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PDF from the Euclidean Lattice 
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Parton model: 
•  Emerges in the infinite momentum frame 
•  Or, the proton seen by an observer moving 

at the speed of  light (on the light-cone) 
•  Parton distribution function 

		
q(x ,µ)= dξ−

4π∫ e-ixP
+ξ−

Pψ (ξ− )γ +U(ξ− ,0)ψ (0) P

Lattice QCD: 
•  Euclidean space 
•  Nucleon at finite momenta 
•  Cannot calculate time-dependent quantities 

with contribution from physical poles 
•  Light-cone separation Δs2=0=>Δsμ=(0,0,0,0)

		
U(ξ− ,0)= Pexp −ig dη−A+(η− )

0

ξ−

∫⎡
⎣⎢

⎤
⎦⎥		ξ

± = (t ± z)/ 2

PDF not directly accessible 
from the lattice! 



Methods based on operator product 
expansion (OPE) 

ò  Hadronic Tensor (Unpolarized) 

ò  Euclidean OPE of the Compton Amplitude 
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Wµν(q,P)=
1
π
ImTµν =

d4z
4π e

iq.z∫ P Jµ(z), Jν(0)⎡⎣ ⎤⎦ P

= (gµν −
qµqν
q2

)F1(ω ,Q2)+ P̂µP̂νF2(ω ,Q2)

		
Tµν(q,P)=

d4z
4π e

iq.z∫ P TJµ(z) Jν(0) P = Ci ,n(q ⋅P ,Q2)Ai ,n(Q2)ω n−1

i ,n
∑ +O(1

Q
)

		

Q2 = −q2 ,
ω =2P ⋅q/Q2 ,

P̂µ = Pµ −
P ⋅q
q2

qµ .

In the Bjorken (DIS) limit (not directly accessible on the lattice), 

		
Q2→∞, 	q ⋅P→∞, 	ω = 1

x
∈(1,∞),

		
Fi(x ,Q)= dy∫ Ci , f (

x
y
,Q
µ
)qf ( y ,µ)

f =q ,g
∑

		Ai ,n(Q
2)~ dx 	∫ xn−1Fi(x ,Q2)

		Q2→∞ ,	Q2>>q⋅P ,	ω→0



Methods based on operator product 
expansion (OPE) 

ò  Direct computation of  PDF moments: 

•  Moments are calculable as matrix elements of  local gauge-
invariant and frame-independent operators; 

•  Fitting the PDF using the finite number of  moments calculated; 

•  Operator mixing on the lattice limits computation for moments 
higher than 3. 
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		 dx∫ 	xn−1q(x ,µ)dx~nµ1nµ2!nµn Pψ (0)γ
µ1i
"
Dµ2!i

"
Dµn P

n≤3, W. Detmold et al., EPJ 2001, PRD 2002; 
D. Dolgov et al. (LHPC, TXL), PRD 2002; 
n>3, Z. Davoudi and M. Savage, PRD 2012.



Methods based on operator product 
expansion (OPE) 

ò  Fictitious heavy quark current 

Auxiliary heavy quark mass sets the OPE scale 

Higher twist effects suppressed by heavy quark mass 

Capable of  calculating higher moments 

ò  Direct use of  OPE of  the Compton amplitude 

Utilizing full dependence of  ω (only for ω<1?) 

Obtain many moments to fit the PDF 

 

ò  Direct computation of  the hadronic tensor 
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K.F. Liu (et al.), 1994, 1999, 1998, 2000, 2017. See K.F. Liu’s talk 

D. Lin and W. Detmold, PRD 2006.
See D. Lin’s talk

A. J. Chambers et al. (QCDSF), PRL 2017
See G. Schierholz’s talk



Factorization approaches (not the 
moments) 

ò  Large momentum effective theory (LaMET) 

Quasi-PDF approach 

ò  Lattice cross section 

ò  Pseudo-PDF approach 

ò  Factorization of  Euclidean correlations 
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X. Ji, PRL 2013, Sci.China Phys.Mech.Astron., 2014.
See H.-W. Lin and J.-W. Chen’s talks

Y.-Q. Ma and J. Qiu, 2014, 2017.

A. Radyushkin, PRD 2017; 
K. Orginos, A. Radyushkin, J. Karpie and S. Zafeiropoulos, 2017

V. M. Braun and D. Mueller,  EPJ.C. 2008
G. S. Bali, V. M. Braun, A. Schaefer, et al., 2017.



LaMET approach 

ò  Quasi-PDF 
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ξ− 

ξ3 = z l -l 

√2γl 

−√2γl 

ξ+ 
ξ0 = t •  Spatial correlation along the z 

direction, calculable in lattice 
QCD; 

•  Under an infinite Lorentz boost 
along the z direction, the spatial 
gauge link approaches the light-
cone direction; 

		 
!q(x ,Pz ,Λ = a−1)= dz

4π∫ eixP
zz Pψ (z)γ zU(z ,0)ψ (0) P

		
U(z ,0)= Pexp −ig dz 'Az(z ')

0

z

∫⎡
⎣⎢

⎤
⎦⎥

		z
µ = (0,0,0,z)



LaMET approach 

ò  Hierarchy of  scales 

ò  Quasi PDF 

ò  (Light-cone) PDF 

ò  Taking the infinite momentum limit changes the UV 
physics, but not the IR physics: 

ò  The UV difference be calculated in perturbative QCD, so 
the quasi-PDF can be factorized into the light-cone PDF! 
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Λ >> Pz >>M,ΛQCD

Pz >> Λ >>M,ΛQCD

UV cut-off of the theory
Soft scales, related to IR physics



How matching works 
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IR 

Hard 
Perturbative QCD 

Non-perturbative QCD 

Matching 

~q(x,Pz,a) q(x,μ)



LaMET approach 

ò  The quasi PDF is related to the PDF through a 
factorization formula: 

 

ò  They have the same IR divergences; 

ò  C factor matches the difference in their UV 
divergence, and can be calculated in perturbative 
QCD; 

ò  Higher twist corrections suppressed by powers of  Pz. 
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2

on the scheme). Fourier transforming to momentum space as in Eq. (3), the renormalization for the quasi-PDF
involves a convolution in the momentum fraction,

q̃B
i

(x, P z, ✏) =
X

j

P z

Z +1

�1
dx0 Z̃

ij

(x� x0, ✏, µ̃) q̃
j

(x0, P z, µ̃) . (5)

The structure of the renormalization of the quasi-PDF in Eqs. (4) and (5) is similar to that of the quark beam-
function [11, 12], which is a proton distribution with separations along both the plus and minus light-cone directions.
Ref. [12] gives an all orders proof of the position space multiplicative renormalization of the beam function, and this
proof also implied that there is never parton mixing in this case. Since this lack of mixing has not yet been explored
for the quasi-PDF’s renormalization, we included a

P
j

in our Eqs. (4) and (5), where j sums over quarks and gluons.
For a nucleon moving with finite but large momentum P z � ⇤QCD, the quasi PDF can be matched onto the PDF

through a momentum space factorization formula [10, 13]:

q̃
i

(x, P z, µ̃) =

Z +1

�1

dy

|y| Cij

✓
x

y
,
µ̃

P z

,
µ

P z

◆
q
j

(y, µ) +O
✓
M2

P 2
z

,
⇤2
QCD

P 2
z

◆
, (6)

where C
ij

is the matching coe�cient, and the O(M2/P 2
z

,⇤2
QCD/P

2
z

) terms are higher-twist corrections suppressed
by the nucleon momentum (M is the nucleon mass). Here q

j

(y, µ) for negative y corresponds to the anti-quark
contribution. The power corrections are related to higher-twist contributions in the quasi PDF. Note that it is
important to distinguish between the renormalization of the PDF and quasi-PDF given by the Z

ij

s and the matching
given by the C

ij

s. The renormalization constants occur in a relation between bare and renormalized matrix elements
for the same operators. On the other hand the matching coe�cients occur in a relation between renormalized matrix
elements of di↵erent operators. The q̃ and q have the same collinear and infrared (IR) divergences, so at perturbative
scales µ and µ̃ the C

ij

s can be calculated order by order in ↵
s

.
Based on Ji’s proposal, the procedure of calculating PDF from lattice QCD can be summarized as:

1. Lattice simulation of the quasi PDF;

2. Renormalization of the quasi PDF in a particular scheme on the lattice;

3. Subtraction of higher-twist corrections;

4. Matching quasi PDF in the particular scheme to PDF in the MS scheme.

E↵orts have been made to calculate the iso-vector quark distributions f
u�d

, including unpolarized, polarized, and
transversity distributions, from lattice QCD [14–17]. The one-loop matching coe�cients was first calculated in the
continuum theory [18] and confirmed in Refs. [15, 19]. The nucleon-mass corrections of O(M2/P 2

z

) have already
been included in the lattice calculations [14–17], and the O(⇤2

QCD/P
2
z

) correction was numerically fit in Ref. [16]. (A
direct lattice calculation of the O(⇤2

QCD/P
2
z

) correction is still desired from the theoretical point of view). So far the
renormalization of the lattice matrix element of quasi PDF, i.e., Step 2, is absent in the analyses of Refs [14–17]. With
increasing nucleon momentum P z, the latter will be the most important factor that limits the precision of lattice
calculation of PDFs.

One of the standard methods to renormalize operators in lattice QCD is the lattice perturbation theory [20]. In
practice, it requires a tedious amount of work to compute lattice Feynman diagrams for quasi PDF and limits our
ability to go to higher loop orders. An alternative is nonperturbative methods, such as the regularization-invariant
momentum subtraction (RI/MOM) scheme, that has been widely used to renormalize local operators on the lattice [21].
Work in progress to calculate the lattice quasi-PDFs in the RI/MOM scheme has been reported in [22], and appears
to be the most promising route for future higher precision quasi-PDF determinations.

In this paper we focus on the implementation of Step 4 when the lattice quasi PDF is defined in the RI/MOM
scheme. In particular we carry out a perturbative calculation of the matching coe�cient C that directly enables
this lattice quasi PDF to be directly matched onto the MS PDF. The renormalized matrix elements in the RI/MOM
scheme are independent of the UV regularization, so we carry out this matching perturbatively with dimensional
regularization.

An alternative to the approach we take here would be to convert the lattice quasi PDF defined with nonperturbative
renormalization in the RI/MOM scheme back to the MS scheme perturbatively. This would then allow the MS
matching result for C in Ref. [18] to be used. Our approach is simpler and more direct, with only a single step
involving a perturbative calculation. Nevertheless it would be interesting to compare both approaches. is

(I still need to edit this paragraph: –is) In Section II we elaborate on the procedure of implementing the
RI/MOM scheme for quasi PDF; In Section III we provide result of one-loop matching coe�cient between quasi PDF
in the RI/MOM scheme and PDF in the MS scheme; We conclude in Section V.



