number of the PNS is the total number of electrons plus electron
neutrinos minus the number of positrons and electron antineutrinos, which is a con-
served quantity. In a cold NS, the interactions e� + p ! ne +n and n ! n̄e +e� + p
are in equilibrium. Equating these rates and solving for the electron fraction results
in Ye ⇠ 0.1 for the densities encountered in the cores of NSs. Therefore, the PNS
must“deleptonize” to become a NS, which requires losing a total lepton number of
around

NL ⇡ 3.4⇥1056
✓

Mpns

1.4M�

◆
, (2)

which must be removed from the PNS by neutrinos.
Inside the PNS, a copious number of neutrinos of all flavors are produced and

scattered by weak interactions involving both the baryons and the leptons present
in the medium. The rate at which neutrinos leave the PNS and carry off energy and
lepton number will depend on thermal neutrino mean free path inside the PNS with
energy en ⇠ 60MeV. Using a reference weak interaction neutrino cross-section (see
section 3.1)

sn =
4G2

F e2
n

p
⇡ 3⇥10�40 cm2

⇣ en
60MeV

⌘2
, (3)

where, GF is the Fermi coupling constant, en is the neutrino energy. A naive estimate
of the neutrino mean free path in the PNS is then

ln ⇠ 1
n̄bsn

⇡ 14cm
✓

ēn
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Timescale and energy spectrum of neutrinos is set by neutrino interactions 
in the hot newly born neutron star 



Supernova Neutrinos
Past: 
SN 1987a: ~ 20 neutrinos in support of 
supernova theory

Future: 
SuperK can detect ~10,000 neutrinos from a 
galactic supernova at 10 kpc

3 ×1053 ergs = 1058 × 20 MeV Neutrinos

Pons et al. (2002)
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Neutrino Scattering in  Hot Neutron Stars

core

mantle

mixed phase

neutrino sphere 1012-1013 g/cm3 and T~ 1-20 MeV
hot non-degenerate nucleon gas + few nuclei.

1013-1014 g/cm3 and T~ 5-50 MeV

1014 - 5x1014 g/cm3 and 
T~ 5-50 MeV  

partially degenerate nucleons + nuclei.

nuclear matter - Fermi liquid

> 5x1014 g/cm3

Many possibilities: 
Hyperons, pion/kaon 
condensation, quark 
matter with and without 
color superconductivity   
.. 
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The lepton tensor is

Lµ⌫ = Tr
⇥
(�6 p1 + m1)�

µ(1 � �5)(�6 p3 + m3)�
⌫(1 � �5)

⇤
, (7)

where qµ = pµ1 � pµ3 = pµ4 � pµ2 is the energy-momentum transfer from the leptons to the baryons. In our case since
particle 1 is a neutrino m1 ⇡ 0 and m3 = m

l

where m
l

is the final charged lepton, m
l

= m
e

for electrons and m
l

= m
µ

muons, in the final state. The upper sign is for neutrinos while the lower sign is for antineutrinos, due to their left
and right handed character. We use the standard Feynman slash notation, where a slash denotes contraction of a
four-vector with the gamma matrices.

Inspecting the kinematics of the leptons gives the allowed range of values for the energy and momentum transfer
to the nucleons for given four-momentum of particle 1,

q =
q

p21 + p23 � 2p1p3µ13 (8)

q0 = E1 � E3 , (9)

where µ13 is the cosine of the angle between the momentum vectors of particles one and three and p
i

is the magnitude
of the momentum of particle i. The maximum and minimum values of this expression shows that the allowed range
of momentum transfers to be |p1 � p3| < q < p1 + p3. When both particles one and three are massless, these relations
imply q2

µ

< 0 and |q0| < q < 2E1 � q0, but these constraints do not hold for charged current reactions in which the
final state lepton mass cannot be neglected.

The hadronic part of the matrix element is well known in the case of free nucleons, and including mean field
corrections in the nucleon spinors only slightly alters its structure. The necessary modifications to the spin-sums are
described in Appendix B. Then, the baryon contribution to the matrix element in the mean field approximation is
given by

⇤µ⌫ = Tr


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Here p̃µ2 = (E⇤
2 , ~p2), p̃µ4 = (E⇤

4 , ~p4), q̃µ = p̃µ4 � p̃µ2 , and E⇤
i

=
p

p2
i

+ (M⇤
i

)2. In the presence of background mean fields,
the nucleon energies E2 = E⇤

k

+ U2 and E4 = E⇤
k+q

+ U4, where U2 and U4 are mean field potentials for 2 and 4,
respectively. The e↵ective masses of the nucleons 2 and 4 in the medium are M⇤

2 and M⇤
4 .

We can now recast the absorption rate in Eq. 5 as

d�(E1)

dE3dµ13
=

G2
F
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32⇡2E1(1 � exp (�(q0 + �µ)/T ))
(11)

as in [20] where (1 � exp (�(q0 + �µ)/T ))�1 is the detailed balance factor for charged current reactions and �µ =
µ2 � µ4. The nuclear part is now factored and contained in the tensor
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where E⇤
k+q

=
q

(~k + ~q)2 + (M⇤
4 )2 and in the second line we have employed the momentum space Dirac delta function.

Eq. 11 together with Eq. 12 can be used to calculate the charged current opacity. This would include corrections
due to mean field potentials, relativistic kinematics and weak magnetism. We calculate I

µ⌫

in detail in section II B,
but first we show that the same result can be found from linear response theory.

A. The Charged Current Polarization Tensor

The neutrino absorption rate in nuclear matter can be calculated using linear response theory because at leading
order in the weak interaction, the nucleonic and leptonic parts factorize. For the weak interaction Lagrangian in Eq. 1
linear response theory predicts [18, 30]

d�(E1)

dE3dµ13
=

G2
F

32⇡2

p3
E1

(1 � f3(E3))Lµ⌫

Sµ⌫(q0, q) , (13)

2

tensor. The correct inclusion of these extra terms is likely to impact the response of the medium when correlations
are included through the RPA (see below). 3) They neglected weak magnetism corrections, which can be important
for predicting the di↵erence between electron neutrino and electron anti-neutrino spectra and nucleosynthesis in the
neutrino driven wind, as well as the deleptonization rates of protoneutron stars [29].

As a base line for future studies that would include correlations, we derive for the first time the charged current
absorption rates for electron neutrinos which include all of the following e↵ects: 1) di↵erent mean-field potential
energy shifts for neutrons and protons in neutron-rich matter; 2) relativistic contributions to the nucleon charged
currents; 3) weak magnetism; and 4) e↵ects due to the violation of the isospin symmetry, and consequently the lack of
conservation of the nucleon charged current in asymmetric matter [28]. We provide derivations of these results both
from the perspective of Fermi’s Golden Rule, and in the language of finite temperature quantum field theory. In the
neutral current limit, these expressions reduce to those given in [22]. A library for calculating neutrino interaction
rates based on this work is available at https://bitbucket.org/lroberts/nuopac.

The paper is structured as follows: In section II, we derive the general form of the charged current opacity from
Fermi’s Golden Rule. In section II A, we calculate the full charged current polarization tensor and show that its
imaginary part agrees with the Fermi’s Golden Rule results. We then present practical representations of the response
in section II B. We also discuss some approximations to the charged current absorption rate in section II C. In section
III, we present limiting forms of the rates and assess the impact of the new terms. Throughout, we set ~ = c = k

B

= 1
and use a metric with signature (+ � ��).

II. CHARGED CURRENT OPACITY

The charged current interaction at low energies is described by the Fermi weak interaction Lagrangian
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is the nucleon charged current which includes the vector, axial vector, and weak magnetism contributions, characterized
by coupling strengths g

V

= 1, g
A

= 1.26, and F2 = 3.71, respectively, and M = (M
n

+ M
p

)/2 = 938.9 MeV and
M

p

, M
n

are the proton and neutron masses, respectively. Here, the currents are written using Dirac spinors  
i

, l and
⌫ and the � matrices are in the Dirac basis with �5 = i�0�1�2�3 and �µ⌫ = i(�µ�⌫ � �⌫�µ)/2. The cross-section for
the two-particle process, l1 + N2 ! l3 + N4, where l1 and l3 are the initial and final state leptons, and N2 and N4

are the initial and final state nucleons, respectively, can be calculated from Fermi’s Golden Rule. In the relativistic
formalism, the di↵erential cross-section for the process 1 + 2 ! 3 + 4 is given by

d� =
1

(2E1)(2E⇤
2 ) vrel

D
|M |2

E
d�34(2⇡)4�4(pµ1 + pµ2 � pµ3 � pµ4 ) , (3)

where vrel is the relative velocity between particles in the initial state,

d�34 =
d3p3

(2⇡)32E3

d3p4
(2⇡)32E⇤

4

(1 � f3)(1 � f4) , (4)

is the Lorentz invariant phase which includes e↵ects due to Pauli blocking of the final states and h|M |2i is the square
of the matrix element – averaged over initial spin states and summed over the final spin states. The di↵erential
absorption rate for a neutrino with energy E1 in the medium where the density of the particle 2 is n2 is given by

d�(E1) = hn2 vrel d�i = 2

Z
d3p2
(2⇡)3

f2 vrel d� , (5)

where f2 is the distribution of the particle 2 in the medium and the factor of 2 on the RHS accounts for its spin
degeneracy. The distribution functions f

i

are assumed to be Fermi-Dirac distributions characterized by chemical
potential µ

i

and temperature T . Using the standard decomposition of the square of weak matrix element for free
nucleons in terms of the lepton tensor and the baryon tensor, we find that

D
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E
=

G2
F

4
L
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⇤µ⌫ . (6)
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Burrows & Sawyer, Horowitz & Wehrberger, Raffelt et al., Reddy et al. (1990s),   

Benhar, Carlson, Gandolfi, Horowitz, Lavato, Pethick, Reddy, Roberts, Schwenk, Shen, and others  (2000s)

difficult to calculate in general due to the non-perturbative nature 
of strong interactions.
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Dynamic Structure Factor
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The dynamic structure factor incorporates all of the many-body effects 
into the neutrino scattering and absorption rates. 
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Spin is not conserved by strong interactions  
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• Thermodynamic derivates may not be adequate to accurately describe 
the long wavelength spin response. 