Current status 
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Lattice simulation of  the bare 
quasi PDF 

✔: Iso-vector quark distributions 
H. W. Lin et al., 2015; J.-W. Chen et al., 2016; C. 
Alexandrou et al., 2015, 2016
O(a) improvement: M. Constantinou and Panagopoulos, 
2017; Ishikawa et al (LP3)., 2017

Renormalization of  the quasi 
PDF on the lattice 

✔: nonperturbative renormalization and O(a) improve 
Ishikawa et al., 2016, 2017; J.-W. Chen et al., 2016;
X. Xiong, 2017; M. Constantinou et al., 2017; J.W. Chen, 
Y.Z., et al., 2017; I. Stewart and Y. Z., 2017; Ji, Zhang, and 
Y.Z., 2017; J. Green et al., 2017; Ishikawa et al (LP3)., 2017

Subtraction of  the higher 
twist corrections 

✔: All orders of  mass correction M2/Pz
2 exactly 

calculated; O(Λ2
QCD/Pz

2) correction fitted. 
H. W. Lin et al., 2015; J.-W. Chen et al., 2016; C. 
Alexandrou et al., 2015, 2016

Matching the quasi PDF to 
PDF in the MSbar scheme. 

✔: One-loop matching coefficient obtained in the 
continuum theory 
Xiong, Ji, Zhang and Y.Z., 2014; Y. Ma and J. Qiu, 2014.



Ioffe-time and pseudo distributions 

ò  Ioffe-time distribution: 

z2=0, reduces to the light-cone correlation. 

ò  Pseudo distribution 

Support -1<x<1. z2=0, reduces to the PDF. 
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e↵ective theory (LaMET) [9, 11].

q̃(x, P z, µ
R

) =

Z 1

0

dy

y
C⇤
✓
x

y
,
µ
R

P z

,
µ

P z

◆
q(y, µ)

+O
 
M2

P 2
z

,
⇤2
QCD

P 2
z

!
, (6)

where the renormalized quasi-PDF q̃(x, P z, µ
R

) is defined
in a particular scheme at renormalization scale µ

R

, and
O(M2/P 2

z

,⇤2
QCD/P

2
z

) are higher-twist contributions sup-
pressed by the nucleon momentum. The matching coef-
ficient C⇤ has been computed for the iso-vector quark
quasi-PDF at one-loop level in a quark state [12], and
considered the same for the nucleon state. But since the
matching coe�cient for the quasi-PDF depends on the
momentum of the external quark state, it is not easily
justifiable that the latter can be identified as the nucleon
momentum P z. Nevertheless, the matching coe�cient of
the form in Eq. (6) has been used in the pioneering lattice
calculation of PDF with LaMET [13–20].

Recently, a new approach [21, 22] to calculate PDFs
from lattice QCD has been proposed in addition to the
quasi-PDF. In this approach, one starts from the Io↵e-
time distribution,

Q̃
�

0(⇣ = P zz, z2, ✏) =
1

2P 0
hP |Õ

�

0(z)|P i , (7)

where ⇣ = �P ·z is the Io↵e time, and for arbitrary Dirac
matrix �,

Õ�(z) =  ̄(z)�U(z, 0) (0) , (8)

Here Q̃
�

0 is the same spatial correlation used to define the
quasi-PDF. When the Io↵e time ⇣ is Fourier transformed
into x with z2 fixed, one obtains the so called pseudo
distribution [21],

P �x, z2, ✏� =
Z

d⇣

2⇡
eix⇣Q̃

�
⇣, z2, ✏

�
. (9)

The PDF is a special case of the pseudo distribution when
the correlation is light-like,

Q
�

+(⇣ = �P+⇠�, 0, ✏) =
1

2P+
hP |O

�

+(⇠�)|P i , (10)

O�(⇠
�) =  ̄(⇠�)�U(⇠�, 0) (0) . (11)

It was later pointed out in Ref. [23] that to obtain
enough information for the Io↵e-time distribution with
small z2, one has to do lattice calculations with large
momenta, which is the same requirement for the quasi-
PDF. Ref. [23] proposed that the (renormalized) pseudo
satisfies the following small z2 factorization,

P �x, z2µ2
R

�
=

Z 1

0

dy

y
C
✓
x

y
, z2µ2

R

,
µ
R

µ

◆
q(y, µ) , (12)

which has been verified at one-loop level [23].
The rest of this paper is organized as follows: In

Sec. II, we derive the LaMET factorization in Eq. (6)

and small z2 factorization in Eq. (12) by using an op-
erator product expansion (OPE) of the gauge-invariant
Wilson line operators Õ(z). Our proof shows that the P z

dependence in C⇤(x/y, µ
R

/P z, µ/P z) must be corrected
as C(x/y, µ

R

/P z

R

, µ/(yP z)), where P z

R

depends on the
renormalization scheme other than y. By computing the
r.h.s. of Eq. (6) numerically with the phenomenologi-
cal PDF, we show that this correction is a slight e↵ect.
In Sec. III, we explain the distinction between the UV
regularization procedures in the quasi-PDF and pseudo
distribution, and verify that their Fourier-transform re-
lation is preserved at one loop level with a consistent
UV regularization procedure. We then comment on how
to properly implement this procedure on the lattice. In
Sec. IV, we discuss how renormalization should be incor-
porated in the factorization formulas. We conclude in
Sec. VI.

II. FACTORIZATION FROM OPE

OPE is a technique to expand nonlocal operators with
separation zµ in terms of local ones in the Euclidean limit
of z2 ! 0. The spatial correlation operator Õ(z) renor-
malized in the MS scheme can be expanded in terms of
local gauge-invariant operators as

Õ
�

z (z) =
X

n=0


C

n

(µ2z2)
(iz)n

n!
n
µ1 · · ·nµ

n

Oµ0µ1···µn

1

+ C 0
n

(µ2z2)
(iz)n

n!
n
µ1 · · ·nµ

n

Oµ0µ1···µn

2

+ higher-twist operators
i
, (13)

where µ0 = z, C
n

= 1 + O(↵
s

) and C 0
n

= O(↵
s

) are
the Wilson coe�cients, Oµ0µ1···µn

1 and Oµ0µ1···µn

2 are the
only allowed traceless symmetric twist-2 quark and gluon
operators in the OPE,

Oµ0µ1...µn

1 = ̄�(µ0iDµ1 . . . iDµ

n

) � trace , (14)

Oµ0µ1...µn

2 =F (µ0⇢iDµ1 . . . iDµ

n�1F µ

n

)
⇢

� trace , (15)

with (· · · ) standing for the symmetrization of the Lorentz
indices.
The above OPE is valid for the operator itself. In the

iso-vector case, we can neglect the mixing with the gluon
operator, which we will stick to for the rest of discussion.
When Oµ0µ1···µn

1 is evaluated in the nucleon state,

hP |Oµ0µ1···µn

1 |P i = 2a
n+1(µ) (P

µ0Pµ1 . . . Pµ

n � trace) ,

(16)

where a
n+1(µ) is the (n+ 1)-th moment of the PDF,

a
n+1 (µ) =

Z 1

�1
dx xnq (x, µ) , (17)

and the explicit expression of the trace term has been
derived in Ref. [15].

2
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q̃(x, P z, µ
R

) =

Z 1

0

dy

y
C⇤
✓
x

y
,
µ
R

P z

,
µ

P z

◆
q(y, µ)

+O
 
M2

P 2
z

,
⇤2
QCD

P 2
z

!
, (6)

where the renormalized quasi-PDF q̃(x, P z, µ
R

) is defined
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R
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z
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QCD/P

2
z
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It was later pointed out in Ref. [23] that to obtain
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small z2, one has to do lattice calculations with large
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PDF. Ref. [23] proposed that the (renormalized) pseudo
satisfies the following small z2 factorization,

P �x, z2µ2
R

�
=

Z 1

0

dy

y
C
✓
x

y
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erator product expansion (OPE) of the gauge-invariant
Wilson line operators Õ(z). Our proof shows that the P z
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R
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Sec. IV, we discuss how renormalization should be incor-
porated in the factorization formulas. We conclude in
Sec. VI.

II. FACTORIZATION FROM OPE
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iso-vector case, we can neglect the mixing with the gluon
operator, which we will stick to for the rest of discussion.
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where a
n+1(µ) is the (n+ 1)-th moment of the PDF,
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and the explicit expression of the trace term has been
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the form in Eq. (6) has been used in the pioneering lattice
calculation of PDF with LaMET [13–20].

Recently, a new approach [21, 22] to calculate PDFs
from lattice QCD has been proposed in addition to the
quasi-PDF. In this approach, one starts from the Io↵e-
time distribution,

Q̃
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0(⇣ = P zz, z2, ✏) =
1

2P 0
hP |Õ
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0(z)|P i , (7)

where ⇣ = �P ·z is the Io↵e time, and for arbitrary Dirac
matrix �,

Õ�(z) =  ̄(z)�U(z, 0) (0) , (8)

Here Q̃
�

0 is the same spatial correlation used to define the
quasi-PDF. When the Io↵e time ⇣ is Fourier transformed
into x with z2 fixed, one obtains the so called pseudo
distribution [21],

P �x, z2, ✏� =
Z
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eix⇣Q̃
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. (9)

The PDF is a special case of the pseudo distribution when
the correlation is light-like,

Q
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+(⇣ = �P+⇠�, 0, ✏) =
1

2P+
hP |O

�

+(⇠�)|P i , (10)
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�) =  ̄(⇠�)�U(⇠�, 0) (0) . (11)

It was later pointed out in Ref. [23] that to obtain
enough information for the Io↵e-time distribution with
small z2, one has to do lattice calculations with large
momenta, which is the same requirement for the quasi-
PDF. Ref. [23] proposed that the (renormalized) pseudo
satisfies the following small z2 factorization,
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,
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which has been verified at one-loop level [23].
The rest of this paper is organized as follows: In

Sec. II, we derive the LaMET factorization in Eq. (6)

and small z2 factorization in Eq. (12) by using an op-
erator product expansion (OPE) of the gauge-invariant
Wilson line operators Õ(z). Our proof shows that the P z

dependence in C⇤(x/y, µ
R

/P z, µ/P z) must be corrected
as C(x/y, µ

R

/P z

R

, µ/(yP z)), where P z

R

depends on the
renormalization scheme other than y. By computing the
r.h.s. of Eq. (6) numerically with the phenomenologi-
cal PDF, we show that this correction is a slight e↵ect.
In Sec. III, we explain the distinction between the UV
regularization procedures in the quasi-PDF and pseudo
distribution, and verify that their Fourier-transform re-
lation is preserved at one loop level with a consistent
UV regularization procedure. We then comment on how
to properly implement this procedure on the lattice. In
Sec. IV, we discuss how renormalization should be incor-
porated in the factorization formulas. We conclude in
Sec. VI.