• Some dynamical information is needed to calculate neutrino scattering 
rates in the medium. 
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Supernova Neutrino Spectra and Nucleosynthesis

only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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Electron and anti-electron neutrinos 
play a crucial role in supernova. Their 
energy spectrum impacts: 
1. Explosion mechanism 
2. Nucleosynthesis 
3. Detection

{

Neutrino-sphere at high 
density.  Neutron-rich matter at  
moderate entropy.  
R ~ 10-20 km
Neutrino driven wind at low-
density and high entropy. 
R ~ 103-104 km 

PNS



Hierarchy of length scales at T=5 MeV and ⍴ = 1012 g/cm3 
Neutrino Wavelength 

Inter-nucleon distance 

De Broglie wavelength  

Range of the n-n interaction  
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1012 g/cm3  : Neutrino Processes in the Neutrino-sphere 

•Matter is dilute, but interactions are strong and non-perturbative.  

•Nucleon-nucleon scattering length is large ~ 20 fm.  

•Small expansion parameter is the fugacity z=eμ/T - virial expansion.  

•Horowitz & Schwenk developed a virial EoS in this regime.   



Long-wavelength Response using the Virial EoS 

Assumes that scattering is nearly elastic to include all many-body 
correlations through the static structure factors.   

S̃⇢(q ! 0) = S⇢(q ! 0)

Sawyer (1975, 1979) 
Horowitz and Schwenk (2005), Horowitz et al. (2017)  

S̃⇢(q) =

Z !
max

�q
d! S⇢(!, q) ' S⇢(q)

S⇢(q ! 0) = T

✓
@n

@µ

◆

T

Calculate the static structure factors using the 
compressibility or  thermodynamic sum rule    

This is an excellent approximation for the density response relevant to 
neutral current reactions in the neutrino sphere.    

The spin response and charged current reactions require some dynamical 
input.  



Pseudo-potential for Hot & Dilute Nuclear Matter
The dynamic structure factor calculable using standard diagrammatic 
“perturbation” theory - with a twist.  
Interactions represented by a pseudo-potential: 

Leading order diagram neglects 
interactions. O[z]

Includes interactions at  leading 
order. Consistent with the viral 
expansion.   

Includes 2p-2h excitations and 
2-body currents. These 
corrections are beyond the 
leading order  viral expansion.   

Energy and density shifts.  
Wave-function renormalization. 

Screening.  
Vertex  renormalization. 

Bremsstrahlung processes 

2-body or 
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Dynamic Structure Factor with Pseudo-potential 
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Bedaque, Reddy, Sen & Warrington (2018) 

10

e�cacy of the static structure factor’s use in computing neutrino scattering rates (as opposed to the dynamic
structure factor) later on. The asymptotic behavior at large values of the momentum transfer q of both the
density-density and spin-spin static structure factors approach the value of the density n, as OPE arguments
demand [20]. This convergence is demonstrated in Fig. 6 and is analytically demonstrated in the appendix.
At small values of the momentum transfer q, the static structure factors exhibit the same kind of enhancement
(for SV ) or suppression (for SA) as the dynamic structure factors, in line with previous observations [21].

SV (q0,q)

SA(q0,q)

Sfree(q0,q)

0.5 1.0 1.5 2.0

q0

q vth
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FIG. 5: Here we demonstrate the dramatic e↵ect that neutron correlations have on the dynamic structure
factor. We plot three observables: the dynamic structure factor for density correlations SV with all
contributions up to O(z2) in blue, the dynamic structure factor for spin correlations SA with all

contributions up to O(z2) in brown, and for comparison we have in dotted grey the free gas density structure
factor to O(z). Here the momentum transfer is chosen to be q = 10 MeV and we chosen the bulk parameters

T = 5 MeV, z = 1/4 (corresponding to a density of n/nnuc = 9⇥ 10�3).

FIG. 6: Here we show the the static structure factor, computed to O(z2), for density (blue) and spin (brown)
at the representative temperature T = 5 MeV and fugacity z = 1/4 (corresponding to a density of

n/nnuc = 9⇥ 10�3). Both curves are normalized by the density computed to O(z2) and we plot against the
momentum scaled by the thermal momentum pth ⌘

p
6MT . Once again it is clear that at low momenta, the

density response is enhanced while the spin response is suppressed. The convergence of both static structure
factors to the density is non-trivial and is predicted by the operator product expansion.
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Interactions favor spin-singlets over triplets. 
Pseudo-potential satisfies sum-rules:  

7

We conclude this section by extending these calculations to SA(q0, q) (again, we temporarily drop the
subscript “A” from SA(q0, q) and related functions). Recall that the dynamic structure factor corresponding
to spin fluctuations is given by

Sij(q0, q) =

Z
d

4

xeiq0t�iqxh�si(x, t)�sj(0, 0)i (4.14)

where the operator �si(x, t) ⌘  

†(x, t)�i (x, t) � h †
�i i and the �i are the Pauli Matrices. The 1

S

0

interaction is spin symmetric, so clearly h�si�sji ⇠ �ij .
The diagrams contributing to the spin-spin correlator are of the same form as the ones in Fig. 3 except

now there is an insertion of a spin operator on the vertices with a wavy line. The only consequence of
this insertions is that the last (vertex correction) diagram acquires an extra minus sign compared to the
density-density correlator, thus:

SA,2(q0, q) = S

1-loop,2(q0, q) + S

2-loop,⌃(q0, q)� S

2-loop,v(q0, q). (4.15)

The physical interpretation of Eq. (4.15) is apparent: the vertex correction contribution to the spin structure
factor is suppressed due to spin anti-alignment in the 1

S

0

channel. For attractive s-wave interactions,
nucleon-nucleon correlations with anti-alignment spin are favored over those in which the spins are aligned.
This implies that we can expect the density response to be enhanced, and correspondingly the spin response
to be suppressed.

The results in Eqs. (4.15), (4.13), (4.10) and (4.8) are our central results. They allow the calculation of the
structure factors in terms of two dimensional integrals that are then computed numerically. Below we will
provide very good analytic fits to these results that neatly summarize these results.

V. SUM RULES

As a check on our calculation and to validate the use of the pseudo-potential which is intended to capture
the non-perturbative of the ladder summation, will show that sum rules, derived on general grounds, are
indeed satisfied by our results. First, the following thermodynamic sum rule relates the vector structure
function to a thermodynamic quantity [17]:

Z 1

�1

dq

0

2⇡
SV (q0, q ! 0) = T

@n

@µ

=
2z

�

3

(1 + 4b
2

z + ...), (5.1)

where b

2

, the second virial coe�cient, is given by the Beth-Uhlenbeck relation [18]

b

2

= � 1

25/2
+

p
2

⇡

Z 1

0

dk

d�(k)

dk

e�
�k

2

M

. (5.2)

where �(k) is the phase shift of the 1

S

0

partial wave and k = |k
1

�k

2

|/2 is the di↵erence in incoming momenta.
The spin structure factor satisfies a similar sum rule [8]:

Z 1

�1

dq

0

2⇡
SA(q0, q ! 0) =

2z

�

3

(1 + 4b
2,freez + ...), (5.3)

with b

2,free = �2�5/2. We verified numerically that both sides of Eqs. (5.1) and (5.3) agreed for a array of
parameter values and di↵erent phase shifts. In addition, our calculations were repeated in the Schwinger-
Keldysh formalism which leads to di↵erent, but equivalent expressions. These expressions make it easy to see
that Eq. (5.1) is satisfied exactly for any phase shift and parameter values (derived in appendix).

A second sum rule that can be used is the so-called f-sum rule [17] which was defined earlier in Eq. (2.7).
Since nuclear interactions conserve baryon number, the interaction commutes with the density operator and

Z 1

�1

dq

0

2⇡
q

0

SV (q0, q) =
q

2

2M
n . (5.4)



Back-scattering is suppressed 
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FIG. 8: Figures show the di↵erential rate for neutrino scattering at T = 5 MeV and z = 1/4 over a range of
incoming neutrino energies. The right panel is a zoomed out view of the plot on the left, which focuses on
the low energy range. Dotted lines correspond to the O(z) free theory predictions, while the solid lines come

from the O(z2) theory.