II. FACTORIZATION FROM OPE

OPE is a technique to expand nonlocal operators with
separation zµ in terms of local ones in the Euclidean limit
of z2 ! 0. The spatial correlation operator Õ(z) renor-
malized in the MS scheme can be expanded in terms of
local gauge-invariant operators as

Õ
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, (13)

where µ0 = z, C
n

= 1 + O(↵
s

) and C 0
n

= O(↵
s

) are
the Wilson coe�cients, Oµ0µ1···µn

1 and Oµ0µ1···µn

2 are the
only allowed traceless symmetric twist-2 quark and gluon
operators in the OPE,

Oµ0µ1...µn

1 = ̄�(µ0iDµ1 . . . iDµ
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) � trace , (14)
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2 =F (µ0⇢iDµ1 . . . iDµ
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� trace , (15)

with (· · · ) standing for the symmetrization of the Lorentz
indices.
The above OPE is valid for the operator itself. In the

iso-vector case, we can neglect the mixing with the gluon
operator, which we will stick to for the rest of discussion.
When Oµ0µ1···µn

1 is evaluated in the nucleon state,

hP |Oµ0µ1···µn

1 |P i = 2a
n+1(µ) (P

µ0Pµ1 . . . Pµ

n � trace) ,

(16)

where a
n+1(µ) is the (n+ 1)-th moment of the PDF,

a
n+1 (µ) =

Z 1

�1
dx xnq (x, µ) , (17)

and the explicit expression of the trace term has been
derived in Ref. [15].
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Factorization theorem? 

 

•  Scaling at small z2, higher twist corrections suppressed by 
(zΛQCD)2; 

•  Can be tested on the lattice. 
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element are presented in Fig. 5. All fits are performed
with the full covariance matrix and the error bars are
determined with the jackknife method.

In this calculation we used momenta up to 2⇡/L · 6

along the z-axis. This corresponds to a physical momen-
tum of about 2.5GeV

V. DISCUSSION OF RESULTS

A. Rest-frame density and Z factor

An important object is the rest-frame density
M(0, z

2

3

). It is produced by data at P = 0. The re-
sults for its imaginary part are compatible with zero, as
required. The real part, shown in Fig. 6, is a symmetric
function of z

3

, and has a clearly visible linear component
in its fall-off with |z

3

| for small and middle values of |z
3

|.
In fact, a linear exponential factor Z(z

2

3

) ⇠ e

�c|z3|/a is
expected as a manifestation of the nonperturbative ef-
fects generated by the straight-line gauge link.
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FIG. 6. Real part of the rest-frame density M(0, z23)

B. Reduced Ioffe-time distributions

In Fig. 7, we plot the results for the real part of the
ratio M(Pz

3

, z

2

3

)/M(0, z

2

3

) as a function of z

3

taken at
six fixed values of the momentum P . One can see that all
the curves have a Gaussian-like shape. Thus, the Z(z

2

3

)

link renormalization factor has been canceled in the ratio,
as expected.

Furthermore, the curves look similar to each other,
their width decreasing with P . In Fig. 8 , we plot the
same data, but change the axis to ⌫ = Pz

3

. As one can
see, now the data practically fall on the same curve. For
the imaginary part, the situation is similar, see Fig. 9.

This phenomenon corresponds to factorization of the
x- and k?-dependence for the soft TMD F(x, k

2

?).
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FIG. 7. Real part of the reduced distribution M(Pz3, z
2
3)

plotted as a function of z3. Here, P = 2⇡p/L.
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FIG. 8. Real part of the reduced distribution M(Pz3, z
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plotted as a function of ⌫ = Pz3.

C. Quark-antiquark decomposition

The real part of the Ioffe-time distribution is given by
the cosine Fourier transform

M
R

(⌫) ⌘
Z

1

0

dx cos(⌫x) q�(x) (35)

of the function q�(x) given by the difference q�(x) =

q(x) � q̄(x) of quark and antiquark distributions. In our
case, q is u � d and q̄ = ū � ¯

d. The x-integral of u � ū

equals to the number of u-quarks in the proton, which
is 2, while the x-integral of d � ¯

d equals 1. Thus, the
x-integral of q�(x) should be equal to 1.

We found that our data for the real part are well de-
scribed if one chooses the function

q�(x) =

315

32

p
x(1 � x)

3

, (36)
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FIG. 9. Imaginary part of the reduced distribution M(⌫, z23).

whose x-integral is normalized to 1. The comparison of
the data with the curve based on Eqs. (35), (36) is shown
in Fig. 10.

The sine Fourier transform

M
I

(⌫) ⌘
Z

1

0
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is built from the function q

+
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be also represented as q

+

(x) = q�(x) + 2q̄(x). If we ne-
glect the antiquark contribution and use q

+

(x) = q�(x),
we get the curve shown in Fig. 11. The agreement with
the data is strongly improved if we use a non-vanishing
antiquark contribution, namely

q̄(x) = ū(x) � ¯

d(x) = 0.07

⇥
20 x(1 � x)

3

⇤
, (38)

see Fig. 12. This result corresponds to
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dx [ū(x) � ¯

d(x)] = 0.07 . (39)
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FIG. 10. Real part of M(⌫, z23) compared to the curve given
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FIG. 11. Imaginary part of M(⌫, z23) compared to the curve
based on q̄(x) = 0.

The combined distribution

q(x) = u(x) � d(x)

= [q�(x) + q̄(x)] ✓(x > 0)

� q̄(�x) ✓(x < 0) (40)

defined on the �1  x  1 interval is shown in Fig. 13.
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FIG. 12. Imaginary part of M(⌫, z23) compared to the curve
based on q̄(x) given by Eq. (38).
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Outline 

ò  1. Quasi and pseudo distribution approaches to 
calculating PDF from lattice QCD 

ò  2. Equivalence between large Pz and small |z| 
factorizations 

ò  3. Hints on lattice calculations 
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Renormalization 

ò  Auxiliary field formulation of  the Wilson line 

ò  V(x) is a one-dimensional Grassman field that only depends on 
the coordinate z, similar to a heavy quark; 

ò  j1 and j2 are proven to be multiplicatively renormalizable (like 
heavy-to-light current in HQET). No further renormalization 
for the nonlocal current-current correlator; 

ò  Self-energy of  V can induce a mass correction. 

10/9/17 INT Workshop, UW, Seattle 17 

		 DVDV∫ 	V(z)V(0)ei d4x LQCD(x )+V (x )inz ⋅DV (x )⎡
⎣

⎤
⎦∫ = U(z ,0)

		 !OΓ(z)=ψ (z)ΓU(z ,0)ψ (0)= j1(z) j2(0),			j1 =ψ 	ΓV , 	j2 =Vψ

H. Dorn,  
Fortsch. Phys. 1986 

X. Ji, J.-H. Zhang, and 
Y.Z., 2017 
J. Green et al., 2017 



Renormalization 

ò  The gauge-invariant quark Wilson line operator can be 
renormalized multiplicatively in the coordinate space: 

ò  Different renormalization schemes can be matched 
perturbatively in the coordinate space. Without loss of  
generality we can choose the MSbar scheme. 

10/9/17 INT Workshop, UW, Seattle 

!O(z) =ψ(z)ΓU(z, 0)ψ(0) = Zψ,ze
−δm|z| ψ(z)ΓU(z, 0)ψ(0)( )R

X. Ji, J.-H. Zhang, and Y.Z., 2017 
T. Ishikawa, Y.-Q. Ma, J.Qiu, S. Yoshida, 2017 
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OPE of  the “heavy-to-light” current-
current correlator 

ò  For the gauge-invariant Wilson line operator, it can have 
an OPE in the Euclidean limit of  z2−>0: 

10/9/17 INT Workshop, UW, Seattle 
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e↵ective theory (LaMET) [9, 11].
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where the renormalized quasi-PDF q̃(x, P z, µ
R

) is defined
in a particular scheme at renormalization scale µ

R

, and
O(M2/P 2

z

,⇤2
QCD/P

2
z

) are higher-twist contributions sup-
pressed by the nucleon momentum. The matching coef-
ficient C⇤ has been computed for the iso-vector quark
quasi-PDF at one-loop level in a quark state [12], and
considered the same for the nucleon state. But since the
matching coe�cient for the quasi-PDF depends on the
momentum of the external quark state, it is not easily
justifiable that the latter can be identified as the nucleon
momentum P z. Nevertheless, the matching coe�cient of
the form in Eq. (6) has been used in the pioneering lattice
calculation of PDF with LaMET [13–20].

Recently, a new approach [21, 22] to calculate PDFs
from lattice QCD has been proposed in addition to the
quasi-PDF. In this approach, one starts from the Io↵e-
time distribution,

Q̃
�

0(⇣ = P zz, z2, ✏) =
1

2P 0
hP |Õ

�

0(z)|P i , (7)

where ⇣ = �P ·z is the Io↵e time, and for arbitrary Dirac
matrix �,

Õ�(z) =  ̄(z)�U(z, 0) (0) , (8)

Here Q̃
�

0 is the same spatial correlation used to define the
quasi-PDF. When the Io↵e time ⇣ is Fourier transformed
into x with z2 fixed, one obtains the so called pseudo
distribution [21],

P �x, z2, ✏� =
Z

d⇣

2⇡
eix⇣Q̃

�
⇣, z2, ✏

�
. (9)

The PDF is a special case of the pseudo distribution when
the correlation is light-like,

Q
�

+(⇣ = �P+⇠�, 0, ✏) =
1

2P+
hP |O

�

+(⇠�)|P i , (10)

O�(⇠
�) =  ̄(⇠�)�U(⇠�, 0) (0) . (11)

It was later pointed out in Ref. [23] that to obtain
enough information for the Io↵e-time distribution with
small z2, one has to do lattice calculations with large
momenta, which is the same requirement for the quasi-
PDF. Ref. [23] proposed that the (renormalized) pseudo
satisfies the following small z2 factorization,

P �x, z2µ2
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�
=

Z 1

0
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y
C
✓
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y
, z2µ2

R

,
µ
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µ

◆
q(y, µ) , (12)

which has been verified at one-loop level [23].
The rest of this paper is organized as follows: In

Sec. II, we derive the LaMET factorization in Eq. (6)

and small z2 factorization in Eq. (12) by using an op-
erator product expansion (OPE) of the gauge-invariant
Wilson line operators Õ(z). Our proof shows that the P z

dependence in C⇤(x/y, µ
R

/P z, µ/P z) must be corrected
as C(x/y, µ

R

/P z

R

, µ/(yP z)), where P z

R

depends on the
renormalization scheme other than y. By computing the
r.h.s. of Eq. (6) numerically with the phenomenologi-
cal PDF, we show that this correction is a slight e↵ect.
In Sec. III, we explain the distinction between the UV
regularization procedures in the quasi-PDF and pseudo
distribution, and verify that their Fourier-transform re-
lation is preserved at one loop level with a consistent
UV regularization procedure. We then comment on how
to properly implement this procedure on the lattice. In
Sec. IV, we discuss how renormalization should be incor-
porated in the factorization formulas. We conclude in
Sec. VI.

II. FACTORIZATION FROM OPE

OPE is a technique to expand nonlocal operators with
separation zµ in terms of local ones in the Euclidean limit
of z2 ! 0. The spatial correlation operator Õ(z) renor-
malized in the MS scheme can be expanded in terms of
local gauge-invariant operators as
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where µ0 = z, C
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= 1 + O(↵
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) and C 0
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) are
the Wilson coe�cients, Oµ0µ1···µn

1 and Oµ0µ1···µn

2 are the
only allowed traceless symmetric twist-2 quark and gluon
operators in the OPE,
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⇢

� trace , (15)

with (· · · ) standing for the symmetrization of the Lorentz
indices.
The above OPE is valid for the operator itself. In the

iso-vector case, we can neglect the mixing with the gluon
operator, which we will stick to for the rest of discussion.
When Oµ0µ1···µn

1 is evaluated in the nucleon state,

hP |Oµ0µ1···µn

1 |P i = 2a
n+1(µ) (P

µ0Pµ1 . . . Pµ

n � trace) ,

(16)

where a
n+1(µ) is the (n+ 1)-th moment of the PDF,

a
n+1 (µ) =

Z 1

�1
dx xnq (x, µ) , (17)

and the explicit expression of the trace term has been
derived in Ref. [15].
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matching coe�cient for the quasi-PDF depends on the
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justifiable that the latter can be identified as the nucleon
momentum P z. Nevertheless, the matching coe�cient of
the form in Eq. (6) has been used in the pioneering lattice
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It was later pointed out in Ref. [23] that to obtain
enough information for the Io↵e-time distribution with
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r.h.s. of Eq. (6) numerically with the phenomenologi-
cal PDF, we show that this correction is a slight e↵ect.
In Sec. III, we explain the distinction between the UV
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to properly implement this procedure on the lattice. In
Sec. IV, we discuss how renormalization should be incor-
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The rest of this paper is organized as follows: In
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�

0(z)|P i , (7)

where ⇣ = �P ·z is the Io↵e time, and for arbitrary Dirac
matrix �,

Õ�(z) =  ̄(z)�U(z, 0) (0) , (8)

Here Q̃
�

0 is the same spatial correlation used to define the
quasi-PDF. When the Io↵e time ⇣ is Fourier transformed
into x with z2 fixed, one obtains the so called pseudo
distribution [21],

P �x, z2, ✏� =
Z

d⇣

2⇡
eix⇣Q̃

�
⇣, z2, ✏

�
. (9)

The PDF is a special case of the pseudo distribution when
the correlation is light-like,

Q
�

+(⇣ = �P+⇠�, 0, ✏) =
1

2P+
hP |O

�

+(⇠�)|P i , (10)

O�(⇠
�) =  ̄(⇠�)�U(⇠�, 0) (0) . (11)

It was later pointed out in Ref. [23] that to obtain
enough information for the Io↵e-time distribution with
small z2, one has to do lattice calculations with large
momenta, which is the same requirement for the quasi-
PDF. Ref. [23] proposed that the (renormalized) pseudo
satisfies the following small z2 factorization,

P �x, z2µ2
R

�
=

Z 1

0

dy

y
C
✓
x

y
, z2µ2

R

,
µ
R

µ

◆
q(y, µ) , (12)

which has been verified at one-loop level [23].
The rest of this paper is organized as follows: In

Sec. II, we derive the LaMET factorization in Eq. (6)

and small z2 factorization in Eq. (12) by using an op-
erator product expansion (OPE) of the gauge-invariant
Wilson line operators Õ(z). Our proof shows that the P z

dependence in C⇤(x/y, µ
R

/P z, µ/P z) must be corrected
as C(x/y, µ

R

/P z

R

, µ/(yP z)), where P z

R

depends on the
renormalization scheme other than y. By computing the
r.h.s. of Eq. (6) numerically with the phenomenologi-
cal PDF, we show that this correction is a slight e↵ect.
In Sec. III, we explain the distinction between the UV
regularization procedures in the quasi-PDF and pseudo
distribution, and verify that their Fourier-transform re-
lation is preserved at one loop level with a consistent
UV regularization procedure. We then comment on how
to properly implement this procedure on the lattice. In
Sec. IV, we discuss how renormalization should be incor-
porated in the factorization formulas. We conclude in
Sec. VI.

II. FACTORIZATION FROM OPE

OPE is a technique to expand nonlocal operators with
separation zµ in terms of local ones in the Euclidean limit
of z2 ! 0. The spatial correlation operator Õ(z) renor-
malized in the MS scheme can be expanded in terms of
local gauge-invariant operators as

Õ
�

z (z) =
X

n=0


C

n

(µ2z2)
(iz)n

n!
n
µ1 · · ·nµ

n

Oµ0µ1···µn

1

+ C 0
n

(µ2z2)
(iz)n

n!
n
µ1 · · ·nµ

n

Oµ0µ1···µn

2

+ higher-twist operators
i
, (13)

where µ0 = z, C
n

= 1 + O(↵
s

) and C 0
n

= O(↵
s

) are
the Wilson coe�cients, Oµ0µ1···µn

1 and Oµ0µ1···µn

2 are the
only allowed traceless symmetric twist-2 quark and gluon
operators in the OPE,

Oµ0µ1...µn

1 = ̄�(µ0iDµ1 . . . iDµ

n

) � trace , (14)

Oµ0µ1...µn

2 =F (µ0⇢iDµ1 . . . iDµ

n�1F µ

n

)
⇢

� trace , (15)

with (· · · ) standing for the symmetrization of the Lorentz
indices.
The above OPE is valid for the operator itself. In the

iso-vector case, we can neglect the mixing with the gluon
operator, which we will stick to for the rest of discussion.
When Oµ0µ1···µn

1 is evaluated in the nucleon state,

hP |Oµ0µ1···µn

1 |P i = 2a
n+1(µ) (P

µ0Pµ1 . . . Pµ

n � trace) ,

(16)

where a
n+1(µ) is the (n+ 1)-th moment of the PDF,

a
n+1 (µ) =

Z 1

�1
dx xnq (x, µ) , (17)

and the explicit expression of the trace term has been
derived in Ref. [15].

O(M 2 / Pz
2 )
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
z

� {⇤2
QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ

�

z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as

Q̃
�

z

�
⇣, µ2z2

�

=
X

n=0

C
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(µ2z2)
(�i⇣)n

n!
a
n+1 (µ)

=
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n=0

C
n

(µ2z2)
(�i⇣)n

n!

Z 1

�1
dy ynq (y, µ) . (18)

It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ

�

0(z)
is still given by the twist-2 contributions in Eq. (18).

When Fourier transformed into momentum space,
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q (y, µ) ,

(19)

where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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(20)

and then Eq. (19) can be rewritten as
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◆
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|y|C
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x

y
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µ2

(yP z)2

◆
q (y, µ) , (21)

which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):

C(↵, µ2z2) =

Z
d⇣

2⇡
ei↵⇣

X

n

C
n

(µ2z2)
(�i⇣)n

n!
. (22)

Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),

q(y, µ) =

Z 1

�1

d⇣

2⇡
eiy⇣Q(⇣, µ) , (23)

then
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d↵ e�i↵(y⇣)C(↵, µ2z2)q(y, µ)

=

Z 1

�1
d↵ C(↵, µ2z2)Q(↵⇣, µ) . (24)

If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then

P(x, z2µ2) =

Z 1

|x|

dy

|y| C
✓
x

y
, z2µ2

◆
q(y, µ)

+

Z �|x|

�1

dy

|y| C
✓
x

y
, z2µ2

◆
q(y, µ) , (25)
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
z

� {⇤2
QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ

�

z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as
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dy ynq (y, µ) . (18)

It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ

�

0(z)
is still given by the twist-2 contributions in Eq. (18).

When Fourier transformed into momentum space,
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(19)

where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):
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Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),
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If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then

P(x, z2µ2) =
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|y| C
✓
x

y
, z2µ2

◆
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+
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
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QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
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(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ
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z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as

Q̃
�

z

�
⇣, µ2z2

�

=
X

n=0

C
n

(µ2z2)
(�i⇣)n

n!
a
n+1 (µ)

=
X

n=0

C
n

(µ2z2)
(�i⇣)n

n!

Z 1

�1
dy ynq (y, µ) . (18)

It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ
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is still given by the twist-2 contributions in Eq. (18).
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where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃
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other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
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they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar
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tribution that gives the PDF q(y, µ),
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=
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If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then

P(x, z2µ2) =
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|x|
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+
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
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QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2
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, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
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or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ
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z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ
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z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C
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(µ2z2) as
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It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ
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0(z)
is still given by the twist-2 contributions in Eq. (18).
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where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):
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Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),

q(y, µ) =
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2⇡
eiy⇣Q(⇣, µ) , (23)

then
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If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then
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yPz, the parton momentum, not the nucleon momentum Pz! Ji, Schaefer, Xiong, and Zhang,  
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
z

� {⇤2
QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ

�

z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as
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It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ
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0(z)
is still given by the twist-2 contributions in Eq. (18).

When Fourier transformed into momentum space,
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(19)

where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):

C(↵, µ2z2) =
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Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),

q(y, µ) =
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then
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=
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d↵ C(↵, µ2z2)Q(↵⇣, µ) . (24)

If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then

P(x, z2µ2) =
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q(y, µ)

+
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q(y, µ) , (25)
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
z
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QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ

�

z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as
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It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ
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0(z)
is still given by the twist-2 contributions in Eq. (18).

When Fourier transformed into momentum space,
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where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):
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Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),

q(y, µ) =
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then
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If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then
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+
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
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2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2
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, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
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or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ
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z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
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(µ2z2) in the OPE of Õ
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z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ
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z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C
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(µ2z2) as
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It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ
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is still given by the twist-2 contributions in Eq. (18).
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where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃
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z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):
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Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),
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then
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If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then
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which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals are con-
strained by the property of the pseudo distribution that
�1  x  1 [33, 34], which also induces the property of
the matching coe�cient C(↵, z2µ2) that �1  ↵  1.

So far we have proved the large P z factorization of the
quasi-PDF and small z2 factorization of the Io↵e-time
and pseudo distributions. In fact, by definition they are
just di↵erent representations of the same spatial correla-
tion function, as

q̃

✓
x,

µ2

P 2
z

◆
=

Z 1

�1
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Z
d⇣

2⇡
ei(x�y)⇣P
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P 2
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Based on Eq. (20) and Eq. (22), their factorizations into
the PDF also maintain the same relationship,
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(27)

However, it was speculated in Ref. [21] that the Io↵e-
time distribution satisfies instead a di↵erent factoriza-
tion,

Q̃(⇣, z2) = Q̃(0, z2)Q(⇣, 0) . (28)

In practice, one can calculate the ratio on a lattice with
spacing a,

Q̃(⇣, z2, a�1)/Q̃(0, z2, a�1) , (29)

and extrapolate to the z2 ! 0 limit [21]. This idea was
tested in Ref. [22] in lattice QCD, and the results show
that the ratio seems to scale with z2 at small distances.
According to Eq. (18),

Q̃(0, µ2z2) = C0(µ
2z2) , (30)

so

Q̃
�
⇣, µ2z2

�

Q̃ (0, µ2z2)
=

X

n

C
n

(µ2z2)

C0(µ2z2)

(�i⇣)n

n!
a
n+1(µ) . (31)

At small z2, the above ratio has a weak dependence on
|z| and approaches 1 in the limit of z2 ! 0, which is con-
sistent with the lattice finding in Ref. [22]. Nevertheless,
here Q̃(0, µ2z2) only serves as an overall renormalization
factor, and we still need to use the factorization formula
in Eq. (24) to extract out the PDF from the ratio.