IX. CONCLUSION

In this work, we examined the e↵ects of neutron interactions on neutrino scattering rates in the neutri-
nosphere. Although it is di�cult to analyze neutrino scattering o↵ cold dense matter in a systematic way
due to the absence of a small expansion parameter, in the high temperature dilute gas of the neutrinosphere
the fugacity is a small parameter and therefore calculations are much more tractable. The expansion in
fugacity is known as the virial expansion. We compute the dynamic structure factor for both density and
spin correlations in the virial expansion and extract from these structure factors medium modified scattering
rates. Our work is meant to improve on the previous calculations of neutrino scattering in hot and dilute
matter, where the scattering rates are computed in the long wavelength limit and medium e↵ects can be
expressed in terms of the equation of state. Though model independent, the long wavelength limit has its
limitations because the momentum dependence of observables is completely disregarded. We compute, for the
first time, the dependence of the structure factor on energy and momentum transfer from the neutrinos to the
medium. We model the neutron-neutron interaction with a pseudo-potential vertex in the 1

S

0

channel. The
pseudo-potential approach takes in as input on-shell scattering phase shifts and outputs, upon calculation of
Feynman diagrams, dynamical correlations. We find that upon inclusion of two-body correlations, neutrino
scattering is suppressed in the medium. In particular, back scattering is most strongly suppressed. Since
1

S

0

interactions between neutrons tend to anti-correlate spins into spin 0 singlets and suppress the axial
response, backscattering, which can only proceed via the axial current coupling for ultra-relativistic neutrinos
(m⌫/E ! 0), is correspondingly suppressed. Both vector and axial currents contribute to scattering at
forward angles, and the modest enhancement of the vector response partially compensates for the suppression
of axial response

We have demonstrated that the pseudo-potential model behaves sensibly. In particular, we have shown
that the dynamic structure factor extracted from the pseudo-potential approach reproduces exactly the
thermodynamics of the neutron gas and satisfies the f-sum rule. Additionally, the pseudo-potential reproduces
the high momentum predictions for the static structure factor from the operator product expansion. There
are several improvements that warrant further study, and we aim to include: (i) higher partial waves; (ii) two
particle excitations above the ground state in future work. In addition, to account for short-distance dynamics,
two-body currents need to be included consistently. To access higher densities, the pseudo-potential will need
to be replaced either realistic interactions where in the particle-particle channels are summed to higher order
or by e↵ective interactions that properly account for the e↵ects of Pauli-blocking and nucleon-self energies
in the intermediate states. Although these improvements are warranted, the results presented here already
marks an advances over earlier work where corrections due to strong interactions were only included in the
static, long-wavelength limit.

free

interacting

A reduced axial response implies a reduced scattering at backward 
angles : Important for transport and spectra. 

Bedaque, Reddy, Sen & Warrington (2018) 
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FIG. 5. (Color online) Momentum dependence of the neutron and proton single-particle energies in hot (T = 8
MeV) and dense (n

B

= 0.02 fm�3) beta-equilibrated nuclear matter calculated in the HF approximation from
the pseudo-potential. The solid and dashed lines are parametrized fits, with the form given in Eq. (11), of the
non-relativistic dispersion relations for protons and neutrons respectively.

theoretical band for the prediction of the HF pseudo-potential approach as shown in Fig. 4 and in all

future plots where the pseudo-potential results are shown.

The ambient conditions encountered in the neutrino-sphere span densities and temperatures in the

range n

B

= 0.001 � 0.05 fm�3 and T = 3 � 8 MeV. To study the nuclear medium e↵ects, we choose

baryon density n

B

= 0.02 fm�3 and temperature T = 8MeV to compare with earlier results obtained in

Ref. [23]. For these conditions the pseudo-potential predicts a proton fraction of Y
p

= 0.049 (modified

pseudo-potential: Y
p

= 0.038), while for the HF chiral NN potential we find Y

p

= 0.019. The neutron and

proton momentum-dependent single-particle energies associated with mean-field e↵ects from the nuclear

pseudo-potential are shown with filled circles and squares in Fig. 5, and qualitatively similar results were

found for the chiral NN potential and modified pseudo-potential. For convenience in calculating the

charged-current reaction rates described later in the text, we parametrize the momentum dependence

12
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Mean Field & Collisional Broadening  
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#Ansatz for the spin-isospin charge-exchange response function in hot 
matter: 

Collisional broadening (finite lifetime) introduced in the relaxation time 
approximation: � = ⌧�1

�

G. Bertsch, D. Cha, and H. Toki (1984) V�⌧ ' 200� 220 MeV/fm

Shen, Roberts, Reddy (2013)
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• Energy shift helps 
overcome electron final 
state blocking. 

• Enhances νe absorption

• Larger energy needed to 
produce neutrons 
suppresses anti-νe 
absorption. 

Rrapaj, Holt, Bartl, Reddy & Schwenk (2015)
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sphere because, by definition, this material can efficiently lose net electron neutrino number. At these densities, effects
due to strong interactions modify the equation of state and the beta-equilibrium abundances of neutron and protons.
Simple models for the nuclear equation of state predict that the nucleon potential energy is

Un/p ≈ Vis (nn + np) ± Viv (nn − np) , (1)

where Vis and Viv are the effective iso-scalar and iso-vector potentials. Empirical properties of nuclear matter and
neutron-rich matter suggest that Vis × n0 ≈ −50 MeV and Viv × n0 ≈ 20 MeV. The potential energy associated with
n → p conversion in the medium is

∆U = Un − Up ≈ 40 ×
(nn − np)

n0
MeV, (2)

where n0 = 0.16 nucleons/fm3 is the number density at saturation. It will be shown that ∆U changes the kinematics
of charge current reactions, so that the Q-value for the reaction νe + n → e− + p is enhanced by ∆U while that for
ν̄e + p → e+ + n is reduced by the same amount. The effect is similar to the enhancement due to the neutron-proton
mass difference, but is larger when the number density n > n0/20.

In section II, charged current neutrino opacities in an interacting medium are discussed. We consider how mean
fields affect the response of the medium in detail and how this depends on the properties of the nuclear equation of
state. The affect of nuclear correlations and multi-particle hole excitations are also discussed. In section III, the effect
of variations of the charged current reaction rates on the properties of the emitted neutrinos is studied.

II. THE CHARGED CURRENT RESPONSE

The differential absorption rate for electron neutrinos by the process νe + n → e− + p is given by

dΓ

cos θdEe
=

G2
F

2π
pe Ee (1 − fe(Ee)) ×

[

(1 + cos θ)Sτ (q0, q) + g2
A(3 − cos θ)Sστ (q0, q)

]

(3)

where Sτ (q0, q) and Sστ (q0, q) are the response functions associated with the Fermi and Gamow-Teller operators,
τ+ and στ+, respectively. The energy transfer to the nuclear medium is q0 = Eν − Ee, and the magnitude of the
momentum transfer to the medium is q2 = E2

ν + E2
e − 2EνEe cos θ. In a non-interacting Fermi gas, the response

functions Sτ (q0, q) = Sστ (q0, q) = SF(q0, q) given by

SF(q0, q) =
1

2π2

∫

d3p2δ(q0 + E2 − E4)f2(1 − f4), (4)

where the particle labeled 2 is the incoming nucleon, the particle labeled 4 is the outgoing nucleon. When the
dispersion relation for nucleons is given by E(p) = M +p2/2M , and neglecting for simplicity the neutron-proton mass
difference, the integrals in Eq. 4 can be performed to obtain

SF(q0, q) =
(

1 − e−z
)

−1
Im ΠF (5)

where z = (q0 + µ2 − µ4)/T and

Im ΠF =
M2T

πq
ln

{

exp [(emin − µ2) /T ] + 1

exp [(emin − µ2) /T ] + exp [−z]

}

, (6)

is the free particle-hole polarization function. µ2 and µ4 are the chemical potentials of the incoming and outgoing
nucleons, M is the nucleon mass, and

emin =
M

2q2

(

q0 −
q2

2M

)2

. (7)

emin arises from the kinematic restrictions imposed by the energy-momentum transfer and the energy conserving delta
function. Physically, emin is the minimum energy of the nucleon in the initial state that can accept momentum q and
energy q0.

Charged Currents at Low Density with the Pseudo-potential
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FIG. 11. (Color online) E↵ect of the in-medium neutron (proton) dispersion relation on the (anti-)neutrino
absorption mean free path in beta-equilibrated matter at density n

B

= 0.02 fm�3 and temperature T = 8 MeV.
The chiral NN potential and pseudo-potential are both used in HF approximation. This provides a conservative
range for the theoretical uncertainty due to the many-body treatment, which can be improved by performing
higher-order calculations. Also shown is the mean free path for the neutrino-pair absorption process.

V. CONCLUSIONS

In this study we have presented a calculation of the HF self-energy of protons and neutrons in the hot

neutron-rich matter encountered in the neutrino-sphere of supernovae and used them to calculate the

charged-current neutrino and anti-neutrino mean free paths. The mean free paths were found to be quite

sensitive to the nucleon dispersion relation, especially to the di↵erence in the energy shifts experienced

by neutrons and protons in hot and relatively low-density neutron-rich matter. The di↵erence between

the results obtained using a chiral N3LO potential and the pseudo-potential is large and indicates that

non-perturbative e↵ects in the particle-particle channel, which are approximately included in the pseudo-

potential, are important. A desirable feature of the HF pseudo-potential approach is that it reproduces

20



Neutrino Spectra  are Sensitive to Symmetry Energy 

Time evolution of electron neutrino spectrum could be a useful diagnostic.  
Larger difference between electron and anti-electron neutrino energies is 
good for the r-process. 
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1013-1014 g/cm3  and T~3-20 MeV

• Interesting regime where matter 
behaves as a dense heterogenous 
liquid. 

• Virial expansion fails. No small 
expansion parameter.  

• Coexistence between neutron-rich 
nuclei and neutron-rich matter is 
favored at lower temperature - 
favors large density fluctuations. 

• Neutrinos can coherently scatter 
of the heterogenous structures.    

n,e

n,p,e

nucleus gas

Low density High density

5

our analysis neglects finite size e↵ects such as surface,
Coulomb and shell e↵ects we believe that this is an up-
per limit on the melting temperature.