In short summary, there is only one unique factor-
ization formula that matches the quasi-PDF, Io↵e-time
and pseudo distributions to the PDF. Since their fac-
torizations into the PDF all require the nucleon to have
large momentum, the setup for their lattice calculations
must also be the same. Therefore, the LaMET and Io↵e-
time (or pseudo) distribution approaches are equivalent
to each other.

III. EQUIVALENCE AT ONE-LOOP ORDER

As has been proven in Sec. II, the quasi-PDF and
pseudo distribution as well as their matching coe�cients
are related by a simple Fourier transform in Eq. (26) and
Eq. (27). This relation shall be valid to all orders in
perturbation theory, unless the Fourier transform does
not commute with UV regularizations. In this section we
show that at one-loop order, the relationship in Eq. (26)
and Eq. (27) is indeed maintained after the renormaliza-
tion.

IV. RENORMALIZATION

In Sec.II, the quasi-PDF, Io↵e-time and pseudo distri-
butions are all renormalized in the MS scheme. Although
the matching coe�cient C is constructed from the Wil-
son coe�cients C

n

, we can directly compute it from the
nonlocal operator Õ(z) knowing that the factorization
in Eq. (19) exists. For convenience, one can calculate q̃
and q in an on-shell massless quark state with dimen-
sional regularization. In the MS scheme, q(x, µ) does not
depend on any physical scale that compensates the di-
mension of µ, so all its loop corrections are zero. As a
result, q(x) is the same as its tree level result:

q
q

(x) = �(x� 1) , . (32)

where the subscript q denotes the quark state matrix
element. Substitue this into Eq. (21), we obtain
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Similarly, we can also obtain:

C
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◆
. (34)

This topic has attracted a lot of discussions recently
cite???. In order to make the discussion of this paper
more complete on the topic of obtaining PDF from lattice
quasi-PDF calculation. We would like to briefly discuss
some known conclusions. There are two major points
here. The first one is that the quasi-PDF operator can
be renormalized multiplicatively cite???

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat. (35)

In particular, Z(µ2z2, µa) should be a real function
cite???. The second point is actually an exception of
the first. While the above formula is correct for chi-
ral fermions, e.g. domain wall fermion (DWF) action
cite???, Ref ??? pointed out that for lattice fermion ac-
tions which do not preserve chiral symmetry explicitly,
e.g. Wilson fermion action cite???, the lattice quasi-PDF
operator may mix with other operators cite???. In this
case, the above equation should be modified to be

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat + Z 0(µ2z2, µa)[Õ0(z)]Lat,(36)
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which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals are con-
strained by the property of the pseudo distribution that
�1  x  1 [33, 34], which also induces the property of
the matching coe�cient C(↵, z2µ2) that �1  ↵  1.

So far we have proved the large P z factorization of the
quasi-PDF and small z2 factorization of the Io↵e-time
and pseudo distributions. In fact, by definition they are
just di↵erent representations of the same spatial correla-
tion function, as
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Based on Eq. (20) and Eq. (22), their factorizations into
the PDF also maintain the same relationship,
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However, it was speculated in Ref. [21] that the Io↵e-
time distribution satisfies instead a di↵erent factoriza-
tion,

Q̃(⇣, z2) = Q̃(0, z2)Q(⇣, 0) . (28)

In practice, one can calculate the ratio on a lattice with
spacing a,

Q̃(⇣, z2, a�1)/Q̃(0, z2, a�1) , (29)

and extrapolate to the z2 ! 0 limit [21]. This idea was
tested in Ref. [22] in lattice QCD, and the results show
that the ratio seems to scale with z2 at small distances.
According to Eq. (18),

Q̃(0, µ2z2) = C0(µ
2z2) , (30)

so

Q̃
�
⇣, µ2z2

�

Q̃ (0, µ2z2)
=

X

n

C
n

(µ2z2)

C0(µ2z2)

(�i⇣)n

n!
a
n+1(µ) . (31)

At small z2, the above ratio has a weak dependence on
|z| and approaches 1 in the limit of z2 ! 0, which is con-
sistent with the lattice finding in Ref. [22]. Nevertheless,
here Q̃(0, µ2z2) only serves as an overall renormalization
factor, and we still need to use the factorization formula
in Eq. (24) to extract out the PDF from the ratio.

In short summary, there is only one unique factor-
ization formula that matches the quasi-PDF, Io↵e-time
and pseudo distributions to the PDF. Since their fac-
torizations into the PDF all require the nucleon to have
large momentum, the setup for their lattice calculations
must also be the same. Therefore, the LaMET and Io↵e-
time (or pseudo) distribution approaches are equivalent
to each other.

III. EQUIVALENCE AT ONE-LOOP ORDER

As has been proven in Sec. II, the quasi-PDF and
pseudo distribution as well as their matching coe�cients
are related by a simple Fourier transform in Eq. (26) and
Eq. (27). This relation shall be valid to all orders in
perturbation theory, unless the Fourier transform does
not commute with UV regularizations. In this section we
show that at one-loop order, the relationship in Eq. (26)
and Eq. (27) is indeed maintained after the renormaliza-
tion.

IV. RENORMALIZATION

In Sec.II, the quasi-PDF, Io↵e-time and pseudo distri-
butions are all renormalized in the MS scheme. Although
the matching coe�cient C is constructed from the Wil-
son coe�cients C

n

, we can directly compute it from the
nonlocal operator Õ(z) knowing that the factorization
in Eq. (19) exists. For convenience, one can calculate q̃
and q in an on-shell massless quark state with dimen-
sional regularization. In the MS scheme, q(x, µ) does not
depend on any physical scale that compensates the di-
mension of µ, so all its loop corrections are zero. As a
result, q(x) is the same as its tree level result:

q
q

(x) = �(x� 1) , . (32)

where the subscript q denotes the quark state matrix
element. Substitue this into Eq. (21), we obtain
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Similarly, we can also obtain:
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This topic has attracted a lot of discussions recently
cite???. In order to make the discussion of this paper
more complete on the topic of obtaining PDF from lattice
quasi-PDF calculation. We would like to briefly discuss
some known conclusions. There are two major points
here. The first one is that the quasi-PDF operator can
be renormalized multiplicatively cite???

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat. (35)

In particular, Z(µ2z2, µa) should be a real function
cite???. The second point is actually an exception of
the first. While the above formula is correct for chi-
ral fermions, e.g. domain wall fermion (DWF) action
cite???, Ref ??? pointed out that for lattice fermion ac-
tions which do not preserve chiral symmetry explicitly,
e.g. Wilson fermion action cite???, the lattice quasi-PDF
operator may mix with other operators cite???. In this
case, the above equation should be modified to be

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat + Z 0(µ2z2, µa)[Õ0(z)]Lat,(36)
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Figure 1. Plot of the three models for the pion distribution
amplitude given in eq. (4).

where �SP
⇡ = �⇡ + O(↵s) + higher twist (the various cor-

rections will be discussed later), with

�⇡(p · z) =
Z 1

0
du ei(u�1/2)(p · z)�⇡(u) . (3)

F⇡ ⇡ 93 MeV is the pion decay constant, the variable u
corresponds to the quark momentum fraction and �⇡(u) is
the (leading-twist) pion DA. The integral of the pion DA
is normalized to unity,

R 1
0 du �⇡(u) = 1, and its shape has

been hotly debated for more than 30 years. This discus-
sion has been reinvigorated by the strong scaling violation
in the ⇡�⇤� form factor observed by the BABAR [22] and,
to a lesser extent, the BELLE [23] collaboration, which is
di�cult to explain unless the pion DA has strong enhance-
ments near the end points, see, e.g., refs. [24–26] for a
review and further references. For illustrative purposes we
consider three models:

�(1)
⇡ (u) = 6u(1 � u) ,

�(2)
⇡ (u) =

8
⇡

p

u(1 � u) ,

�(3)
⇡ (u) = 1 , (4)

at the reference scale µ0 = 1 GeV. These models and the
corresponding Fourier-transformed position space DAs
�⇡(p · z), defined in eq. (3), are plotted in figures 1 and 2,
respectively. Measuring the correlation function (1) on the
lattice for a range of values of p · z = �p · z and z2 = �z2

gives access to the pion DA in position space (3) that con-
tains the full information on the longitudinal momentum
fraction distribution.

The main di↵erence of our technique [1] to the ap-
proach of ref. [5] is that the smallness of higher twist and
perturbative corrections (for arbitrary pion momentum) is
guaranteed by keeping the distance |z| between the cur-
rents su�ciently small. A large pion momentum is needed
not in order to suppress the corrections, but because it pro-
vides the necessary lever arm in the dimensionless variable
p · z that is mandatory to distinguish between pion DAs of
di↵erent shape, see figure 2.

In contrast, in the LaMET-based approach of [5] for-
mally a Fourier transform over all values of z is taken,

Figure 2. The position space pion DA �⇡(p · z) (cf. eq. (3)) for
the three models in eq. (4).

and smallness of perturbative and higher twist corrections
is achieved indirectly by considering the asymptotic ex-
pansion of the amplitude at large values of the pion mo-
mentum for a fixed quark momentum fraction u, which
is the Fourier conjugate of p · z. Thus |p| ! 1 implies
that the integration region in the Fourier integral shrinks
to |z| ⇠ 1/|p|! 0.

Another di↵erence is that in ref. [5] a Wilson line is
used to connect the quark and the antiquark, whereas in
this study we use a light-quark propagator [1]. To tree-
level accuracy the di↵erence in the corresponding coor-
dinate space expressions is simply a di↵erent coe�cient
function in eq. (2). One of the advantages of using a light-
quark propagator is that the separation z between the cur-
rents does not need to be taken along a lattice axis, where
we have found discretization errors to be largest. Also
the renormalization of the lattice correlator is greatly sim-
plified (for recent progress regarding the Wilson line ap-
proach see [16–18]).

Note that we suggest to match the lattice matrix ele-
ment with the pQCD factorization expression directly in
coordinate space. This has the advantage that the lattice
data can be directly confronted with the theory since per-
turbative predictions based on model parametrizations of
the DAs can easily be transformed to position space.

The whole program naturally splits into two parts —
the lattice calculation where all usual extrapolations/limits
have to be taken and the pQCD factorization in terms of
the pion DA in the continuum. Our presentation is struc-
tured accordingly.

2 QCD factorization

The complete QCD expression for the correlation func-
tion (1) can be written as

T (p · z, z2) = (5)

= F⇡
p · z

2⇡2z4

1
Z

0

du ei(u�1/2)(p · z) H(u, z2, µ)�⇡(u, µ) + T HT ,

where H(u, z2, µ) = 1 + O(↵s) is a short distance coe�-
cient function that can be evaluated perturbatively, µ is the

Similar to 

V.M. Braun and D. Mueller, EPJ. C. 2008;
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As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
z

� {⇤2
QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ

�

z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as

Q̃
�
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�

=
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C
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C
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n!

Z 1

�1
dy ynq (y, µ) . (18)

It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ

�

0(z)
is still given by the twist-2 contributions in Eq. (18).

When Fourier transformed into momentum space,
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(19)

where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be
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(20)

and then Eq. (19) can be rewritten as
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which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):

C(↵, µ2z2) =

Z
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2⇡
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X

n

C
n

(µ2z2)
(�i⇣)n
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. (22)

Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),

q(y, µ) =

Z 1

�1

d⇣

2⇡
eiy⇣Q(⇣, µ) , (23)

then
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If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then
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q(y, µ) , (25)−1≤ x ≤1
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which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals are con-
strained by the property of the pseudo distribution that
�1  x  1 [33, 34], which also induces the property of
the matching coe�cient C(↵, z2µ2) that �1  ↵  1.

So far we have proved the large P z factorization of the
quasi-PDF and small z2 factorization of the Io↵e-time
and pseudo distributions. In fact, by definition they are
just di↵erent representations of the same spatial correla-
tion function, as
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Based on Eq. (20) and Eq. (22), their factorizations into
the PDF also maintain the same relationship,
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(27)

However, it was speculated in Ref. [21] that the Io↵e-
time distribution satisfies instead a di↵erent factoriza-
tion,

Q̃(⇣, z2) = Q̃(0, z2)Q(⇣, 0) . (28)

In practice, one can calculate the ratio on a lattice with
spacing a,

Q̃(⇣, z2, a�1)/Q̃(0, z2, a�1) , (29)

and extrapolate to the z2 ! 0 limit [21]. This idea was
tested in Ref. [22] in lattice QCD, and the results show
that the ratio seems to scale with z2 at small distances.
According to Eq. (18),

Q̃(0, µ2z2) = C0(µ
2z2) , (30)

so
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At small z2, the above ratio has a weak dependence on
|z| and approaches 1 in the limit of z2 ! 0, which is con-
sistent with the lattice finding in Ref. [22]. Nevertheless,
here Q̃(0, µ2z2) only serves as an overall renormalization
factor, and we still need to use the factorization formula
in Eq. (24) to extract out the PDF from the ratio.

In short summary, there is only one unique factor-
ization formula that matches the quasi-PDF, Io↵e-time
and pseudo distributions to the PDF. Since their fac-
torizations into the PDF all require the nucleon to have
large momentum, the setup for their lattice calculations
must also be the same. Therefore, the LaMET and Io↵e-
time (or pseudo) distribution approaches are equivalent
to each other.

III. EQUIVALENCE AT ONE-LOOP ORDER

As has been proven in Sec. II, the quasi-PDF and
pseudo distribution as well as their matching coe�cients
are related by a simple Fourier transform in Eq. (26) and
Eq. (27). This relation shall be valid to all orders in
perturbation theory, unless the Fourier transform does
not commute with UV regularizations. In this section we
show that at one-loop order, the relationship in Eq. (26)
and Eq. (27) is indeed maintained after the renormaliza-
tion.

IV. RENORMALIZATION

In Sec.II, the quasi-PDF, Io↵e-time and pseudo distri-
butions are all renormalized in the MS scheme. Although
the matching coe�cient C is constructed from the Wil-
son coe�cients C

n

, we can directly compute it from the
nonlocal operator Õ(z) knowing that the factorization
in Eq. (19) exists. For convenience, one can calculate q̃
and q in an on-shell massless quark state with dimen-
sional regularization. In the MS scheme, q(x, µ) does not
depend on any physical scale that compensates the di-
mension of µ, so all its loop corrections are zero. As a
result, q(x) is the same as its tree level result:

q
q

(x) = �(x� 1) , . (32)

where the subscript q denotes the quark state matrix
element. Substitue this into Eq. (21), we obtain

C

✓
x

y
,

µ2

(yP z)2

◆
= q̃

q

✓
x

y
,

µ2

(yP z)2

◆
. (33)

Similarly, we can also obtain:

C
✓
x

y
, µ2z2

◆
= P

q

✓
x

y
, µ2z2

◆
. (34)

This topic has attracted a lot of discussions recently
cite???. In order to make the discussion of this paper
more complete on the topic of obtaining PDF from lattice
quasi-PDF calculation. We would like to briefly discuss
some known conclusions. There are two major points
here. The first one is that the quasi-PDF operator can
be renormalized multiplicatively cite???

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat. (35)

In particular, Z(µ2z2, µa) should be a real function
cite???. The second point is actually an exception of
the first. While the above formula is correct for chi-
ral fermions, e.g. domain wall fermion (DWF) action
cite???, Ref ??? pointed out that for lattice fermion ac-
tions which do not preserve chiral symmetry explicitly,
e.g. Wilson fermion action cite???, the lattice quasi-PDF
operator may mix with other operators cite???. In this
case, the above equation should be modified to be

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat + Z 0(µ2z2, µa)[Õ0(z)]Lat,(36)
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which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals are con-
strained by the property of the pseudo distribution that
�1  x  1 [33, 34], which also induces the property of
the matching coe�cient C(↵, z2µ2) that �1  ↵  1.

So far we have proved the large P z factorization of the
quasi-PDF and small z2 factorization of the Io↵e-time
and pseudo distributions. In fact, by definition they are
just di↵erent representations of the same spatial correla-
tion function, as

q̃
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x,

µ2

P 2
z

◆
=

Z 1

�1
dy

Z
d⇣

2⇡
ei(x�y)⇣P
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y,

µ2⇣2

P 2
z

◆
.(26)

Based on Eq. (20) and Eq. (22), their factorizations into
the PDF also maintain the same relationship,
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y
,
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(yP z)2
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Z 1
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d↵

Z
d⇣

2⇡
ei(

x

y

�↵)⇣C
✓
↵,

µ2⇣2

(yP z)2

◆
.

(27)

However, it was speculated in Ref. [21] that the Io↵e-
time distribution satisfies instead a di↵erent factoriza-
tion,

Q̃(⇣, z2) = Q̃(0, z2)Q(⇣, 0) . (28)

In practice, one can calculate the ratio on a lattice with
spacing a,

Q̃(⇣, z2, a�1)/Q̃(0, z2, a�1) , (29)

and extrapolate to the z2 ! 0 limit [21]. This idea was
tested in Ref. [22] in lattice QCD, and the results show
that the ratio seems to scale with z2 at small distances.
According to Eq. (18),

Q̃(0, µ2z2) = C0(µ
2z2) , (30)

so

Q̃
�
⇣, µ2z2

�

Q̃ (0, µ2z2)
=

X

n

C
n

(µ2z2)

C0(µ2z2)

(�i⇣)n

n!
a
n+1(µ) . (31)

At small z2, the above ratio has a weak dependence on
|z| and approaches 1 in the limit of z2 ! 0, which is con-
sistent with the lattice finding in Ref. [22]. Nevertheless,
here Q̃(0, µ2z2) only serves as an overall renormalization
factor, and we still need to use the factorization formula
in Eq. (24) to extract out the PDF from the ratio.

In short summary, there is only one unique factor-
ization formula that matches the quasi-PDF, Io↵e-time
and pseudo distributions to the PDF. Since their fac-
torizations into the PDF all require the nucleon to have
large momentum, the setup for their lattice calculations
must also be the same. Therefore, the LaMET and Io↵e-
time (or pseudo) distribution approaches are equivalent
to each other.

III. EQUIVALENCE AT ONE-LOOP ORDER

As has been proven in Sec. II, the quasi-PDF and
pseudo distribution as well as their matching coe�cients
are related by a simple Fourier transform in Eq. (26) and
Eq. (27). This relation shall be valid to all orders in
perturbation theory, unless the Fourier transform does
not commute with UV regularizations. In this section we
show that at one-loop order, the relationship in Eq. (26)
and Eq. (27) is indeed maintained after the renormaliza-
tion.

IV. RENORMALIZATION

In Sec.II, the quasi-PDF, Io↵e-time and pseudo distri-
butions are all renormalized in the MS scheme. Although
the matching coe�cient C is constructed from the Wil-
son coe�cients C

n

, we can directly compute it from the
nonlocal operator Õ(z) knowing that the factorization
in Eq. (19) exists. For convenience, one can calculate q̃
and q in an on-shell massless quark state with dimen-
sional regularization. In the MS scheme, q(x, µ) does not
depend on any physical scale that compensates the di-
mension of µ, so all its loop corrections are zero. As a
result, q(x) is the same as its tree level result:

q
q

(x) = �(x� 1) , . (32)

where the subscript q denotes the quark state matrix
element. Substitue this into Eq. (21), we obtain

C

✓
x

y
,

µ2

(yP z)2

◆
= q̃

q

✓
x

y
,

µ2

(yP z)2

◆
. (33)

Similarly, we can also obtain:

C
✓
x

y
, µ2z2

◆
= P

q

✓
x

y
, µ2z2

◆
. (34)

This topic has attracted a lot of discussions recently
cite???. In order to make the discussion of this paper
more complete on the topic of obtaining PDF from lattice
quasi-PDF calculation. We would like to briefly discuss
some known conclusions. There are two major points
here. The first one is that the quasi-PDF operator can
be renormalized multiplicatively cite???

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat. (35)

In particular, Z(µ2z2, µa) should be a real function
cite???. The second point is actually an exception of
the first. While the above formula is correct for chi-
ral fermions, e.g. domain wall fermion (DWF) action
cite???, Ref ??? pointed out that for lattice fermion ac-
tions which do not preserve chiral symmetry explicitly,
e.g. Wilson fermion action cite???, the lattice quasi-PDF
operator may mix with other operators cite???. In this
case, the above equation should be modified to be

[Õ(z)]MS = Z(µ2z2, µa)[Õ(z)]Lat + Z 0(µ2z2, µa)[Õ0(z)]Lat,(36)
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Feynman rules for one-loop diagrams take the form: 
 
 
 
1.  For Ioffe-time distribution, first integrate over ddk, and then Fourier 

transform the Ioffe-time into x to obtain the pseudo-PDF; 

2.  For the quasi-PDF, first Fourier transform z into zpz, so one obtains δ(pz-
xpz)-δ(kz-xpz), and then carry out the loop integration. 

Two methods could be different as one exchanges the order of  UV 
regularization and Fourier transform. 
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are related by a simple Fourier transform in Eq. (27) and
Eq. (28). This relation shall be valid to all orders in
perturbation theory, unless the Fourier transform does
not commute with UV regularizations. In this section
we show that the relations in Eq. (27) and Eq. (28) are
indeed maintained at one-loop order.

In the Feynman gauge, we calculate the quark ma-

trix elements of the unpolarized iso-vector quasi-PDF,
pseudo distribution, and light-cone PDF at one-loop or-
der in dimensional regularization with d = 4 � 2✏. The
external quark state is chosen to be on-shell and mass-
less, and we regularize the UV and collinear divergences
by 1/✏UV (✏UV > 0) and 1/✏IR (✏IR < 0) respectively. The
one-loop order Feynman diagrams are shown in Fig. 1.