III. NEUTRINO SCATTERING

Coherent neutrino scattering from nuclei and pasta can
be estimated using the two-phase Gibbs construction dis-
cussed in the preceding section if their typical size is
known. The nuclear size is set by the competition be-
tween the surface and Coulomb energies, the mass num-
ber and charge of the energetically favored nuclei can be
calculated by specifying the surface tension [20]. Shell ef-
fects can also play a role but we can expect their impact
to be less important at the temperatures of interest, and
we neglect them in the following analysis. Further, al-
though we should expect a distribution of nuclei at finite
temperature, to obtain a simple first estimate we shall
assume that the distribution is dominated by a single
nucleus. In this case, the radius of the favored nucleus is

r3
A

=
3�

4⇡e2(nh

p

)2f
3

(u)
with f

3

(u) =
2 � 3u1/3 + u

5
,

(4)
where � is the surface tension between the low and high
density phases, and f

3

(u) is the geometrical factor asso-
ciated with the Coulomb energy of the Wigner-Seitz cell
in d = 3 dimensions [29]. The surface tension is a func-
tion of the density, Y

e

and T . We use the ansatz from
Ref. [30] (see also Ref. [31]) and parameters obtained for
the SLy4 interaction. Note that this simple ansatz ne-
glects the influence of the protons in the low density gas
phase on the surface tension [32] .

For the purpose of calculating coherent neutrino scat-
tering, we shall, for simplicity, assume that nuclei are
spherical for all values of u. This is reasonable because
angle averaged coherent scattering rates from rod-like
and slab-like structures have been calculated earlier and
found to be comparable or smaller than those from spher-
ical nuclei of similar size [33]. Further, as noted earlier,
close to �-equilibrium the pasta region is relatively small
even for T < T �

m

, and absent for T > T �

m

.
The di↵erential coherent elastic scattering rate from

the nuclei in the heterogeneous phase is given by

d�
coh

d cos ✓
=

G2

F

E2

⌫

8⇡
n

A

(1 + cos ✓) S(q) N2

w

F 2

A

(q) (5)

where the total weak charge of a nucleus is defined as

N
w

=
4⇡

3
r3
A

(nh

n

� nl

n

) , (6)

and n
A

= 3u/(4⇡r3
A

) is the density of nuclei. We have
neglected the proton contribution in the vector response
because of their weak charge ' 1 � 4 sin2 ✓

W

⇡ 0,
and subtracted the density of neutrons from the low
density phase because neutrinos only scatter o↵ the

density contrast. The static structure factor S(q) ac-
counts for correlations between nuclei due to long-range
Coulomb interactions (weakly screened by electrons) that
tends to suppress scattering at small momentum transfer
q = E

⌫

p
2(1 � cos ✓) . 1/a where a = (3/4⇡n

A

)1/3 =
r
A

/u1/3 is the average distance between nuclei. Scatter-
ing with high momentum transfer with q & 1/r

A

is sup-
pressed by the form factor of the nucleus F

A

(q) which
we take to be that of a sphere of constant density and
radius r

A

. More realistic choices such as the Helm form
factor [34], have a negligible impact on our results.

In a one component plasma, S(q) depends on a and
the Coulomb coupling parameter � = Z2e2/ak

B

T where
Z is the ion charge, e2 = 1/137 and k

B

T is the thermal
energy. In our simple model for the heterogenous state
where we assume a single spherical nucleus captures the
essential physics

Z ⇡ 26

✓
�

�
0

◆ ✓
n
0

2nh

p

◆ ✓
f
3

(0)

f
3

(u)

◆
, (7)

where �
0

' 1.2 MeV/fm2 is the surface tension of sym-
metric nuclei in vaccum, n

0

' 0.16 fm�3 is the nu-
clear saturation density. Typically we find Z ' 50 at
the density for which we expect an appreciable fraction
of large nuclei or pasta, and � � 1. For large � the
static structure factor S(q) ⌧ 1 unless qa � 1, and for
� > 10 the interference of amplitudes for neutrino scat-
tering o↵ di↵erent clusters is strong and destructive at
small qa < 2–3. At intermediate qa ' 4–5, construc-
tive interference can enhance scattering, and for qa � 5
where interference is negligible S(q) ' 1. In this work we
employ S(q) obtained from recent fits to accurate MD
simulations of one-component plasmas [35] to properly
account for screening for � in the range 1–150. We note
that for T > 2 MeV, � < 150 even at the highest density,
and crystallization is not favored and its reasonable to
work with S(q) obtained for the liquid state.

The neutrino scattering rate from non-relativistic nu-
cleons in the gas phase is given by

d�
⌫

d cos ✓
=

G2

F

E2

⌫

8⇡

X

ij

h
(1 + cos ✓) Ci

v

Cj

v

Sij

v

(q)

+(3 � cos ✓)Ci

a

Cj

a

Sij

a

(q)
i
, (8)

where the labels i and j can be either neutrons or pro-
tons, Ci

v

and Ci

a

are their corresponding vector and axial
vector charges. In the long-wavelength limit, which is
adequate to describe low energy neutrino scattering, the
static structure factors (unnormalized) can be related to
thermodynamic functions,

Sij

v

= T

✓
@2P

@µ
j

@µ
i

◆

T

(9)

where P is the pressure of the gas phase and µ
i

is the
chemical potential of either neutrons or protons, and the

10 fm 



Pasta in Beta-Equilibrium Dissolves at Low Temperature

Gibbs equilibrium is altered due 
to thermal protons in the low-
density phase.

Pasta configurations favored at 
large Ye at T=0, are not realized  
at T > 1 MeV for matter close to 
beta-equilibrium. 

Roggero, Margueron, Reddy, & Roberts & (2017)

For large Ye  the volume fraction 
of nuclei denoted by u is large 
near the transition density.  For 
small Ye u decreases rapidly with 
T as protons leak out of nuclei.  

3

by its intersection with the magenta curve. The solid-
blue curve denotes the �-equilibrium path, along which
µ

n

� µ
p

= µ
e

. Gibbs equilibrium is possible along the
�-equilibrium path when solid-blue curve lies within the
coexistence region. Once again, it can be seen that the
�-equilibrium curve moves across many Gibbs equilib-
rium pairs as it traverses the coexistence region. The
�-equilibrium path for the homogeneous phase is also
shown as the dashed-blue curve for reference. The spin-
odal region where matter is unstable to small density per-
turbations is the region enclosed by the green curve, and
the critical points associated with the first-order transi-
tion are denoted by the red dots.

Several insights about the role of finite temperature
can be gleaned from examining the progression of the
phase coexistence region with temperature seen in the
three panels in Fig. 1:

• With increasing temperature the extent of the
phase co-existence region shrinks, and its inter-
section with the path of �-equilibrium decreases.
Above the critical temperature, T �

max

(' 9MeV
for the model chosen) there is no intersection and
phase coexistence in �-equilibrium is not possible.

• In contrast, out of �-equilibrium for moderate val-
ues of Y

e

> 0.2 there exists a range of ambient con-
ditions that extends to higher temperature where
Gibbs equilibrium is possible. Nonetheless, with
increasing temperature the area enclosed by the
solid-black coexistence curve shrinks and its inter-
section with lines of constant Y

e

is reduced. Even-
tually, above the critical temperature denoted by
TYe
max

' 12 � 15 MeV there is no intersection and
phase coexistence is absent.

• Co-existence in �-equilibrium ends near the criti-
cal point. With increasing temperature, phase co-
existence ends by making a transition to the uni-
form low-density gas phase. This feature, called
retrograde condensation [26], implies that the path
along beta-equilibrium will favor fewer nuclei with
increasing density.

• For moderate values of Y
e

> 0.2 phase co-existence
ends by transiting to the high-density liquid phase
and large nuclei persist to higher temperature.

• With increasing temperature, the density contrast
between the high and low density phases associated
with Gibbs equilibrium is reduced.

The impact of retrograde condensation on the volume
fraction of the high-density liquid phase is seen more
clearly in Fig. 2. At low temperatures, u begins close
to zero at low densities and increases to one at high den-
sities, implying that it exits the coexistence region in the
high-density phase. But above a critical temperature,
u reaches a maximum of less than one and turns over,
implying the �-equilibrium path exits the coexistence re-
gion in the low-density gas phase. The fact that the
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FIG. 2. Volume fraction of the high density phase in het-
erogenous matter for SLy4 Skyrme interaction. (a) for the
�-equilibrium path, (b) for the constant Y

e

= 0.2 path.

maximum volume fraction occupied by the high-density
phase, which corresponds to nuclei or pasta structures,
is rather small at temperatures high enough for retro-
grade condensation can significantly impact the contribu-
tion of coherent scattering to the neutrino opacity of �-
equilibrium matter. Since non-spherical shapes or pasta
nuclei are favored for u & 1/8 (for a pedagogic discussion
of pasta nuclei see Ref. [20]) we include the horizontal
dashed line at u = 1/8 to help extract the critical tem-
perature T �

m

above which pasta nuclei no longer appear
(note that T �

m

< T �

max

). From panel (a) of Fig. 2 we
see that T �

m

is between 5 and 6 MeV (for SLy4 EOS). In
contrast for matter at fixed Y

e

= 0.2, shown in panel (b),
pasta nuclei persist to higher temperatures until phase
coexistence ends at TYe

max

We can understand the physical mechanism for retro-
grade condensation at larger temperatures by examining
the evolution of the proton fraction in the gas phase.
Global charge neutrality requires the volume fraction of
the high density phase to be

u =
n

e

� nl

p

nh

p

� nl

p

, (2)

where the electron density n
e

is assumed to be uniform
because the Debye screening length is large compared to
the typical size of electrically neutral Wigner-Seitz cells.
In the beta-equilibrium mixed phase the lowest energy
level for protons in the low density gas phase El

p

> µ
p

and at T = 0 the proton density there denoted by nl

p

= 0.