In an on-shell quark state with momentum pµ = (p0 = pz, 0, 0, pz), for � = �0, each diagram gives

Q̃
(1)
vertex(⇣, z

2, ✏) =
1

2p0
ū(p)

Z
ddk

(2⇡)d
(�igT a�µ)

i

/k
�0 i

/k
(�igT a�⌫)

�ig
µ⌫

(p� k)2
u(p)e�ik

z

z , (33)

Q̃
(1)
sail(⇣, z

2, ✏) =
1

2p0
ū(p)

Z
ddk

(2⇡)d
(igT a�0)

1

i(pz � kz)

⇣
e�ip

z

z � e�ik

z

z

⌘
�µz

i

/k
(�igT a�⌫)

�ig
µ⌫

(p� k)2
u(p)

+
1

2p0
ū(p)

Z
ddk

(2⇡)d
(�igT a�⌫)

i

/k
(igT a�0)

1

i(pz � kz)

⇣
e�ip

z

z � e�ik

z

z

⌘
�µz

�ig
µ⌫

(p� k)2
u(p) , (34)

Q̃
(1)
tadpole(⇣, z

2, ✏) =
1

2p0
ū(p)

Z
ddk

(2⇡)d
(�g2)C

F

�0�µz�⌫z
✓
e�ip

z

z � e�ik

z

z

(pz � kz)2
� ze�ip

z

z

i(pz � kz)

◆ �ig
µ⌫

(p� k)2
u(p) , (35)

where C
F

= 4/3 and T a is the SU(3) color matrix in the fundamental representation. The second term in the bracket
in the last line, which is proportional z, does not contribute to the loop integral as it is odd under the exchange of
pz � kz ! �(pz � kz).

The quark self-energy correction is Q̃(1)
w.fn.(⇣, z

2, ✏) = �Z
 

Q̃(0)(⇣, z2) with the tree level matrix element Q̃(0)(⇣, z2) =
e�i⇣ and on-shell renormalization constant �Z

 

,

�Z
 

=
↵
s

C
F

2⇡

✓
�1

2

◆✓
1

✏UV

� 1

✏IR

◆
. (36)

After carrying out the loop integrals in Eqs. (33–35) according to the method in Ref. [30], we obtain

Q̃
(1)
vertex(⇣, z

2, ✏) =
↵
s

C
F

2⇡
(4⇡µ2)✏

Z 1

0

du (1� ✏IR)(1� u)e�iu⇣�(�✏IR)4
�✏IRz2✏IR

Q̃
(1)
sail(⇣, z

2, ✏) =
↵
s

C
F

2⇡
(4⇡µ2)✏


(i⇣)

Z 1

0
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Z 1

0

dt(2� u)e�i(1�ut)⇣�(�✏IR)4
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�
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� 1
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�

Q̃
(1)
tadpole(⇣, z

2, ✏) =
↵
s

C
F

2⇡
(4⇡µ2)✏(�1)

�(�✏UV)

1� 2✏UV

4�✏UVz2✏UVe�i⇣ . (37)

As a result, the unrenormalized Io↵e-time distribution Q̃(1)(⇣, z2, ✏) is

Q̃(1)(⇣, z2, ✏) =
↵
s

C
F

2⇡
(4⇡µ2)✏

⇢Z 1

0

du[(1� ✏IR)(1� u)� 1]e�iu⇣�(�✏IR)4
�✏IRz2✏IR

+ (i⇣)

Z 1

0

du
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0

dt(2� u)e�i(1�ut)⇣�(�✏IR)4
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✏IR
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e�i⇣

��(�✏UV)

1� 2✏UV

4�✏UVz2✏UVe�i⇣ + �Z
 

e�i⇣

�
. (38)

The corresponding pseudo distribution is

P(1)(x, z2, µ, ✏)

=
↵
s

C
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2⇡

"
(1� ✏IR)(1� x)� 1�
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1
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+
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2µ2)✏IR✓(x)✓(1� x)

+
↵
s

C
F

2⇡


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✏IR
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�(1� x) , (39)
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are related by a simple Fourier transform in Eq. (27) and
Eq. (28). This relation shall be valid to all orders in
perturbation theory, unless the Fourier transform does
not commute with UV regularizations. In this section
we show that the relations in Eq. (27) and Eq. (28) are
indeed maintained at one-loop order.

In the Feynman gauge, we calculate the quark ma-

trix elements of the unpolarized iso-vector quasi-PDF,
pseudo distribution, and light-cone PDF at one-loop or-
der in dimensional regularization with d = 4 � 2✏. The
external quark state is chosen to be on-shell and mass-
less, and we regularize the UV and collinear divergences
by 1/✏UV (✏UV > 0) and 1/✏IR (✏IR < 0) respectively. The
one-loop order Feynman diagrams are shown in Fig. 1.

In an on-shell quark state with momentum pµ = (p0 = pz, 0, 0, pz), for � = �0, each diagram gives

Q̃
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vertex(⇣, z
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2, ✏) =
1
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⌘
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Q̃
(1)
tadpole(⇣, z

2, ✏) =
1

2p0
ū(p)
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where C
F

= 4/3 and T a is the SU(3) color matrix in the fundamental representation. The second term in the bracket
in the last line, which is proportional z, does not contribute to the loop integral as it is odd under the exchange of
pz � kz ! �(pz � kz).

The quark self-energy correction is Q̃(1)
w.fn.(⇣, z

2, ✏) = �Z
 

Q̃(0)(⇣, z2) with the tree level matrix element Q̃(0)(⇣, z2) =
e�i⇣ and on-shell renormalization constant �Z
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2
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◆
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After carrying out the loop integrals in Eqs. (33–35) according to the method in Ref. [30], we obtain

Q̃
(1)
vertex(⇣, z

2, ✏) =
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s

C
F
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du (1� ✏IR)(1� u)e�iu⇣�(�✏IR)4
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As a result, the unrenormalized Io↵e-time distribution Q̃(1)(⇣, z2, ✏) is

Q̃(1)(⇣, z2, ✏) =
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The corresponding pseudo distribution is

P(1)(x, z2, µ, ✏)

=
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Preliminary Results: 

T. Izubuchi, X. Ji, L. Jin, I. Stewart and Y.Z., to be published. 
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FIG. 1. One-loop Feynman diagrams for the quasi-PDF, Io↵e-time and pseudo distributions. The standard quark self energy
wavefunction is also included.

Now, according to the relations between the quasi-PDF and the Io↵e-time or pseudo distributions in Eqs. (23,27),
we can do a Fourier or double Fourier transform of the results in Eqs. (38,39) to get the quasi-PDF. Despite its
straightforwardness, the Fourier transform is subtle and the details are provided in App. A. Here we show the result
for the quasi-PDF,
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=
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where
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�
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On the other hand, to directly calculate the quasi-PDF from the Feynman diagrams, we can first Fourier transform
z into xpz. As a result, the factors (e�ip

z

z � e�ik

z

z) are transformed into [�(pz � xpz)� �(kz � xpz)], and all the loop
integrals reduce to (d � 1)-dimensional ones. This is the procedure for the matching calculations of the quasi-PDF
in Refs. [16, 19], and is distinct from doing the Fourier transformation after the UV regularization in Eqs. (37–40).
Nevertheless, we still obtain the exactly same quasi-PDF in both procedures, as shown in App. B.

Now let us compute the matching coe�cient for both the quasi-PDF and pseudo distribution. First, we define the
following plus functions with subtractions at x = 1

Z 1

1

dx [h(x)]� g(x) =

Z 1

1

dx h(x)
⇥
g(x)� g(1)

⇤
,

Z 1

0

dx

✓
h(x)

1� x

◆

+

g(x) =

Z 1

0

dx
h(x)

1� x

⇥
g(x)� g(1)

⇤
,

Z 0

�1
dx

⇥
h(x)

⇤
 g(x) =

Z 0

�1
dx h(x)

⇥
g(x)� g(1)

⇤
, (42)

for arbitrary functions h(x) and g(x).
Then we expand Eqs. (39,40) in ✏,

Fourier transform is exactly the same as the quasi-PDF! 

Preliminary! 
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FIG. 1. One-loop Feynman diagrams for the quasi-PDF, Io↵e-time and pseudo distributions. The standard quark self energy
wavefunction is also included.

Now, according to the relations between the quasi-PDF and the Io↵e-time or pseudo distributions in Eqs. (23,27),
we can do a Fourier or double Fourier transform of the results in Eqs. (38,39) to get the quasi-PDF. Despite its
straightforwardness, the Fourier transform is subtle and the details are provided in App. A. Here we show the result
for the quasi-PDF,

q̃(1)(x, pz, ✏)

=
↵
s

C
F

2⇡

✓
4⇡µ2

p2
z

◆
✏ �[✏+ 1

2 ]p
⇡

⇥

8
>>>>>><

>>>>>>:

�1 + x2

1� x

(1� ✏IR)x�2✏IR � (x� 1)�2✏IR

2✏IR(1� 2✏IR)
+

(1� ✏IR)x�2✏IR

1� 2✏IR
+

x2 + 1

2(1� 2✏IR)(x� 1)1+2✏IR
, x > 1

�1 + x2

1� x

(1� ✏IR)x�2✏IR + (1� x)�2✏IR

2✏IR(1� 2✏IR)
+

(1� ✏IR)x�2✏IR

1� 2✏IR
+

x2 + 1

2(1� 2✏IR)(1� x)1+2✏IR
, 0 < x < 1

1 + x2

1� x

(1� ✏IR)(�x)�2✏IR � (1� x)�2✏IR

2✏IR(1� 2✏IR)
� (1� ✏IR)(�x)�2✏IR

1� 2✏IR
+

x2 + 1

2(1� 2✏IR)(1� x)1+2✏IR
, x < 0

� ↵
s

C
F

2⇡

✓
4⇡µ2

p2
z

◆
✏ �[✏+ 1

2 ]p
⇡


D0(✏IR)� 3

2

✓
1

✏UV

� 1

✏IR

◆�
�(1� x) , (40)

where

D0(✏IR) =

Z 1

1

dy


�1 + y

1� y

y�2✏IR � (y � 1)�2✏IR

2✏IR(1� 2✏IR)
+

y�2✏IR � 2(y � 1)�2✏IR

(1� 2✏IR)(1� y)

�

+

Z 1

0

dy


�1 + y

1� y

y�2✏IR + (1� y)�2✏IR

2✏IR(1� 2✏IR)
+

y�2✏IR + 2(1� y)�2✏IR

(1� 2✏IR)(1� y)

�

+

Z 0

�1
dy


1 + y

1� y

y�2✏IR � (1� y)�2✏IR

2✏IR(1� 2✏IR)
� y�2✏IR � 2(1� y)�2✏IR

(1� 2✏IR)(1� y)

�
. (41)

On the other hand, to directly calculate the quasi-PDF from the Feynman diagrams, we can first Fourier transform
z into xpz. As a result, the factors (e�ip

z

z � e�ik

z

z) are transformed into [�(pz � xpz)� �(kz � xpz)], and all the loop
integrals reduce to (d � 1)-dimensional ones. This is the procedure for the matching calculations of the quasi-PDF
in Refs. [16, 19], and is distinct from doing the Fourier transformation after the UV regularization in Eqs. (37–40).
Nevertheless, we still obtain the exactly same quasi-PDF in both procedures, as shown in App. B.