At T = 0 the volume fraction u = n
e

/nh

p

increases rapidly

with increasing density because n
e

increases and nh

p

de-

creases. At finite temperature nl

p

> 0 because proton
states in the gas can be thermally populated. This is
illustrated in Fig. 3 where the occupied energy levels
of protons in both the low and high density phases are
shown at zero and finite temperature.

The thermal population of protons in the gas

nl

p

' 2

✓
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◆
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e��Ep/T (3)
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by its intersection with the magenta curve. The solid-
blue curve denotes the �-equilibrium path, along which
µ

n

� µ
p

= µ
e

. Gibbs equilibrium is possible along the
�-equilibrium path when solid-blue curve lies within the
coexistence region. Once again, it can be seen that the
�-equilibrium curve moves across many Gibbs equilib-
rium pairs as it traverses the coexistence region. The
�-equilibrium path for the homogeneous phase is also
shown as the dashed-blue curve for reference. The spin-
odal region where matter is unstable to small density per-
turbations is the region enclosed by the green curve, and
the critical points associated with the first-order transi-
tion are denoted by the red dots.

Several insights about the role of finite temperature
can be gleaned from examining the progression of the
phase coexistence region with temperature seen in the
three panels in Fig. 1:

• With increasing temperature the extent of the
phase co-existence region shrinks, and its inter-
section with the path of �-equilibrium decreases.
Above the critical temperature, T �

max

(' 9MeV
for the model chosen) there is no intersection and
phase coexistence in �-equilibrium is not possible.

• In contrast, out of �-equilibrium for moderate val-
ues of Y

e

> 0.2 there exists a range of ambient con-
ditions that extends to higher temperature where
Gibbs equilibrium is possible. Nonetheless, with
increasing temperature the area enclosed by the
solid-black coexistence curve shrinks and its inter-
section with lines of constant Y

e

is reduced. Even-
tually, above the critical temperature denoted by
TYe
max

' 12 � 15 MeV there is no intersection and
phase coexistence is absent.

• Co-existence in �-equilibrium ends near the criti-
cal point. With increasing temperature, phase co-
existence ends by making a transition to the uni-
form low-density gas phase. This feature, called
retrograde condensation [26], implies that the path
along beta-equilibrium will favor fewer nuclei with
increasing density.

• For moderate values of Y
e

> 0.2 phase co-existence
ends by transiting to the high-density liquid phase
and large nuclei persist to higher temperature.

• With increasing temperature, the density contrast
between the high and low density phases associated
with Gibbs equilibrium is reduced.

The impact of retrograde condensation on the volume
fraction of the high-density liquid phase is seen more
clearly in Fig. 2. At low temperatures, u begins close
to zero at low densities and increases to one at high den-
sities, implying that it exits the coexistence region in the
high-density phase. But above a critical temperature,
u reaches a maximum of less than one and turns over,
implying the �-equilibrium path exits the coexistence re-
gion in the low-density gas phase. The fact that the
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FIG. 2. Volume fraction of the high density phase in het-
erogenous matter for SLy4 Skyrme interaction. (a) for the
�-equilibrium path, (b) for the constant Y

e

= 0.2 path.

maximum volume fraction occupied by the high-density
phase, which corresponds to nuclei or pasta structures,
is rather small at temperatures high enough for retro-
grade condensation can significantly impact the contribu-
tion of coherent scattering to the neutrino opacity of �-
equilibrium matter. Since non-spherical shapes or pasta
nuclei are favored for u & 1/8 (for a pedagogic discussion
of pasta nuclei see Ref. [20]) we include the horizontal
dashed line at u = 1/8 to help extract the critical tem-
perature T �

m

above which pasta nuclei no longer appear
(note that T �

m

< T �

max

). From panel (a) of Fig. 2 we
see that T �

m

is between 5 and 6 MeV (for SLy4 EOS). In
contrast for matter at fixed Y

e

= 0.2, shown in panel (b),
pasta nuclei persist to higher temperatures until phase
coexistence ends at TYe

max

We can understand the physical mechanism for retro-
grade condensation at larger temperatures by examining
the evolution of the proton fraction in the gas phase.
Global charge neutrality requires the volume fraction of
the high density phase to be

u =
n

e

� nl

p

nh

p

� nl

p

, (2)

where the electron density n
e

is assumed to be uniform
because the Debye screening length is large compared to
the typical size of electrically neutral Wigner-Seitz cells.
In the beta-equilibrium mixed phase the lowest energy
level for protons in the low density gas phase El

p

> µ
p

and at T = 0 the proton density there denoted by nl

p

= 0.

At T = 0 the volume fraction u = n
e

/nh

p

increases rapidly

with increasing density because n
e

increases and nh

p

de-

creases. At finite temperature nl

p

> 0 because proton
states in the gas can be thermally populated. This is
illustrated in Fig. 3 where the occupied energy levels
of protons in both the low and high density phases are
shown at zero and finite temperature.

The thermal population of protons in the gas
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Pasta in Beta-Equilibrium Dissolves at Low Temperature

Gibbs equilibrium is altered due 
to thermal protons in the low-
density phase.

Pasta configurations favored at 
large Ye at T=0, are not realized  
at T > 1 MeV for matter close to 
beta-equilibrium. 

Roggero, Margueron, Reddy, & Roberts & (2017)

For large Ye  the volume fraction 
of nuclei denoted by u is large 
near the transition density.  For 
small Ye u decreases rapidly with 
T as protons leak out of nuclei.  
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by its intersection with the magenta curve. The solid-
blue curve denotes the �-equilibrium path, along which
µ

n

� µ
p

= µ
e

. Gibbs equilibrium is possible along the
�-equilibrium path when solid-blue curve lies within the
coexistence region. Once again, it can be seen that the
�-equilibrium curve moves across many Gibbs equilib-
rium pairs as it traverses the coexistence region. The
�-equilibrium path for the homogeneous phase is also
shown as the dashed-blue curve for reference. The spin-
odal region where matter is unstable to small density per-
turbations is the region enclosed by the green curve, and
the critical points associated with the first-order transi-
tion are denoted by the red dots.

Several insights about the role of finite temperature
can be gleaned from examining the progression of the
phase coexistence region with temperature seen in the
three panels in Fig. 1:

• With increasing temperature the extent of the
phase co-existence region shrinks, and its inter-
section with the path of �-equilibrium decreases.
Above the critical temperature, T �

max

(' 9MeV
for the model chosen) there is no intersection and
phase coexistence in �-equilibrium is not possible.

• In contrast, out of �-equilibrium for moderate val-
ues of Y

e

> 0.2 there exists a range of ambient con-
ditions that extends to higher temperature where
Gibbs equilibrium is possible. Nonetheless, with
increasing temperature the area enclosed by the
solid-black coexistence curve shrinks and its inter-
section with lines of constant Y

e

is reduced. Even-
tually, above the critical temperature denoted by
TYe
max

' 12 � 15 MeV there is no intersection and
phase coexistence is absent.

• Co-existence in �-equilibrium ends near the criti-
cal point. With increasing temperature, phase co-
existence ends by making a transition to the uni-
form low-density gas phase. This feature, called
retrograde condensation [26], implies that the path
along beta-equilibrium will favor fewer nuclei with
increasing density.

• For moderate values of Y
e

> 0.2 phase co-existence
ends by transiting to the high-density liquid phase
and large nuclei persist to higher temperature.

• With increasing temperature, the density contrast
between the high and low density phases associated
with Gibbs equilibrium is reduced.

The impact of retrograde condensation on the volume
fraction of the high-density liquid phase is seen more
clearly in Fig. 2. At low temperatures, u begins close
to zero at low densities and increases to one at high den-
sities, implying that it exits the coexistence region in the
high-density phase. But above a critical temperature,
u reaches a maximum of less than one and turns over,
implying the �-equilibrium path exits the coexistence re-
gion in the low-density gas phase. The fact that the
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FIG. 2. Volume fraction of the high density phase in het-
erogenous matter for SLy4 Skyrme interaction. (a) for the
�-equilibrium path, (b) for the constant Y

e

= 0.2 path.

maximum volume fraction occupied by the high-density
phase, which corresponds to nuclei or pasta structures,
is rather small at temperatures high enough for retro-
grade condensation can significantly impact the contribu-
tion of coherent scattering to the neutrino opacity of �-
equilibrium matter. Since non-spherical shapes or pasta
nuclei are favored for u & 1/8 (for a pedagogic discussion
of pasta nuclei see Ref. [20]) we include the horizontal
dashed line at u = 1/8 to help extract the critical tem-
perature T �
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above which pasta nuclei no longer appear
(note that T �
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< T �

max

). From panel (a) of Fig. 2 we
see that T �

m

is between 5 and 6 MeV (for SLy4 EOS). In
contrast for matter at fixed Y

e

= 0.2, shown in panel (b),
pasta nuclei persist to higher temperatures until phase
coexistence ends at TYe

max

We can understand the physical mechanism for retro-
grade condensation at larger temperatures by examining
the evolution of the proton fraction in the gas phase.
Global charge neutrality requires the volume fraction of
the high density phase to be

u =
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where the electron density n
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is assumed to be uniform
because the Debye screening length is large compared to
the typical size of electrically neutral Wigner-Seitz cells.
In the beta-equilibrium mixed phase the lowest energy
level for protons in the low density gas phase El
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and at T = 0 the proton density there denoted by nl
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At T = 0 the volume fraction u = n
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increases rapidly

with increasing density because n
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de-

creases. At finite temperature nl

p

> 0 because proton
states in the gas can be thermally populated. This is
illustrated in Fig. 3 where the occupied energy levels
of protons in both the low and high density phases are
shown at zero and finite temperature.
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. Gibbs equilibrium is possible along the
�-equilibrium path when solid-blue curve lies within the
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rium pairs as it traverses the coexistence region. The
�-equilibrium path for the homogeneous phase is also
shown as the dashed-blue curve for reference. The spin-
odal region where matter is unstable to small density per-
turbations is the region enclosed by the green curve, and
the critical points associated with the first-order transi-
tion are denoted by the red dots.

Several insights about the role of finite temperature
can be gleaned from examining the progression of the
phase coexistence region with temperature seen in the
three panels in Fig. 1:

• With increasing temperature the extent of the
phase co-existence region shrinks, and its inter-
section with the path of �-equilibrium decreases.
Above the critical temperature, T �

max

(' 9MeV
for the model chosen) there is no intersection and
phase coexistence in �-equilibrium is not possible.

• In contrast, out of �-equilibrium for moderate val-
ues of Y

e

> 0.2 there exists a range of ambient con-
ditions that extends to higher temperature where
Gibbs equilibrium is possible. Nonetheless, with
increasing temperature the area enclosed by the
solid-black coexistence curve shrinks and its inter-
section with lines of constant Y
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is reduced. Even-
tually, above the critical temperature denoted by
TYe
max

' 12 � 15 MeV there is no intersection and
phase coexistence is absent.

• Co-existence in �-equilibrium ends near the criti-
cal point. With increasing temperature, phase co-
existence ends by making a transition to the uni-
form low-density gas phase. This feature, called
retrograde condensation [26], implies that the path
along beta-equilibrium will favor fewer nuclei with
increasing density.

• For moderate values of Y
e

> 0.2 phase co-existence
ends by transiting to the high-density liquid phase
and large nuclei persist to higher temperature.

• With increasing temperature, the density contrast
between the high and low density phases associated
with Gibbs equilibrium is reduced.

The impact of retrograde condensation on the volume
fraction of the high-density liquid phase is seen more
clearly in Fig. 2. At low temperatures, u begins close
to zero at low densities and increases to one at high den-
sities, implying that it exits the coexistence region in the
high-density phase. But above a critical temperature,
u reaches a maximum of less than one and turns over,
implying the �-equilibrium path exits the coexistence re-
gion in the low-density gas phase. The fact that the
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Pasta in Beta-Equilibrium Dissolves at Low Temperature

Gibbs equilibrium is altered due 
to thermal protons in the low-
density phase.

Pasta configurations favored at 
large Ye at T=0, are not realized  
at T > 1 MeV for matter close to 
beta-equilibrium. 

Roggero, Margueron, Reddy, & Roberts & (2017)

For large Ye  the volume fraction 
of nuclei denoted by u is large 
near the transition density.  For 
small Ye u decreases rapidly with 
T as protons leak out of nuclei.  
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shown as the dashed-blue curve for reference. The spin-
odal region where matter is unstable to small density per-
turbations is the region enclosed by the green curve, and
the critical points associated with the first-order transi-
tion are denoted by the red dots.

Several insights about the role of finite temperature
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ditions that extends to higher temperature where
Gibbs equilibrium is possible. Nonetheless, with
increasing temperature the area enclosed by the
solid-black coexistence curve shrinks and its inter-
section with lines of constant Y

e

is reduced. Even-
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existence ends by making a transition to the uni-
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retrograde condensation [26], implies that the path
along beta-equilibrium will favor fewer nuclei with
increasing density.

• For moderate values of Y
e

> 0.2 phase co-existence
ends by transiting to the high-density liquid phase
and large nuclei persist to higher temperature.

• With increasing temperature, the density contrast
between the high and low density phases associated
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fraction of the high-density liquid phase is seen more
clearly in Fig. 2. At low temperatures, u begins close
to zero at low densities and increases to one at high den-
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grade condensation can significantly impact the contribu-
tion of coherent scattering to the neutrino opacity of �-
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We can understand the physical mechanism for retro-
grade condensation at larger temperatures by examining
the evolution of the proton fraction in the gas phase.
Global charge neutrality requires the volume fraction of
the high density phase to be
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where the electron density n
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is assumed to be uniform
because the Debye screening length is large compared to
the typical size of electrically neutral Wigner-Seitz cells.
In the beta-equilibrium mixed phase the lowest energy
level for protons in the low density gas phase El
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and at T = 0 the proton density there denoted by nl
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increases rapidly

with increasing density because n
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increases and nh
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creases. At finite temperature nl

p

> 0 because proton
states in the gas can be thermally populated. This is
illustrated in Fig. 3 where the occupied energy levels
of protons in both the low and high density phases are
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Paucity of Large Nuclei & Reduced Coherent Scattering
Coherent scattering makes a modest contribution to the total opacity at 
sub-nuclear density 

Margueron, Reddy, Roberts & Roggero (2017)
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where �
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is the chemical potential associated with the spin
density of species i. When interactions between nucleons
can be neglected, the structure functions greatly simplify
and are given by
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where � = 1/T and only correlations due to Fermi statis-
tics are included. Strong nuclear interactions induce ad-
ditional correlations between nucleons in the gas and can
alter the structure factors. At the sub-nuclear densities
of interest, calculations suggest a modest enhancement
of the vector response, and a suppression by up to 50%
of the axial response [36–40]. Since our primary interest
here is to asses the role of coherent scattering, in what
follows we shall neglect corrections due to strong inter-
actions and use Eq. (11) to calculate the scattering rates
in the gas phase.
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where �tran =
R

d cos ✓ (1�cos ✓) d�/d cos ✓ is the elastic
transport cross section per unit volume for neutrinos. R

is analogous to the parameter ⇠ introduced in [17], and
quantifies the change in neutrino scattering rates in het-
erogeneous phase, where both coherent scattering from
nuclei (�tran

coh

) and scattering from free nucleons in the gas
phase contribute. The term hS
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)i in the cross section
from clusters indicates angle averaging of the corrections
due to correlations and nuclear form factors,
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trough q = E
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p
2(1 � cos ✓). We

note that neglecting both the correlations in the gas and
the protons has a small impact of . 10% on the ratio.
However, a strong suppression of the nucleon axial re-
sponse due to spin correlations would reduce the opacity
of the homogeneous phase, and favor larger R.

The results for the ratio of cross section R are dis-
played in Fig. 6. The left panels show results at fixed
proton fraction Y

e

= 0.4, on the right panel results for
matter in �-equilibrium are shown. In both cases, with
the exception of the black dashed line, neutrinos are as-
sumed to be thermal and their energy E

⌫

= 3T . The en-
ergy dependence of the cross sections is shown in Fig. 7.
The strong suppression of coherent scattering at low en-
ergy is clearly visible, and the dot on each curve corre-
sponding to E

⌫

= 3T shows that Coulomb correlation
suppresses scattering for neutrino energies of interest.
The Coulomb parameter � for the plots in Fig. 7 range
from �

min

= 4(6) for n
B

= 0.01 fm�3 and T = 10(6)
MeV to �

max

= 150(74) for u = 1/8 and T = 1 MeV
at fixed proton fraction (beta-equilibium). The value
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FIG. 6. Ratio R from Eq.(13) in two di↵erent conditions:
fixed proton fraction Y

e

= 0.4 (left panel) and �-equilibrium
(right panel). The gray band indicates the region in density
where non-spherical pasta may be present, and the curves
terminate with a dot for the density at which u = 1/8. Dot-
ted curves indicate the contribution of the external gas only.
Neutrino are considered at thermal equilibrium, except for
the black dashed curves where E

⌫

= 30 MeV.

of � at select points is shown in Table I. At the low-
est temperature of T = 1 MeV and large proton fraction
Y

e

= 0.4, our simple ansatz in Eq. 7 predicts a large
Z > 60 and � > 200. At these very low temperatures,
it would be appropriate to use S(q) from simulations of
the solid phase. However, here we adopt the approxi-
mate treatment suggested in earlier studies [19, 41] where
they circumvent the problem by limiting the value of the
Coulomb coupling to �

max

= 150, and is indicated by
an asterisk in Table I. These low temperature conditions
are encountered only at late times in the proto-neutron
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fixed proton fraction Y
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(right panel). The gray band indicates the region in density
where non-spherical pasta may be present, and the curves
terminate with a dot for the density at which u = 1/8. Dot-
ted curves indicate the contribution of the external gas only.
Neutrino are considered at thermal equilibrium, except for
the black dashed curves where E
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The results for the ratio of cross section R are dis-
played in Fig. 6. The left panels show results at fixed
proton fraction Y

e

= 0.4, on the right panel results for
matter in �-equilibrium are shown. In both cases, with
the exception of the black dashed line, neutrinos are as-
sumed to be thermal and their energy E

⌫

= 3T . The en-
ergy dependence of the cross sections is shown in Fig. 7.
The strong suppression of coherent scattering at low en-
ergy is clearly visible, and the dot on each curve corre-
sponding to E