Now let us compute the matching coe�cient for both the quasi-PDF and pseudo distribution. First, we define the
following plus functions with subtractions at x = 1

Z 1

1

dx [h(x)]� g(x) =

Z 1

1

dx h(x)
⇥
g(x)� g(1)

⇤
,

Z 1

0

dx

✓
h(x)

1� x

◆

+

g(x) =

Z 1

0

dx
h(x)

1� x

⇥
g(x)� g(1)

⇤
,

Z 0

�1
dx

⇥
h(x)

⇤
 g(x) =

Z 0

�1
dx h(x)

⇥
g(x)� g(1)

⇤
, (42)

for arbitrary functions h(x) and g(x).
Then we expand Eqs. (39,40) in ✏,

T. Izubuchi, X. Ji, L. Jin, I. Stewart and Y.Z., to be published. 



Different renormalization schemes 

ò  Conversion between different renormalization schemes: 
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!OΓ(z)= ZMS(z
2 ,µ) !OΓ

MS(z ,µ)= ZX(z2 ,µ) !OΓ
X(z ,µ)

!OΓ
X(z ,µ)= ZMS(z

2 ,µ)
ZX(z2 ,µ)

!OΓ
MS(z ,µ)

3

As pointed out in Ref. [23], to obtain enough infor-
maiton for the Io↵e distribution at |⇣| = |P zz| ⇠ 1
at small z2, we have to choose a large momentum P z

which is to be compared to the soft scale ⇤QCD. When
P 2
z

� {⇤2
QCD,M

2}, the trace terms in Eq.(16) are sup-
prressed by powers of M2/P 2

z

, while the contributions
from higher-twist operators in Eq. (13) are suppressed by
powers of ⇤2

QCD/P
2
z

or z2⇤2
QCD. Therefore, the twist-2

contribution is the leading approximation of the nucleon
matrix element hP |Õ

�

z (z)|P i at large momentum. From
now on we will drop all the higher-twist contributions for
our discussion.

The Wislon coe�cients C
n

(µ2z2) in the OPE of Õ
�

z (z)
can be computed with perturbation theory. In the
MS scheme, they are singular near z2 = 0, and so is
hP |Õ

�

z (z)|P i. Therefore, the moments of the quasi-PDF
do not exist, and the latter will not simply become the
PDF in the infinite P z limit. Instead, we need a fac-
torization formula which matches the quasi-PDF to the
PDF.

Based on Eqs. (13-17), we can write down the matching
formula in terms of C

n

(µ2z2) as

Q̃
�

z

�
⇣, µ2z2

�

=
X

n=0

C
n

(µ2z2)
(�i⇣)n

n!
a
n+1 (µ)

=
X

n=0

C
n

(µ2z2)
(�i⇣)n

n!

Z 1

�1
dy ynq (y, µ) . (18)

It should be noted that the only approximation we have
made so far is ignoring the higher twist e↵ects that are
suppressed by the large momentum P z of the nucleon.
In the limit of P 2

z

� M2, we have P 0 ⇠ P z, so even if
µ0 = 0 in Eq. (13), the leading approximation of Õ

�

0(z)
is still given by the twist-2 contributions in Eq. (18).

When Fourier transformed into momentum space,

q̃

✓
x,

µ2

P 2
z

◆

=

Z
d⇣

2⇡
eix⇣Q̃

✓
⇣,

µ2⇣2

P 2
z

◆

=

Z 1

�1
dy

"Z
d⇣

2⇡
eix⇣

X

n=0

C
n

✓
µ2⇣2

P 2
z

◆
(�i⇣)n

n!
yn

#
q (y, µ)

=

Z 1

�1

dy

|y|

"Z
d⇣

2⇡
ei

x

y

⇣

X

n=0

C
n

✓
µ2⇣2

(yP z)2

◆
(�i⇣)n

n!

#
q (y, µ) ,

(19)

where we do not distinguish between Q̃
�

z or Q̃
�

0 . Al-
ready, one can see that the matching kernel is a function
of x/y and µ2/(yP z)2 if the series in n converges. We
define this kernel to be

C

✓
x

y
,

µ2

(yP z)2

◆
=

Z
d⇣

2⇡
ei

x

y

⇣

X

n=0

C
n

✓
µ2⇣2

(yP z)2

◆
(�i⇣)n

n!
,

(20)

and then Eq. (19) can be rewritten as

q̃

✓
x,

µ2

P 2
z

◆
=

Z 1

�1

dy

|y|C
✓
x

y
,

µ2

(yP z)2

◆
q (y, µ) , (21)

which is the matching formula for quasi-PDF. This fac-
torization formula di↵ers from Eq. (6)–which has been
conjectured and used in the early papers on the quasi-
PDF [9, 11, 12]— by the momentum choice in the ratio
µ2/(yP z)2 as an argument of the matching coe�cient C.
This di↵erence can be more easily understood if we con-
sider an extreme case. In principle, the matching formula
for (quasi)-PDF should work not only for a hadron, but
for a Swiss watch as well. In the Swiss watch case, there
is no doubt that it is the parton momentum instead of the
total momentum of the Swiss watch that sets the scale
of the matching formula. In retrospect, the hard scale of
all the factorization formulas are always determined by
a single parton, instead of the entire hadron.
Although we derive the above matching formula as-

suming that the quasi-PDF is renormalized in the MS
scheme, this is not a limitation to our result. Since
the gauge-invariant Wilson line operator Õ�(z) has been
proven to be multiplicatively renormalizable in the coor-
dinate space [24, 25], one can convert Q̃

�

z (z) from any
other scheme to the MS scheme before using the above
matching formula. The renormalization of the quasi-
PDF has been studied in many recent papers [18, 19, 26–
32]. We will discuss some of these results and show how
they can be incorporated into the factorization formula
in Sec. IV.
Based on the OPE results, we can also derive a similar

factorization formula in coordinate space from Eq. (18)
for the Io↵e-time distribution. First of all, let us define
a function C(↵, µ2z2):

C(↵, µ2z2) =

Z
d⇣

2⇡
ei↵⇣

X

n

C
n

(µ2z2)
(�i⇣)n

n!
. (22)

Suppose that Q(⇣ = �P+⇠�, µ) is the Io↵e-time dis-
tribution that gives the PDF q(y, µ),

q(y, µ) =

Z 1

�1

d⇣

2⇡
eiy⇣Q(⇣, µ) , (23)

then

Q̃(⇣, z2µ2)

=

Z 1

�1
dy

Z 1

�1
d↵ e�i↵(y⇣)C(↵, µ2z2)q(y, µ)

=

Z 1

�1
d↵ C(↵, µ2z2)Q(↵⇣, µ) . (24)

If we Fourier transform the Io↵e-time distribution into
the pseudo distribution, then

P(x, z2µ2) =

Z 1

|x|

dy

|y| C
✓
x

y
, z2µ2

◆
q(y, µ)

+

Z �|x|

�1

dy

|y| C
✓
x

y
, z2µ2

◆
q(y, µ) , (25)

!QX (ζ, z2µ 2 ) =
ZMS(z,µ)
ZX (z,µ)

!Q(ζ, z2µ 2 )

= dα
−∞

∞

∫  
ZMS(z,µ)
ZX (z,µ)

C(α,µ 2z2 )
⎡

⎣
⎢

⎤

⎦
⎥Q(αζ,µ)
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Outline 

ò  1. Quasi and pseudo distribution approaches to 
calculating PDF from lattice QCD 

ò  2. Equivalence between large Pz and small |z| 
factorizations 

ò  3. Hints on lattice calculations 
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Requirements on the lattice 

ò  Ioffe-time distribution factorization: 

Small z2, large Pz, zPz~1 to obtain enough information on the 
lattice; 

 

 

 

 

For L=48, 2π≈6, then m~{0,1,2,3,?}, n~{2,3,4,?} 
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ΛQCD ~0.3GeV,	a−1 ~3GeV,

Pz = n
L
2π
a

<< 2π
a

⇒n<< L, 					z =ma, 	zΛQCD <<1⇒m<<10,

zPz ~1⇒mn~ L
2π ⇒n>> L

20π , 				P
z >>1GeV⇒n>> L

6π
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Hints on lattice calculations 

ò  For the quasi PDF, large Pz means a contracted proton, 
so most wavefunction information is centered around 
small z values; 

ò  When z is large, the higher twist corrections are not 
suppressed. This cannot be saved even if  the proton 
momentum is large; 

ò  Useful lattice data is restricted to small finite range of  z. 
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Hints on lattice calculations 

ò  For each small z=1a, 2a, 3a, there is a finite number of  
momenta that can be used, so the total number of  useful 
data points are limited for us to use the factorization 
formula. We can use RG equation in lnz2 to evolve all 
data points to the same z2; 

ò  This is also similar to DIS, where one can only extract a 
finite number of  data points of  (x, Q2) for the PDF. So 
maybe with current data we should fit the moments 
instead of  matching the full PDF? 
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A. Radyushkin, PRD 2017 

Direct Calculation of  the hadronic tensor, See K.F. Liu’s talk 
Lattice cross section, Y.-Q. Ma and J. Qiu, 2014, 2017.



Hints on lattice calculations 

ò  Ioffe-time distribution from the convolution: 
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!Q(ζ ,z2µ2)= dα∫ 	C(α ,µ2z2)Q(αζ ,µ)

MSTW2008, A.D. Martin et al., PRD 2009 

Preliminary! 



Hints on lattice calculations 
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ò  Pz must be large, so zPz cannot be too small; 

ò  Largest Pz is limited by 1/a, so zPz has to be truncated at a a cutoff; 

ò  With finer lattice spacing, the number of  useful data points in the 
shaded region will grow geometrically. 



Improvements 
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•  Smallest nonzero Ioffe-time is a*Pz <<1, 
the size of  this region is small; 

•  O(M2/Pz
2) corrections, results known; 

•  Behavior at z2=0 is singular (ln z2) for 
the MSbar scheme, but regular for other 
schemes like the RI/MOM (I. Stewart 
and Y.Z., 2017) on the lattice. 

•  Low-pass filter method; 
•  Fourier transform the derivative of  the 

Ioffe-time distribution; 

•  Gaussian re-weighting method 
H.-W. Lin et al. (LP3), 2017 

J.-H. Zhang et al., in preparation; 
See A. Schaefer’s talk. 



Summary 

ò  The quasi, Ioffe-time, and pseudo distributions are just 
different representations of  the same observable. 
Factorizations in different representations are equivalent; 

ò  The ratio is not a factorization, instead, the Ioffe-time and 
pseudo distribution satisfy a different small distance 
factorization; 

ò  The matching coefficient should depend on the parton 
momentum, not the nucleon momentum; 

ò  The requirements for the lattice are the same for all the 
different approaches. And the difficulty is also the same. 
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