⌫

= 3T shows that Coulomb correlation
suppresses scattering for neutrino energies of interest.
The Coulomb parameter � for the plots in Fig. 7 range
from �

min

= 4(6) for n
B

= 0.01 fm�3 and T = 10(6)
MeV to �

max

= 150(74) for u = 1/8 and T = 1 MeV
at fixed proton fraction (beta-equilibium). The value
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FIG. 6. Ratio R from Eq.(13) in two di↵erent conditions:
fixed proton fraction Y

e

= 0.4 (left panel) and �-equilibrium
(right panel). The gray band indicates the region in density
where non-spherical pasta may be present, and the curves
terminate with a dot for the density at which u = 1/8. Dot-
ted curves indicate the contribution of the external gas only.
Neutrino are considered at thermal equilibrium, except for
the black dashed curves where E

⌫
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of � at select points is shown in Table I. At the low-
est temperature of T = 1 MeV and large proton fraction
Y

e

= 0.4, our simple ansatz in Eq. 7 predicts a large
Z > 60 and � > 200. At these very low temperatures,
it would be appropriate to use S(q) from simulations of
the solid phase. However, here we adopt the approxi-
mate treatment suggested in earlier studies [19, 41] where
they circumvent the problem by limiting the value of the
Coulomb coupling to �

max

= 150, and is indicated by
an asterisk in Table I. These low temperature conditions
are encountered only at late times in the proto-neutron

Coulomb 
Correlations 
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the response.   
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pass filter !
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I. SCREENING OF THE WEAK VECTOR AND AXIAL CHARGES IN A LOW DENSITY GAS OF
NEUTRONS AND PROTONS

Neutrino scattering in low density matter is relevant to understanding the spectrum of neutrinos emitted from

the proto-neutron star during core collapse supernovae during neutron star mergers. At low density nucleon are

non-relativistic and the neutrino-nucleon low energy Lagrangian is given by

Lweak =

GFp
2

X

i=n,p

 †
i (C

i
V �

µ
0

� Ci
A�k�

µ
k ) i

¯ ⌫�µ(1 � �
5

) ⌫ , (1)

where Cn
V = �1/2, Cp

V = 1/2 � 2 sin

2 ✓W ⇡ 0 and Cn
A = �(1 + �S)/2, Cp

A = (1 � �S)/2 In this note I derive an

expression to calculate the corrections to these nucleon vector and axial coupling constants due to screening in the

medium.

I consider a dilute gas of neutrons and protons where strong interactions can be described by short-ranged 2-body

potentials which are spin dependent. The Feynman diagrams that account for screening at leading order in the nucleon

density are shown in Fig. 1. In what follows I will focus on particle-hole screening and return a discussion of the role

= + +
�(q)

�(q)

Vnn(q)

�
2

(q)

bare particle-hole screening 2-body currentDressed vertex

q̃ = (!, q)

~

~

FIG. 1. Feynman diagrams that contribute to the screening of weak charges at leading order in a density expansion.

of 2-body currents subsequently.

First, I will consider the static, long wavelength limit in which the neutrino energy and momentum transfer, denoted

by ! and q, respectively, are negligible compared to the typical energy and momentum carried by the nucleons. In

this case, the screened vector and axial coupling constants for neutrons can be written as

˜Cn
V = Cn

V

✓
1 + ⇠0nn +

Cp
V

Cn
V

⇠0np

◆
, (2)

˜Cn
A = Cn

A

�
1 + ⇠1nn � ⇠1np

�
, (3)

where

⇠0nj = 2

Z
d3k

(2⇡)

3

V 0

nj(p, k)

@fj

@✏k
, (4)

⇠1nj = 2

Z
d3k

(2⇡)

3

V 1

nj(p, k)

@fj

@✏k
, (5)

✏k = k2/2m, and V 0

nj(p, k) and V 1

nj(p, k) are the spin-independent and spin-dependent, nucleon-nucleon potentials,

respectively. Similar expressions for protons are obtained by appropriate replacement of particle labels.

I obtain a simple estimate by neglecting the momentum dependence of the nucleon-nucleon potentials

⇠0nj = V 0

nj
@nj

@µj
, (6)

⇠1nj = V 1

nj
@nj

@µj
. (7)

At low density when the nucleon momenta are small the nucleon-nucleon interaction is non-perturbative. To account

for the large scattering length and e↵ective range physics the nucleon-nucleon potential appearing should be replaced

by the pseudo-potential which is defined as

V
pseudo

=

2⇡
˜kM

X

l

�l(˜k) . (8)
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• Corrections due to screening, 2-body currents  
and 2p-2h excitations are all large. No 
expansion parameter - results rely on 
(uncontrolled) many-body approximations.  

• Need re-summations - Random Phase 
Approximation or RPA. 

• A lot of work in this direction suggests that both 
the density and soon response is reduced by 
factors of 2-4. 
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chosen in such a way the finite system is close to the thermodynamic limit as described in Ref. [21]. In a non-superfluid
system, the calculation of the spin susceptibility yields the S�1

�

sum-rule.
We calculate S0

�

by computing the spin–dependent pair correlation function and evaluating the structure function
at q = 0. The spin correlation function is defined by

g
�

(r) =
1

2⇡r2⇢N

X

i<j

h |�(r
ij

� r)�
i

· �
j

| i
h | i , (3.8)

where  is the ground state of the system. The AFDMC method is useful to compute the expectation values of mixed
operators like h 

T

|O| i. We use Variational Monte Carlo (VMC) to extrapolate the value of operators that are given
by hOi = 2hOi

mix

� hOi
vmc

as described in Ref. [19, 25]. The resulting g(r) is used to obtain the structure function
S0

�

(q). We show g
�

(r) and S0

�

(q) in Fig. 1. We finally evaluate S0

�

sum-rule by taking the q ! 0 limit as indicated in
Eq. (3.3).

The energy weighted-sum-rule can be calculated by the expectation value of the tensor and spin-orbit interactions
when q = 0. For the Hamiltonian of Eq. (3.5) we have

S+1

�

= � 4

3N

X

i<j

(3hv
3

(r
ij

)S
ij

i+ hv
4

(r
ij

)L · Si) . (3.9)

Because the variational wave function  
T

used as input for AFDMC contains neither tensor nor spin-orbit corre-
lations, the most accurate way to obtain these expectation values is by calculating the energy as a function of the
spin-orbit and tensor interaction strengths and using the slope of the energy with respect to these couplings to produce
the true ground-state expectation values.

These initial calculations are performed with the AV8’ NN interaction without any three-nucleon interaction. Based
upon simple estimates of the strength of the three-nucleon force, we would expect of order 10 � 20% corrections to
the sum-rules from the three-nucleon interaction. We are exploring this dependence and will report these results
separately.

In computing the ground state properties in AFDMC we neglect the role of pairing and superfluidity. This will
restrict our study to the calculation of the neutrino emissivity at temperatures that are large compared to the neutron
pairing gaps in neutron matter but still small compared to the Fermi energy. Thus, our results will be applicable to
ambient conditions in the supernova but will not apply to old neutron stars where neutron matter is likely to be below
the superfluid critical temperature. For T ⌧ � where � ⇡ 1 MeV is the superfluid gap, the number of quasi-particles
is exponentially suppressed and response is vanishingly small. In vicinity of the critical temperature, Cooper pair
breaking and formation, as well as collective modes can enhance spin-fluctuations at a frequency ! ⇡ (1 � 2)� [26].
The spin response function and the neutrino emissivity in the superfluid phase is expected to be qualitatively di↵erent
and is dominated by the pair recombination processes and the decay of finite energy collective modes [27, 28]. It may
be possible in the future to examine this regime more critically using techniques similar to those developed here.

The AFDMC results for the sum-rules are shown in Table I where the individual sum-rules and average excitation
energies defined by !̄

0

= S0

�

/S�1

�

and !̄
1

= S1

�

/S0

�

are listed. The density dependence of the S0

�

sum-rule is quite
modest over the range of densities considered.

Table I: AFDMC results for the sum-rules
Density (fm�3) S�1

� (MeV�1) S0
� S+1

� (MeV) !̄0 (MeV) !̄1 (MeV)
n = 0.12 0.0057(9) 0.20(1) 8(1) 35(9) 40(8)
n = 0.16 0.0044(7) 0.20(1) 11(1) 46(11) 55(8)
n = 0.20 0.0038(6) 0.18(1) 14(1) 47(12) 78(10)

The spin susceptibilities shown in table I correspond to �/�
F

= 0.37, 0.34, and 0.34 for ⇢ = 0.12, 0.16, and 0.20
fm�3, where �

F

= mk
F

/⇡2 is the spin susceptibility for free fermi gas. At the lowest density this is very similar to
results obtained in [21], at the highest density our result is approximately 20 per cent lower for the susceptibility. The
di↵erence may lie in the fact that the three-nucleon force used in [21] is repulsive in unpolarized neutron matter, and
less so in spin-polarized matter.

The average energies !̄
0

and !̄
1

are extracted from the sum-rules as estimates for the energy of the peak of the
response, and their di↵erence is a measure of the width of the distribution. The fact that the calculated !̄

0

and !̄
1

are fairly similar indicates a moderately narrow peak in the response. A positive definite response requires !̄
1

� !̄
0

.
The peaks shift to higher energy with increasing density, as expected. The tables also indicate that the strength
distribution gets more di↵use with increasing density with strength being pushed out to higher energy.

In the vicinity of nuclear 
density QMC sum-rules 
indicate significant 
strength at 

! ' 30� 50 MeV

Shen, Gandolfi , Carlson, Reddy (2012)
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Z 1
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To better understand the sensitivity of our results to the choice of parametrization, we have also used a simple
phenomenological form for the spin response:

S
�

(!) = ↵
!j

(1 + (!/!
c

)i)4
. (6.2)

The high frequency tail is forced to fall o↵ appropriately by choosing 4i � j = 9. The parameters ↵,!
c

, and i are
then fitted to the three sum-rules. This simple form assures that the response goes to zero at low frequency, has the
correct high-frequency tail, and has a single peak structure. Comparisons of the two parametrizations provide some
information on the reliability of the extracted spin response.
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Figure 2: (Color online) The spin response function S�(q = 0,!) of neutron matter at saturation density obtained by fitting
to AFDMC sum-rules using two di↵erent ansatz are shown as the black solid and dashed curves. The inset compares the fits
and the two-particle response at high energy obtained by confining two neutrons in a spherical cavity of radius 7 fm (red) or 8
fm (green). The linear, low-frequency forms predicted in Ref. [36], labeled as OPE and �PT are shown for comparison. The
dot-dot-dashed curve is obtained using the two-body approach in Eq. (5.6) with OPE.

Figure 2 shows the response function obtained by fitting the sum-rules and the high-energy response at saturation
density using the two di↵erent parametrizations, Eqs. (5.5) and (6.2). For comparison, the low-frequency form of
the structure function obtained in Ref. [36] are shown for the two choices of C̃

�

corresponding to the OPE and �PT
potentials discussed earlier. The form of the low-frequency response in Eq. (5.1) is valid only at ! ⌧ E

F

. In the
figure we also show the results from the two-body approach (described in Eq. (5.6)) in the Born approximation with
OPE. At low frequency !  E

F

/2, it gives similar results to the quasi-particle picture, then becomes larger at higher
frequency since it includes the exact phase space integrals. The inset compares the fits and the two-particle response
at high energy obtained by confining two neutrons in a spherical cavity of radius 7 fm (red) or 8 fm (green). The
asymptotic forms and sum-rules force significantly more strength at lower energy than obtained previously.
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chosen in such a way the finite system is close to the thermodynamic limit as described in Ref. [21]. In a non-superfluid
system, the calculation of the spin susceptibility yields the S�1

�

sum-rule.
We calculate S0

�

by computing the spin–dependent pair correlation function and evaluating the structure function
at q = 0. The spin correlation function is defined by

g
�

(r) =
1

2⇡r2⇢N

X

i<j

h |�(r
ij

� r)�
i

· �
j

| i
h | i , (3.8)

where  is the ground state of the system. The AFDMC method is useful to compute the expectation values of mixed
operators like h 

T

|O| i. We use Variational Monte Carlo (VMC) to extrapolate the value of operators that are given
by hOi = 2hOi

mix

� hOi
vmc

as described in Ref. [19, 25]. The resulting g(r) is used to obtain the structure function
S0

�

(q). We show g
�

(r) and S0

�

(q) in Fig. 1. We finally evaluate S0

�

sum-rule by taking the q ! 0 limit as indicated in
Eq. (3.3).

The energy weighted-sum-rule can be calculated by the expectation value of the tensor and spin-orbit interactions
when q = 0. For the Hamiltonian of Eq. (3.5) we have

S+1

�

= � 4

3N

X

i<j

(3hv
3

(r
ij

)S
ij

i+ hv
4

(r
ij

)L · Si) . (3.9)

Because the variational wave function  
T

used as input for AFDMC contains neither tensor nor spin-orbit corre-
lations, the most accurate way to obtain these expectation values is by calculating the energy as a function of the
spin-orbit and tensor interaction strengths and using the slope of the energy with respect to these couplings to produce
the true ground-state expectation values.

These initial calculations are performed with the AV8’ NN interaction without any three-nucleon interaction. Based
upon simple estimates of the strength of the three-nucleon force, we would expect of order 10 � 20% corrections to
the sum-rules from the three-nucleon interaction. We are exploring this dependence and will report these results
separately.

In computing the ground state properties in AFDMC we neglect the role of pairing and superfluidity. This will
restrict our study to the calculation of the neutrino emissivity at temperatures that are large compared to the neutron
pairing gaps in neutron matter but still small compared to the Fermi energy. Thus, our results will be applicable to
ambient conditions in the supernova but will not apply to old neutron stars where neutron matter is likely to be below
the superfluid critical temperature. For T ⌧ � where � ⇡ 1 MeV is the superfluid gap, the number of quasi-particles
is exponentially suppressed and response is vanishingly small. In vicinity of the critical temperature, Cooper pair
breaking and formation, as well as collective modes can enhance spin-fluctuations at a frequency ! ⇡ (1 � 2)� [26].
The spin response function and the neutrino emissivity in the superfluid phase is expected to be qualitatively di↵erent
and is dominated by the pair recombination processes and the decay of finite energy collective modes [27, 28]. It may
be possible in the future to examine this regime more critically using techniques similar to those developed here.

The AFDMC results for the sum-rules are shown in Table I where the individual sum-rules and average excitation
energies defined by !̄

0

= S0

�

/S�1

�

and !̄
1

= S1

�

/S0

�

are listed. The density dependence of the S0

�

sum-rule is quite
modest over the range of densities considered.

Table I: AFDMC results for the sum-rules
Density (fm�3) S�1

� (MeV�1) S0
� S+1

� (MeV) !̄0 (MeV) !̄1 (MeV)
n = 0.12 0.0057(9) 0.20(1) 8(1) 35(9) 40(8)
n = 0.16 0.0044(7) 0.20(1) 11(1) 46(11) 55(8)
n = 0.20 0.0038(6) 0.18(1) 14(1) 47(12) 78(10)

The spin susceptibilities shown in table I correspond to �/�
F

= 0.37, 0.34, and 0.34 for ⇢ = 0.12, 0.16, and 0.20
fm�3, where �

F

= mk
F

/⇡2 is the spin susceptibility for free fermi gas. At the lowest density this is very similar to
results obtained in [21], at the highest density our result is approximately 20 per cent lower for the susceptibility. The
di↵erence may lie in the fact that the three-nucleon force used in [21] is repulsive in unpolarized neutron matter, and
less so in spin-polarized matter.

The average energies !̄
0

and !̄
1

are extracted from the sum-rules as estimates for the energy of the peak of the
response, and their di↵erence is a measure of the width of the distribution. The fact that the calculated !̄

0

and !̄
1

are fairly similar indicates a moderately narrow peak in the response. A positive definite response requires !̄
1

� !̄
0

.
The peaks shift to higher energy with increasing density, as expected. The tables also indicate that the strength
distribution gets more di↵use with increasing density with strength being pushed out to higher energy.

In the vicinity of nuclear 
density QMC sum-rules 
indicate significant 
strength at 

! ' 30� 50 MeV
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To better understand the sensitivity of our results to the choice of parametrization, we have also used a simple
phenomenological form for the spin response:

S
�

(!) = ↵
!j

(1 + (!/!
c

)i)4
. (6.2)

The high frequency tail is forced to fall o↵ appropriately by choosing 4i � j = 9. The parameters ↵,!
c

, and i are
then fitted to the three sum-rules. This simple form assures that the response goes to zero at low frequency, has the
correct high-frequency tail, and has a single peak structure. Comparisons of the two parametrizations provide some
information on the reliability of the extracted spin response.
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Figure 2: (Color online) The spin response function S�(q = 0,!) of neutron matter at saturation density obtained by fitting
to AFDMC sum-rules using two di↵erent ansatz are shown as the black solid and dashed curves. The inset compares the fits
and the two-particle response at high energy obtained by confining two neutrons in a spherical cavity of radius 7 fm (red) or 8
fm (green). The linear, low-frequency forms predicted in Ref. [36], labeled as OPE and �PT are shown for comparison. The
dot-dot-dashed curve is obtained using the two-body approach in Eq. (5.6) with OPE.

Figure 2 shows the response function obtained by fitting the sum-rules and the high-energy response at saturation
density using the two di↵erent parametrizations, Eqs. (5.5) and (6.2). For comparison, the low-frequency form of
the structure function obtained in Ref. [36] are shown for the two choices of C̃

�

corresponding to the OPE and �PT
potentials discussed earlier. The form of the low-frequency response in Eq. (5.1) is valid only at ! ⌧ E

F

. In the
figure we also show the results from the two-body approach (described in Eq. (5.6)) in the Born approximation with
OPE. At low frequency !  E

F

/2, it gives similar results to the quasi-particle picture, then becomes larger at higher
frequency since it includes the exact phase space integrals. The inset compares the fits and the two-particle response
at high energy obtained by confining two neutrons in a spherical cavity of radius 7 fm (red) or 8 fm (green). The
asymptotic forms and sum-rules force significantly more strength at lower energy than obtained previously.
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Conclusions 
• Effects due nuclear interactions on the density, spin and isospin 

susceptibility impacts neutrino transport and spectra in 
supernovae and mergers. Affects SN and BNS mergers: explosion 
mechanism, nucleosynthesis, mass ejection,  and detections. 


• First steps towards an ab-inito approach to calculating the 
dynamic structure factors at densities and temperatures of 
interest to the neutrino-sphere are encouraging.  


• Nuclei and coherent neutrino scattering are reduced in hot 
neutron-rich matter at small Ye. Pasta dissolves rapidly. 


• At high density sum rules from ab initio theory can be useful to 
construct reliable models for the dynamic response. 


• It is essential to ensure consistency between the EoS and 
neutrino opacities in simulations.     


